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CHAPTER XIII 


ELECTROMETRIC METHODS IN ANALYTICAL CHEMISTRY 


BY N. HOWELL FURMAN, Pz.D., 


Associate Professor of Analytical Chemistry, Princeton University 


The electrolytic dissociation theory of Arrhenius, and the mass action 
principle, as applied to ionic equilibria, have played an important rdle in the 
development of the theory of analytical chemistry, for example, in the classical 
treatises of Ostwald,' Bottger,? and Stieglitz. Much of the recent progress in 
the development and refinement of analytical methods has resulted from a 
more thorough and extended application of modern electrochemical principles 
and methods to analytical problems. 

Two of the precise methods of electrochemical measurement, namely the 
potentiometric and conductance methods, are especially adapted to the study 
of analytical processes in aqueous solution. Many reactions which occur in 
non-aqueous solutions are also capable of electrochemical study. Before 
considering the potentiometric method in detail we shall turn our attention 
to a group of ideas and facts which are related to the determination degree of 
acidity, or hydrogen-ion concentration. In so-doing we shall consider the 
general relationships in their simpler forms, and shall point out in important 
instances how the older ideas must be modified in the light of recent develop- 
ments in the theory of solutions.* 


Tue MEASUREMENT OF HyDROGEN-JON CONCENTRATION 


General Relations of Acids and Bases. If we represent the electrolytic 
dissociation of an acid by the equation: 


(1) HA=Ht+A-, 


the equilibrium relations in sufficiently dilute aqueous solution at constant 


1 Wilhelm Ostwald, The Scientific Foundations of Analytical Chemistry, transl. by 
G. McGowan. MacMillan & Co., London, 3d Ed., 1908. 

2W. C. Bottger, Qualitative Analyse und ihre wissentschaftliche Begriindung, 4-7 Ed., 
Engelmann, 1925 (revision of original treatise on qualitative analysis from the standpoint of 
the ionic theory). 

3 J. Stieglitz, The Elements of Qualitative Analysis, Century Co., 1914. 2 vols. 

4 Space does not permit a discussion in this chapter of the Lewis activity concept (Chapter 
XII), the Debye-Hiickel theory (Chapter XII), and the anomaly of strong electrolytes 
(Chaps. XI and XII). We shall merely utilize certain of the formule that are developed in 
Chapter XII and refer the reader to that chapter for the derivations. 
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temperature are expressed by the mass law relation: !>? 


(eee eae ee 
Sora 


where [ Ht], [A~], and [HA] represent molecular concentrations of hydrogen 
ion, anion, and undissociated molecule, respectively. 

In general the temperature coefficient of the dissociation constant, Ka, is 
small. The order of magnitude of the constant is a characteristic and im- 
portant property of each acid. Moderately and extremely weak azids (Ka 
varies from 2 X 10-* for the former to about 107° for the latter) give well- 
defined constants over a large range of dilution. The weak, moderately 
strong, and strong acids do not yield constants even over limited ranges in 
quite dilute solution. This discrepancy, or anomaly, is characteristic of all 
strong electrolytes. It has long been recognized that conductance measure- 
ments in terms of which the mass law relations were first derived do not give a 
reliable measure of the active masses of the various ions. Various factors such 
as hydration of ions, electrostatic effects, etc., enter in. 

Polybasic Acids: Acids which contain more than one replaceable hydrogen 
atom per molecule have two, three, or more dissociation stages, each of which 
possesses a characteristic constant. Each step corresponds to the tendency 
of one of the variously bound hydrogen atoms to ionize. In the case of car- 
bonic acid the equilibria are: 


Ht [HCO,- 
Binal bteleha hy Ki (Ki = 3 X 107) at 18°, 


(2) 


(3) 


[ H2CO; ] 
and 
He iCOss 
(4) Stee = Ke (Ke = 6 X 10) at 18°. 


Upon combining (3) and (4) we have: 


LH }LCo.=] 
[ H2COs ] 


In general, as in this instance, the value of the first constant is greater than 
that of the second. For polybasic acids the relative order of magnitudes of 
the constants is K; > Kz > Ks, ete. 

Bases: Entirely analogous relations hold true in the case of basic sub- 
stances. If we represent the dissociation of a base by the equation: 


=e eo — he 


(5) BOH = Bt + OH-, 
the equilibrium expression is 
Bt es 
(6) ae 
[BOH ] 


Highly dissociated bases do not yield a constant Ky value. 


1See Chapter VIII for the theoretical development of the Law of Mass Action. 
2 Ostwald, Z. physik. Chem., 2, 278 (1888), was the first to apply the Mass Law con- 
siderations to electrolytic equilibria. 
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The Dissociation of Water.'| The dissociation of water into hydrogen and 
hydroxyl ions, although extremely slight in magnitude, is a factor of great 
importance in many of the reactions which occur in aqueous solution. The 
mass law relation: 


LH*]LOH-] 
(7) cease pela AG 
[H.0 ] 
may be replaced by the simpler expression: 
(8) [H*]LOH-] = Ku, 


because the concentration of molecular water may be regarded as unchanged 
by the extremely slight ionization. 

At room temperature (20-25°), K, is close tol X 10“. It is of importance 
for hydrolytic processes that K,. increases some sixty-fold when the tem- 
perature rises from 20° to 100°. Table I summarizes various values for K,, 
as a function of temperature. 


TABLE I? 


Ion-Propuct, Ky, oF WATER AT VARIOUS TEMPERATURES 


Investigators 
Temperature 
1 2 3 4 
(ORE eee eee 0.12 X10 ASLO RS ali wh rapsucuseyenvas -089 X 10714 
Iho 5 eho eee 0.59 X 10-4 0.72 X10-4 0.74 X1074 46 X10714 
DOD eso seek 1.04 X1074 1.221014 1.27 X10714 0.82 «10714 
{i Oe ee Serer 5.66 X 1074 So CLOSINGS yl ee ines hfe ee ors 
MOO e arre cent oboe acme. 3 58.2 10-4 GAs OSS OSE tien orders 48. x10-4 


1. Kohlrausch and Heydweiller (recalculated by Heydweiller): Ann. Physik, (4) 28 
512 (1909). 

2. Lorenz and Bohi: Z. physik. Chem., 66, 733 (1909). 

3. Michaelis: Die Wasserstoffionenkonzentration, 1914, p. 8. 

4. Noyes and co-workers; Noyes: The Electrical Conductivity of Aqueous Solutions, 
Carnegie Institution, 1907. Kanolt, J. Am. Chem. Soc., 29, 1414 (1907). Sdrensen, Comp. 
rend. du lab. Carlsberg, 8, 31 (1909). 

4. Noyes, Kato, and Sosman: Z. physik. Chem., 73, 20 (1910); ef. also Fales and Nelson: 
J. Am. Chem. Soc., 37, 2769 (1915); Beans and Oakes, ibid., 42, 2116 (1920). 


In water at room temperature [H+] = [OH-]= 107. We may derive 
the hydrogen or hydroxyl-ion concentration of any solution however acid or 
basic, since the product of these concentrations is always equal to Ky. 


1See Chapter XI for various methods of measuring this dissociation. The dissociation 
of hydroxyl ion into oxygen and hydrogen ions is of interest in considering the nature of 
oxidation potential. 

2 This table is taken from Kolthoff’s Indicators, pub. by John Wiley & Sons, Inc., N. Y., 
1926. 
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The Hydrogen-Ion Exponent, or pH Scale: In order to single out and 
emphasize the importance of hydrogen-ion concentration, Sdérensen * suggested 
that the numerical values of the negative exponents of hydrogen-ion concen- 
tration values be adopted as the basis of an acidity scale. He recommended 
the symbol P+. We shall use the simpler symbol, pH, which Clark has 
proposed.? The general relationship is therefore: 


(9) pH= baa or (93) poe 2052: 


In a solution which is 0.0001 N with respect to hydroxyl ions, we have: 


faa = Me a H.=..10 
rae 7 Oke eel 1 OPS re tea ate 


Table II will serve to illustrate the relationship further. 


TABLE II 


Tur REeLaTIonsHIP Between PH anp [H+] Vaturs 


Hydroxyl-ion conen........... 101 10° 107 10° 10738 10714 10718 
Hydrogen-ion conen........... 10745 107-4 1078 1052 1071 10° 101 
DEL ccvay tates sats nets eet aoe 15 14 13 9 1 0 —1 
DOE «. cteiones savor a he wera acme 1 0 1 5 13 14 15 


The pH scale is inverse, that is, the higher the hydrogen-ion concentration the 
lower the pH value. We thus have a simple continuous hydrogen- or hydroxyl- 
ion scale, with the relationship: pH + pOH = pK,. The expression pOH is 
defined by the relation: 


1 
pOH = 8 OHA] 2 


It is also convenient to employ analogous expressions instead of the usual 
dissociation constants, as for example, pK., pK», or pKy. Here 


1 
pkKy = AO : 


The Hydrolysis of Salts. The degree of hydrolytic action in a salt solution 
depends upon the nature of the salt and upon the temperature. If we represent 
the general reaction by: 


(10) BA + H.0 = BOH + HA, 


1 Biochem. Z., 21, 131 (1909). 

2 W. M. Clark, The Determination of Hydrogen Ions, 3d Edition, p. 36 (1928). Williams 
and Wilkins Co., Baltimore, Md. A comprehensive monograph of 717 pp. with a very 
extensive classified bibliography. 
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then the equilibrium expression is: 


[HA ][BOH] _ 


il = 
(11) [BA] (Soe 


The molecular concentration of water is regarded as constant. By substituting 
the respective equilibrium concentration values for [HA ], [BOH], and [BA ], 
we have: 


(12) [HAJ[BOH] _ KiaKw _ 


[BA] in ae 


K hyd: 


This general expression is of little utility because of the difficulty of deter- 
mining the various concentrations, and because strong electrolytes do not 
yield mass law constants. Special equations may be derived to fit individual 
instances. We shall consider the most important cases. 

(a) Salts of strong acids and strong bases are not hydrolyzed to any ap- 
preciable degree. The hydrogen-ion concentration of such solutions lies close 
to ¥Kw, and in general will equal this value when Kz = Ko. 

(6) If one constituent of the salt is derived from a, weak and the other from 
a strong acid or base, we have a case which is of general interest and of especial 
importance from the standpoint of neutralizations, precipitations, etc. If the 
salt is of the strong base-weak acid type we need only consider the reaction: 


(13) A- + H.O = OH- + HA. 
Regarding the concentration of molecular water to be constant, the equilibrium 


expression is: 

(14) [OH- [HA] _ P 
Laveen 

. Ky . . . 

If we substitute the expression fat] for [OH], and if the hydrolysis is so 

slight that FAT] may be set equal to c, the concentration of the salt in moles 

per liter, then since [OH~] = [HA], we have: 


LOH=p— K.. HA | 


a e 9 (Bt PAT] 
or 
Ky? _ Kw 
|. H+ Pe Tyee es 
and hence 
(15) [Hel ee 


Or using exponents, 
(15a) pH = 3pKw + 2pKa + 3 loge. 
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This expression enables us to tell at once what the pH should be for the end- 
point of the titration of any weak acid with a strong base, at any concentration. 
For example, benzoic acid has a dissociation constant = 6.86 X 10~, or 
pK. = 4.16. Let us assume that the solution is 0.5 molar in sodium benzoate 
at the end of the titration; then: 


pH = 7 + 2.08 — 20.301 = 8.93. 


In analogous fashion, by considering the reaction for the salt of strong 
acid and weak base to be: 


Bt + H.O = BOH + Ht 


the expression for hydrogen-ion concentration is found to be 


Hv 
(16) LHt]= 
of, 
(16a) pH = 4pKy — 4pKy — 3 loge. 


The degree of hydrolysis, or fraction of total initial salt that has been 


LOH] 


hydrolyzed, is given by the expressions for the weak acid-strong base 


LH*] 


therefore be Fier with the aid of equations (14a) or (16). These simple 
equations apply in cases of moderate hydrolysis (> 1 per cent, where [OH 
is > 10-6 (14a) or [H*] > 10-6 (16)). 

In cases of very slight hydrolysis (less than 1 per cent) the ionization of 
water must be considered. Instead of the assumption that [OH-]= [HA], 
which was used in deriving equation ao); we have [HA] = [OH-] — [Ht]. 
Then we find: 


type, and by =—— by the reverse type of salt. . The degree of hydrolysis can 


Kw 
[ou-]Cou-] - [1 = Fe 
The left-hand side of this expression is [OH~  — K,,. Hence: 


(17) LOH == eetKe. 


For the other type of salt (weak base-strong acid) we may derive a similar 
expression for hydrogen-ion concentration, except that on the right-hand side 
of equation (17) we have Ky instead of Kg. The degree of hydrolysis may again 
be calculated by dividing [OH —] by ¢ in case of the salt of a tebe acid and 
strong base, or [Ht] by c for the other type of salt. 

In instances of strong hydrolysis (greater than 1 per cent, and [OH-] 
greater than 10~*) the concentration of the salt is no longer c, but must be set 
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equal to c —LOH~-]. We then have for the salt of a strong base and weak 
acid: 


Ky 
[OHS = XK, (c - LOH-]). 


Upon solving for [OH-] and dividing by ¢ we have for degree of hydrolysis, y: 


ee 

Kc 
ay Woh erences io mga 
get = AD 
n| T ak au 4Kac 


(For the salt of a strong acid and weak base substitute K, for Ka, and read 
hydrogen-ion concentration being greater than 10-°.) 

With the aid of equations (15-18) Bjerrum! calculated the degree of 
hydrolysis as affected by the dissociation constant of the weaker constituent 
of the salt, and the dilution. These values have been transferred to the pH 
scale by Michaelis.? 

TABLE III 


DEGREE OF HyDROLYSIS AT VARIOUS CONCENTRATIONS 


The numbers (7, 6, etc.) are pH values for salts of the weak base-strong acid type, or 
pOH values for salts of the weak acid-strong base type. 


Normality of Solution 
Dissoc. Const. of the Weaker 


Constituent 
1.0 0.1 0.01 0.001 

C2)” 5, Garena AA eas tetera alr SNE age oe 7 "% 7 7 
eee Pe ee Re ER 6 6.5 6.9 Ul. 
NOR os oes aC eee eee enn 5 5.5 6 di 
IC ZOR 5 ie eee ere Cree 4 4.5 5 6 
OFS 3 dun PR Oe eee ee 3 3.5 4 4.5 
Tecan Sen “Senco scare enter tee en 2 25 3 3.6 
TE 7 iin gta oe eae ee ce ee a 1.02 1.6 2:2 3 


These values as well as the original [ H+ ] values of Bjerrum are rounded values. 
By interpolation, any desired dissociation constant may be considered. 

(c) Salts, which are derived from acids and bases, both of which are weak, 
are extensively hydrolyzed; the reaction of the solution remains nearly neutral, 
however, since the dissociation constants are often equal and the degree of 


1N. Bjerrum, Ahrens Sammlung, 21, 12 (1915). Die Theorie der alkalimetrischen und 
_azidimetrischen Titrierungen. 128 pp. 

21. Michaelis, Die Wasserstoffionen Konzentration, I, p. 77, 2d Edition (1922). Julius 
Springer, Berlin. (A translation, entitled Hydrogen Ion Concentration, is available. Trans- 
lator: W. A. Perlzweig; publisher: Williams and Wilkins Co.) 
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dissociation is slight. 


instance to the form: 


ae) KL BA] 


A TREATISE ON PHYSICAL CHEMISTRY 
The general hydrolysis equation (12 reduces in this) 


[BOH]LHA]_ Kw 


ecu 


Upon substituting [Bt] A7] for Kz BA], and upon assuming that 
[ BOH] = [HA], and that the salt is completely dissociated, i.e. [Bt] 


Curves 6-7 
CC*2—-7 5 


me) 
BE 


10 
Curves 1-5 C.C.X—> 


20 30. 40 


Fie. 1. Values of pH of Standard Buffer 
Mixtures 

. 50 ce. 0.2 N KCl plus X cc. 0.2 N HCl, di- 

luted to 200 cc. 

. 50 cc. 0.2 M phthalate plus X cc. 0.2 N HCl, 

diluted to 200 ce. 

. 50 cc. 0.2 M phthalate plus X cc. 0.2 M 

NaOH, diluted to 200 cc. 

. 50 cc. 0.2 M KH2POs, plus X cc. 0.2 M 

NaOH, diluted to 200 ce. 

. 50 cc. solution 0.2 M with respect to both 

H3BOs3 and KCl, plus X cc. M NaOH, 

diluted to 200 cc. 

. Mixtures of M/20 boric acid (No. 2) and M/5 

solution of boric acid and NaCl (No. 1). 

. Mixtures of 20 cc. N sodium acetate (No. 2) 

and 1.0 N HCl (No. 1), diluted to 100 ce. 

Note: The scale for curves 6 and 7 is at 

the top of the figure 


[A-] = c, we have: 
Kw 
[BOH |= [HA]= ce ¥f KK 


and hence the degree of hydrolysis, 
y, is: 


Kw 


7 = ; 
Kuky 


As a first approximation, therefore, 
the degree of hydrolysis is indepen- 
dent of the dilution. When the de- 
gree of hydrolysis is more marked, 
it is no longer possible to use the 
simple equation (20) since [Bt] — 
c —[ BOH] and [A~] =c —[HA] 
must be used for the concentrations 
of the ions of the salt. 

Mixtures of a Weak Acid and its 
Salt, or of a Weak Base and Salt. 
Buffer Mixtures. For purposes of 
reference in determining hydrogen- 
ion concentration it is very desir- 
able to have available stable solutions 
of known pH. Itis almost impos- 
sible to prepare such mixtures by 
adding alkali or acid to pure water, 
because carbon dioxide from the air, 
or alkali from the glass rapidly 
change the original pH value. On 
the other hand, mixtures of a weak 
acid and one of its salts, or a weak 
base and salt, possess the power of 
maintaining a stable hydrogen-ion 
concentration which is but little af- 
The resistance to 


fected by slight additions of acid or alkali, or by dilution. 
change in hydrogen-ion concentration is called buffer action. 


1Clark (op. cit.) states that the term buffer is derived from the German word Puffer 
(tampon). 
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The curves (1-5) of Fig. 1 show the relatien between pH and composition 
of some representative buffer mixtures. The dotted curves (AB and AC) 
represent, respectively, calculated pH values of 0 to 10 cc. of 0.1 N sodium 
hydroxide or hydrochloric acid after dilution in each case to 200 cc. with 
distilled water. Curves (1-5) are plotted from the data of Clark and Lubs,! 
(6) from the data of Palitzsch ? and (7) from that of Walpole. A vast amount 
of study has been devoted to the question of buffer solutions, not only by 
the investigators whom we have mentioned, but also by Sérensen,* Kolthoff 
and co-workers,> Walbum,* Hastings and Sendroy,’ Mcllvaine,’ Cohn and 
co-workers,® and others. The reader is referred to the treatises of Clark,!° 
Kolthoff and Furman," and Prideaux ” for detailed presentation and discussion 
of the data on buffer mixtures. 

Aside from its importance in the indicator method of measuring hydrogen- 
ion concentration (p. 916), buffering action is important in many analytical 
precipitations, as for example: 

The use of acetic acid—acetate mixtures in the separation of Fet++, Alt*++, Cr+++ from 
Mn+, Znt*, Cot*, Nit* by the basic acetate method; also in the separation of Al*+++, Tit++++, 
or Zrt+++ from Fett, 

The use of ammonia-ammonium salt mixtures in the separation of Al+++, Fet+t+, ete. 
from Mgtt. Also in separating Cat+ from Mgtt. 

The use of ammonia-phosphate-ammonium salt mixtures in the precipitation of the 
double phosphates of ammonium and magnesium, manganese, or zinc. There is a well- 
defined pH-range for optimum results in each of these precipitations. 

The use of formic acid-formate mixtures in the precipitation of zine as the sulphide. 


The analytical use of buffer mixtures was in general developed empirically; 
without accurate definition of the limits of hydrogen-ion concentration that 
are permissible. The present tendency is to define the pH range exactly and 
to describe indicator or buffer methods of arriving at an optimum pH value 
for any given precipitation. 

Theory of Buffer Action. An approximate calculation of the pH of a 
buffer mixture may be made from equation (2), or from equation (6) for a base 


1 J. Biol. Chem., 25, 479 (1916). 

2 Compt rend. du Lab. de Carlsberg, 11, 199 (1916); Biochem. Z., 70, 333 (1915). 

3 J. Chem. Soc., 105, 2501 (1914). 

4S6rensen, Biochem. Z., 21, 131 (1909); 22, 352 (1909). 

5 Kolthoff, J. Biol. Chem., 63, 135 (1925); Kolthoff and Vleeschhouwer, Biochem. Z., 
179, 410 (1926); 183, 444 (1927); 189, 191 (1927). 

6 Walbum, Biochem. Z., 107, 219 (1920). 

7 Hastings and Sendroy, J. Biol. Chem., 61, 695 (1924). 

8 McIlvaine, J. Biol. Chem., 49, 183 (1921). 

9 Cohn, J. Am. Chem. Soc., 49, 173 (1927); Cohn, Heyroth, and Menkin, zbid., 50, 696 

1928). 

os a Determination of Hydrogen Ions, Chap. IX, 3d Ed., 1928. Williams and Wilkins 
Co. 

1 Indicators, Chap. V (English translation), 1926. John Wiley & Sons, Ine. 

12 The Theory and Use of Indicators, Chap. V, 1917. D. Van Nostrand Co. 

13 Ag illustrations of the modern tendency we refer to work of Fales and Ware, J. Am. 
Chem. Soc., 41, 487 (1919), and Ball and Agruss, 2bid., 52, 120 (1930), on the precipitation 
of zinc, and to that of Blum, ibid., 38, 1282 (1916), on the determination of aluminium. 
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and salt mixture. If it is assumed that the concentration of the undissociated 
acid is not greatly different from the total acid concentration, and that the 
concentration of anion is equal to total salt concentration, equation (2) 
becomes: 

Acid 
(21) pat] = x, ASed, 


[Salt ] 


Equation (21), although fairly serviceable in very dilute solutions fails to 
reproduce the electromotive force measurements for solutions that are far from 
concentrated (0.1 N for example). Upon taking into account the degree of 
ionization of the acid and the salt (a2) we have: 


[Total Acid] — [H+] 


(22) LH*] = Ka Qba [Salt] + [H+] | 


and upon solving for [H+]: 


_ Oa [Salt] + Kg, Ee Qba [ Salt ] + Ka 


(23) [Ht]= . : 


+ K, [Acid ]. 


Equation (23) and more complete equations! based upon the unmodified 
ionic theory fail to give complete agreement with the results of electromotive 
force measurements. For example, as buffer mixtures containing equivalent 
amounts of acetic acid and sodium acetate are prepared over a range of di- 
lutions, both pH and the apparent value of K, change, as is shown in Table IV. 


TABLE IV 


Errect oF DILUTION ON pH or Acetic Acrip-AcETATE Burrers. Data oF WALPOLE, 
AS INTERPRETED BY CLARK 


1 2 3 4 5 6 
Acetic Acid (M).°.. 2. «25. 0.2 0.1 0.04 0.01 0.005 0.001 
Sodium Acetate (M)...... 0.2 0.1 0.04 0.01 0.005 0.001 
DH Vos. gee et ee 4.606 4.623 4.646 4.684 4.706 4.758 
DK geoermscee ct 3, Ninercre ae 4.606 4.623 4.646 4.683 [4.703 4.743 


On the basis of the simple equation (21) constant pH values would be 
expected. In deriving the pK. values, Clark has used a complete equation 
(i.e. from the standpoint of the original ionic theory). 

Cohn and his co-workers ? have applied the activity principle and the Debye- 
Hiickel theory (Chap. XII) to the interpretation of electrometric measure- 
ments of the pH of buffer solutions. For acetate systems they combine the 


1 Cf. Clark, op. cit., pp. 20 and 22. 
2 J. Am. Chem. Soc., 49, 173 (1927); 50, 696 (1928). 
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mass law expression (21), expressed in terms of activities, with the Debye- 
Hickel equation to give the expression: 


(CH;COO-) ann 
24 Hg Oe SA) pt les 
ead ee Ge.COOH). °° ae he PX 


Quantities within round brackets represent activities. The terms Pa kr0s 
_ and K, are the usual expressions for ionic strength, effective thickness of ionic 
atmosphere, mean effective ion diameter, and salting out constant, respectively. 
It will be noticed that pK’ = pK + log y, where y is the activity coefficient 
of the acetate ion. The observed and calculated values of — log y are in 
excellent agreement. The value of pK calculated from pK’ (obs.) and — log y 
( oe 0.5Vu 

eale. from + ey 
tities of acetate ranging from 0.02 to 4.0 molar; there was no systematic trend 
in the values of the constant. 

Cohn, et al. (loc. cit.) have constructed convenient tables which give pH 
as a function of total acetate concentration and mole fraction of sodium 
acetate; similar tables were prepared for phosphate buffers. These tables 
make it possible to prepare buffer solutions of the same ionic strength, but of 
different pH, or of the same pH and different ionic strengths. Consideration 
of the ionic strengths of buffer solutions is significant in the colorimetric method 
of measuring pH (see p. 917). 


+ .16u ) only varied from 4.721 to 4.737 for total quan- 


INDICATORS 


The analytical determination of the equivalence-point in a neutralization 
is usually made with the aid of an organic substance which possesses one color 
in alkaline solution, and a different color in acid solution. Indicators are 
feebly acidic or basic in character. Their action is more sensitive the smaller 
the pH range to which their visible change is limited. This range should coin- 
cide as closely as possible to the pH at the equivalence-point, which in turn is 
determined by the degree of hydrolysis of the salt that is formed in the titration. 
Equations (15-18) and Table III will serve for the calculation of the pH of the 
transformation point as a function of the dissociation constant of the weaker 
acid or base, and of dilution. 

Ostwald ! advanced the hypothesis that indicator action is due to ionization, 
the undissociated molecule being of a color different from that of its ions. 
Phenol phthalein is weakly acidic, and according to the hypothesis may exist 
entirely—to all practical purposes—in the form of the undissociated molecule 
(which we will symbolize as HPh) in the presence of a slight excess of hydrogen 
ions. When the salt of the indicator is formed, on the other hand, extensive 
ionization occurs, and the rose color of the anion Ph~ is imparted to the solution. 


1 Ostwald, Scientific Foundations of Analytical Chemistry, p. 129, 3d Edition, Mac- 
Millan & Co., London. 
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In the titration of a weak acid with sodium hydroxide the successive reactions 
are: 

(a2) HA+ Nat + OH- = Nat+ A- + H.O; 

(6) HPh + Nat + OH- = Nat + Ph + H.O. 


Colorless Rose 


Reaction (a) is virtually complete before (b) commences, because of the 
slight initial concentration of HPh and its extremely small ionization constant 
(Kk = about 2 <x 1052): 

The fact that phenol phthalein is unsuitable for the titration of weak 
bases, for example ammonia, is explained by the hydrolysis of the salt of the 
indicator. At the equivalence-point of the titration we would begin to have 
formed the salt NH:Ph. Hydrolysis prevents the formation of a visible rose 
color, thus: 

NH,* + Ph- + H.O = HPh + NH,.OH. 


Rose Colorless 


The color does not appear until a very considerable excess of ammonium 
hydroxide has been added. 

In an analogous manner we may explain the fact that a weakly basic 
indicator like methyl orange is suitable for the titration of weak bases, but 
useless for the titration of very weak acids, because of the hydrolysis of the 
salt of the indicator. 

In the titration of a concentrated solution of a strong acid with a strong 
base, or ‘vice versa, any indicator whose color change occurs between pH 4 
and 10 may be used because hydrolysis is practically negligible (see Table V 
for dependence of pH range upon concentration and strength of acid or base). 

Ostwald’s view is in essential accord with the facts. It is known, however, 
that the color change is due to intra-molecular rearrangement rather than to 
simple ionization. In general, solutions of indicators consist of equilibrium 
mixtures of two or more tautomeric forms, one of which prevails in a more 
acidic, another in a more basic range. There may be two or more color changes 
which occur at widely different pH values (see Table V, and thymol blue, 
Table VII). The color change of phenol phthalein is ascribed to rearrangement 
in the sense of the reaction: 


/CsHiOH* / CsH,OH* 
C.sH, — C = C,H, — C 
| | \C.H.OH* | NG. H; = 0 
Cc — O C — OH* 
| | 
O O 

I. Colorless II. Rose Colored 


The hydrogen atoms which are marked with asterisks have acidic properties. 
The color of (II) is ascribed to the chromophoric grouping, = CsH, = 0.1 
1 The reader is referred for a more complete discussion of the evidence to Thiel, Ahrens 


Sammlung, 16, 353 and ff. (1911); also to the treatises of Clark, Kolthoff, and Prideaux which 
we have cited. 
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Acree + and Noyes? have formulated mass action expressions for the equi- 
libria of tautomeric forms of indicators. These expressions reduce to the 
simpler form: 


BET Tail int by P vel OH IIA su 


ReDig EN we dees hd eta] eee? 


where K7,4 and K7z are “ apparent dissociation constants ’’ which include the 
constants of the tautomeric equilibria. [HIn] denotes the sum of the con- 
centrations of substances in the acidic forms and [In] the sum of those in 
the basic form. We may therefore write: 


[HIn ] = (1 — b) 
The quantity (1 — b) represents concentration of acidic forms, and b that of 


basic forms. aj; is the degree of dissociation of the salt of the indicator. For 
a basic indicator, we have: 


(25) [Ht] = Kra 


Ko ais(1 — b) 
6 +|/— = 
(26) pHa Re Kr b ; 


and if we regard the degree of dissociation of the salt of the indicator as unity, 
both equations (25 and 26) are of the form: 
(27) [at] = K,S. 

Noyes terms the right-hand member of equation (27) the “ indicator 
function.” . 

Equation (27) suffices to characterize the most important quantitative 
aspects of the use of indicators. We see that when the indicator has been 
half transformed from one form to the other the hydrogen-ion concentration 
is numerically equal to the dissociation constant, ie. [H+] = Kr. Hence the 
apparent dissociation constant of an indicator may be determined approxim- 
ately by preparing two similar tubes of indicator dissolved in water which in 
one case contains enough acid, in the other enough base to produce the full 
acid or basic color of the indicator; the tubes are superposed. The resultant 
color is matched in a suitable colorimeter by an equivalent amount of indicator 
added to an appropriate buffer solution. The buffer mixture and a tube of 
water are viewed in series in the same manner as the tubes containing the 
acidic and basic solutions of indicator. The pH of the point of half trans- 
formation of the indicator is thus determined. 

In determining the end-point of a titration we titrate to the point of sharpest 
visual color change rather than to the point of half transformation. One 
color may be more vivid, or more readily perceived than the other. Various 
factors,—color perception, color memory, etc.—need to be considered. With a 


1 Am. Chem. J., 38, 1 (1907); 39, 529 (1908). 
2 J. Am. Chem. Soc., 32, 815 (1910). 
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one-color indicator like phenol phthalein the first visible change toward the 
alkaline color will obviously come much before the half transformation point. 
The actual concentration of the indicator will be of more importance than in 


cases where there are two colored forms of the indicator. 


The pH which cor- 


responds to the visible transition is designated as pT, the titration exponent. 
In Table V is given a summary of indicator concentrations and titration 
exponents that will serve for all ordinary titrations. 


TABLE V 


UsEFrut INDICATORS AND THEIR TITRATION EXPONENTS 


(After Kolthoff-Furman, “‘ Indicators’’) 


Titration Concentration of Color Change. 
Indicator Exponent Indicator per Acid—alkaline 
pT 100 ce. solution Transition tint 
Thymol blue (acid range, 2.6 1 cc. of 0.1% red—yellow 
yellowish rose 
Brom phenol blue....... 4, 0.5-1 ce. of 0.1% yellow—blue 
purplish green 
Methyl yellow......... 4, 0.2-0.5 cc. of 0.1% red—yellow 
yellowish orange 
Methyl orange.:........ 4, 0.2-0.5 ce. of 0.1% red—yellow 
orange 
Methyl reds. fan scence Ds 0.2-0.5 ce. of 0.1% red—yellow 
yellowish red 
Brom cresol purple...... 6. 0.5-1 cc. of 0.1% yellow—purple 
purplish green 
Brom thymol blue...... 6.8 0.5-1 ce. of 0.1% yellow—blue 
iPhenolered) een. ieee 7.5 0.5-1 cc. of 0.1% yellow—red 
rose red 
Neutral-red. occadtee os o- fe 0.2-0.8 cc. of 0.1% red— yellow 
orange red 
Cresolired Fayno sates ee 8. 0.5-1 cc. of 0.1% yellow—red 
red 
Thymol blue (alkaline 8.8 0.5-1 cc. of 0.1% yellow—blue 
TANGO) ance eas ee blue violet 
Phenol phthalein....... 8 0.8-1 cc. of 0.1% colorless—rose 
: pale rose 
9. 0.3-0.4 cc. of 0.1% pale rose 
Thymol phthalein....... 10. 0.5-1 cc. of 0.1% colorless—blue 
pale blue 
INitramne seen 11.6 0.5-1 ce. of 0.1% colorlessorange brown 
orange brown 


Nearly all of the usual titrations may be made with a limited selection of 


indicators from the fore-going table. 


The use of mixed indicators has been 


suggested as a means of making the change more sharply perceptible.! 


1A comprehensive summary of useful mixed indicator solutions is to be found in Volu- 
metric Analysis, II, pp. 64-65 (1929), by Kolthoff-Menzel, translated by Furman. John 


Wiley & Sons, Inc. 
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Since the pH-value of the equivalence-point is determined by the hydrolysis 
of the salt that is formed, it is obvious that an indicator which is useful in con- 
centrated solutions may be unsuited for the same reaction in very dilute 
solution. Assuming that the error from this source should not be greater than 
one per cent, Bjerrum (loc. cit.) has calculated the permissible range for the 
color transformation at various dilutions, as a function of the dissociation 
constant of the weaker constituent of the salt. Bjerrum points out that: 

Only those intervals above the heavy lines of Table VI are great enough 
to satisfy the demands of careful titration. Those within the lines may be 
located by electrometric or colorimetric method. Those below the lines are so 
small that no known experimental method gives a satisfactory end-point. An 
inspection of the table shows that an acid of constant 10~® could be titrated 
with the aid of a single indicator from N to 0.01 N solution (of salt at the end- 
point) since the titration intervals have the pH range 9. to 9.2 in common. 
For the next lower constant (107%) a different indicator would have to be selected 


for each of the dilutions. 
TABLE VI 


BseRRUM’s TABLE OF TITRATION INTERVALS FOR A Desrrep Accuracy oF 1 Par CrntT 


Ka | Titration to N Salt To 0.1 N Salt To 0.01 N Salt To 0.001 N Salt 


pT p-interval p-interval pT p-interval 


ioe) G 3-11 4-10 7 6-8 
nO means 5-11 5.04-10 7.02] 6.04-8 
NO 7-11 7-10 8.0 7.52} 7.04-8.04 
TOneh 10 9-11 8.96-10.04 | 9.0 ] 8.5 | 8.43-8.57 


10-8 {11 |_10.79-11.21[| 10.5 | 10.43-10.57 |10.0 | 9.98-10.02 


9.5 9.5 +0.006 


10-10 |12 | 11.98-12.02 [171.5 | 11.5--0.006 - 10.98] 10.98-40.002 | 10.43|10.43-+0.0006 
10-2 [3253] 12,980,002 | 12.47| 12.474-0.0006 11.79] 11.79 +0.0002 | 10.96|10.96 +-0.00006 


Note. The incomplete dissociation of the salt has not been taken into account, hence 
the figures at higher concentrations should have a correction applied. 


The foregoing considerations apply to titrations at room temperature, 
18-25° C. Increase in temperature affects K, to a much greater degree than 
the constants of acids, bases, or indicators. Bjerrum’s general theory of 
titration errors leads to the relation Kg > Ky X 10” in order that an acid may 
be titrated with an accuracy of 1 per cent. The value of n depends upon the 
dilution, and is 8 for 0.02 salt at the end-point. For this dilution at 20° an 
acid of constant greater than 10- could be titrated, while at 100° the constant 
would have to be greater than 0.6 X 10-4. The transition intervals of in- 
dicators are shifted to varying extents by rise in temperature to the boiling 
point. Titrations should be made at room temperature in all possible cases. 

In practical instances the presence of colloidal particles, filter fibres, pre- 
cipitates, etc., must be considered, since the tautomeric equilibria may be dis- 
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turbed by adsorption at the surfaces of these substances, one tautomer being 
more readily adsorbed than another. In the colorimetric determination of pH 
this type of error is frequently encountered when proteins are present, and is 
known as the “ protein”? error. When such an error is anticipated, the 
titration is performed with several indicators of widely different chemical 
nature, but approximately the same transformation range, or pT. In some 
instances the indicator method must be abandoned in favor of electrometric 
methods. 

Salts exert an effect beyond that which would be expected from simple mass 
law considerations. Two solutions which have the same pH as measured by 
the hydrogen electrode, may when treated with equal amounts of an indicator 
give different tints. This abnormality is ascribed to the indicator. This 
type of error could rarely exceed 0.2—0.3 pH, and hence is not serious for the 
majority of titrations. 

The Indicator Method of Measuring Hydrogen-Ion Concentrations. 
(al.) Without the Use of Buffer Mixtures. There are a number of different 
principles that are employed in using the color of an indicator to estimate pH 
without the use of buffer mixtures. Equation (27) may be written in the 
form: ; 


(28) pH = pKr, + log 


1—a’ 


where @ represents acid form of indicator and 1 — a the basic. Gillespie? 
devised a “‘ drop ratio”? method which makes use of equation (28) in the form 
pH = pKr» + log “ drop ratio.” In one tube are placed a number of drops 
of the acid form of the indicator, and in a similar tube enough of the alkaline 
form of the indicator to make a total of ten drops. The solutions are diluted 
to the same volume with water. Each pair of tubes when viewed in a suitable 
colorimeter gives a tint corresponding to the particular drop ratio. Ten drops 
of indicator are then added to the unknown solution whose volume is the same 
as one of the other solutions. The unknown and a tube of water are viewed 
in the same manner as the pairs of drop ratio tubes. Suppose that the unknown 
were exactly matched by the pair of tubes containing 2 drops of acid indicator 
and 8 drops of alkaline respectively, and that pK7, = 8.08 (cresol red). Then 


2 
the pH of the unknown equals 8.08 plus logs; or 7.5. A number of variations 


in the application of this method have been described.? ; 
(a2) Use of ‘‘ One-Color’”’ Indicators. Michaelis and his co-workers * have 

developed what might be considered as a modification of Gillespie’s method. 

Since the indicators have only one colored form, if we know the dissociation 


1L. J. Gillespie, J. Am. Chem. Soc., 42, 742 (1920). 

2 Cf. Kolthoff-Furman, ‘‘Indicators,’’ pp. 154 and ff.; W. M. Clark, Determination of 
Hydrogen Ions, pp. 121 ff., 3d Ed. 

3 Michaelis, and Gyemont, Biochem. Z., 109, 165 (1920). Michaelis and Kriiger, Bio- 
chem. Z., 119, 307 (1921). 
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constant of the indicator, then the concentration of the colored form in any 
: : reel: 
given case enables us to determine the ratio oa and hence a modified form 
—a 


of equation (28) in terms of color intensities may be used. Suppose the 
alkaline form of the indicator is colored, and that we have 10 ce. of an unknown 
plus 0.1 cc. of indicator; suppose that 0.05 cc. of indicator in dilute alkali 
matches the first tube at the same volume. Then in the unknown tube the 


5 


a _ 0. 1. Th 
mae tir oe e use of solu- 


tions of inorganic salts or colored glass plates has been studied as a means of 
avoiding the preparation of numerous standard solutions of indicators. 

(b) Use of Buffer Mixtures. The transformation of an indicator from one 
colored form to another is fully characterized by equation (28). If each form 
can begin to be perceived when the other form is present in ten-fold excess, we 
see that the pH range of complete visible transformation would lie between 


indicator was half transformed, and hence 


1 
pK + log 10 and pK + log io’? ™ that the range would be 2 pH units. Most 


indicators have a useful range of about 2 pH units, but because of more intense 
color of one form, the range is not symmetrically distributed about the value 
of pk. By employing proper buffer mixtures, whose pH values are at con- 
venient intervals, say 0.2 pH apart, and by adding indicator in such a way that 
its concentration is the same in all of the standards, a series of tints is pro- 
duced. A volume of unknown solution equal to that of each standard is 
treated with the same amount of the indicator. By matching the colors, the 
pH of the unknown is found to lie within an interval of 0.2 pH. By preparing 
standards for this short interval, or by other suitable colorimetric technique it 
is possible to determine the pH value within 0.1 pH unit. Clark and Lubs! 
and Cohen? have carefully selected indicators, many of which they were the 
first to synthesize and study. These indicators are especially adapted for use 
in connection with the buffer mixtures that have been described (curves 1-5, 
Fig. 1). Other selections of indicators have been made, notably by Sérensen.$ 
The Clark-Lubs-Cohen selection is presented in Table VII. 

It has been stated that Cohn and his co-workers have introduced the idea 
of preparing buffers of definite ionic strengths, so that the ionic strength of the 
unknown may be matched. Kolthoff 4 has derived corrections for most of the 
indicators of Table VII, and other indicators, for solutions of ionic strengths © 
between 0.1 and 0.0025 referred to buffers of ionic strength 0.1. Many of the 
corrections that were determined were in excellent agreement with those cal- 
culated on the basis of the Debye-Hiickel Theory; in more concentrated solu- 


1 Lubs and Clark, J. Wash. Acad. Sci., 5, 609 (1915); 6, 481 (1916); Clark and Lubs, 
Ue Bactucel,1O9s19 1 (L917): 

2 W. B. Cohen, U. S. Pub. Health Reports, 41, 3051 (1927). 

3 See Clark, op. cit., pp. 92-93; Kolthoff-Furman, op. cit., p. 59. 

4 J. Phys. Chem., 32, 1820 (1928). 
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tions, however, the calculated values were higher than those determined 


experimentally. 
TABLE VII 


SELECTED INDICATORS OF CLARK AND LuBs, AND COHEN 


Color 
Common Name of pH K Ce. of 0.01 N 
Indicator Range P Alkali per 0.1 G. 
Acid Alkaline 
Meta cresol purple*......... red yellow 1.2-2.8 1.51 26.2 
Thymol blue (acid range).....| red yellow 1.2-2.8 1.5 eA Is 
Brom phenol blue........... yellow blue 3.0-4.6 3.98 14.9 
Brom cresol green*.......... yellow blue 3.8-5.4 4.67 14.3 
Chlor phenol red*........... yellow red 4.8-6.4 5.98 23.6 
Brom phenol red*........... yellow red 5.2-6.8 6.16 19.5 
Brom cresol purple.......... yellow purple 5.2-6.8 6.3 18.5 
Brom thymol blue.......... yellow blue 6.0-7.6 7.0 16.0 
Phenol Ted svstecensiticxce: secon siee yellow red 6.8-8.4 7.9 28.2 
@resol Ted c c.c, teers ovate Skee yellow red 7.2-8.8 8.3 26.2 
Meta cresol purple*......... yellow purple 7.4-9.0 8.32 26.2 
Thymol blue (alkaline range). .| yellow blue 8.0-9.6 8.9 21.5 
@resoliphthalein= 2. 0... 3. 4. colorless | red 8.2-9.8 (9.4) —. 


* Denotes the Cohen indicators. In the last column at the right are given the amounts 
of alkali that are necessary to form the monosodium salt of the indicator per 0.1 g. The 
solution is diluted to 250 cc. Four or five drops of this 0.04 per cent solution are added to 
10 ce. of the solution that is to be tested. 


It should be pointed out that the buffer method at present rests on what 
might be termed an empirical activity basis, because the fundamental poten- 
tiometric measurements do not at present rest on a true activity basis (cf. 
following section). 

PoTENTIOMETRIC METHODS 


Electrode Processes. Every electrode process is an oxidation-reduction 
reaction, since it involves gain or loss of electrons by atoms orions. Electrode 
processes may be divided into three classes for convenience: 

(1) The transfer of electrons between an element and its ion, e.g.: 


Zn = Zntt + 2e, 
$He = lake + €, 
4Cl, + e= Cl-. 


The symbol e, the electron equivalent, denotes the electronic charge associated 
with unit change in valence of one gram equivalent of anion. ¢ = — Faraday 
= — 96,500 coulombs. 


1 We refer to Clark (op. cit.) and Kolthoff-Furman (op. cit.) for detailed discussion of the 
salt error. Also for discussion of the effect of temperature, various solvents, and other factors 
upon the colorimetric determination of pH. 
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(2) Processes which involve electronic transfer by increasing or decreasing 
the valence of an ion: 
Fett = Fet++ + «, 


Fe(CN). = Fe(CN). +e 
Mn0O;- = Mn0O,- + «, 


? 


(3) Processes which involve electronic transfer with alteration in the 
oxygen content of the ion: 


Mn**+ + 4H.0 = MnO, + SHt + 5e, 
Cr+*++ + 4H.0 = HCrO,- + 7Ht + 3e. 


Expressions for the electrode potential due to each of the three types of 
processes have been developed by Nernst,! Peters,? and Crotogino ® respectively. 
Haber,’ and Bancroft ® have shown that the logical derivation of a common 
expression for all types of electrode processes is from the van’t Hoff equation 
for the reaction isotherm, as follows: If the process is arranged to take place 
electrically, the maximum work, A = nFE. The van’t Hoff equation: 


(29) A=RTnKE 
P2 

then becomes: 
(30) penny es 
nF P2 


where 7; refers to the partial pressures of the substances consumed, and pe 
to those of the substances produced. If a proportionality can be established 
between concentrations and partial pressures, and equation analogous to (30) 
may be written with concentrations instead of pressures. If we attempt to 
relate concentrations to the thermodynamic equations we at once encounter 
the difficulty that these equations, which were derived for ideally dilute solu- 
tions, nolonger apply. If we think in terms of energy changes, and the modern 
activity concept (cf. Chap. XII) then it is possible to relate electromotive 
force and concentration by an equation of the form: 


eT CiGy me ; ay 
= —l/n—— = —![n-° 

ey) mE Cxy¥2 nF ae 
The yi and y2 are “ activity coefficients ” of the substances whose concen- 
trations are c; and cz. The ion activities, a1, a2 are frequently symbolized by 
the use of round brackets. Thus (H*): and (H*)2 if used in equation (31) 

1 Nernst, Z. physik. Chem., 4, 129 (1889). 

2 Peters, Z. physik. Chem., 26, 193 (1898). 

3 Crotogino, Z. anorg. Chem., 24, 225 (1900). 


4Haber, Z. Elektrochem., 7, 1046 (1901). 
5 Bancroft, Trans. Am. Electrochem. Soc., 28, 357 (1915). 
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would indicate that the electromotive force was determined by hydrogen-ion 
activity. 
Measurement of pH. The expression pH was originally defined by the 


i 
relation pH = log [He] As a matter of fact, most of the pH measurements 


in the literature, in so far as they are based upon E.M.F. measurements, are in 
reality more or less standardized upon an empirical activity scale. 

Suppose that the measurements have been made by measuring the E.M.F. 
of a cell composed of a hydrogen electrode and a reference electrode, which is 
ordinarily the 0.1 N, N, or saturated calomel electrode. If the cell is set up as 
follows: 


Pt, H.(1 atmos.) | H (activity, X)| KCI (sat.)| KC1(0.1 N), HgCl(s)| Hg 
A B C ; D 


the over-all E.M.F. is made up essentially of two principal differences in poten- 
tial: (1) between the reference electrode and the standard hydrogen electrode, 
and (2) between the standard hydrogen electrode and the hydrogen electrode 
in the solution of unknown hydrogen-ion activity. The liquid junction poten- 
tial that enters in is arbitrarily assumed to remain constant in making pH 
measurements. 

Eyer. | (Usually a calomel electrode) 


D, 
Observed H.M.F. 4 .Ep (Normal hydrogen electrode) 
D» 
En (Hydrogen electrode in solution of unknown pH). 


The first difference, Di, is constant for any given reference electrode at 
constant temperature. The second, Ds, is given by the relation: 


RE. oA RT. (H+ 


Al Of el Ol) 
. , nF const. nF const 


Since we can only measure differences in potential, and not absolute single 
electrode potentials, all of the older measurements have been standardized 
relative to the normal hydrogen electrode potential as zero. Conductance 
measurements were used in the original definition of the normal hydrogen 
electrode. 

1 Following the older recommendations of Sérensen and Linderstrém-Lang, W. M. Clark 
(op. cit.) has recommended that this cell be used as the basis of standardizing pH measure- 
ments, with the arbitrary assumption that the potential difference B remains constant as the 


activity, X, varies. It is also assumed that the sum of the potential differences at B, C, and 
D is as follows: 


Pemps Ceccnveos win iokalens are. caroarentans 18° 20° 25° 30° 35° 38° 40° 
Potential difference... .....2...-. 0.3380 0.3379 0.3376 0.3371 0.3365 0.3361 0.3358 


Clark (Chap. XXIII) gives an exhaustive review and discussion of the reasons for adopting 
this basis for pH measurements. 
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’ Upon substituting values for R, n, and F, and converting to Briggsian log- 
arithms, we have the following relation: 


1 
32 fs pa uate 
(32) Eops. = Const. + 0.000198322T log (H) 


= Const. + .0001983227 pH. 


T is the absolute temperature. At 25° C. with a 0.1 N calomel electrode and 
saturated KCl bridge, 


Eops. — 0.8376 
(33) pH = pee OD Siem CT 


0.0591 


If the fundamental reference cells are redefined in terms of true activity 
values, and if the liquid junction potentials are calculated, eliminated, or 
measured, then pH can be redefined as equal to log : 

There are numerous electrodes, other than the hydrogen electrode, which 
may be used in measuring pH, for example, the quinhydrone electrode. Quin- 
hydrone is an equimolecular compound of quinone and hydroquinone. The 
conversion of hydroquinone into quinone may be represented as the equation: 


C.H.0.H,— C.H.0- fe 2S aa Dee 


And the potential of a platinum electrode in contact with a solution of quin- 
hydrone is given by: 
_ 0.0591 K [ quinone ](H*)? 


se 2 log [ hydroquinone ] 


(at 25°). 


The quinone and hydroquinone are derived in equivalent amounts from the 
quinhydrone, and hence the ratio of their concentrations is unity... Hence 


0.0591 
B = log K(H*)? = E, + 0.0591 log (H*). 


Strictly speaking, the simple equation (34) for the quinhydrone electrode 
should be corrected to take into account the activity coefficients of quinone 
and hydroquinone.?. The quinhydrone electrode is not satisfactory in alkaline 
solutions (pH > 8.5) because of oxidation of hydroquinone, or ionization of 
hydroquinone. 

Many other electrodes have been suggested for the measurement of pH, 
as for example: the chloranil electrode * higher oxide electrodes,‘ the antimony 

1 Our fundamental information regarding the quinhydrone electrode is largely due to 
Biilmann, Ann. de Chimie, (9) 15, 109 (1921); Biilmann and Lund, ibid., 16, 321 (1921); 


Biilmann, Trans. Farad. Soc., 19, 57 (1923). 

2 Clark, op. cit., p. 409, gives Sérensen, and Sérensen and Linderstrém Lang’s values for 
the ratio of Yquinone tO Ynydroquinone for various solutions. 

3 Conant and Fieser, J. Am. Chem. Soc., 45, 2194 (1923); Hall and Conant, zbid., 49, 


3047 (1927). 
4 The reader is referred to Clark, op. cit., and to Kolthoff and Furman, Potentiometric 


Titrations, Chap. X, John Wiley & Sons, Inc., 1926, for a discussion of these electrodes and 
the others that are mentioned in this paragraph. 
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electrode,! the oxygen electrode,? and the glass electrode. The glass electrode 
deserves especial mention because it appears to be capable of measuring pH in 
the presence of strong oxidizing agents. If a cell be constructed as follows: 


Sat.Calomel electrode| glass membrane| unknown|Sat.Calomel electrode 


the membrane being of soda lime glass, it is found that the E.M.F. of the cell 
varies linearly with hydrogen-ion activity over a considerable range of concen- 
tration. The internal resistance of the cell is so great that the E.M.F. cannot 
be measured using a galvanometer as null instrument, but must be measured 
with the aid of a quadrant electrometer, or an electron tube voltmeter. 

Potentiometric Titrations. We have seen that the hydrogen electrode, 
and other electrodes, may be used to measure hydrogen-ion activities. Simi- 
larly, any other electrode whose potential difference: element, solution of ion, 
depends upon a reversible process, may be used to determine the activity of the 
ion in question. In case of the silver electrode 


irw i 
(34) Bag = oHAg — ar (Agt). 


An important use of E.M.F. measurements, from the standpoint of quan- 
titative analysis is the determination of the progress of a titration, and the end- 
point of the reaction. We have at our disposal a kind of “ universal indicator ” 
that not only enables us to determine the end-point, but also gives us a picture 
of the entire course of the reaction. Furthermore, it is not necessary that the 
electrode process be strictly reversible, or that true electrode equilibrium be 
established, provided there is a maximum rate of change of E.M.F. at the 
equivalence-point of the reaction. 

M ost of the general features of the technique and theory will be illustrated 
by a description of the potentiometric method as applied to neutralizations. 


NEUTRALIZATIONS 


The Hydrogen Electrode. For analytical purposes a simple potentiometer 4 
will usually suffice, because errors due to neglect of liquid junction potentials 
and slight temperature variations do not obscure the general relationships. 
The distinction between activity and concentration may be neglected in 


1K. J. Roberts and F. Fenwick, J. Am. Chem. Soc., 50, 2125 (1928). A bibliography of 
the older literature is given. 

2 Richards, J. Phys. Chem., 32, 990 (1928). A bibliography is given. 

3 Haber and Klemensiewicz, Z. physik. Chem., 67, 385 (1909); Hughes, J. Am. Chem. 
Soc., 44, 2860 (1922); A. Ly. Steiger, Z. Elektrochem., 30, 259 (1924); Hughes, J. Chem. Soc. 
491 (1928) ; MacInnes and Dole, Ind. Eng. Chem. (Analyt. Ed.), 1, 57 (1929); J. Gen. Physiol... 
12, 805 (1929). See Clark, op. cit., and Kolthoff and Furman, op. cit., for further bibliography, 

4 It is assumed that the reader is familiar with the potentiometer principle. Cf. Chap. X 
also Clark, op. cit., and Kolthoff and Furman, Potentiometric Titrations; or Die Elektro- 
metrische (Potentiometrische) Massanalyse, Erich Miller, 4th Edition, 1926. Steinkopf, 
Dresden. 
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developing the broad outlines of the method. Figure 2 illustrates a convenient 
experimental set-up. The hydrogen electrode A is of the type first used by 
Sand! and later by Hildebrand.? 
The platinized platinum foil f is 
bathed both by hydrogen gas and by 
the solution. The cell is completed 
by the calomel half-cell, F, whose 
side tube dips into the beaker. CD 
is a slidewire of uniform cross-sec- 
tion. A suitable fall of potential is 
maintained from C to D by means of : 
a battery, B and the rheostat, Rites iGaecs Apparatus for Potentiometric Titra- 
By ieanecot thé switch, S, Siher ae or for Determination of Hydrogen-Ion 
oncentration 

the unknown E.M.F. or the stand- 
ard cell, L, may be thrown into the circuit. When the galvanometer shows 
no deflection upon tapping the key, the following proportion applies: Unknown 
E.M.F. : E.M.F. drop (C to D) :: dist. CE : dist: CD. 

In this way we may measure the E.M.F. after successive small additions 
of reagent during a neutralization. Upon plotting E.M.F. values as ordinates 


‘i Sodium Hydroxide 
| 


10 
i=) 
8 
PHS} AL 
6 
5 
4 
3 
2 
1 
5 10 (5 20 25 30 35 40 SI 10MIS! 2Oe257S307sS 
C.C.NqOQH — CC ACID == 
Fia.3. Titration of 25 cc. of acetic acid Fig. 4. Titration of 30 cc. NaOH solu- 
and of 30 cc. of hydrochloric acid with tion (1), 25 ec. NazCOs3 solution (2), and 
alkali of equivalent strength. Note: The 10 cc. borax solution (3), with acid solu- 
curves in this and subsequent figures are tions of equivalent strength 


plotted from the author’s data, unless 
otherwise noted 


1H. J. S. Sand and D. J. Law, J. Soc. Chem. Ind., 30, 3 (1911). 
2 J. H. Hildebrand, J. Am. Chem. Soc., 35, 849 (1913). 
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(or pH values derived with the aid of equation (32)), and ce. of reagent as 
abscissae, we obtain titration graphs (Figs. 3, 4, 5 and 6) which throw much 
light upon the nature of acidity, and the titration processes. Figure 3 serves 
to contrast the behavior of a strong with that of a weak acid. The graph for 
the titration of any strong acid with a strong base consists of a relatively flat 
portion (a) until the equivalence-point is approached because the pH does not 
change very rapidly in this region owing to the high degree of dissociation of 
the acid. As the last traces of hydrogen ion are neutralized, its concentration 
passes very rapidly through ten-fold changes in value, and the curve rises 
almost vertically (b) with an inflection at pH = 7. Weak acids, on the other 
hand, undergo rapid changes in pH at first upon successive small additions of 
alkali, because of the slight initial ionization of the acid. The salt which is 
formed exerts a significant mass action (buffering action) and the mid-portion 
of the curve is relatively flat. Near the equivalence-point there is a short 
nearly vertical rise. The position of the inflection of the curve depends upon 
the degree of hydrolysis of the salt that is formed, and therefore lies in the 
alkaline region, above pH = 7. 

Some typical graphs for alkaline solutions are shown in Fig. 4. 

If the first and second dissociation constants are sufficiently different in 
order of magnitude, dibasic acids, or mixtures of strong and weak acids give 
curves that are analogous to that for phosphoric acid, curve 3, Fig. 5. The 
advantage of the use of the hydrogen electrode in the titration of strongly 
colored solutions is obvious. 

If a true inflection occurs, there will be a maximum in the difference 


quotient, where EH denotes E.M.F., and V volume of reagent. As we 


have seen (p. 915 and Table VI), Bjerrum has derived a relation between 
K,and Ky for various dilutions if the titration error is not to exceed 1 per cent. 
His calculations indicate that the limiting value for Ka is 10° if the electro- 
metric method is used. More recently Eastmann! has calculated that an 
inflection should occur (titration of weak acid with strong base) when K, is 
10-", but not when Kz = 107%, for N solution. For this instance Roller 2 
has calculated that the limiting value is 3 X 10-*. If the end-point is to be 
located experimentally with an error not exceeding 1 per cent, Roller’s cal- 
culations indicate a value of Ka = 10" as approximately the minimum per- 
missible value. 

The Hydrogen Electrode and the Choice of Indicators. The significance 
of titration graphs in the choice of indicators is at once evident. The visible 
color change must fall in the pH region where the rate of change is a maximum 


1 Kastmann, J. Am. Chem. Soc., 47, 332 (1925). Some errors in sign were made in one 
of the equations in the original paper; these have been corrected, ibid., 50, 418 (1928). The 
ionization constants as derived in the original paper for certain types of titrations are too 
large by one power of ten. 

2P.8,. Roller, J. Am. Chem, Soc., 50, 1 (1928). 
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ApH 
(= = max.) The considerations underlying the choice are indicated in 


Fig. 5, which gives titration curves for a number of acids, together with a plot 


representing the transformation of 
a number of indicators from full 
acid to full alkaline color. The 
horizontal shaded portions give the 
regions of sharpest visible change, 
which rarely correspond exactly 
with the point of 50 per cent trans- 
formation of the indicator. It is 
always advisable to check the cor- 
rectness of the choice of an indi- 
cator by simultaneous potentio- 
metric and indicator titrations. 
The Hydrogen Electrode in Study 
of Precipitations. | Whenever pre- 
cipitations are accompanied by 
changes in pH, study of the process 
with the aid of the hydrogen elec- 
trode, or similar indicator electrode, 
yields information as to the range 
in which the process occurs, and 
may lead to a convenient method 
of determining the end-point. Hil- 
debrand,! Harned,? Blum,’? Fales 
and Ware,‘ and Britton® have 
published studies of precipitations 
that may be cited as illustrative 
of the technique and _ possibilities 
of the method. Some of Brit- 
ton’s data are presented in Fig. 6. 


4 
15 20 25 30 35 O 25 5075 100 


5 10 


C.C. Alkali —~ %Conversion 
Acid to Alkaline form 
Fie. 5. Curve (1). 30 cc. of sulphuric acid 


titrated with sodium hydroxide of equivalent 
strength. (2) 25 cc. of acetic acid titrated with 
sodium hydroxide of equivalent normality. (3) 
Titration of 40 cc. of 0.0711 M_ phosphoric 
acid with 0.2 N NaOH. Davis, Oakes, and 
Salisbury, Ind. Eng. Chem., 15, 182 (1923). (4) 
and (5) Results of van Liempt, Z. anorg. Chem., 
111, 151 (1920), curve (4) being for boric acid 
alone, and curve (5) of an equivalent amount 
of boric acid plus 10 g. of mannite, the boric 
acid being thus converted into a relatively 
strong acid 


Space does not permit a detailed description of the use of electrodes other 
than the hydrogen electrode in neutralizations, or of neutralizations in non- 
aqueous solvents (alcohols, glacial acetic acid, etc.). 


Complex-Formation. 


The potentiometric method may be applied to 


titrations in which complexes are formed, provided there is an electrode which 
responds to changes in concentration of one of the ions in question.® 
i Hildebrand, J..Am. Chem. Soc., 35, 849 (1913). 


2 Harned, 8th Internat. Cong. Applied Chem., 1, 217 (1912). 
3 Blum, J. Am. Chem. Soc., 38, 1282 (1916). 


4Fales and Ware, zbid., 41, 487 (1919). 


5 Britton, J. Chem. Soc., 127, 2110, 2120, 2142, 2148, 2796, 2956 (1925); 128, 125 (1926); 


129, 425 (1927). 


6 A detailed discussion of complex-formation is to be found in Potentiometric Titrations, 


Kolthoff and Furman, pp. 33-37, 99-105. 
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PRECIPITATIONS 


We have considered a special case of precipitation, namely that of metallic 
ion by hydroxyl-ion (p. 925). If we represent a precipitation reaction as: 


(35) Bt +A BA, 


where B+ and A~ are univalent ions, at the equivalence-point of the reaction 
the activity of either ion (assuming that activity and concentration are 


oa cece: i : vat 
| hi iy em 4 
atic hele F iet red S 


“Cu (OH) Benzene -az0 
ae Oty Pl | foo | -naphthylarnne. 
H V brom pheno! blue 

Methyl orange 


Thymol/ blue 


eA 100 120 
CC_Oy ‘« N Nook 


Fic. 6. Data of Britton (Ind. Chemist, 3, 258 (1927)) showing zones of precipitation of 
various hydroxides as a function of pH, together with transition points of indicators 


identical) is (Bt) = oe) = Soa, Where Soa is the solubility product of BA. 


Or in general, (B*) = From this simple relation we may calculate the 


a = 
the course of (B*) as a function of percentage of B* precipitated; in an an- 
alogous manner a graph for variations in (A~) may be derived. These curves 


AV 
the titration is in general greater, the more concentrated the solution, and the 
smaller the solubility product of the precipitate, the smaller the concentration 
of neutral salts, and the smaller the adsorption of the ions of the precipitate 
upon the latter.1 


AE 
show an inflection at the equivalence-point (3 - = Max. ) . The accuracy of 


1Cf. E. Lange and E. Schwartz, Z. physik. Chem., 129, 111 (1927), for mathematical 
analysis of the titration graph, and influence of various factors. 
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If we consider the general reaction: 
(36) Eber ey AM = BA». 


then at the equivalence-point the concentrations of B”+ and A” are not unre- 
lated, but per y moles of A”~ we have left in solution x moles of Br*, and 
hence y__ B+ | = af A” |, Hence, at this particular point, the concentration 
of either ion may be derived in terms of solubility product, from the customary 
relation: [B+ ]*_A™—]¥ = Sz, Then, at the equivalence-point: 


z+y “py x+y 
n+ | — =e ° na) = y 
EBs] \(E) Bea jal (2) S34, 


Let us consider a simple instance, Agt + I- = Agl; Sa,1 = 10-16, In 
this case « = y= 1, and the concentration of [Agt ] = ASa,r and from 
equation (34) we have: 


(37) Eeg. = oH Ag — 0.0591 log Sagi. 
ofAg = — 0.80, and hence Fg. = — 0.80 — 40.059 log 10-6 = — 0.328». 


The value — 0.328 is referred to the N hydrogen electrode. It would be 
— 0.046 v. referred to the N calomel electrode.! 
When the precipitate is formed by the union of ions of unequal valences, 


: a ae 
the maximum in AV does not correspond with the true equivalence-point.? 


OXIDATION-REDUCTION REACTIONS 


If the hydrogen electrode of the apparatus shown in Fig. 2 be replaced by 
a bright platinum wire, or gauze, we have an experimental assembly that is 
capable of following the course of oxidation-reduction processes. 

Peters * found that the variation in E.M.F. of such a cell is expressed by 
the relation: 
RT [Fett] 
(38) E= saree We 


~ nF [ Fett ] 


where 7 is the change in valence, which is unity in this case. In so far as this 
equation is valid, the E.M.F. is independent of dilution or acidity, and depends 
only upon the ratio of ferric to ferrous ion concentrations. The over-all 
E.M.F. of the titration cell changes 0.0591 volt (at 25°) for each ten-fold change 
in the ratio. A similar relation holds for any other oxidation-reduction system, 
except that hydrogen-ion concentration enters into the logarithmic expression 

i The signs of the E.M.F. values in this chapter are written according to Lewis’ con- 
vention, J. Am. Chem. Soc., 35, 20 (1913), unless otherwise stated. The sign of the E.M.F. 
is positive when the reaction is written so that negative electricity flows from right to left 
across the phase boundaries within the cell. See Chapter XII for illustrations. 

2 Chapter IV, Potentiometric Titrations, Kolthoff and Furman. 

3 Peters, Z. physik. Chem., 26, 193 (1898). 
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whenever the oxygen content of the ion is altered during the oxidation- 


reduction process. 
applies in case of permanganate: 


Crotogino (loc. cit.) has shown that the following relation 


RT [ MnO, _|_Ht} 


(39) R= oH = 


ies 


‘ 


The of values are the 


Ey in Volt 


0 10 20 30 40 5060 70 80 90 100 
Percent Oxidized 


Fic. 7. Oxidation potential asa function of 
ratio of concentration of oxidant to that of its 
reduction product. The methylene blue curve 
is from data of Clark, Cohen and Gibbs, Bull. 
No. 151, p. 191, U. S. Hygienic Lab. The 
other curves, calculated from Ho values given in 
the literature, show the relative relations of 
various oxidation-reduction systems 


“normal potentials 


[Mn] 


” and are equal to the observed 


values (referred to N hydrogen elec- 
trode = 0) when the concentrations 
in the logarithmic terms are all 
unity. The relation between ratio 

[ oxidant | 


[ reductant | 
drogen-ion concentration is shown 
for a number of systems in Fig. 7. 
Whenever [H+] enters into the 
logarithmic term, the oxidation-re- 
duction relations for any one sys- 
tem are expressed by a series of 


and E.M.F. at unit hy- 


parallel curves displaced ~ 0.0591 


volt per pH unit, where p is the 
power to which [ H*] is raised in 
the logarithmic expression, and n is 
the change in valence. The shaded 
area (Fig. 7) indicates the range of 
displacement of the oxidizing power 
for permanganate systems upon a 
ten-fold change in [_H*]. 

The titration curve for the reac- 
tion of any reductant with an oxi- 
dant may be regarded as the com- 
posite of two curves similar to those 
of Fig. 7. In the titration of ferrous 
iron with permanganate there is a 
flat portion defined by the ratio 
[ Fet++ 


[Ber] 
(a — b curve) which ends as the 
K.M.F. value follows the perman- 
ganate curve (c—d curve). 


followed by an abrupt rise 


The potential at the equivalence-point of any reaction may be calculated 


if we know the o# values of the systems in question. 


tion-reduction equation be written: 


Let the general oxida- 
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(40) a Ox, + b Redz =a’ Red; + bd’ Oxy. 


The expressions for the opposed E.M.F. values of the partial reactions are: 
_ Leds)” 
aaa 
EM Orel” 
nF Reds? 


(1) a Or, + ne= a’ Reds; Ey = ok, uae 


(2) b Reds = b’ Ox» aa ne; EF, == ol, — 
At equilibrium, the two potentials are equal: 


eae Red, |” RT 
(41) Elec = of, + ar vee oer = oH, — ane or 3 
2 


Upon rearranging (41) we find: 
RT [| Red, }*[ Ox, 


42 = = F 
(42) ols of, ar [Ox] [ Red, Wa 


The logarithmic expression is the customary equilibrium constant, K, of the 
reaction. Upon substituting appropriate values for R, and F, and assuming 
T to be 298° abs. and converting to common logarithms, we have: 


0.059 
(43) oH, — of, = log K. 

Equation (48) is of use in calculating equilibrium potentials and “ breaks ”’ 
in E.M.F. curves at the end-points, as well as in calculations of equilibrium 
constants from H.M.F. measurements, etc. 

The calculation of the equilibrium potential is of interest because its value 
corresponds to the analytical end-point of the reaction. In simple special 
cases the calculation is not difficult. We shall assume that a = a’ and that 
b= 0b’. At the equivalence-point the residual concentrations of Ox, Red, 
are not unrelated, but stand in the ratio a : b’, since the two substances react 
in this ratio. Similarly Red: and Ox: will be present in the ratio a’ : b. 

At equilibrium, therefore: 


[ Ox, | a [Red:] | 3 
os See ee pal 


Upon dividing (45) by (44) we have: 


ve bE Red, | a’ Ox] [Red]  [Ox»] 
= or 
6) b[ Ox] aL Red, ] POR [Reds | 
1 Phese derivations are largely due to Kolthoff, Chem. Weekbl., 17, 659 (1920); 20, 154 
(1923). The general form of treatment is clearly foreshadowed in Le Blanc’s Elektrochemie, 


5th Edition, 1911, p. 252 and ff. The treatment has been amplified by Miller, op. cit. 
(1923), 4th Ed. (1926); and by Kolthoff and Furman, Potentiometric Titrations (1926). 
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We may therefore write: 


Grays otters ee 


[Redi] [Ox] _ He 


cr 


oe POs Ree 
Upon substituting these values in equation (41), the equilibrium value is: 
0.0591 a 0.0591 a 
e = = log K. 
(48) Hisar oy + aie 7, 108 K ols iG iy ER ; og 


0.0591 : ‘ : 
The value for log K in equation (48) is then introduced to give the 
n 
final equation: 
BE @ oz + b ok : 
(49) (x0 [iia ae a at b 


This equation is of considerable service in deciding where the theoretical 
end-points of reactions lie. Let us calculate the theoretical end-point of the 
reaction between ferric and stannous ions: 


2 -Vets Snr Vets Sar. 


The partial reactions are: 


(1) 2 Fett + 2e—.2 Fets; of, = — 0.75 volt. 
a a’ 
(2). Sunt = Snr 2 Qe; oH, = — 0.188 volt. 
b b’ 


Here a = a = 2;b=6'=1. Therefore: 


_ (2X — 0.138) + (LX — 0.75)  — 1.026 


vO ca D) a 1 3 = — 0.342 volt. 


The external E.M.F’. of the cell: Calomel(N)|solution| Pt electrode would be 
— 0.324 + 0.284 = — 0.04 volt. 

Oxidation-Reduction Indicators. It is possible to have inorganic, or 
organic oxidation-reduction systems which undergo color changes within 
limited ranges of oxidation-reduction potential. The relations that are 
indicated in Fig. 7 show that methylene blue may serve as an indicator in the 
titration of various oxidizing agents with titanous sulphate. In the majority 
of cases the useful range of an oxidation-reduction indicator is a function of 
hydrogen-ion concentration as well as of potential.t 


1 Cf. Kolthoff-Furman, Volumetric Analysis, I, Chapter IV, J. Wiley & Sons, Inc. 1929, 
for a discussion of oxidation-reduction indicators. 
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Meruops or DretrerMInInc ENp-porInts 


Method 1. We have considered the most general method, which consists 
in the determination of the E.M.F. during the titration with the aid of the 
potentiometer. The titration cell is made up of a constant reference electrode 
and an indicator electrode that responds to changes in concentration of some 
one ionic species. It is not necessary that the electrode process be truly 
reversible if we are interested in the determination of the end-point with 
ordinary analytical accuracy. 

By way of illustration let us consider the reaction between ferrous iron and 
potassium bichromate. Hildebrand (loc. cit.) presented data which brought 
out clearly the influence of concentration of acid upon the sharpness of the 
jump in potential at the end-point. Curves 1 and 2, Fig. 8, illustrate the 
influence of concentration of acid. Hostetter and Roberts! have made a 


AY) | 2 
2 2 
=>! — 

. ats 
= Te 
eS = 
LJ A 
Va 

Stead 


25 26 CC.FeSO4 


iS 20 Ba ndieiee 28 
CCAeCre07 C.C.FeSO,4 Solution — 


Fria. 8. (1) 20 ce. of approx. 0.1 N ferrous Fie. 9. 25 cc. 0.1 N bichromate solu- 
sulphate solution titrated with 0.1 N bichromate. tion titrated with approximately 0.1 N 
About 5 per cent (by volume) of HCl, sp. gr. 1.2, ferrous sulphate. For (1) the acid added 
present ai start. (2) Repetition of (1) with 50 was sulphuric, for (2) hydrochloric. 
per cent of HCl present. (3) Curve ob- Fig. 9A. Illustrates the nature of the 
tained by Hostetter and Roberts upon sub- end-point obtained by Willard and 


stituting palladium for platinum electrode Fenwick in the reverse titration using a 
polarized platinum-tungsten electrode 
system 


1 Hostetter and Roberts, J. Am. Chem. Soc., 41, 1337 (1919). 
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critical study of this method. Their results indicate that it is one of the most 
accurate of volumetric processes. 

The reverse titration is of considerable interest. Forbes and Bartlett ! 
found that there was an anomalous rise in potential shortly preceding the end- 
point in the absence of chloride ion. (See curves 1 and 2 Fig. 9.) The anom- 
alous rise is followed by a precipitous fall in potential; the E.M.F. of the cell is 
balanced during the titration with the aid of a simple potentiometer. The 
first large permanent deflection marks the end-point. Kelly and his col- 
laborators 2? have shown that this procedure greatly simplifies the determination 
of chromium, vanadium, and manganese in steels and ferrous alloys. 

An interesting modification of the general method has been proposed by 
Cavanagh.? He suggests the calculation of the end-point from potential 
readings after addition of two appropriate amounts of reagent. The second 
amount of reagent is calculated on the basis of the change in E.M.F. after the 
first addition by reference to a table of values which Cavanagh calculated for 
the reaction (Ag+ with Cl-). The second addition of reagent falls a little 
short of the equivalence-point. With the aid of the two E.M.F. readings and 
the table, the end-point is calculated. 

Method 2. Titration to Zero Difference in Potential. Pinkhoff-Treadwell 
Method.* A suitable indicator electrode and an electrode which duplicates 
the conditions at the end-point are joined by the solution under examination. 
The end-point is distinguished by a sudden fall of the E.M.F. to zero. A 
capillary electrometer, galvanometer and high resistance, or even a sensitive 
voltmeter with high internal resistance, serves to indicate the end-point. 
For instance, the cell: Ag, solution of unknown [ Ag* ], KNOs solution saturated 
with AgI, Ag would serve for the determination of silver with potassium iodide. 
A porous partition (filter paper, agar jelly, etc.) is placed between the unknown 
and the KNO; solution. 

This method is not limited to any particular type of reaction, and the 
apparatus is extremely simple. Its chief draw-back lies in the necessity of 
preparing a different end-point electrode for each reaction. 

Mlle. Brouchere ® has suggested a method, different in principle, for which 
the same simple experimental technique may be used. For example, in case 
of the cell: 

Cd|Cd80. ¢:| K280.4| CdSO. co(unknown) | Cd, 


the less dilute unknown solution, cs, is titrated with water until the two 


1 Forbes and Bartlett, J. Am. Chem. Soc., 35, 1527 (1913). See also Eppley and Vos- 
burgh, ibid., 44, 2148 (1922), who found that this titration and the reverse agreed, but that 
in titrating 0.01 bichromate an excess of 4 parts per 1000 of ferrous sulphate was required. 
With 0.003 N bichromate the excess was 0.1 per cent. 

* Kelley and Conant, J. Am. Chem. Soc., 38, 341 (1916); Ind. Eng. Chem., 8, 719 (1916). 
See also Ind. Eng. Chem., 9, 780 (1917); 10, 19 (1918); 13, 939, 1053 (1921). 

’ Cavanagh, J. Am. Chem. Soc., 50, 843, 855 (1928). 

4 This method was developed chiefly by Pinkhoff, Dissertation, Amsterdam (1919), and 
by Treadwell. Cf. Treadwell and Weiss, Helv. Chim. Aota, 2, 672, 680 (1919). 

5 Bull. chim. Belg., 37, 103 (1928). 
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cadmium electrodes are at the same potential. From ci, and the volume of 
water added to the second solution it is possible to estimate cy. 

Another scheme which employs the same method of detecting the end- 
point (zero E.M.F.) has been devised by Cavanagh.! It consists in con- 
structing a cell without liquid junction whose E.M.F. can be made zero at the 
end-point of the titration of one of the ions present if the concentration of the 
other ion (reference ion) that determines the E.M.F. has a value within a 
definite range. The cell Ag| AgCl Agtyor, quinhydrone| Pt has an E.M.F. 
determined by 

Seren pit ei Sy 
F ay 


In titrating acids, chloride may be used as reference ion, or vice versa. 
Cavanagh obtained accurate results by this method in the determination of 
aC les Dreolesrand sAtots, 

Method 2A. Miller (op. cit.) has described what may be regarded as 
essentially a modification of Method 2. An E.M.F. equal and opposite to 
that expected at the end-point (H,,) is opposed to that which is developed by 
the titration cell. A sudden reversal of polarity marks the end-point. A very 
simple potentiometer may be used. The chief disadvantage is the difficulty 
of compensating for the effects of foreign salts, variable concentrations, and 
temperature changes. 

Method 3. Polarized Indicator Electrode.2 In many precipitations it is 
inconvenient or impractical to use an electrode of the metal in question. This 
difficulty may be avoided in some instances by using a cathodically polarized 
platinum electrode in conjunction with a constant half-cell. Enough of the 
metal in question is deposited to give its characteristic electrode potential. 
The rather complicated apparatus and the rather unsatisfactory nature of the 
results detract from the value of the method. In general the polarizing current 
was rather large (about 1 X 107%). 

Wright and Gibson* have studied the use of a cathodically polarized 
platinum indicator electrode in neutralizations. 

The methods which have been described depend more or less closely upon 
reversible electrode effects. The following methods depend primarily on some 
variety of electrode polarization, or upon sudden disappearance of such 
polarization at the end-point. 

Method 4. Bimetallic Electrodes. (a) Ovxidation-reduction reactions. 
The work of Hostetter and Roberts (loc. cit.) led to the interesting suggestion 
that the calomel half-cell might be replaced by a metal electrode, as for ex- 
ample, palladium (compare curves 2 and 3, Fig. 8) since the latter metal 
remained at nearly a constant potential with reference to a calomel electrode 


1 Cavanagh, J. Chem. Soc., 2207 (1927). 
2 Dutoit and von Weisse, J. Chim. phys., 9, 578 (1911). 
3A. H. Wright and F. H. Gibson, Ind. Eng. Chem., 19, 749 (1927). 
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during the titration of iron with bichromate. Willard and Fenwick? have 
made a thorough study of a large number of bimetallic systems. Platinum, 
with some metal of its family in the periodic system (other than palladium 
which is too soluble) or.with tungsten, formed the most effective systems. 
The graph of the titration is radically different from the curves that are 
obtained with platinum indicator and calomel reference electrode. There is 
zero difference of potential, or a gradual rise of about 50 millivolts when 
tungsten is one of the electrodes; in every case the end-point is marked by an 
abrupt “break ” of 100 to 200 millivolts. The “break” is generally limited 
to a range of about 0.5 cc. of 0.1 N reagent. The break may be followed by 
rising, falling, or nearly stationary potential, depending upon the nature of the 
system. The pre-treatment of the electrodes has a profound influence upon 
their behavior during the titration. 

Van Name and Fenwick? have made a further study of these phenomena, 
and attribute the behavior to failure of the electrodes to function as unat- 
tacked, and imperfect reversibility of the electrode reaction itself. In the 
end-point region where the concentration of one of the ions that determines 
the electrode potential is vanishingly small, the differences in behavior of the 
two electrodes become accentuated. 

(b) Neutralizations. Briinnich* found that the system Pt-graphite gave 
zero E.M.F. at approximately pH = 7. The titration graphs appear to be 
unsatisfactory. Fuoss‘* has shown that a number of pairs of metals may be 
used to follow quantitative neutralizations, namely, (1) Antimony-lead, (2) 
Bismuth-silver, (3) Antimony-copper amalgam, (4) Copper-copper oxide. 
Kahlenberg and Krueger ® have studied the behavior of a large number of 
pairs of metallic electrodes, and recommend especially the systems: W—Cu, 
W —Si, and W—Co for use as titration indicators. 

(c) Polarized Monometallic System. Willard and Fenwick (loc. cit.) found 
in the course of study of polarization as a means of pre-treatment, that a 
system of two pure Pt wires, one polarized cathodically, the other anodically, 
with a polarizing current of about 0.5 X 107° gave a sharp break in potential 
at the end-point of many oxidation-reduction reactions. Van Name and 
Fenwick (loc. cit.) conclude that the chief factor in the sharpness of the end- 
point with such electrodes is the difference in degree of reversibility of the 
electrode reaction before and after the end-point. 

The apparatus that Willard and Fenwick used is rather complicated; the 
method has been applied in such a way as to provide a simple continuous- 
reading method, without the use of a potentiometer, by Foulk and Bawden ® 
whose apparatus is indicated in Fig. 10, a. A further simplification is afforded 


1 Willard and Fenwick, J. Am. Chem. Soc., 44, 2504, 2516 (1922). 

2Van Name and Fenwick, J. Am. Chem. Soc., 47, 9 (1925); 47, 19 (1925). 
3 Briinnich, Ind. Eng. Chem., 17, 631 (1925). 

4 Fuoss, Ind. Eng. Chem., Analyt. Ed., 1, 125 (1929). 

5 Trans. Am. Electrochem, Soc., 56, 201 (1929). 

6 Foulk and Bawden, J. Am. Chem. Soc., 48, 2045 (1926). 
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by the apparatus of Furman and Wilson! Fig. 10, b, which is a bimetallic 
system (Pt—W), self-polarized by delivering a very small current through a 
high resistance and galvanometer. The end-point in both systems is a sudden 
large galvanometer deflection. 


2 


a 
Fie. lla. Apparatus of MacInnes 
a b and Jones for differential titrations. 
Fie. 10a. Foulk and Bawden modification E,E’ electrodes; a, glass shield for one 
of polarized platinum system. E,E electrodes; electrode 
G, galvanometer, Ri and R» resistances Fig. 116. Miuller’s differential sys- 
Fie. 10b. Furman and Wilson system. a, tem. E,E’ electrodes; a, capillary tube 
platinum wire; b, tungstenwire; d, baekelite sup- of glass in which liquid rises to some 
port; e, rubber tubes; s, switch; R, high resist- height, h, making contact with EK’; b, 
ance; G, galvanometer baekelite support 


Method 5. Differential Titration. Cox? proposed that the solution to be 
titrated be divided into two equal portions, each provided with a platinum 
electrode, placed in separate beakers, which are joined by a salt bridge. Two 
burettes are used, and the reagent is added to one beaker at a slightly greater 
rate than to the other. At the end-point there is a sharp difference in potential 
between the two electrodes. MacInnes and Jones? made an appreciable 
simplification of the differential method by having both electrodes dip into a 
single beaker, and using one burette. One of the electrodes is provided with a 
glass cap (a, in Fig. 114A) which makes it possible to maintain a concentration 
polarization of one electrode with respect to the other. The end-point is a 
sharp maximum in the potential—cc. graph. In subsequent papers? it has 
been shown conclusively that the method is capable of great precision. 

A large number of devices have subsequently been suggested for polarizing, 
or “sheltering ” or ‘‘ retarding ” one electrode.® A simplification which seems 

1 Furman and Wilson, J. Am. Chem. Soc., 50, 277 (1928). 

2 Cox, J. Am. Chem. Soc., 47, 2138 (1925). 

3 MacInnes and Jones, J. Am. Chem. Soc., 48, 2831 (1926). 

4MacInnes, Z. physik. Chem., Cohen Festband (1927). MacInnes and Dole, J. Am. 
Chem. Soc., 51, 1119 (1929). An improved apparatus is described in the latter article. B. L. 
Clarke and L. A. Wooten, J. phys. Chem., 33, 1468 (1929), have developed the theory and 
technique of the method as applied to the determination of weak acids in dilute solution. 


5 Hall, Jensen and Backstrém, J. Am. Chem. Soc., 50, 2217 (1928); Heczko, Z. anal 
Chem., 73, 404 (1928); 74, 289 (1928); Kamienski, Bull. Intern. Acad. Polonaise, 1928, p. 33. 
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worthy of especial mention has been suggested by E. Miiller!; his device is 
indicated in Fig. 11B. 


Tur Vacuum Tuspe VOLTMETER 


It is possible to use instead of a potentiometer an electrostatic voltmeter 
(vacuum tube voltmeter) which draws no current from the titration cell. 
(Cf. p. 943 for literature references and description of the apparatus.) 

Micro-potentiometric Methods. Benedetti-Pichbler? studied the micro- 
potentiometric determination of iron. Zintl and Betz* have studied the 
application of micro-potentiometric titration in precipitation reactions. The 
micro-titration technique was apparently first applied to potentiometric me- 
thods by Treadwell and his co-workers.* 

The potentiometric method has been applied successfully to the study of 
volumetric methods of all types, and has made possible a considerable extension 
of the scope of volumetric analysis, and has led to an increase in the accuracy 
of many methods. The reader is referred to detailed treatises on the subject ® 
for a summary of the successful applications of the method. 


CONDUCTANCE TITRATIONS 


Kohlrausch was the first to point out the possibility of determining the 
end-points of neutralizations by the conductance method.* Other investigators 
have subsequently studied various applications of the conductance principle.’ 
Their experiments have proved that the end-points of many analytical reactions, 
which involve neutralization, displacement, precipitation, or complex forma- 


The end-point is made audible through the use of an interrupter, radio set-up and loud 
speaker. An acoustic maximum indicates the end-point. Roth, Z. EHlektrochem., 33, 127 
(1927); Willard and Boldyreff, J. Am. Chem. Soc., 51, 471 (1929); Clarke and Wooten, J. phys. 
Chem., 33, 1468 (1929). 

1K. Miller, Z. physik. Chem., 135, 102 (1928); Miiller and Kogert, Z. anal. Chem., 75, 
233 (1928). 

2A, Benedetti-Pichler, Z. anal. Chem. Chem., 73, 200 (1928). 

3 Zintl and Betz, Z. anal. Chem., 74, 330 (1928). 

4Cf. Nussberger, Dissertation, Ziirich, 1924, p. 40. 

5 Erich Miller, Die elektrometrische (potentiometrische) Massanalyse, Th. Steinkopf, 
Dresden, 1926; Kolthoff and Furman, Potentiometric Titrations, John Wiley & Sons, Inc., 
1926; cf. Furman, Ind. Eng. Chem., Analyt. Ed., 2, 213 (1930). 

6 Kohlrausch, Wied. Ann., 26, 225 (1885). 

7 Berthelot, Ann. Chim. Phys., 23, 5 (1891); 24, 5 (1891); Kuster and Griiters, Z. anorg. 
allgem. Chem., 35, 454 (1903); Kiister, Griiters and Geibel, zbid., 42, 225 (1904); G. Bruni, 
Z. Elektrochem., 14, 701, 729 (1908); G. Bruni and Sandonini, Z. Elektrochem., 14, 823 (1908); 
Miolatti, Z. anorg. allgem. Chem., 22, 451 (1900); J. prakt. Chem., 77, 417 (1908); Duboux, 
Thesis, Lausanne (1908); P. Dutoit, Bull. Soc. Chim., 7, (1910). An address of 39 pp. which 
gives a résumé of his work on neutralization, displacement, and precipitation reactions. A 
brief bibliography is included. See also Dutoit, J. Chim. phys., 8, 812 (1910); Dutoit and 
Mojiu, tbid., 8, 27 (1910); Thiel and Roemer, Z. physik. Chem., 63, 711 (1908); Thiel, Schu- 
macher and Roemer, Z. Elektrochem., 15, 1 (1909); van Suchtelen and Itano, J. Am. Chem. 
Soc., 36, 1793 (1914); Harned, zbid., 39, 252 (1917); G. Edgar, ibid., 39, 914 (1917); G. A. 
Freak, J. Chem, Soc., 115, 55 (1919); W. D. Treadwell, Helv. Chim. Acta, 1, 97 (1918). 
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tion, and even oxidation-reduction, may be determined by measuring the 
electrical conductance of the solution upon successive additions of reagent. 

Kolthoff has made a very comprehensive review and 
study of the conductance method, and has devised many 
new applications.! 


Apparatus and General Considerations. Diagrams 


representing various forms of apparatus are to be found 
in Vol. I, Chap. XI. 


The titration vessel of Dutoit, as slightly modified by 
Kolthoff is sketched in Fig. 12. 


The capacity of the vessel is 80-100 cc. The glass supports, 
a, a hold the electrodes rigidly in place. The thermometer is ac- 
curate to 0.1° C.; the burette is graduated to 0.01 cc., and may be 
read to 0.001 cc. Dutoit found that the mean accuracy of the 
method was 0.5 to 0.8 per cent with a conductance set of moderate 
precision (0.2 per cent). By using a weight burette, an accurately 
controlled thermostat, and a more sensitive conductivity set, a 
much higher order of accuracy is attainable. Fie. 12. A Vessel 
for Conductance Ti- 

In general, if conductance values, or more simply, bridge trations 


a 
ratios (at) if the comparison resistance is constant, are plotted as 


ordinates against cc. of reagent as abscissae, we obtain a titration graph 
which consists of two intersecting straight lines. The abscissa of the point 
of intersection is the equivalence-point. 

The accuracy of the method is greater the more acute the angle of inter- 
section, and the more closely the points of the graph le upon straight lines. 
If the lines are to be straight it is theoretically necessary that the volume of the 
solution shall not change during the titration. ‘This condition is regarded as 
being satisfied in practice if the total volume of reagent does not exceed one to 


17. M. Kolthoff, Z. anorg. allgem. Chem., 111, 1, 28, 52, 97 (1920); 112, 155, 165, 172, 187, 
196 (1921); Z. anal. Chem., 61, 171, 229, 332, 369, 433 (1922); 62, 1, 97, 161, 209, 214, 216 
(1923); Pharm. Weekblad., 62, 1287 (1925). Kolthoff’s book, Konduktrometrische Titra- 
tionen, 94 pp., pub. by Th. Steinkopf, Dresden (1923), gives a fairly complete bibliography 
to that year. The following are more recent references to the use of the method: Apparatus: 
E. Butterworth, Proc. Manchester Phil. Soc., 71, 53 (1927); T. Callan and S. Horrobin, J. Soc. 
Chem. Ind., 47, 329T (1928); T. Hine, Ind. Eng. Chem., 16, 952 (1924); M. Matsui and M. 
Asai, J. Soc. Chem. Ind. (Japan), 30, 550 (1927); I. I. Shukov, Nature, 120, 14 (1927); W. D. 
Treadwell, Helv. Chim. Acta, 8, 89 (1925). Theory: E, D. Eastman, J. Am. Chem. Soc., 47, 
332 (1925). Various Determinations: L. E. Bayliss, Biochem. J., 21, 662 (1927) (carbon 
dioxide) ; P. Ekwall, Kolloid Z., 45, 291 (1928) (sodium salts of fatty acids) ; N. Kameyama and 
T. Semba, J. Soc. Chem. Ind. (Japan), 30, 10 (1927) (moisture in glycerol); N. Kano, Reports 
Tohoku Imp. Univ., 16, 895 (1927) (fluosilicic acid); J. C. Lanzing and L. J. van der Wolk, 
Rec. trav. chim., 48, 83 (1929) (phosphoric acid); A. W. Thomas and 8S. B. Foster, Hide and 
Leather, p. 97 (1920) (chrome liquors); W. D. Treadwell and S. Janett, Helv. Chim. Acta, 6, 
734 (1923); I. M. Kolthoff, Ind. Eng. Chem., Analyt. Ed., 2, 225 (1930). 

For summary of visual methods (galvanometer, thermal E.M.F. etc.) see Die Visuelle 
Leitfahigkeitetitration, by G. Jander and O. Pfundt, Ferd. Enke, Stuttgart (1929). Also 
©. Prundt and C. Junge, Ber., 62B, 515 (1929). 
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two per cent of that of the unknown solution. The reagent should therefore 
be as concentrated, and the other solution as dilute as feasible. 

Other important factors which affect the accuracy of the method are: 

(a) The degree of electrolytic dissociation of the various substances; (6) the 
ionic conductances; (c) hydrolytic action; and (d) the solubilities of precipitates, 
or stabilities of complexes. We shall consider the influence of these factors 
upon the more important types of conductance determinations. 

(A) Quantitative Neutralizations: (a) Titration of a Strong Base with a 
Strong Acid, or vice versa. The graph of such a titration consists of two straight 
lines which intersect at an acute angle, Fig. 13. The line AB represents the 


A 
] 
rr 
2 5 
2 3) 
3 8 
5 S 
O 
0 D 0 
C.C. of Reagent — C.C.of Reagent —+ 


Fic. 13. Titration of a Strong Acid with a Fia. 14. Titration of Acids of Various 
Strong Base Strengths, with a Strong Base 


progress of the neutralization; it is a composite of OB, which represents the 
conductance of the salt that is formed, and AD which is that of the acid. 
The line BC represents conductance of salt formed plus conductance of excess 
of base. 

Other things being equal, the accuracy is greater the lower the conductance 
of the cation of the base. 

(b) Titration of a Moderately Strong, or Weak Acid with a Strong Base. 
A series of neutralization graphs is represented in Fig. 14. A’B represents the 
titration of a moderately strong acid with a strong base. As we deal with 
progressively weaker acids the curve tends finally to approach the salt line 
(A’’B, A”’B, and finally OB); extremely weak acids give titration graphs of 
the form OBC. In general there is a minimum in the curves for:moderately 
strong acids (as at b, curve A’’B). 

Upon the assumption that the equivalence-point may be accurately deter- 
mined (i.e., that the neutralization curve coincides with the salt line), if the 
conductance due to the acid is not more than one per cent of that due to salt at 


ELECTROMETRIC METHODS IN CHEMISTRY 939 


75 per cent neutralization, Kolthoff finds that the titration of a moderately 
strong acid gives accurate results: 


In 0.1 N solution if the dissociation constant, Ka, is less than 5 X 10-4, 
In 0.01 N a3 (a3 iz} ce a3 “c ce (79 6c 5 S< 10-5 
In 0.001 N ia ia oe “ ce “cl 66 (<9 (a3 5 x 107-8, 
For purposes of calculation, equation (2) is written in the form: 
x(a + 2) 
b— (a+ 2) 


where « is hydrogen-ion concentration, b the original acid concentration, and a 
that of alkali added, all expressed in milli-equivalents per liter. If we assume 
that: 


= K, X 10, 


Ag+ + A,g- = 350, and Ag+ + Ay- = 80, 
then: 
=, 1 80 oS 
x 100 x 350 X 75 = 0.172, 


= 100, and a = 75, whence: 


0.172(75 + 0.172) 


= faa be 04, 
109.100 — (75 + 0.172) ] aS 


a 


In a similar manner the lower limit of the dissociation constant of a weak 
acid may be calculated. In this instance, the hydrolysis of the salt which is 
formed is the determining factor. Kolthoff assumed that the neutralization 
curve would coincide with the salt line, or would at all events be straight from 
the point of three-fourths neutralization to the end-point if, at this instant, 
the conductance of the hydroxyl ion, formed by hydrolysis, did not exceed 1 
per cent of the total. He calculated that for an 0.1 N solution Ka must be 
equal to or greater than 2 X 10-”, and for an 0.01 N solution equal to or greater 
than 2 X 107%. (Calculation made by using equations 13-15, assuming A4- 
= 35, Aon- = 174, and that: 

OH- = -— ~ x [salt cone’n ].) 

Accurate results were obtained in the titration of 0.1 N boric acid, phenol, 
hexamethylene tetra-amine, etc., whose dissociation constants lie between 
10-° and 10-%. With 0.01 N solutions, however, the accuracy is scarcely 
satisfactory. 

Considerations similar to the foregoing are applicable, mutatis mutandis, 
to the titration of moderately strong or weak bases with strong acids. 

(c) Titration of a Weak Acid with a Weak Base, or vice versa. Hydrolysis 
is a factor of much less significance in this instance than in the preceding case. 
Upon the assumption that 1 per cent hydrolysis at 90 per cent neutralization 
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will not interfere with the attainment of analytical accuracy, Kolthoff derives 
3 x 10-6 as the minimum values for dissociation constants of both acid and 
base. (Calculated by the substitution of appropriate numerical values in 
equation (19).) His results in the titration of acetic and oxalic acids with 
ammonia are presented in Fig. 15. It will be noted that oxalic acid, in common 
with a majority of dibasic acids, 
gives a graph which is precisely 
like that of a mixture of a fairly 
strong with a much weaker acid. 

(d) Displacement Reactions. 
These reactions involve the ques- 
tion of the partition of an acid 
between two bases, or vice versa. 
We may determine the end-point 
of the displacement of ammonia 
from ammonium chloride by so- 
dium hydroxide, of acetic acid 
from sodium acetate by hydro- 

05 10 iD ECR chloric acid, of pyridine from 

CC. of O64 N Ammonia —~ pyridine acetate by sodium hy- 

Fig. 15. Results of Kolthoff, Curve I. droxide, ete. The titration graphs 

Titration of 10 cc. 0.107 N acetic acid. II. are analogous to those which rep- 

Titration 0.100 N oxalic acid resent the titration of very weak 
acids with strong bases. 

The special advantages of the conductance method, as applied to neutral- 
ization and displacement reactions, depend upon the applicability of the 
method to the examination of extremely dilute solutions, and especially to the 
determination of substances whose degree of dissociation is extremely slight. 
The displacement reactions are of especial significance in the examination of 
urine and other physiological liquids. The advantage of the conductance 
method in the analysis of colored solutions is obvious. 

(B) Precipitation Reactions. The conductance method is particularly 
suitable for the determination of the end-points of analytical precipitations 
since a degree of solubility which would vitiate ordinary gravimetric results is 
often without influence upon the accuracy of this method. Let us consider 
the general precipitation reaction: BA +CD= | BD+ CA. 

Suppose that 100 cc. of an 0.001 N solution of BA are titrated with a 
normal solution of CD. The graph is represented in Fig. 16. Assume that 
the volume of the solution is not changed (in reality it is 100.1 ce. at the equiv- 
alence-point). Then let Az, Au, Ac, and Ap represent ionie conductances. 
The ordinate OR (Fig. 16) represents the original conductance; it is equal to 
0.001 (Ag + Aa). Assuming a completely insoluble precipitate, the ordinate 
VB is equal to 0.001 (Ac + Ag). Similarly V’T is equal to 0.001 (2QAc + Au 
+ Ap). The tangent of the angle, a, may be derived from those of the angles 
RBU and UBT. If we let OV = VV’ = M, and the normality of the original 


Conductance 
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solution be N, we have: 
— (Ag + Ap) M 
M? + N*(Ac — Az)(Ac + Ap) 


tana = 


From this relation it follows that: 

1. The angle, a, and hence the sharpness of the end-point, is independent of 
the nature of the anion A. 

2. a decreases as Ap increases. 

3. @ increases as Ac increases. 

4. aw increases as M increases. 

Dutoit derived the above relationships, and from them a number of prac- 
tical rules, which Kolthoff has studied and somewhat modified as follows: 

1. The nature of the original anion 
is almost without influence when a 
cation is to be precipitated, and vice 
versa. Hydrogen and hydrolyx ions 
must be excepted because of their high 
mobilities. It is a matter of indiffer- 
ence whether we precipitate barium as 
sulphate from a solution of chloride or 
acetate. <A solution of barium hydrox- 
ide would not be satisfactory. 

2. The sharpness of the end-point is 
greater in proportionas the conductance CC.of Reagent —— 
of that ion of the reagent which en- 
ters into the precipitate is greater. For 
example, it is possible to use a sulphate, carbonate, or chromate, to precipitate 
barium ion. Since the mobility of the sulphate ion is highest, its use is most 
satisfactory. 

3. The smaller the conductance of that ion of the reagent which does not 
enter the precipitate, the greater will be the accuracy of the method. In 
general, cations are best precipitated by adding lithium salts, and anions by 
adding acetates. It is not possible to obtain a satisfactory conductance deter- 
mination of barium by adding sulphuric acid. Lithium sulphate, however, 
gives excellent results. 

Harned (loc. cit.) has developed what may be regarded as a logical extension 
of this rule. He chooses conditions such that two insoluble substances are 
formed. Thus both ions of magnesium and various other sulphates are pre- 
cipitated by barium hydroxide. This method gives a very rapid and excellent 
determination of magnesium in the presence of calcium. 

4. The reagent must be at least ten times as concentrated as the unknown 
solution. The latter must be at least as dilute as N/40. When the solubility 
of tbe precipitate is slight enough, excellent results are obtained in 0.001 N 
solutions. A good average working range is 0.01 to 0.02 N. 

5. Foreign salts which do not react with the precipitating solution do not 


= 


-j-— ——- - - -- - - ----- 
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Conductance —~ 7 
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Fia. 16. Graph of a Precipitation Reaction 
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affect the end-point, even when present in rather large excess over the con- 
centration of the ion which is to be precipitated. 

The operation of the above rules is considerably modified in practice by the 
following disturbing influences: 

Solubility of Precipitates. The effect of solubility is to give a rounded 
portion of the curve near the equivalence-point. The dotted line, abc, Fig. 16, 
indicates the effect of solubility of the precipitate. Provided a suitable distance 
of both curves Rab and bcT is straight, an accurate determination of the end- 
point is obtained by producing these straight portions until they intersect. 
The distance Bb is a measure of the solubility of the precipitate. There is a 
fairly definite relationship between the order of solubility of the precipitate 
and the degree of dilution which must be satisfied if the results are to be 
accurate. Dutoit states that the conductance of the soluble product of the 
reaction must be 50 to 100 times that of the ions of the precipitate. Kolthoff 
derives the relation as follows: 

Assuming that the results are satisfactory if the conductance due to the 
precipitate is not greater than 1 per cent of the total when half of the stoichio- 
metric amount of CD has been added, for an 0.1 N solution of AB, since 
[D]= 5 X 10-4, and [A] = 0.05 X (5 X 107), the solubility product must 
be equal to or less than 2.5 X 10-5. The solubility of the precipitate must be 
less than 0.005 N approximately. “For a 0.001 N solution, the solubility could 
not exceed 0.00005 N. This indicates that silver or chloride ion may be 
determined by the conductance method in 0.001 N solution since the solubility 
of AgCl is 1.05 X 10 at 20° C. 

Adsorption. The effect of true adsorption is to give irregular conductance 
values. The approximate point of inflection does not correspond with the 
true equivalence-point. This effect is not to be confused with a temporary 
retention of reagent by the precipitate. In this latter case the conductance 
increases to a definite maximum in 2 or 3 minutes; the results are accurate, 
although the process is tedious. When true adsorption occurs, accurate results 
cannot be obtained. 

Inconstancy of Composition of Precipitates. Obviously such a factor renders 
the method useless. Harned found that copper could not be determined with 
sodium hydroxide since the end-point varied with the dilution, etc., the general 
average end-point being at about six sevenths of the theoretical quantity of 
alkali. In general precipitations with alkali hydroxides are not satisfactory. 

Slow Precipitation. This tendency is connected with the phenomena of 
colloidal behavior. In general the presence of acid during the precipitation of 
multivalent cations, or of alkali in case of anions, increases the rate of pre- 
cipitation. 

The addition of alcohol or of other organic solvents modifies solubility, 
conductance, and rate of precipitation. In many cases the addition of such 
a solvent is required to make the application of the conductance method possible. 

Formation of Undissociated Substances. When a slightly dissociated sub- 
stance is formed in a reaction, the end-point may be determined by the con- 


ELECTROMETRIC METHODS IN CHEMISTRY 943 


ductance method. Considerations similar to those relating solubility of 
precipitates and degree of dilution determine the limitations in this case. 
Mercuric perchlorate reacts with many organic acids to give slightly dissociated 
mercuric compounds. For example, acetates and formates may be determined 
accurately in 0.1 N solution by this method. 


Continvous-READING Mrrnops 


It is obviously desirable to have a continuous automatic record of the 
progress of a reaction, or to be able to control a process by automatic additions 
of appropriate reagents. Electrometric methods are highly satisfactory for 
such purposes.!. The point of balance of a potentiometric or conductometric 
system may be found automatically and recorded upon achart. An alternative 
method is to allow the system to remain unbalanced, and to record or indicate 
the degree to which it is unbalanced 
as a function of progress of the re- | 
action. Automatic instruments of 
the types which have been developed 
to record temperatures, as indicated 
by thermocouples, serve equally well 
for recording acidity, salt concen- 
tration, and the like. The record- 
ing instrument may be made to Fia. 17. Goode’s Continuous-Reading Elec- 
operate valves for addition of re- tro-Titration Apparatus. C, calomel cell; H, 
agents, or alarm signals at definite hydrogen electrode; Bi, six volt battery; Be, 
limits of pH or conductance.” 22.5 volt battery; R:, resistance, about 0.6 ohm; 

cca & athe <a Flecitonen Tube: Rz, 25 ohms; R’, variable high resistance; G, 


galvanometer; jp, f, g, plate, filament, and grid 
Goode $ first suggested the use of a ¢¢ electron tube 


triode, or ‘‘ audion ”’ tube to develop 

a continuous-reading electro-titration apparatus. The essential features of 
the device are indicated in Fig. 17. Goode 4 subsequently modified the cir- 
cuit by adding two additional electron tubes for amplification purposes. A 
number of modifications of the simpler circuit have subsequently been sug- 
gested, and nearly every type of titration process has been followed with the 
aid of an electron tube assembly.°® 


1A review of progress in this field is given by H. C. Parker, Ind. Eng. Chem., 19, 660 


(1927). 

2 Cf. Parker, loc. cit.; also Keeler, Ind. Eng. Chem., 14, 395 (1922); Power, 55, 126, 768 
(1922); Rideal, Chem. Age (London), 5, 232 (1921). 

3 Goode, J. Am. Chem. Soc., 44, 26 (1922). 

4 Goode, J. Am. Chem. Soc., 47, 2483 (1925); J. Opt. Soc., 17, 59 (1928). 

5 Calhane and Cushing, Ind. Eng. Chem., 15, 1118 (1923); Bienfait, Rec. trav. chim., 45, 
166 (1926); Williams and Whitanack, J. Phys. Chem., 31, 519 (1927); Wolf, Collegium, 1927, 
p. 370; Kamienski, Bull. internat. acad. Polonaise, 1928, p. 33 (by means of interrupter and 
transformer, a slight current drawn from the titration cell is made to operate a loud-speaker 
(two electron tubes in circuit)); Partridge, J. Am. Chem. Soc., 51, 1 (1929); L. W. Elder, 
J. Am. Chem. Soc., 51, 3266 (1929); R. J. Fosbinder, J. Phys. Chem., 34, 1294 (1930). 
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Especial mention should be made of electron tube assemblies which have 
been described by Treadwell and Paoloni! and subsequently by Callan and 
Horrobin.2. These investigators have shown that the apparatus may be used 
as a continuous-reading voltmeter in potentiometric determinations, and as a 
rectifier in conductance readings, so that in the latter case a direct current in- 
strument may also be used. Treadwell’s apparatus for conductometric titra- 
tions is indicated in Fig. 18. 


Fig. 18. Treadwell’s Apparatus for Conductometric Titrations. C, conductivity cell; 
E,, source of alternating current; E,’, about 11 volts; Ey, four volt battery; Ey’, 1.6-1.8 
volts; Ep, plate battery (26.3 volt); Ey, filiament battery, 3.5 volts; Ri, 670 ohms; Re, 100 
ohms; Rs, 845 ohms; Rs, 1 ohm; Rs, 230 ohms. p, f, g, plate, filiament, and grid of electron 
tube. MY, millivoltmeter of 870 ohms internal resistance,—a type commonly used with 
thermocouples 

If the apparatus is to be used for potentiometric titrations, the portion to the left of a 
and b is removed; the titration cell is connected between a and b, the positive connection being 
made to b, and the negative to binding post a 


The Photo-Electric Cell. Miiller and Partridge * have developed a method 
of automatic titration which depends upon changes in color of a solution, or 
upon changes in color of a precipitate that is formed (e.g., use of silver chromate 
formation at the end of precipitation of chloride). The sudden change in 
photo-current at the end-point is amplified to operate a relay. 


ELEcTROMETRIC Mrruops In Gas ANALYSIS 


Many applications of electrometric methods have been made to the analysis 
and control of the composition of mixtures of gases. Naturally, indirect 
methods are employed, although Rideal (loc. cit.) has suggested the direct 
analysis of gas mixtures by applying them to one electrode of a gas cell, the 
other electrode being surrounded by a pure gas, or mixture of known com- 
position. The potential difference would then measure directly the partial 
pressure of the active component. 

Electrolytic conductivity measurement has been applied to the analysis of 
gaseous mixtures. The method consists in the absorption of one component 
of the mixture by a suitable solution whose variation in electrical conductance 

1W. D. Treadwell and C. Paoloni, Helv. Chim. Acta, 8, 89 (1925). 


2 T. Callan and S. Horrobin, J. Soc. Chem. Ind., 47, 329T (1928). 
3R. H. Miller and H. Partridge, Ind. Eng. Chem., 20, 423 (1928). 
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is then a measure of the per cent of the active substance in the mixture.t For 
example, carbon dioxide may be determined by the change in conductance of a 
solution of barium hydroxide or ammonia. The method may be utilized in the 
determination of a number of components of a mixture either by using a series 
of reagents or by alternating conductance measurements and preferential 
catalytic combustion of some substance. For example, carbon monoxide, 
dioxide, and methane might be determined in a mixture by the latter process. 

Electrical thermometry has been applied in various ways to the analysis 
of gas mixtures. Lamb and Larson? have described two electro-thermometric 
methods for the determination of carbon monoxide in air: (a) The mixture is 
first passed over a platinum wire that is heated to redness; part of the carbon 
monoxide is burned, heating the wire further. The residual carbon monoxide 
is removed by hot copper oxide, and the gas is brought to its original tem- 
perature; it is then passed over a platinum wire which is identical in properties 
with the first, and heated by the same current. The resultant relative change 
in the resistance of the two wires is calibrated in terms of per cent of carbon 
monoxide by means of a series of mixtures of known composition. (b) The 
electrically measured rise in the temperature of a catalytic mass of platinized 
platinum, at the surface of which the carbon monoxide burns completely, is 
calibrated in terms of per cent of carbon monoxide. Obviously these methods 
are capable of numerous further applications. 

The Thermal Conductance Method. A very general method for the con- 
tinuous analysis of gaseous mixtures depends upon the fact that the thermal 
conductivities of the individual gases differ widely. When an electrically 
heated wire is surrounded with a gas flowing in a tube whose walls are at con- 
stant temperature, the dissipation of heat, and hence the equilibrium temper- 
ature of the wire, depends primarily upon the thermal conductivity of the gas, 
if the conditions are chosen properly. The resistance of the wire is a function 
of the temperature, and hence of the composition of the mixture. 

In practice a differential method is employed. Two platinum wires of as 
nearly as possible identical properties form two of the arms of a Wheatstone 
bridge. The wires are placed axially in two similar tubes in a metal block which 
is kept at constant temperature. One wire is surrounded with the unknown 
mixture, the other with a reference gas, or with the mixture after removal of 
the component that is to be determined. A previous calibration of the ap- 
paratus with mixtures of known composition enables one to read the per cent 
of the desired substance directly from the position of the point of balance of 
the bridge. An alternate method is to allow the bridge contact (C, Fig. 19) 
to remain in a fixed position. The scale of the instrument (G, Fig. 16) is cali- 
brated empirically in terms of per cent of desired substance. This unbalanced 

1G. B. Taylor and H. S. Taylor, Ind. Eng. Chem., 14, 1008 (1922). A constant ratio of 
volume of gas mixture to volume of solution is necessary to the success of the method. An 


ingenious mechanical device for maintaining the ratio is described. Hine, Ind. Eng. Chem., 
16, 152 (1924), determined chlorine in air by continuous conductance measurements upon the 


absorbing solution. 
2 J. Am. Chem. Soc., 41, 1908 (1919). 
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bridge arrangement is less accurate, but its convenience is greater, and hence 
most technical instruments operate upon the unbalanced principle. 

The possibility of the use of thermal conductance methods in automatic 
gas analysis has long been recognized. One of the earliest applications was 


Fic. 19. The Shakespear Katharometer. B, battery; R, resistance; A, ammeter; C, 
bridge contact; G, galvanometer. a, a, copper wires which support the platinum wires 6, b, 
and bring them into electrical contact with the copper block, D. c, c, openings for gas that 
is to be analyzed. Size of block, D, 175 x 13 inches 


made by Kopsel! who perfected a thermal conductance apparatus for the 
determination of hydrogen in producer gas. He suggested a number of other 
possible technical applications of the method. 


Fie. 20. Apparatus of Weaver et al. for Gas Analysis by Thermal Conductance Method. 
The gas enters at 1. Tubes 2 and 5 contain the platinum wires. 3, absorber (one compo- 
nent of mixture). 4,dryingtube. 6,exittube. 7,current adjustment bridge. r,r,r, fixed 
resistances. a, wire and tube similar to 2 or 5. Ru, Ro, resistance boxes; AB, bridge 
wire; B, battery; S, switch; G, G, galvanometers; R, resistance 


The exigencies of the world war led to the independent development of 
efficient forms of apparatus both in England and in this country. Shake- 
spear’s katharometer? was used successfully in testing the purity of balloon 

1 Ber. phys. Ges., 10, 814 (1908); 11, 237 (1909). 

2 Shakespear, Brit. Pat. 124453, Jan. 4, 1916. This patent, and the description of the 


applications, remained military secrets until the close of the war. Daynes has developed the 
theory of the katharometer, Proc. Roy. Soc., 97A, 286 (1920). 
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gas, the permeability of balloon fabrics, etc! Many further applications of 
the instrument have been made subsequently. The essential features of the 
apparatus are indicated in Fig. 19. 

Somewhat later Weaver et al.? of the U. S. Bureau of Standards developed 
a similar instrument, the electrical arrangement of which is indicated in Fig. 20. 

By employing the familiar operations of gas analysis, successive absorptions 
of single components, or combustions followed by absorptions, etc., the method 
may be rendered applicable to many mixtures of gases whose qualitative com- 
positionis known. The results are in general of a high degree of accuracy when 
suitably controlled. 

1 The instrument was originally designed to measure the purity of air and was therefore 
named the katharometer. 

2 Weaver, Palmer, Franyz, Ledig, and Pickering, Ind. Eng. Chem., 12, 359 (1920); 


Weaver and Palmer, zbid., 12, 864 (1920); Palmer and Weaver, Bur. Stands. Tech. Paper 
No. 249 (1924); cf. also Shakespear, Ind. Eng. Chem., 12, 1027 (1920). 
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CHAPTER XIV 
REACTION VELOCITY IN HOMOGENEOUS SYSTEMS 


BY FRANCIS OWEN RICE, D.Sc., 


Associate Professor of Chemistry, Johns Hopkins University, 
AND 
HAROLD CLAYTON UREY, Pz.D., 


Associate Professor of Chemistry, Columbia University 


If we add a solution of iodine to a solution of sodium thiosulphate, the 
reaction which takes place is practically instantaneous even in the most dilute 
solution, and this metathesis is typical of a whole host of others occurring in 
inorganic chemistry; the rate of such reactions is determined by the rate at which 
the substances can be mixed, since the mixing is followed by a very rapid com- 
bination. We may assume that in many of these examples reaction occurs 
whenever the two particles collide, no further condition being necessary for the 
chemical interaction to occur. In a great many instances, especially in the 
field of organic chemistry, this is obviously not true; if we add a solution of 
methyl iodide to a solution of sodium thiosulphate, we find that, instead of 
occurring instantaneously as with iodine-thiosulphate, the reaction takes 
several hours to go to completion. It is evident, therefore, that only a minute 
fraction of the collisions between the methyl iodide and the thiosulphate ion 
result in chemical combination, because, if it were otherwise, we would expect 
a rapid reaction as with iodine and thiosulphate. There are a number of 
possible explanations of this behavior that may be put forward. For example, 
we may assume that for methyl iodide and the thiosulphate ion there are 
certain preferred orientations necessary at collision for reaction to occur. This 
factor is undoubtedly of importance in reactions between complicated mole- 
cules but such special explanations as this have not won any acceptance owing 
to the wide diversity of reactions which come under the study of chemical 
kinetics. The only difference of a completely general nature which we can 
imagine between molecules is their energy content and this concept has led 
to the idea of activation of the molecules as being the primary process which 
really determines the rate of chemical reactions. We are therefore forced to 
conclude that for many reactions combination does not occur on collision 
between normal molecules but only between those molecules that have acquired 
in some way or other energy greater than the average; if this energy of ac- 
tivation should be very large for a particular reaction we should expect it to 
go very slowly, since only a very small fraction of the total collisions will be 
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between molecules having this large energy of activation. On the other hand, 
if the energy of activation is very low, a large fraction of the total collisions will 
be between molecules capable of reacting and we shall have a very rapid 
reaction similar to that between iodine and sodium thiosulphate. We may 
therefore assume that reactive molecules are those requiring only a small 
energy of activation whereas inert stable molecules require a large energy of 
activation to bring them into a reactive condition. This broad statement is 
of course subject to several limitations, but it does represent qualitatively the » 
general lines along which theoretical considerations have been travelling in the 
field of reaction kinetics. These considerations have been taken out of the 
realm of speculation by the discovery and study in recent years of a number of 
gaseous reactions; while many of these are wholly or in large part heterogeneous, 
a number of homogeneous gas reactions have been discovered and the study of 
these has abundantly justified the concept that chemical reactivity is primarily 
a process of molecular activation. 

There is another class of gaseous reactions which is quite different from 
those just mentioned. The reaction between phosphorus and oxygen illustrates 
some of the properties of these reactions in a very striking way. Thus, at a 
given temperature, phosphorus vapor and oxygen do not react at a measurable 
rate unless the pressure of oxygen exceeds a certain critical minimum value; 
but, if the oxygen pressure is increased beyond this critical value, the phosphorus 
burns rapidly and the region of transition from an immeasurably slow reaction 
to a very fast reaction, with change in pressure, is very sharp. Another curious 
property of this type of reaction is that minute quantities of different substances 
very greatly increase or decrease the reaction rate. Thus, the velocity of the 
photochemical reaction between hydrogen and chlorine is immeasurably slow 
when the partial pressure of water vapor is below 10-* mm. but goes with 
normal velocity when the pressure of water vapor exceeds 10-4 mm., while the 
presence of a small amount of oxygen decreases the velocity of both the thermal 
and photochemical reaction between hydrogen and chlorine. A satisfactory 
explanation of these very striking characteristics has been found in the 
hypothesis that they are chain reactions. Apparently, many reactions occur- 
ring in solution such as the oxidation of sodium sulphite are of the same type. 

The situation for reactions occurring in the liquid state is not nearly so 
satisfactory as for gaseous reactions. This is undoubtedly due to the fact 
that the theory of the liquid state is so little understood. Up to a few years 
ago, the study of reactions in the liquid state resulted simply in the accumula- 
tion of great quantities of often times contradictory and unexplained results. 
Recently, Brénsted has succeeded in developing a hypothesis which explains 
in a satisfactory manner the action of neutral salts on the velocity of reaction 
in aqueous solution and has developed a promising theory of acid and basic 
catalysis. 

CLASSIFICATION OF REACTIONS 


It is convenient to divide the study of reactions into two classes: (1) Isolated 
reactions. In these cases we have a single reaction to consider without the 
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complication of.any secondary reaction taking place at the same time. (2) 
Simultaneous reactions. In these cases we may have the products of the reac- 
tion recombining to give a back reaction, or we may have them reacting to 
produce new substances giving successive reactions, or we may have the reac- 
tants combining in more than one way to give side reactions. 

It is also convenient to divide reactions into orders: (1) Reactions of the 
first order, or unimolecular reactions, in which a single molecule changes into 
one or more molecules. (2) Reactions of the second order, or bimolecular reac- 
tions, in which two molecules react to give one or more resulting molecules. 
Similarly, reactions of the third, fourth and up to the eighth order have been 
reported, but it seems very doubtful if there are any reactions of higher order 
than the third. It is obvious that the probability of collision between n 
molecules decreases very rapidly as 7 increases; in fact the ratio of the proba- 
bility of a two body collision to that of a four body collision in a gas at atmos- 
pheric pressure is about 108, 

Each order has a characteristic equation connecting the velocity of the 
reaction with the concentration of the reactants, so that, usually, we can easily 
tell from experimental data to which order a reaction belongs. The study of 
rate of reaction is based on the Law of Mass Action; suppose the following 
general equation represents a reaction taking place in a homogeneous system: 


mA + n2B+n3C +--+ = any number of resultants. 


Then the rate of reaction « [A |”, [|B ]™, etc., where [A ], |B], etc., represent 
the concentrations of A, B, etc. The rate of the complete reaction varies 
therefore as the product of these quantities, thatis, « [A ]"* x [B]* x [c]* 

The application of this principle to the various classes of reactions will 
now be considered. 


ISOLATED REACTIONS 


First Order Reactions: The stoichiometric equations for these reactions 
would be of the form 
AaB; 
or, more generally, 
AS B+ C-F Dp s, 


Applying the principle of the mass action law we can state that the rate of 
change of the concentration of A at any instant is proportional to its concen- 
tration at thatinstant. Itis evident therefore that the velocity of the reaction 
will vary continuously, starting with the highest value and tending finally to 


zero. Stating this mathematically we have: 
d(a — x) 

— ——_— «(a-2 

7 ( ) 


or 
dz/dt < (a — x), 
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where a = number of moles of A originally present in 1 liter, and x = number 
of moles of A which changed to resultants in ¢ minutes; (4 — x) represents the 
concentration of A after ¢ minutes. Hence, 


dz/dt = k,(a — 2), 


where the constant k; is known as the velocity constant. It has a charac- 
teristic value for each reaction and is a measure of the rate of the reaction. 
By placing z = 0 and a = 1 we obtain the physical meaning of k,, which may 
be described as the (calculated) number of moles of A disappearing per minute 
from one liter of solution containing one mole of A; the concentration of A is 
supposed to be kept constant at its initial value of one mole per liter. In- 
tegrating the expression 
dx/dt = ki(a — 2) 


and putting in the condition that, when ¢ = 0, x = 0, we obtain 


a 


ky = 1/tln 

a-2 
Fig. 1 shows the curve obtained when the initial concentration of A is 0.1 mole 
per liter and when & has the value 0.23; all isolated reactions, independently 
of the order, have a curve of similar form, in which the concentration of the re- 
actants falls rapidly at first, gradually diminishing and tending finally to zero. 


ze) \(moles, per liter) 
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The rate of the reaction at any point is given by the slope at that point and 
inspection of the curve will show that the slope has the highest value at the 
beginning of the reaction and falls proportionately to the concentration of A 
until, when ¢ becomes infinite, the value of the slope is zero; obviously if we 
plot values of the concentration of A against corresponding values of the 
slope, we obtain a straight line, because this line simply expresses the fact 
that the rate of change of A at any moment is proportional to its concentration 
at that moment. A reaction which follows this equation would never reach 
completion but in practice the concentrations soon fall to negligible amounts; 
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in the example just quoted where the initial concentration is 0.1 mole per 
liter and & is 0.23, after 300 minutes the concentration of A falls to 0.1 per cent 
of its initial value. 

A peculiarity of unimolecular reactions should be noted here, namely, that 
the concentration terms cancel out, and k would have the same value whether 
we considered one mole dissolved in one liter or in ten liters; therefore, in the 
case of unimolecular reactions we may define k as the (calculated) number of 
moles of A disappearing per minute from a solution containing one mole of A. 

Throughout this section the unit of time used will be the minute, and the 
unit of concentration moles per liter; on this basis k for most reactions that 
have been measured is a very small fraction. 

Second Order Reactions: The stoichiometric equations for these reactions 
would be of the form 


2A — one or more resultants, 
or generally 
A + B- one or more resultants. 


Applying the principle of the mass action law in the first case, we can state 
that the rate of change of the concentration of A at any instant is proportional 
to the square of its concentration at that instant. Hence, 


—d(a — x)/dt <« (a — x)? 
or 
dz/dt < (a — x), 


where a is the number of moles of A originally present in one liter and z is the 
number of moles of A which changed to resultants in t minutes; (a — «) repre- 
sents the concentration of A after ¢ minutes. We have then 


dz/dt = kx(a — x)? 


the integrated form of which is 
1 ai 
ae eS 
att a(a — x) 
This equation also applies when there are two reactants provided the initial 
concentrations are the same. Following the same reasoning in the second case 
we obtain: rate of the reaction after ¢ minutes, 


qtide = (a = DG — 2), 


where a and b are the number of moles per liter of A and B originally present, 
and x is the number of moles per liter of A or B which changed to resultants in 
t minutes; (a — x) and (6 — x) therefore represent the concentrations of A 
and B respectively after t minutes. We have therefore 


dz/dt = k(a — z)(b — 2), 
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which on integration gives 
1 b(a — x) 
k= ——-_ln ———_ 
t(a—b) a(b—2z) 


The velocity constant k is the (calculated) rate of disappearance of A or B 
in moles from a liter of solution containing one mole of A and one mole of B, 
the concentrations of A and B being supposed to be kept constant at their 
initial concentrations. 

When the initial concentrations of A or B have values not far apart it is 
convenient to use the formula, 


where a’ represents the geometric mean of a and 6 and (a — x)’ represents the 
geometric mean of (a — x) and (6 — x). When a and 6 in the logarithmic 
formula are very close together there is no magnification of errors as stated in 
the previous edition,! but it may be necessary to use seven place logarithms. 
It is obviously much more convenient to use the approximate equation. 

In these equations the velocity constant k is no longer independent of the 
unit of concentration employed for the reactants; using moles per liter and 
moles per cc. as our units of concentration, we shall obtain two velocity con- 
stants k; and k, respectively, where k; = k./1000. It should be noted that 


when using the equation 
1 b(a — x) 
= eee nN ae 
t((a—b) a(b—2z) 


2 


any convenient arbitrary unit of concentration may be used for calculating the 
on 4 because its value is independent of the unit employed; the term 
(a — b) should be calculated using moles per liter as the unit of concentration 
so that the velocity constant obtained is the (calculated) rate of disappearance 
of A or B in moles from a liter of solution containing one mole of A and one 
mole of B, the concentrations of A and B being supposed to be kept constant 
at their initial concentrations. 

A number of bimolecular reactions have been studied, among which is the 
action between sodium thiosulfate and alkyl halides? in dilute aqueous solu- 
tion; the equation representing the change when methyl] iodide is used is 


term 


CHI — 8.03; = CHS: O7— + | Beg 


so that the velocity is proportional to the concentration of the methyl iodide 
and to the concentration of the thiosulfate ion; the assumption is made that in 
dilute solution the sodium thiosulfate is almost completely ionized. The 


- This has been called to the attention of the authors by Dr. H. A. Liebhafsky. 
2Slator, J. Chem. Soc., 85, 1286 (1904). 
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method of calculation will be illustrated by an example taken from Slator’s 
work. 
TABLE I 


REACTION BETWEEN Mertruyt Jopipn anp Sopium THIOSULFATE AT 25 
WiTH AN Excess oF Sopium THIOSULFATE 


ED ine wet Meege Ga ets Sots 0 4.75 10 20 35 55 ce) 
@Nia2S2Os)itce ee ciee 35.35 30.5 27.0 23.2 20.3 18.6 17.1 
(CHsbiAees ee seict.. 18.25 13.4 9.9 6.1 3.2 1.5 0 
b(a — x) 

Memes ee — 1.1751 1.4080 1.9635 3.2751 6.4017 
a(b — x) 
Meher ee ter ate etc ceo S. stele _ 1.972 1.988 1.961 1.970 1,961 


The reaction was followed by withdrawing 10 cc. portions of the solution and titrating 
with 0.0101 N iodine, so that the concentrations of the reactants are first obtained in terms 
of the arbitrary unit ‘‘cc. of 0.0101 N iodine per 10 cc. of the reacting solution”; 35.35 
therefore expresses the initial concentration a of the sodium thiosulfate in terms of this arbi- 
trary unit and the figures that follow are values of (a — x) in terms of the same unit: the 
final figure 17.1 represents the concentration of sodium thiosulfate when all the methyl 
iodide has reacted so that the initial concentration b of the methyl iodide is 35.35 — 17.1 
= 18.25 expressed in terms of the same arbitrary unit and values of (6 — x) are obtained 
by subtracting 17.1 from the values of (a — x). From these data we can calculate values for 
b(a — zx) 
a(b — 2) 
gives 0.0101 X 17.1 + 10 = 0.0172 mole per liter, so that we have all the necessary data 
for calculating the value of k from the formula 


; the value of (a — b) in terms of the arbitrary unit is 17.1, which, on conversion, 


_ 2.303 b(a — x) 
Ka ei ah 


the average value of k is 1.97 which means that 1.97 moles of methyl iodide or sodium thio- 
sulfate react per minute in one liter of an aqueous solution containing one mole of methyl 
iodide and one mole of sodium thiosulfate, the concentrations of these two reactants being 
supposed to be kept constant at their initial concentrations of one mole per liter; the solution 
from which this result was calculated contained initially 0.0357 M sodium thiosulfate and 
0.0184 M methyl iodide. Slator showed that the same velocity constant was obtained when 
the methyl iodide was present in excess provided that the reaction occurred in dilute solution. 


There are several special cases of bimolecular reactions which are usually 
found when one of the reactants is a catalyst; suppose we have a reaction 
between two substances A and B, the substance A being a catalyst; its con- 
centration throughout the reaction will be unchanged so that we will have: 
rate of the reaction 

dxz/dt = k,a(b — x) 
or 
b 


ke = a ln ae 
at 

where a and b are the initial concentrations of A and B respectively, and z is 

the number of moles of B which react in ¢ minutes. This equation also holds 

even if the substance A is not a catalyst provided its concentration is at least 

ten times that of B; in this case, we may consider the concentration of A to be 
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constant because even at the very end of the reaction its concentration can 
only be reduced by 1/10. The hydration of acid anhydrides is an example 
of such a reaction, which may be represented in the case of acetic anhydride! 
by the following equation: 


(CH3CO).0 + H.O — 2CH;COOH; 


if the reaction is in moderately dilute solution, the concentration of the water 
will not vary appreciably. The isomeric change of nitrocamphor to the 
pseudo-form under the influence of hydroxyl ions? is another example, for the 
concentration of the catalyst remains constant throughout the reaction. 

When a reaction is autocatalytic such as A + B = 2A + C in which the 
substance B under the influence of the catalyst A breaks up into a substance 
C and the catalyst, we obtain 


dx/dt = k(a + x)(b — 2), 
whence 
AY 1 mC + 2) } 
t(a+b) a(b—2z) 


2 


where a and 6 are the initial concentrations of A and B respectively and z is 
the amount of B which reacts in t minutes; (a + x) and (b — xz) represent the 
concentrations of A and B after t minutes. This equation has been used in an 
investigation of the action between acetone and iodine * in aqueous solution. 

Third Order Reactions: The stoichiometric equations for these reactions 
would be of the form 

8A = Ri +Re+-:- 

or generally 


Ay-iBia}s ORs ce Ry ie, 


Applying the principle of the mass action law as before, we have, in the first 
case, 
— d(a — x)/dt x (a — x) 
or 
dx/dt < (a — x), 


where ais the number of moles of A originally present in one liter and z is the 
number of moles of A which changed to resultants in ¢ minutes. (a — x) 
represents the concentration of A after t minutes. We have then 


dx/dt = k(a — x) 


the integrated form of which is 


1 a i 1 
k — — © — esa e 
i GR NI or ae 
1 Wilsdon and Sidgwick, J. Chem. Soc., 103, 1959 (1913); Kilpatrick, J. Am. Chem. Soc. 
50, 2891 (1928). 


2 Lowry and Magson, J. Chem. Soc., 93, 119 (1908). 
3 Rice and Kilpatrick, J. Am. Chem. Soc., 45, 1401 (1923). 
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Following the same reasoning in the second case, we obtain the rate of the 
reaction after ¢ minutes, 


dz/dt < (a — x)(b — x)(c — 2), 


where a, b and ¢ are the number of moles respectively of A, B and C originally 
present per liter, and x is the number of moles per liter of A, B or C which 
changed to resultants in é minutes. (a — x), (6 — x) and (¢ — x) therefore 
represent respectively the concentrations of A, B and C after t minutes. We 
have then 


dx/dt = k(a — x)(b — x)(c — 2), 
which on integration gives 


i a 1 b 1 Cc 
n ln n , 
act a—x abit b—a2 Oct cH—=2 


where a’ = (a — b), b’ = (b —c), ce’ = (c — a). The velocity constant & is 
the (calculated) rate of disappearance of A, B or C in moles from a liter of 
solution containing one mole of A, one mole of B and one mole of C, the con- 
centrations of A, B and C being supposed to be kept constant at their initial 
concentrations; when calculating k, the terms (a — 6b), (6 —c) and (e — a) 
must be expressed in moles per liter, but the other concentration terms may 
be expressed in any convenient arbitrary unit. If the initial concentrations 
of A and B are equal, we have 


dz/dt = k(a — x)?(c — x), 
whence 


SS Se 


If the stoichiometric equation has the form 2A + C = one or more re- 
sultants, we have 


dx/dt = k(a — 2x)?(e — x), 


whence 


, 1 a i ea ene | 


es (a — 2c)? | a(a — 22) (Ge x)a 
The reaction between ferric chloride and stannous chloride is claimed to be a 


trimolecular reaction,! since the equation which represents the change occurring 
in dilute aqueous solution can be written 


2Fett+ + Snt+ = 2Fet+ + Snt+++; 
1 Noyes, Z. physik. Chem., 16, 546 (1895). 
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as with other trimolecular reactions, secondary reactions také place and, when 
the conditions are varied, the constancy of & is not very satisfactory. As with 
bimolecular reactions, the velocity constant is dependent on the unit of con- 
centration employed for the reactants; using moles per liter and moles per cc. 
as our units of concentration, we will obtain two velocity constants k; and k, 
respectively, but, in this case, k; = k,/(1000)?. We can generalize this by 
stating that k; = k,/(1000)"—, where n is the order of the reaction. 

Reactions of higher order than the third are very rare, and usually the 
velocity ‘‘constants”’ are far from satisfactory; the methods to be followed are 
exactly similar to those for reactions of lower orders. 

When the initial concentration of one of the reactants A does not vary 
appreciably during the course of a reaction, the velocity equation becomes 


dx/dt = ka(b — x)(c — 2) 


which on integration gives 
1 COTS )> 


da Chiat Reo 


this occurs if A is a catalyst or if A is present in concentrations at least ten 
times as great as B or C. When the initial concentrations of two of the re- 
actants A and B do not vary appreciably during the course of a reaction, the 
equation becomes 

dx/dt = kab(c — zx), 
whence 
c 


fab ey? 


this occurs if A and B are both catalysts or if their concentrations are relatively 
great compared with C. An example in which A and B are both catalysts is 
the conversion of acetyl-chloro-amino-benzene into parachloro-acetanilide ! 
which is catalyzed by the simultaneous presence of hydrogen and chlorine 
ions as shown by the following equation: 


cl 
USS 
+Ht4+ Ch = L + Ht + Cl; 


CINCOCH; HNCOCH; 


in this case the concentrations of the hydrogen ion and of the chlorine ion, 
the a and 6 terms, are equal so that the equation becomes 


1Rivett, Z. physik. Chem., 82, 201 (1913). 
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Pseudo-unimolecular Reactions: Consider the reaction 
A+B=C+ete; 


if the substance B is a catalyst or if it is present in high concentration as com- 
pared with A, its concentration will not change appreciably throughout an 
experiment. In such cases, it has been found that the results of a single ex- 
periment give a constant value for & if substituted in the unimolecular equation 


pe : 
t 


b—=z 
Based on this fact, the custom has grown up of referring to such reactions as 
unimolecular; that one or more of the reactants happens to be present in 
constant concentration is a mere accidental circumstance and in no way affects 
the true order of the reaction: the classification of reactions should be based 
on the actual chemical equations which represent the change, so that attention 
is directed to essential similarities or differences rather than to non-essentials. 
The recent work of Kurt Meyer! has shown that the enolic form of aceto- 
acetic ester may be kept unchanged and even distilled, if quartz vessels are 
used so that no trace of alkaline catalyst is present; the mechanism for this and 
other such reactions will be discussed later in the section. They are evidently 
not unimolecular reactions since the velocities are not affected by the presence 
of other molecules. 

In the equation A ++ B=C+D-:--, if the substance B is a catalyst, or 
if it is present in high concentration compared with A, we have 


dx/dt < (a — x)b, 


where a is the number of moles of A and B respectively originally present, 
and x is the number of moles of B which changed to resultants in ¢ minutes. 
(a — x) and 6 therefore represent the concentrations of A and B respectively 
after t minutes. We have, therefore, 


dz/dt = k.b(a — 2x), 
which on integration gives 


b e235 


if we are dealing with such a change and we substitute the results in the uni- 
molecular equation 


a 


? 

Ona 
we will obtain a constant; this constant (/2b) is not of course characteristic 
of the reaction, for, without a knowledge of the concentration of the substance 
B,the measurement would be valueless. The true bimolecular constant for 


1 Ber., 53, 1410 (1920). 
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the reaction may be obtained in such a case by dividing the ‘‘pseudo-uni- 
molecular” constant (k.b) by b, the concentration of the substance B. 
If the substance B is in high concentration compared to A, the equation 
1 b(a — 2) 
Laie ae 
t(a—b) a(b—2) 
readily reduces to 


1 
k= —m— 
1D = & 
because we can write (approximately) b -zx= banda—b= —b. In the 
same way the equation for a trimolecular reaction reduces to 
1 c 


k = —lIn 

tab. ic her 

when the reactants A and B are present in relatively high concentration com- 
pared to the reactant C; by using these equations we obtain a constant which 
is truly characteristic of the reaction rather than a “‘ constant ’’ which depends 
on the concentration of one or more of the reactants. 

Summary: In all the equations given below a, b,c, --- represent the initial 
concentrations in moles per liter of the reactants A, B, C, ---, and x represents 
the number of moles of A which react in ¢ minutes. 

(1) For unimolecular reactions, A = B+ C+ -:-, we have: 


d(a — x) 1 a 
a, a Aa a ee 
(2) For bimolecular reactions, A + B= C+ D+ -:>:-, we have: 
i b(a — a) 


The following special cases may occur: 


(a) When the initial concentrations of A and B are equal or when the 
stoichiometric equation has the form 2A = C + D+ ::-, we have: 
1 4% 
dx/dt = ko(a — «x)?; ho ee 
t ala — x) 


(6) When the substance A is a catalyst or when its concentration is more 
than ten times that of B, we have: 


1 
dx/dt = k2(a — x)b; keg ==ln 


(c) When the reaction is autocatalytic, A + B = C + 24, we have: 


1 b(a + x) 


dz/dt = kx(a + x)(b — x); be ae ” Ab un )igs 
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(3) For trimolecular reactions, A + B+C= D4+---, we have: 
dx/dt = k3(a — x)(b — x)(c — 2); 


; a il ; b il , Cc 
a’c’t oe _ ak Gbl ia? Se bic ee — 2’ 


a 


where a’ = (a — 6b), b’ = (b —c) and ce’ = (c — a). 
The following special cases may occur: 


(a) When the reactants have all the same initial concentration or when 
the stoichiometric equation has the form 3A = D + ---, we have: 


JE yal! 1 1 
dz[dt = ks(a — 2); Por feaecs } 


2\|(a — 2)? @ 
(b) When two of the reactants have the same initial concentration, we have: 


as 1 c(a — x) 


dzr/dt= kx(a — z)*"(ec — 2%); ~— kes ae Ce 


re at(a — x)(c — a) 
(c) When the stoichiometric equation has the form 2A + C = one or more 
resultants, we have 
dujdt = k(a — 2x)?(c — 2), 
whence: 


k 1 (2c — a)2x (a — 2zx)e ; 


ge (a — 2c)? | a(a — 22) eh (c — x)a 


(d) When the substance A is a catalyst or when its concentration is more 
than ten times that of B or C, we have: 
1 c(b — 2) 
dz/dt = ksa(b — x)(c — 2); k3 = ibe LN a : 


(e) When A and B are both catalysts or when their initial concentrations 
are more than ten times that of C, we have: 


C 


1 
dx/dt = ksab(c — 2); kg = pe = 


(4) For quadrimolecular reactions, A + B + C + D= ---, we have: 
dx/dt = ki(a_— x)(b — x)(e — x)(d — 2). 


In the special case in which the initial concentrations of all the reactants are 
the same, this becomes: 


al 1 1 : 
deat = k(a— a); =F 31 Goa al” 
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SIMULTANEOUS REACTIONS 


Opposing Reactions: The simplest example of such a reaction would be 
represented by A < B, where we have two simultaneous reactions occurring 
in the reacting system, the direct change A > B and the opposed reaction 
B-— A; the net velocity of the reaction at any moment will be given by the 
difference of these two velocities. The concentration of A, and hence the 
velocity of the direct reaction, is greatest at the commencement of the change, 
and both diminish as the reaction proceeds; the concentration of B, and hence 
the velocity of the reverse reaction, is least at the commencement of the change, 
but both increase as the reaction proceeds; it is evident therefore that finally 
the rates of the two opposed reactions will become equal and we shall have a 
state of equilibrium. It may be noted that our classification of isolated reac- 
tions is really artificial for no reactions go to completion: our “‘isolated” reac- 
tions finally reach a state of equilibrium, but the equilibrium point is very near 
to one side because the velocity of the reverse change is negligibly small. 

The principle we apply in the treatment of such simultaneous changes is 
that we can apply the Law of Mass Action to each reaction independently of | 
any other reactions occurring at the same time; thus, in the above reaction 
A = B, the rate of change of A at any instant is proportional to the concentra- 
tion of A at that instant; this statement is not affected by the fact that the 
rate of change of B into A at any instant is proportional to the concentration 
of B at that instant. We have then: the velocity of the direct reaction, 
A — B, after ¢ minutes is proportional to (a — x) or equal to ki(a — x); the 
velocity of the reverse reaction, B— A, after ¢ minutes is proportional to 
(b + x) or equal to k2(b + x); therefore, the velocity of the total change after 
t minutes is given by the equation 


eS ki(a = x) = ko(b + x) == (kia — kab) — (ky + ke)x, 


where a and 6 are the number of moles respectively of A and B originally 
present.in one liter, and x is the number of moles of A which changed to Bint 
minutes. (a — 2x) and (6 + 2) represent the respective concentrations of A 
and B after ¢ minutes. Integrating, we find that 


1 A 
ki+k= 7m ne 
where 


= (kia — keb)/(ki + ke). 


Consider the reaction at the equilibrium point when the velocities of the two 
opposed changes are equal; we can then write 


ki(a am X.) oa k2(b af. Le), 
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where the subscript ¢ signifies equilibrium concentrations. Then 


(O+ a) hi 
(a—2) ke ' 


where K is the equilibrium constant of the reaction. A special case of an 
opposed unimolecular reaction is to be found in the supposed racemization of 
pinene ! (now known to be isomerisation to di-pentene) 2 in which the velocities 
of the forward and reverse reactions are equal. 

The simplest examples of opposing bimolecular reactions are to be found in 
isomeric changes which take place under the influence of acid or alkali. The 
stoichiometric equation for such a change in alkaline solution is: A + OH- 
= B+OH-. By following the same method as before we find that the 
velocity of the total change at time ¢ is, 


dx/dt = ki(a — x)c — k2(b + x)c = c(kia — kyb) — c(ki — ka), 


where a, 6 and ¢ are the number of moles respectively of A, B and hydroxyl 
ion originally present in one liter, and x is the number of moles of A which 
changes to B in ¢t minutes; (a — x) and (b + 2) represent the respective con- 
centrations of A and B after ¢ minutes; the concentration of the catalyst is 
unchanged. Integrating, we find that 


1 A 


Bt =k + he, 
ie sas it ke 
where 
A a Ba = heb 
ki + ke 


If we consider the reaction at the equilibrium point, we have, as before: 


ki(a — x )c = ke(b + 2c, 
so that 
bt te dy 


= he ko 


where K is the equilibrium constant of the reaction. The concentration of the 
catalyst disappears from the equation in accordance with the well-known rule 
that, in dilute solution, where the mass action law applies, the catalyst does 
not affect the equilibrium point. These equations have been used in several 
investigations 3 and, in a semi-quantitative kind of way, the mass action law 
has been shown to hold; it seems desirable, however, to investigate a simple 
case of isomerism more fully and accurately than has been done. It may be, 
1Smith, J. Am. Chem. Soc., 49, 43, (1927). 


2 Conant and Carlson, J. Am. Chem. Soc., 51, 3464 (1929). is 
3 Kuster, Z. physik. Chem., 18, 171 (1895); Koelichen, ibid., 33, 129 (1900); Trey, ibzd., 


18, 198 (1895); Lowry, J. Chem. Soc., 75, 227 (1899). 
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however, that even in isomeric changes the simple stoichiometric equations 
do not represent the reactions which occur in the solution; this is almost 
certainly the case in the acid hydrolysis of esters; using methyl acetate, the 
stoichiometric equation is 


CH;COOCH; + H.0 @ CH;sCOOH + CH;0H, 


whereas the actual reaction taking place in the solution consists of at least two 
reactions. We have therefore at least two successive states of equilibrium 
instead of the simple equilibrium postulated in the stoichiometric equation; a 
more detailed discussion of this will be given later. Itis probable that any such 
discussion of opposing reactions in solution is quite inadequate if it does not 
include some consideration of the combinations between the reactants and the 
solvent which probably occur in all solutions. 

Consecutive Reactions: The treatment of consecutive reactions is very 
complicated and has been successful only in a few special cases; these will be 
used to illustrate the method of treating consecutive reactions. Even the 
simple hydrolysis of an ester by alkali probably consists of at least two con- 
secutive reactions so that when we deal with more complicated reactions the 
possibility of giving a satisfactory treatment becomes remote. A special case 
of simultaneous reactions occurs when we have a fast reaction followed by a 
slow reaction, in which case the kinetic equation may not indicate the existence 
of the fast reaction at all. 

Sometimes, even in dilute solution there is an obvious abnormality which 
can be explained by the presence of a series of reactions containing only one 
slow reaction; the reaction between bromine and acetone in aqueous solution 
which was first studied by Lapworth ' is such an example; as might be expected 
from the stoichiometric equation 


CH;COCH; + Br. + Ht @ CH;COCH.Br + Br- + 2Ht, 


the velocity is proportional to the concentration of the acetone and to the 
concentration of the hydrogen ions, but the velocity is quite independent of 
the concentration of the bromine. Lapworth explained this by saying that 
the change consists of a series of reactions, the first being the slow change whose 
velocity is measured, followed by two rapid changes, represented as follows: 


CH;COCH; + Ht 2 CH;COH : CH, + Ht, 
CH;COH : CH: + Bre = CH2C(OH)BrCH.Br, 
CH;C(OH)BrCH.Br = CH;COCH;Br + HBr. 


He supposes that acetone in aqueous solution exists in two forms, keto and 

enol in equilibrium; the enolic form reacts instantaneously with bromine and 

the resulting compound instantaneously splits out hydrobromic acid, but the 

ketonic form does not react with bromine: evidently the action of the hydrogen 

ions is to convert slowly the ketonic form of acetone into the enolic form and 
1J. Chem. Soc., 85, 30 (1904). 
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this is the reaction whose kinetics we are studying, since the velocity of this 
reaction would be proportional to the concentrations of the acetone and the 
hydrogen ion, but would be independent of the concentration of the bromine. 

The hydrolysis of an ester of a dibasic acid by alkali is a more complicated 
example of consecutive reactions in which at least four simultaneous reactions 
occur. ‘The alcohol radicals are removed in stages and, in general, the velocity 
of the first stage is very much greater than the velocity of the second stage; 
for ethyl oxalate, ethyl malonate and methyl succinate the respective ratios 
are 20,000, 70 and 5. Similar results have been obtained for the hydrolysis of 
esters of tribasic acids such as triacetin.! Many other studies of consecutive 
reactions have been made but in most cases there is a great deal of uncertainty 
as to the mechanism of the reactions occurring in the solution; the whole 
subject of consecutive reactions is in a very unsatisfactory condition and it is 
desirable to have a few simple cases investigated in which we are fairly certain 
of the mechanism of the reactions occurring. 

Side Reactions: The transformation of a substance is often accomplished 
by a number of independent reactions which furnish different end products, 
and which are known as side reactions: usually one of the reactions predomi- 
nates and is called the main or principal reaction, the others being called 
secondary reactions. The conditions of the experiment determine the relative 
rates of the side reactions; by altering those we can alter the relative rates, 
sometimes to such an extent that a secondary reaction becomes the main or 
principal reaction. The example commonly given of side reactions is the 
decomposition in aqueous solution of hydroxylamine, which is represented 
as follows: 
J 3NH.OH — NH; + Nz “+ 3H.0, 


In studying these reactions, we apply the same principle that we used for other 
simultaneous reactions, namely, that each reaction proceeds independently of 
the others and the mass action law may be applied to each just as if the others 
were not present; for example, in a solution of cane sugar and ethyl acetate 
containing hydrochloric acid, the hydrolysis of the ester and the inversion of 
the sugar proceed independently. The method of study of these changes may 
be illustrated by reference to the following simple change: 


A->B, (1) 
A> C. (2) 


The rate of the reaction A > B after ¢ minutes is proportional to (a — x) or 
equal to ki(a — x); the rate of the reaction A > C after ¢ minutes is propor- 
tional to (a — x) or equal to k2(a — x), where a is the number of moles of A 
per liter originally present, and x is the number of moles per liter of A which 
changed (to B and C) int minutes; (a — «) is therefore the concentration of A 


1Geitel, J. prakt. Chem., 55, 429 (1897); Meyer, Z. Elektrochem., 13, 485 (1907); Abel, 
Z. physik. Chem., 56, 558 (1906). 
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after ¢ minutes. Since the rate of decomposition of A, dx/dt, must equal the 
sum of the rates of formation of B and C, we have 


dx/dt = ki(a — x) + ko(a — x) = (a — 2) (hi + Fe). 
Integrating, 


bi + hy = In 


a—- wz 


To evaluate k; and kz we must know some other relation between them, which 
may be obtained in the following manner: 


The rate of formation of B aftert minutes ki(a— 2) _ ki 


The rate of formation of C aftert minutes ko(a—z2z) ke 
If this ratio of the rates is a constant at all stages of the reaction, we must 
have: 
The rate of formation of B after t minutes 
The rate of formation of C after ¢ minutes 
_ Total amount of B present after ¢ minutes 


~ Total amount of C present after ¢ minutes 


The most convenient time to estimate the relative amounts of B and C formed, 
and thus determine k,/k2, is at the end of the experiment; since we know k, + ke 
we can determine each. The principle ‘‘that the ratio of the amounts of 
substances formed in the side reactions is independent of the time”’ is charac- 
teristic of side reactions and is a means of distinguishing them from opposing or 
consecutive reactions.1 It should be noted, however, that this holds only 
when the side reactions in any experiment are all of the same order; if this is 
not the case, it can easily be shown that the ratio of the amounts of the products 
is not independent of the time. Reactions of benzene derivatives provide 
ample opportunities for the study of side reactions and several such investiga- 
tions have been made.? 

Order and Mechanism of a Reaction: When discussing the mechanism of a 
chemical reaction it is important to distinguish carefully between the stoichi- 
ometric equation of the change and the equation which truly represents the 
reaction taking place in the solution. If we have calcium hydroxide and 
methyl acetate in dilute aqueous solution, the stoichiometric equation of the 
change would be 


2CH;COOCH; + Ca(OH). = (CH;COO).Ca + 2CH;0H, 
whereas the equations representing the actual change are probably: 
CH;COOCH; + OH- @[CH;COOCH;.OH]-, 


[CH;COOCH;.0H]- = CH,COO- + CH,OH. 


1 Wegscheider, Z. physik. Chem., 30, 593 (1899). 
2 Holleman, Z. physik. Chem., 31, 79 (1899); Wegscheider, Z. physik. Chem., 34, 290 
(1900); Slator, J. Chem. Soc., 83, 729 (1903). 


REACTION VELOCITY IN HOMOGENEOUS SYSTEMS _ 967 


The measurement of rate of reaction is a valuable method for finding the 
mechanism of the actual changes which occur in the solution. The simplest 
method of applying the results of a measurement of rate of reaction is to sub- 
stitute corresponding values of concentration of reactants and time in the 
velocity equation for the various orders; a number of sets of values of k will 
then be obtained corresponding to the different velocity equations, which are 
sufficiently different so that not more than one velocity equation will give a 
constant series of values for k; we can therefore identify the order of the reac- 
tion. When using this method it is important to do several experiments using 
different initial concentrations of the reactants; for example, in the hydrolysis 
of methyl acetate in a dilute aqueous solution of hydrochloric acid, if we sub- 
stitute corresponding values of the concentration of the methyl acetate in an 
aqueous solution of hydrochloric acid, a unimolecular constant is obtained: 
if, however, we repeat the experiment using a different concentration of hydro- 
chlorie acid, we shall obtain a constant, but it will be different from that 
obtained previously, indicating that the reaction is not unimolecular. If, 
however, we substitute the results in the bimolecular equation 


a 


) 


k= is ln 
tbh a-—z 

where the a and 6 terms refer to concentrations of ester and acid respectively, 
we shall obtain a constant since the concentration of hydrogen ion 6 remains 
practically constant during the experiment. So long as the reaction is carried 
out in dilute aqueous solution this equation will give a constant value for k 
which would indicate that the reaction is bimolecular. If however we do the 
reaction in stronger solutions of the ester, the velocity constant begins to drift 
and increases as the concentration of the ester increases. A great deal of work 
has been done in an attempt to explain this anamalous behavior. Modern 
theory attributes it to a change in the activity coefficients of the various 
reactants and to a change in character of the solvent. It is usually not possible 
to measure these quantities in strong solutions so that these ideas cannot be 
subjected to an experimental test as yet. 

It is evident, therefore, that when studying the order and the mechanism 
of a chemical reaction by making measurements of the rate, it is not sufficient 
to make measurements under the same conditions; such measurements would 
be very likely to lead to erroneous conclusions; only by varying the concentra- 
tions of the different reactants over wide ranges and comparing the corre- 
sponding velocity constants, can we determine confidently the order and 
mechanism of a reaction. Usually, we find these much more complicated 
than we would suspect from the stoichiometric equations. 

When there are simultaneous reactions, especially opposed reactions or 
consecutive reactions, the method just described is usually not suitable for 
investigating the mechanism of a reaction; in such cases it is necessary to 
confine the measurements to the early stages of the reaction, because the 
opposed or consecutive reactions are comparatively unimportant during the 
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early stages; since only small quantities of the reacting substances disappear 
during the period of measurement, the precision of & will not be very high 
unless great care is taken with the analytical procedure. Instead of measuring 
k in the early stages of the reaction we may measure the time required for a 
certain fraction of the reactants to become transformed to resultants, and by 
doing several experiments using different concentrations of reactants we can 
‘find the relation between the time and the initial concentration; in the general 
form, this relation is 
1 


ii, (ee F) 
q7-t 


where 7 is the order of the reaction, ¢ is the time required for transformation 
of a certain fraction of the reactants and a is the initial concentration. The 
time taken to transform say 1/5 of the reactant in a unimolecular reaction is 
obtained by substituting x = a/5 in the unimolecular equation 


1 a 


whence 


thes, 48) 
tifs = Per: 


so that the time of 1/5 change is independent of the initial concentration of the 
reactant; substituting similarly in the bimolecular equation 


x 


at(a — x) 


we obtain 


Constant 
tijs a 


so that for bimolecular reactions the time of 1/5 change is inversely propor- 
tional to the initial concentration of the reactants. 

Another useful method for investigating the mechanism of a reaction is to 
measure the velocity under conditions such that the concentration of only 
one of the reactants A is changing; by having the initial concentration of A 
from 1/10 to 1/1000 of the initial concentration of any of the other reactants 
we may assume that the concentrations of these remain approximately constant 
throughout the experiment; in this way we obtain a simplification of the 
equation for the reaction and when we find the equation which gives a constant 
for k we also determine the number of molecules of A taking part in the reac- 
tion. The experiment is then repeated having A present in high concentration 
and another reactant B present in low concentration; the velocity equation 
which gives constant values for k now determines the number of molecules 
of B taking part in the reaction; and similarly for the other reactants. This 
method is limited unless we can measure the rate of the reaction by measuring 
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the rate of appearance of one of the resultants; if we measured the rate of the 
reaction by the rate of disappearance of the reactants, we would have to develop 
an analytical method for each reactant in turn and this would only rarely be 
possible. 

Reaction Velocity and Temperature: The velocities of chemical reactions, 
normally increase rapidly with rise of temperature; the exceptions to this rule 
are of great interest and will be discussed later; the reaction between acetone 
and iodine proceeds seventy-five times as fast at 35° as it does at 0° and this 
behavior is characteristic of nearly all reactions whose velocities can be 
measured. It has been found that a straight line is obtained by plotting 
values of the logarithm of the velocity constant of a reaction against 1/7, 
where 7’ is the absolute temperature, so that the equation representing the 
variation of the velocity constant with temperature would have the form 


logk = C —a/T, 


where C and a are constants. When the range of temperature is large or the 
data are very accurate, the locus will differ slightly but progressively from a 
straight line, so that we must add correction terms in the usual manner, ob- 
taining 

loge k = C —a/f —bT — cl? — <-- 


The number of terms to be taken will depend on the range of temperature and 
the precision of the data. Differentiating the simple equation 


logk = C —a/T, 
we obtain 
d log k/dt = a/T?; 


this equation was used by Arrhenius and will be written in the form 


where Q is a constant and R is the gas constant. Integrating this equation 
between the limits k,, JT; and k2, T2, we obtain 


which represents in a fairly satisfactory manner the effect of temperature on 
velocity of reaction. The Arrhenius equation may be written 


L/k-dk/dT = A/T?, 


where 1/k-dk/dT is the temperature coefficient of a reaction, i.e., the increase 
of the velocity per unit velocity per degree rise in temperature; the rate of 
increase with temperature of rate of reaction will therefore diminish with rise 
in temperature. The custom among chemists is to call the ratio of the velocities 
at two temperatures 10° apart the temperature coefficient; usually 35° and 25° 
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are selected so that k35/k25 is usually referred to as the temperature coefficient 
of areaction. For the range 35° to 25°, the Arrhenius equation becomes 


er, 1.9864 \ 298.1 308.1 
so that 
1 Rinna 
og — = . 
ky 42,011 


For the hydrolysis of cane sugar by hydrochloric acid the value of Q is 26,000 
and kgs/kos is 4.13; for the hydrolysis of methyl acetate by sodium hydroxide, 
Q is 10,900 and k35/kos is 1.82; these two examples represent the normal limits 
of the variation and it is only very rarely that a homogeneous thermal reaction 
has a temperature coefficient greater than that obtaining in the hydrolysis of 
cane sugar or less than that in the corresponding reaction with methyl] acetate. 

Reaction Velocity and Pressure: In the last century several studies + were 
made which showed that pressure caused appreciable alteration in velocity of 
reaction. Rothmund confirmed the earlier work of Réntgen and showed that 
the velocity of hydrolysis of cane sugar decreases about 1 per cent per 100 
atmospheres; he also showed that the hydrolysis of methyl and ethyl acetates 
by hydrochloric acid increased with pressure, the increase being about 3.7 
per cent per 100 atmospheres. Stern and also Bogojawlensky and Tammann 
found that pressure increased the catalytic activity of weak acids much more 
than strong acids; when weak acids are used as catalysts the rate of hydrolysis 
of cane sugar is increased by pressure, and the pressure coefficient of the 
velocity hydrolysis of methyl acetate is greater for weak acids than for 
strong acids. Cohen and de Boer? made a comprehensive study of the in- 
fluence of pressure on the rate of hydrolysis of cane sugar and they give a 
critical review of the older work; they show that the reaction velocity is de- 
creased 8 per cent at 500 atmospheres, 19 per cent at 1000 atmospheres and 
26 per cent at 1500 atmospheres. The work was continued by Cohen and 
Valeton,’ using acetic acid as catalyst; as shown by Stern, the velocity increases 
with pressure, but the pressure coefficient diminishes with increase of pressure 
until, above 1000 atmospheres, the velocity is almost independent of the 
pressure. Cohen and Kaiser 4 studied the effect of pressure on the hydrolysis 
of ethyl acetate by sodium hydroxide and obtained the following results, 
shown in Table II. Moesveld® has studied the pressure coefficient of the 
velocity of reaction of the change 


5HBr + HBrO; = 3Br, + 2H.0. 


1Rontgen, Ann. Phys. Chem., 45, 98 (1892); Rothmund, Z. physik. Chem., 20, 168 
(1896); Stern, Ann. Phys. Chem., 59, 652 (1896); Bogojawlensky and Tammann, Z. physik. 
Chem., 23, 13 (1897). 

2 Z. physik. Chem., 84, 41 (1913). 

3 Z. physik. Chem., 92, 433 (1917). 

4Z. physik. Chem., 89, 338 (1915). 

5 Z. physik. Chem., 103, 486 (1923). 
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TABLE II 
Errect oF PrRessuRE ON THE Hyproxysis or Erayt ACETATE BY Soprum HyproxIpE. 
TEMPERATURE 2.40° 


pilatm ospheres)'\aes ue we eee e250) 500 750 1000 1250 1500 
k (per cent increase)........... — Sa 11.9 18.5 25:5 30.9 37.4 


He shows that it is negative and independent of the temperature; the velocity 
of the reaction at 1500 atmospheres is 15.4 per cent less than at 1 atmosphere. 


MEASUREMENT OF RaTE oF REACTION 


The Velocity Constant: When measuring rate of reaction the reactants are 
usually present at arbitrary concentrations; in order to have measurements 
comparable, it is necessary to calculate the velocity at some standard con- 
centration of the reactants by means of the velocity equations already given. 
Suppose we have a reaction A + B + HCl, where A and B are two substances 

- which react under the influence of the hydrochloric acid, the whole reaction 
being in dilute aqueous solution; usually, this equation will not represent the 
reaction which takes place in the solution because the hydrochloric acid will 
dissociate and the substances A and B will often form hydrates or combine with 
each other, so that the actual reaction which takes place in the solution is 
quite different from that represented by the stoichiometric equation of the 
change. It would be most desirable to write down the equation which repre- 
sents the change actually occurring in the solution and then calculate the 
velocity per unit concentration of the actual reactants; unfortunately this is not 
possible because we do not know what the nature of the actual reactant is. 
In these circumstances it is best to give the velocity constant per unit con- 
centration of the materials added to the solution; thus, the value of k for 
the above reaction would be the (calculated) number of moles of A or B dis- 
appearing per minute from 1 liter of a solution containing 1 mole of A, 1 mole 
of B and 1 g. equivalent of hydrochloric acid. The complete statement of 
the velocity constant should give the value of k calculated in the above manner 
and also the actual concentrations of A and B and the hydrochloric acid used 
in the experiment: with these data available, it will be an easy matter to re- 
calculate k at any time when our knowledge of solution problems is more 
advanced. 

Errors of Measurement: When measuring velocity of reaction the precision 
measure of the result should always be stated because, although the velocity 
of a given reaction may be varied widely by altering the conditions, the temper- 
ature coefficient is usually only slightly affected, and, from theoretical con- 
siderations, a knowledge of the temperature coefficient and its variation is 
even more important than a knowledge of the velocity. The reaction between 
acetone and iodine will be used as an illustration in the following discussion of 
the errors which may arise in measuring rate of reaction. 


In dilute aqueous solution, acetone and iodine react extremely slowly but acids catalyze 
the reaction, and the velocity is proportional to the concentration of the acetone and the 
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acid but is independent of the concentration of the iodine. Therefore, if the solution contains 
initially b moles of acetone and a moles of acid per liter, and after ¢ minutes x moles of acetone 
have reacted with iodine, the concentration of the acetone is then (6 — x) moles per liter, 
and that of the acid is (a + x) moles per liter. Therefore, 


dx/dt = k(a + x)(b — 2). 
which on integration gives 
iL 
— In pause ; 
t(a+b) a(b—2) 


where the velocity constant k is the (calculated) rate of disappearance of acetone in moles 
from a liter of solution containing 1 mole of acetone, 1 g. equivalent of hydrochloric acid and 
about 0.01 g. equivalents of iodine; since the rate of the reaction is independent of the con- 
centration of the iodine, its exact concentration need not be stated. The measured quantities 
from which we calculate k are t, a, b and x. To find the error in k caused by a deviation 
in one of the directly measured quantities we must take the partial differential of k with 
respect to the quantity and multiply by its deviation. 


on 1 | b(a + 2 | 1 im 
enh at log aa hess. 
ot (a + bd) Gb 2 ale ; 
Ok k ‘ k 
ar ptt ALR EES a) 
Ge meal ih ctite =| PSNI 
Ok k - k 
Shear pick volt Wi ot lian hin ene: Se Bak lapel 
db (a + 6) | am bkt(b — x) | a (approximately), 
Ok 1 


(EC EC aoe 


These approximations hold if, in the experiments, a approximates b, and 
x/a’kt = 1 approximately. Hence the deviation in k caused by a deviation 
oO: in if is 


I 
At = ne 
t 
Similarly, for the other quantities, 
k k 
rAn Ea sub nee eam 
b abt 


Hence, 
rAd/k = 4;/t; wAalk = ba/a; rAr/k = 6y/b; 


Ne | sale ) = 6,/x (approximately). 


a 
abkt 
From this we conclude that a percentage error in any one of the quantities 
t, a, b, and x produces the same percentage error in k, the final resuit. In all 
measurements of rate of reaction, the formula used for calculating the velocity 
constant should be examined in this manner so that the effect on the final 
result of an error in one of the directly measured quantities may be found. 
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In the reaction between acetone and iodine, the precision of k, the final result, depends 
upon the errors of certain direct measurements, which are (1) two titrations of iodine from 
which the value of zx is obtained, (2) measurement of the time t during which x molecules 
of iodine reacted per liter, (3) measurement of a, the initial concentration of acetone, (5) 
measurement of the temperature of the reaction. Volatility of one or more of the reactants 
is perhaps the commonest source of error in measurements of rate of reaction, and affects, 
in this reaction, the concentration of the iodine and the concentration of the acetone; this 
error is likely to be appreciable in the ordinary procedure for measuring rate of reaction which 
consists in withdrawing successive portions of the reaction mixture from a flask and estimating 
one of the constituents; the space above the liquid becomes saturated with the volatile 
reactants and part of the vapors diffuse away when the flask is opened to withdraw samples. 
When one of the reactants is a volatile organic substance which is only slightly soluble in 
water, the vapor pressure of the aqueous solution will approach that of the pure substance 
and volatilization losses will be correspondingly great; these are probably the cause of the 
poor agreement obtained when measuring rate of reaction, using the ordinary technique. 
Perhaps the best procedure for avoiding this loss is that described in a paper! on the esti- 
mation of iodine; the reacting solution is made up as usual, but is then transferred by means 
of a fast running siphon to a number of smaller flasks which are each filled with the reacting 
solution; loss of the reactants by volatilization is thereby entirely prevented. 

Suppose that we wish to measure the rate of reaction between acetone and iodine with 
an error not greater than 1 per cent; the total error in k caused by the errors in 2, t, a, b and 
in the measurement of the temperature of the reaction mixture must not be greater than 
+ 1lpercent. In certain of these measurements it will be possible without any great difficulty 
to reduce the error so that it is less than 0.33 per cent, in which case, following the usual 
rule, the effect on the final result may be neglected; it is possible to determine the initial 
concentration of the acetone and the initial concentration of the acid to within 0.33 per cent 
without much difficulty; the temperature coefficient of the reaction is such that a change in 
temperature of 0.01° for the whole time of the reaction changes the velocity 0.13 per cent, 
so that if the temperature of the thermostat is regulated to + 0.02° the temperature error 
would be negligible: in measuring the time there are two errors, one in measuring the initial 
time and one in measuring the final time, which are probably not greater than + 5 seconds 
in each case so that the total error in ¢t is 5? + 5? = 7 seconds; therefore if the error in ¢ 
is to be less than 0.3 per cent, anexperiment should extend over a minimum time of 40 minutes. 
It remains therefore to measure x to + 1 per cent; all the other errors can then be neglected 
and the error in k will be + 1 per cent; if volumetric apparatus is used, it will not be possible 
+o measure x much more accurately than this because x is obtained by taking the difference 
of two iodine titrations in which the iodine must be estimated much more accurately than 
-+ 1 per cent, depending on the amount of iodine that reacts. Finally, when measuring rate 
of reaction the materials used must be purified rigorously since small quantities of highly 
reactive impurities would cause large errors; simple distillation is usually not sufficient and 
‘chemical’? methods of purification should be used whenever possible. In the reaction under 
consideration it should not be necessary to purify the iodine or the hydrochloric acid if the 
highest commercial grades are used; the acetone requires special purification which may be 
by the ordinary bisulfite method or by sodium iodide;? acetone or other saturated ketones 
will not perceptibly decolorize a dilute aqueous solution of potassium permanganate in ten 
minutes and will not liberate iodine from a solution of hydriodic acid; if the ketone used 
has the correct boiling point and meets these tests, it is unlikely that it could contain enough 
impurity to affect appreciably the velocity measurement. 


Methods of Measurement in Gasés: The simplest method for measuring the 
rate of reaction in a gas, when there is a change in pressure, is to measure the 
1 Rice, Kilpatrick and Lemkin, J. Am. Chem. Soc., 45, 1361 (1923); see also Price, Ofvers. 


of Vet. Akad. Forh., 9, 934 (1899); Slator, J. Chem. Soc., 85, 1286 (1904). 
2 Shipsey and Werner, J. Chem. Soc., 103, 1255 (1913). 
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rate of change of pressure; in order to be able to use this method with con- 
fidence we must know the course of the reaction, since successive reactions 
might vitiate the method. Thus, sometimes, a correction must be applied for 
an equilibrium existing among the products; 1 if successive reactions are very 
rapid they may be neglected, but if they proceed at a rate comparable with 
the original reaction the results may be very difficult to interpret. When 
these various complications are not present we may substitute the total 
increase in pressure for the initial concentration and the final pressure minus 
the pressure after ¢ mins. for the concentration after { mins. A modification 
of this method sometimes used is to freeze out ? condensable constituents and 
measure the pressure of permanent gases present. 

Sometimes when there is no change in volume * or when the course of the 
reaction is unknown or very complicated 4 an analytical method may be used 
to follow the course of the reaction. This method has considerable advantages 
if we follow the concentration of the reactants analytically because then sub- 
sequent reactions between the resultants do not interfere. When a change in 
color occurs during the course of the reaction light absorption may be used to 
follow the rate of change.6 Another method which can be used * and which is 
particularly adapted to work at high temperatures is a flowing method in which 
the reacting substance is mixed with an inert gas and passed through a heated 
tube at a known rate. In this method, the partial pressure of the inert gas and 
its rate of flow must be sufficient rapid so that back diffusion is negligible. 

Methods of Measurement in Solution: There are a number of different 
methods of measuring velocity of reaction in solution, but, in the most im- 
portant, the change of concentration with time of one of the reactants or result- 
ants is measured; it is desirable therefore to classify according to the analytical 
methods employed. There are however a few methods in which the change of 
some property of the solution as a whole is used to measure the rate of the 
reaction. The change in volume which usually accompanies a chemical change 
was used by Duane’ to measure the rate of hydrolysis of cane sugar; the 
solution is kept in a spiral glass tube ending in a graduated capillary tube and 
the change in volume is measured by the movement of the meniscus along the 
capillary tube as the reaction progresses: assuming that the volume of the 
solution is an additive function of the constituents, the changes in volume 
should be proportional to the quantities of cane sugar left in the solution. The 
temperature of the thermostat must be very accurately regulated because the 
volume change of the solution is very small. Benrath * measured the change 

1 For example see Daniels and Johnston, J. Am. Chem. Soc., 43, 53 (1921). 


2 Bodenstein and Dux, Z. physik. Chem., 85, 297 (1913); Loomis and Smith, J. Am. 
Chem. Soc., 50, 1864 (1928). 

3 Bodenstein, Z. physik. Chem., 13, 56 (1894); 22, 1 (1897); 29, 295 (1899) ; Kistiakowsky, 
J. Am. Chem. Soc., 50, 2315 (1928). 

4 Rice and Vollrath, Proc. Nat. Acad. Sci., 15, 702 (1929). 

5 White and Tolman, J. Am. Chem. Soc., 47, 1240 (1925). 

6 Hunt and Daniels, tbid., 47, 1602 (1925); Pease, ibid., 50, 1779 (1928). 

7 Am. J. Sci., 11, 349 (1901); see also Koelichen, Z. physik. Chem., 33, 129 (1900). 

8 Z. physik. Chem., 67, 501 (1909). 
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of density of liquid systems during chemical reactions; he obtained fair velocity 
constants for the following reactions using this method: hydrolysis of cane 
sugar, hydrolysis of methyl and ethyl acetates, rate of esterification of various 
acids in alcohols and the rate of hydration of acetic anhydride. Usually the 
density changes by 1 to 2 parts per 1000 during the course of a reaction so that 
if the density is measured to about 1 part in 100,000 the deviation of the velocity 
constant is 1 to 2 per cent. 

The change in refractive index has been used to measure rate of reaction by 
Duane;1 a photographic method was used, and by assuming that the density 
and the specific index of refraction are additive functions of the constituents, 
the rate of hydrolysis of cane sugar is measured. 

Dunstan and Mussell ? showed that viscosity coefficients varied sufficiently 
in a number of reactions to permit the calculation of the velocity from such 
measurements. 

When the number of molecules changes in the course of a chemical reaction, 
all those properties depending on the molecular concentrations such as osmotic 
pressure, rise in boiling point or lowering of freezing point will show a corre- 
sponding change. Trevor and Kortright * measured the rate of inversion of 
cane sugar by measuring the change of boiling point of the solution; Kahlen- 
berg, Davis and Fowler ‘ made similar measurements using the freezing point 
lowering of the solution. 

Change of Color: In many reactions there is no convenient analytical method 
for estimating any of the reactants or resultants; in such cases, if one of the 
reacting substances is highly colored, we have a method for estimating the speed 
of the reaction which avoids all the difficulties of analytical measurements. 
Lapworth * in a study of the addition of hydrocyanic acid to camphorquinone 
states: ‘‘It was decided to resort to a method of investigation in which the 
speed of reaction could be roughly gauged by means of a color change, and 
for this purpose, advantage was taken of the fact that camphorquinone has a 
bright yellow color, which is perceptible even in very dilute solutions, whilst 
its cyanohydrin is almost, if not quite, colorless.” A similar method was used 
by Harcourt ° in a study of the reduction of ferric chloride by stannous chloride 
in presence of potassium sulfocyanide; by suitable standards of comparison the 
rate of fading of the blood-red color and hence the rate of reaction of the ferric 
ion was measured. When iodine is one of the reactants or resultants, colori- 
metric observations could also be used to measure the velocity of the reaction. 
By using an apparatus in which the intensities of two colors could be accurately 
compared, it is probable that this method could be developed to give results 
comparable with those obtained by the usual analytical procedure. Edgar 

1 Loc. cit. 

27. Chem. Soc., 99, 565 (1911). See also von Schroeder, Z. physik. Chem., 45, 75 (1903), 
and Beck, Trietsche and Ebbinghaus, Z. physik. Chem., 58, 425 (1907). 

3 Z. physik. Chem., 14, 149 (1894). 

47. Am. Chem. Soc., 31, 1 (1899). 


5 J. Chem. Soc., 83, 995 (1903). 
6 Phil. Trans., 212A, 187 (1913). 
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and Wakefield 1 used this method to measure the rate of conversion of creatine 
to creatinine under the influence of hydrochloric acid; at noted time intervals 
a measured portion of the reaction mixture was taken and neutralized to stop 
the reaction. Thesolution was then analyzed for creatinine by Folin’s method,” 
which makes use of the red color developed when creatinine is treated with 
picric acid and sodium hydroxide; a standard solution of creatinine was treated 
with picric acid and alkali in exactly the same way as the unknown solution, 
and the color was compared in a Duboseq type of colorimeter; the authors 
believe that the method gives the concentration of creatinine to + 1 per cent. 

Optical Rotation: When an optically active substance changes in concentra- 
tion during the course of a reaction, the polarimeter provides a convenient 
method of measuring the rate of the reaction. This method has been applied 
more especially in the study of sugar hydrolysis. A resumé of the work up to 
1906 is given by Caldwell,*? in which it is stated that, up to that time, 140 
papers were published on the hydrolysis of cane sugar. The velocity of 
inversion was first successfully measured by Wilhelmy‘* by means of the 
polarimeter; since the change in the optical rotation on passing from cane 
sugar [a ]p = + 66 to invert sugar [a ]p = — 28 isso large, accurate measure- 
ments may be made with a comparatively rough polarimeter. The technique 
may be illustrated by the method described in a recent paper.® 


Polarimeter tubes 40 cm. long were used surrounded by jackets through which water 
at 25° + 0.1 was circulated; 25 cc. of standard hydrochloric acid solution was added to 
25 cc. of a 20 per cent solution of sucrose, both solutions being at 25° C., and immediately 
the mixture was placed in the observation tube; the rotation a; is noted at convenient time 
intervals and the final rotation a» is measured after at least 48 hours from the start of the 
reaction. If we assume that the hydrolysis of cane sugar is represented by some such scheme 
as the following: 


Ci2H 22011 a H20 = C12H 22011. H20 (Rapid), 
Ci2H2011..H20 + Ht = CeHi206 + CeHi20s6 + H+ (Slow), 


we can conclude that the velocity of the slow reaction will be proportional to the concentration 
of the cane sugar and to the concentration of the hydrochloric acid, if the reaction takes 
place in dilute solution. The velocity equation will be, therefore, 


1 b 


where a is the initial concentration of the hydrochloric acid which remains constant during 
the experiment, b is the initial concentration of the cane sugar and (b — 2) is its concentration 
after time t. The ratio b/(b — x) is independent of the particular unit of concentration 


used so that if the rotations are additive we can replace b/(b — x) by ea 

At—=—AWeo 
the initial rotation and aq is the final rotation. Rosanoff, Clarke and Sibley § showed that 
the specific rotation of the solution is an additive function of its composition and also gave 
a method for calculating ao; a slight error in the value of ao will be greatly magnified in the 


1J. Am. Chem. Soc., 45, 2242 (1923). 

2 Folin, Am. J. Physiol., 13, 48 (1905). 

5 Brit. Assoc. Adv, Sci. Rep., 351 (1906). 

4 Pogg. Ann., 81, 418, 499 (1850). 

5 Lamble and Lewis, J. Chem. Soc., 107, 233 (1915). 
6 J. Am. Chem. Soc., 33, 1911 (1911). 


» Where ao is 
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value of & calculated for the earlier stages of the reaction, so instead of trying to obtain ao 
by direct observation they extrapolated to t = 0 the straight line obtained by plotting values 
of ¢ against corresponding values of log (a; — Qo); this gives far more reliable values of 
log (a0 — Ge) than can be obtained by direct measurement. 


The optical rotation of mixtures of sugars has been the subject of a number 
of recent investigations !; Hudson has pointed out that strict proportionality 
between change in rotation and the amount hydrolyzed would be possible only 
if the specific rotation of sucrose, glucose and fructose does not change -with 
concentration, a condition which is only approximately fulfilled in the case of 
the pure sugars. Vosburgh notes that for sucrose and glucose the variation 
is negligible but in the case of fructose it is appreciable in magnitude and the 
variation is in such a direction as to cause an apparent increase in the velocity 
coefficients when the latter are calculated by the unimolecular equation, an 
effect noticed by several observers; on the other hand, Nelson and Begle 
found that the specific rotation of fructose is affected by the presence of sucrose, 
but the effect is in such a direction as to compensate partly for the variation in 
specific rotation with concentration in the case of the hydrolysis of sucrose. 
Vosburgh gives a complete discussion of these errors and concludes that the 
polariscopic determination of the per cent of sucrose replaced by invert sugar 
gives a velocity constant about 0.4 per cent too high when sodium light is used; 
by using light of wave-length \ = 546.188, obtained from a mercury vapor 
lamp, the error is appreciably less. 

Conductivity: When a reaction occurs which invoives a change in concen- 
tration of an electrolyte, conductivity measurements provide a convenient 
method of following the course of the reaction. This method has been applied 
to the measurement of the rate of hydration of acid anhydrides; ? it is not 
possible to measure the rates of these reactions by titrating the acid produced 
by alkali because the reactions are extraordinarily sensitive to traces of alkali. 


Previous attempts by Menschutkin and Vasilieff,? and by Lumiére and Barbier 4 in which 
other methods were used were unsuccessful and Rivett and Sidgwick state: ‘‘We have 
endeavored to determine the constant with greater accuracy by means of the conductivity. 
If we start with a solution of the anhydride in water, the conductivity at any moment is due 
solely to the amount of acetic acid formed; and the only way in which the presence of the 
unchanged anhydride is likely to affect it is by its influence on the viscosity of the solution.” 
The only drawback to this method appears to be the somewhat uncertain viscosity correction. 
Recently Skrabal 5 has devised an ingenious method for measuring the velocity of hydration 
of acetic anhydride by conducting the reaction in presence of sodium iodide and iodate, 
the acetic acid liberating an equivalent quantity of iodine which can be estimated in the 
usual way. By having thiosulfate and starch present, the change of color when all the 
thiosulfate had reacted could be used for measuring the velocity. 

17, Am. Chem. Soc., 32, 885 (1910); Nelson and Begle, tbid., 41, 572 (1919); Vosburgh, 
ibid., 43, 219 (1921). 

2 Rivett and Sidgwick, J. Chem. Soc., 97, 732, 1677 (1910). 

3 J. Russ. Phys. Chem. Soc., 21, 188 (1889). 

4 Bull. Soc. chim., 35, 625 (1906). 

5 Monatsh., 43, 493 (1923). 
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Walker! has used conductivity measurements for measuring the rate of 
hydrolysis of esters by caustic alkalis. 

“The chief conditions for the convenient application of the method are: first, that there 
should be a considerable difference in conductivity between the initial and final systems, 
and second, that the change in conductivity should be proportional to the progress of the 
reaction. It occurred to me that these conditions would be well fulfilled in the saponification 
of an ester by a caustic alkali. The conductivity of the alkali, say sodium hydroxide, is 
much greater than that of the sodium salt produced by the saponification, owing to the high 
velocity of hydroxide ion as compared with the salt anion. Since, too, sodium hydroxide 
and sodium salts of monobasic acids are approximately equally ionized under the same 
conditions, the ionization in dilute solution remains practically the same throughout the 
saponification, and thus the alteration in the conductivity is almost exactly proportional to 
the progress of the reaction.” 


Measurements of the hydrolysis of methyl acetate and ethyl acetate by 
sodium hydroxide gave constants, the maximum deviation of which from the 
mean value in any series was less than 2 per cent; further, the results agreed 
with those obtained by Warder? and by Reicher.? Walker and Kay 4 used 
conductivity measurements to follow the rate of decomposition of ammonium 
cyanate in dilute aqueous solution; the equation representing the change is 


NHyt + CNO~ = CO(NH2)>. 


Other workers * have also used the conductivity method. 

Gas Evolution: The measurement of velocity of reaction by the rate of gas 
evolution has been carefully studied by a number of workers. Recently 
Harned ® has studied the catalytic decomposition of hydrogen peroxide by 
the iodide ion; measurements of the amount of oxygen evolved after definite 
time intervals gave the necessary data for calculating the velocity constant. 
It is necessary to agitate the solution to prevent supersaturation with the 
oxygen formed in the decomposition and this is done by means of a rapidly 
revolving glass stirrer sealed from the outside by the well-known mercury 
seal method; since the stirrer is rotated between 1000 to 1500 revolutions per 
minute, the apparatus must be carefully constructed, but it has the advantage 
that it could be used for any type of reaction in which a relatively insoluble 
gas is evolved. Preliminary experiments showed that, when there was no 
iodide ion present, the decomposition of the hydrogen peroxide by the stirring 
apparatus was negligible; excellent results were obtained and the results of 
experiments could be duplicated to within +1 per cent. Francis and his 
co-workers * have used this method to investigate the decomposition of nitro- 

1 Proc. Roy. Soc., 78A, 157 (1906). 

2 Am. Chem. J., 3, 203 (1881). 

3 Inebig. Ann., 228, 257 (1885); ibid., 232, 103 (1886). 

4 J. Chem. Soc., 71, 489 (1897). 

5 Cohen and Kaiser, Z. physik. Chem., 89, 357 (1915). 

5 J. Am. Chem. Soc., 40, 1461 (1918). 

7See also Holm and Greenbank, J. Ind. Eng. Chem., 15, 1134 (1928). 


§ Clibbins and Francis, J. Chem. Soc., 101, 2358 (1912); Francis and Geake, tbid., 103, 
1722 (1913); Francis, Geake and Roche, ibid., 107, 1651 (1915). 
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sotriacetonamine by alkalis into phorone and nitrogen; the following equation 
represents the reaction: 


WOU s C(CH AS /CH : CCH; 
co N.NO + OH- = H.0 + N.+ CO + OH-. 
\CH;. C(CH;)/ \CH : CCH; 


In their later work they designed a special apparatus in which the pressure of 
the evolved nitrogen was measured; this gave a much higher degree of accuracy 
without lengthening the time of an experiment. A list of other publications 
in which gas evolution is used to measure reaction rates is given below} 

Acidimetry and Alkalimetry: These methods are commonly used in the 
study of hydrolytic reactions and may be illustrated by the hydrolysis of methyl 
acetate by hydrochloric acid. 


The original method devised by Ostwald 2 for measuring the velocity has been used by 
most investigators with slight modifications; a known amount of standard hydrochloric 
acid is added to a small flask and then sufficient water so that when the ester is added, 
the total volume is 50 cc.; the flask is then placed in the thermostat for thirty minutes, and 
the required amount of ester added at a noted time; thus, for each experiment, the concen- 
tration of each constituent is known. From time to time 2 cc. portions of the solution are 
withdrawn by means of a pipette and added to about 40 cc. of water and the total acid esti- 
mated by standard baryta; the deviation of measurements made by this method is probably 
2-3 per cent. A similar procedure was followed by Reicher # in a careful study of the rate 
of hydrolysis of esters by alkalis; measured portions of the solution were added to standard 
sulfuric acid and the excess acid determined by titration with baryta water. 


Iodimetry: The application of iodimetry in the study of rate of reaction may 
be illustrated by the isomeric change of acetyl-chloro-amino-benzene to p- 
chloro-acetanilide under the influence of hydrogen ions and chloride ions 4; 
the course of the reaction was followed by adding a measured quantity of the 
. reacting solution at definite time intervals to a solution containing an excess of 
potassium iodide. The following reaction takes place: 


iON 
yar ads oi en: Cee 
CINCOCH; HNCOCH; 


The p-chloro-acetanilide does not react with the iodide. The free iodine is 
then titrated with standard sodium thiosulfate using starch as indicator. 
Lapworth ® studied the rate of addition of chlorine and bromine to acetone 
under the catalytic influence of various acids; here, the reaction may be followed 
by adding a measured quantity of the reacting solution to a neutral buffer con- 

1Lamplough, Proc. Camb. Phil. Soc., 14, 580 (1908); Walton, Z. physik. Chem., 47, 
185 (1904); Fraenkel, zb¢d., 60, 202 (1912). 

2 Ostwald, J. prakt. Chem., 28, 449 (1883). 

3 Ann., 228, 257 (1885). 

4 Rivett, Z. physik. Chem., 82, 201 (1913). 

5 J. Chem. Soc., 85, 30 (1904). 
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taining an excess of potassium iodide; the buffer solution stops the reaction 
and the chlorine or bromine liberates iodine in equivalent quantity which 
may then be estimated by standard thiosulfate. 

Measurement of Very Rapid Reactions: ! In connection with the measure- 
ment of velocity of reaction there are in general two problems: (1) To arrange 
that the chemical system under investigation be made initially unstable in a 
period of time that is negligibly short in comparison with that taken by the 
chemical reaction. (2) To record from time to time the points reached by the 
unstable system by means of methods which take a negligibly short time in 
comparison with that taken by the chemical reaction. In the case of slow 
reactions both these requirements can easily be met, for the initially unstable 
system can be made by mixing the reactants, an operation which takes only 
a few seconds; this can be neglected if the reaction takes many minutes or 
hours to reach equilibrium. Since the dynamical study of slow reactions has 
thrown so much light upon the general mechanism of chemical reactions, the 
value of a method for measuring the velocity of rapid reactions can hardly be 
questioned; however, in the case of reactions so rapid that equilibrium is 
reached within perhaps a second, the methods used for slow reactions break 
down completely, and it is necessary to search for new modes of attack. In 
one method, the initial unstable condition was obtained by passing light 
through a system photochemically reversible; by cutting off the light, the 
concentrations of the reactants return to their previous dark values. The 
procedure used is to pass the solution through a tube, a section of which is 
exposed to a strong beam of light (which displaces the system from its dark 
equilibrium) ; sections of the tube further along are then examined by a suitable 
optical method to obtain the concentrations of the reactants at these points. 
This method was not developed because comparatively few reactions are 
photochemically reversible and in addition there is the uncertainty as to 
whether the effects of the light upon the system disappear at the instant at 
which the light beam is interrupted. Instead, a mixing process was devised 
which can be completed before any appreciable degree of chemical action can 
take place. The principle of the method consists in causing the fluids to be 
mixed to come together at a high velocity within a special type of mixing 
chamber; the two streams of fluid having met one another and mixed very 
completely then pass down an observation tube and at measured points the 
concentrations of the reactants are determined by a suitable optical method, 
which may involve measurements of (a) opacity, (b) color, (c) absorption in 
definite spectral regions, (d) wave-length of absorption bands, (e) rotation of 
the plane of polarization, (f) refractive index. The necessary time measure- 
ments are obtained from a knowledge of the rate of flow down the observation 
tube and the distance between the cross-sections where determinations are 
made. MHartridge and Roughton find 2 that the velocities of reactions with a 

1 Hartridge and Roughton, Proc. Roy. Soc., 104A, 376 (1923). V.K.LaMer and C. L. 
Read (J. Am. Chem. Soc., 52, August, 1930) using thermocouples have followed the rate of 


the sodium dichromate-sodium hydroxide neutralization at time intervals of 0.002 second. 
2 Ibid., 104A, 396 (1923). 
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half period of only 0.03 sec. may be measured by this method; they have 
applied the method to the measurement of the rate at which oxygen dissociates 
from its combination with hemoglobin. 

A possible method for measuring the rate of very rapid reversible gas 
reactions depends on measurements of the variation of the velocity of sound 
with wave length. If we consider a sound wave passing through nitrogen! 
peroxide, the equilibrium N.O,@ 2 NOz will depend upon the pressure and 
since a sound wave consists of periods of compression and rarefaction, the 
velocity of the sound wave will be affected by the rapidity with which equi- 
librium is attained. There are two limiting cases; if the frequency of the 
sound is so low that equilibrium is very nearly attained during the time of one 
vibration, the velocity will have one value and will be independent of the fre- 
quency in this region; if on the other hand the frequency of vibration is so 
high that in the time of one vibration practically no change occurs in the 
relative amounts of N2O, and NOs, the velocity will have another value and 
in this region will again be independent of the frequencies. Between these 
two limits there will be a region of transition. 

A number of authors? have attempted to measure the rate of dissociation 
of NO, in this way but the results are not decisive. There appears to be no 
* reason why this method should not be applied to a number of gaseous reactions, 
such as the dissociation of iodine, phosphorus pentachloride and molecular 
associations such as acetic acid in the vapor state. 

An ingenious method has been developed recently for measuring the rates 
of very rapid reactions * in solutions. The method consists in making com- 
petition experiments by adding to a mixture of two compounds an insufficient 
amount of some reagent which reacts with both. A series of such experiments 
are done in which different amounts of the reagent are added, and by suitable 
analysis the extent of each reaction is determined; from these the ratio of the 
two velocity constants can be calculated. It is possible to measure absolute 
velocities in this way by selecting pairs of competitors, one of which has a 
velocity slow enough to be measured directly, and from this we can pass to 
very much faster reactions. This method has been used in a series of studies 
on the rate of bromination of aromatic amino and phenolic compounds in 
aqueous solutions, and recently the rates of some ionic reactions * have been 
measured; it has been shown for example that sodium thiosulfate reacts more 
quickly with iodine than does sodium bisulfite. 

Measurement of Temperature Coefficients: This is usually done by meas- 
uring the velocity at two temperatures, the ratio giving a measure of the 
effect of temperature on the velocity; the method however is laborious and 
time-consuming, for it requires two separate exact experiments; also, the error 
in the temperature coefficient is much greater than in a single velocity measure- 

1 This was first suggested by Nernst and Keutel. F. Keutel, Inaug. Diss., Berlin 1910, 
and the detailed theory has been developed by Einstein, Sitzwngsber. Berlin Akad., 380 (1920). 

2 Argo, J. Phys. Chem., 18, 438 (1914); Selle, Z. physik. Chem., 104, 1 (1923) ; Griineisen 
and Goens, Ann. Physik, 72, 193 (1923); Olsen and Teeter, J. Am. Chem. Soc. (1929). 


3 Francis, Hill and Johnston, J. Am. Chem. Soc., 47, 2211 (1925). 
4¥Francis, J. Am. Chem. Soc., 48, 655 (1926). 
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ment being given by Vey? + e22 where e: and e: are the errors of the two velocity 
measurements. Recently a method for measuring temperature coefficients 
has been devised ! which requires only one experiment and gives a high degree 
of precision in the result. The principle of the method is shown by the following 
description of the procedure followed when measuring the temperature coeffi- 
cient of the reaction between acetone and iodine in aqueous solution. 


“We had two thermostats working side by side, one at t: and the other at éz2, and each 
regulated to + 0.003°. We filled a liter bottle with a solution of acid and iodine of approxi- 
mately the strengths used in a velocity determination. The bottle was then fitted with a 
titrating ‘siphon and the iodine accurately estimated in the usual manner with thiosulfate. 
After removing the siphon, we weighed the bottle and contents and, by subtracting the weight 
of the empty bottle, we obtained the weight of the solution. We then placed the bottle in 
the thermostat of lower temperature (t:), and when it had attained this temperature we 
started the reaction by running in the required quantity of acetone from a pipet, immediately 
agitated the bottle, fitted it with a quick-running siphon and filled four 100 cc. glass-stoppered 
reaction tubes with the solution. ‘Two of the tubes were placed in the thermostat at h, 
and two in the other thermostat. We noted carefully the time at which we added the acetone 
and also the time at which the two tubes were placed in the thermostat at tz. After a suitable 
time, usually 3-4 hours, we fitted the tubes with a titrating siphon and determined the iodine 
as in a velocity experiment. From these data we could obtain the rate of loss of iodine in 
each set of tubes expressed in terms of ‘cc. of thiosulfate per minute. No correction is neces- 
sary for the results at h, since the tubes were at this temperature all the time. A small - 
correction is necessary for the results obtained at tz, since the reacting solution was at & 
for a short time (usually 2 minutes) and also the solution took some time to attain the tem- 
perature ¢2 after being transferred to the bath of higher temperature. A further correction 
is necessary because the solution diminished in density when raised to the higher temperature. 
The total of these corrections, however, is very small and amounts usually to less than 1 
per cent.” 


It is evident that the ratios of the corrected rates of loss of iodine at the 
two temperatures gives the temperature coefficient of the reaction; these rates 
may be expressed in terms of cc. of thiosulfate per minute, so that it is not 
necessary even to standardize the thiosulfate. Temperature coefficients de- 
termined in this manner agree with those determined from the results of two 
separate experiments. 


THEORETICAL 


The fundamental law governing chemical reactions is the mass action law 
enunciated first by Guldberg and Waage,? and applied to the study of reaction 
rate by Wilhelmy.* This application has already been discussed. From the 
theoretical standpoint, the problem is to show how the velocity constant of 
the reaction is related to the fundamental properties of the reacting molecules 
and to the temperature. It is well to note at the beginning the relation 
between the velocity constants of two opposed reactions and the equilibrium 
constant. Thus, if the velocity of a reaction is equal to ki\C4Cg ... where 
A, B... are the reactants and the velocity of the reverse reactions is 

1 Rice and Kilpatrick, J. Am. Chem. Soc., 45, 1410 (1923). 


* Etudes sur les affinites chimiques, Christiania, 1864; J. prakt. Chem., 19, 69 (1869). 
3 Pogg. Ann., 81, 413, 499 (1850). 
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ki2xCpC x a where D, HE... are the resultants, we will have for the equl- 
librium conditions when the two velocities must be equal, 
ECAC Re By SS k.CpCe. Cy) 
or 
ky 
K=— 
ky’ 


where K is the equilibrium constant. Since the equilibrium constant varies 
with the temperature according to the thermodynamic equation, 


dinK AH 
2 Ow es 


and it is known experimentally that the velocity constants change with the 
temperature ! in accordance with the equations, 


dln ky Q1 dinks _ Q> 


Cit ART? CMTE 


it follows that AH must be equal to Qi — Qs. Considerations such as these 
have led to the belief that Qi and Q, are activation energies, that is, that they 
are energies which the molecular systems must acquire in order to react. If 
AH is positive it is immediately apparent that Qi must be at least equal to 
AH and Q2 may be zero; if AH is negative Q2 must be at least equal to the 
magnitude of AH and Q: may be zero; in either case it is possible that they may 
both be very much greater than the magnitude of AH. These considerations 
led to the suggestion that the rate of reaction of molecules in a gas is propor- 
tional to the fraction of the molecules having this energy;? this meets the 
necessity of assuming that there is some property of the reacting molecules 
which differentiates them very decidedly from the average molecules; thus, if 
reaction occurred at every collision between two molecules in the case of a 
bimolecular reaction, for example, the reaction mixture would simply explode. 
The above assumption has worked out very well for bimolecular reactions and 
it has been assumed that the energy of activation is the relative energy of 
translation. For unimolecular reactions it is necessary to assume that the 
energy is the internal energy of vibration of the atoms within the molecule. 

The Arrhenius Hypothesis: The first important attempt to account for 
the high temperature coefficient of chemical reactions was made by Arrhenius ° 
about forty years ago. He was studying the inversion of cane sugar by acids 
in aqueous solution and proposed that the cane sugar existed in two forms, 

1 An exception to this occurs in the case of chain reactions which are discussed on p. 1009. 

2 Natanson, Wied. Ann., 38, 288 (1889); Jager, Wien. Ber., 100, 1182 (1891); 104, 675 
(1894); Goldschmidt, Physik Z., 10, 206, 421 (1909); Kruger, Géttinger Nachr., 318 (1908) ; 
Trautz, Z. Wiss. Photochem., 4, 160 (1906) ; W. C. McC. Lewis, J. Chem. Soc., 113, 471 (1918); 
Herzfeld, Ann. Physik, 59, 635 (1919); idem, Z. Physik, 8, 132 (1922); Polanyi, tbid., 2, 90 


(1920). 
3 Arrhenius, Z. physik. Chem., 4, 226 (1889). 
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active and inactive, in mass action equilibrium. Only the active form inverts, 
and the rate of the reaction is proportional to the concentration of the active 
form, which is assumed to be present in small amounts. Moreover, the rate 
of change of the active form into the inverted forms must be slow compared to 
the rate of conversion of active molecules into inactive molecules and vice 
versa, so that approximate equilibrium between active and inactive sugar 
molecules is maintained. Let K be the equilibrium constant of the reaction 
between active and inactive molecules so that: Concentration of Active 
Molecules = K X Concentration of Inactive Molecules; then, if ka is the 
specific reaction rate for the inversion of active molecules, we have 


=— = —hCa= —k,KC = — KC, 


where C, is the concentration of active molecules and C is the concentration 
of inactive molecules, or since C, is small, the total concentration of cane sugar, 
and k is the observed specific reaction rate. Arrhenius assumed that k, is 
independent of the temperature and that the relation between K and tem- 
perature is given by the van’t Hoff isochore, 


Ce 
Cae RT 


where Q is the energy required to convert an inactive into an active sugar 
molecule. Then, 
dink dinkK dimK_ Q 


dT dT (Tete 


Thus, the temperature coefficient of the reaction constant is the temperature 
coefficient of the equilibrium constant, K. In this way Arrhenius obtained a 
theoretical justification of the observed relationship between reaction velocity 
and temperature. He explained the action of catalysts by assuming that the 
hydrogen ion or other catalyst shifts the equilibrium to the active side and 
therefore increases the velocity of the reaction. 

Except for a modified idea of what constitutes the active form in chemical 
reactions this idea of Arrhenius is essentially the view that we hold today. 
Undoubtedly, Arrhenius, when he proposed this theory, thought that the 
active molecule was some definite chemical modification of cane sugar; we no 
longer subscribe to this view. At present we believe that the active form 
consists of molecules which differ from the inactive molecules only in their 
energy content; molecules which have a large excess of energy have a greater 
probability of reacting and the Arrhenius energy of activation turns out to be 
the difference between the mean energy of the molecules which react and the 
mean energy of all the molecules. 

The Radiation Hypothesis: Trautz, Perrin and W. C. McC. Lewis originally 
proposed the radiation hypothesis; it has been widely discussed,! especially 


1 See Trans. Farad. Soc., 17, 500 (1922); Daniels, Chem. Rev., 5, 39 (1928). 
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since 1919. The essential feature of it is that it provides a mechanism for the 
Arrhenius hypothesis of activation; this mechanism ig activation of a molecule 
by the absorption of radiation emitted by the surroundings. It is assumed that 
the energy of activation is equal to Nhv per mole where N is the Avogadro 
number, / is Planck’s constant and v the radiation frequency. This hypothesis 
was very attractive at the time, for it gave an immediate mechanism for 
unimolecular reactions; a molecule was assumed to absorb a quantum of light 
at any instant of its time of free flight and decompose in a single act. The 
velocity of the reaction would be proportional to the density of radiation capable 
of decomposing the molecule and since this density increases exponentially 
with the reciprocal of the temperature the hypothesis agrees with the experi- 
mental facts. 

There are several very definite experimental tests to which this hypothesis 
may be subjected: (1) the frequency of the activating radiation can be calcu- 
lated from the measured temperature coefficient of the reaction, and this must 
agree with an infra red absorption band; (2) the substance at a given tempera- 
ture can be illuminated with infra red radiation of this frequency or other 
frequencies to see whether increased reaction results. The hypothesis has 
failed completely to meet any of these tests. For example, nitrogen pentoxide 
has an energy of activation corresponding to a wave length of 1.16 but it 
has no absorption band in this region.1. It has, however, a very strong band at 
about five times this wave length. It was thought that this fact might be 
significant and that therefore light of this or other infra-red wave lengths 
might be effective in brining about decomposition. Experiments by H. A. 
Taylor? and by Daniels? have shown that this is not true. Moreover, the 
failure cannot be due to any disturbing effect of collisions. Two experiments,? 
one using pinene and the other using nitrogen pentoxide have shown that a 
unimolecular reaction does not occur when a molecular beam of these substances 
is passed through an enclosure containing black body radiation at such a tem- 
perature that complete reaction should occur 4 if the absorption of black body 
radiation alone were the cause of chemical reaction. Briefly, the radiation 
hypothesis has failed to meet any of the experimental tests of its validity. 

Christiansen and Kramers ® have shown from a theoretical calculation that 
the molecules will not absorb quanta with sufficient rapidity to account for 
observed reaction rates. ‘The number of molecules which absorb light of 
frequency v per unit time is given by 


1 Daniels and Johnston, J. Am. Chem. Soc., 43, 73 (1921); Daniels, ibid., 48, 607 (1926). 

2H. A. Taylor, J. Am. Chem. Soc., 48, 577 (1926); Daniels, tbed., 48, 607 (1926). 

3 Lewis and Mayer, Proc. Nat. Acad. Sci., 13, 623 (1927); Mayer, J. Am. Chem. Soc., 
49, 3033 (1927); Rice, Urey and Washburne, ibid., 50, 2402 (1928). 

4See, however, Ure and Tolman, J. Am. Chem. Soc., 51, 974 (1928). 

5 Christiansen and Kramers, Z. physik. Chem., 104, 451 (1923). 
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where N is the number of molecules per cc., Bj, is the Einstein coefficient of 
absorption and y, is the density of black body radiation of frequenty ». They 
show that the maximum value of this rate assuming that the molecule has a 
band at the wave length predicted by the radiation hypothesis is approximately 


= 
N10?Xe #7, 


while the observed rate in the case of nitrogen pentoxide is about one million 
times this quantity. In making this calculation they have assumed that the 
probability of spontaneous emission of light by the molecule has the maximum 
observed value, so that the probability coefficient By; is also a maximum. 

The observed probabilities are for electron transitions and must be several 
orders larger than those for vibration transitions which are probably the type 
of transition involved in infra red absorption. There appears to be no possi- 
bility that any detectable fraction of the rate of unimolecular reactions can 
be due to infra red radiation; and similar considerations lead us to believe that 
activation by radiation is a negligible process for reactions of higher order except 
possibly at exceedingly low pressures. 

Collision Hypotheses: Before taking up the hypothesis of activation by 
collisions between two or more molecules it would be well to consider the 
conditions that must be fulfilled before and after collision. Briefly these con- 
ditions are that the linear momentum, the angular momentum and the total 
energy of the colliding molecules must remain constant. The first of these 
requires that the center of mass of the colliding molecules (these may be 
conveniently referred to as the system) must move with uniform velocity 
throughout the collision process. The kinetic energy of translation of the 
system is equal to the sum of one-half the mass of each particle multiplied by 
the square of its velocity referred to a fixed system of codrdinates. This 
kinetic energy can be separated into two terms; the first of these is the kinetic 
energy of a hypothetical particle having a mass equal to the total mass of the 
system and moving with the velocity of its center of mass; the second is the 
sum of the kinetic energies of the individual molecules moving in a system of 
coérdinates whose origin is the center of mass of the system; we shall refer to 
this as the relative translational energy. The first of these is constant through- 
out the process and is not available for the activation of the molecules since 
it cannot be transferred to the internal degrees of freedom. So far as the con- 
servation of momentum is concerned the second of these terms is available for 
redistribution throughout the system; the requirement of the conservation of 
angular momentum places certain restrictions on this redistribution. We shall 
however neglect these restrictions because the mechanics of these collisions is 
not sufficiently understood and our present knowledge of gaseous kinetics does 
not justify considering them. Since the total energy of the system must be 
constant and since the first term of the translational energy referred to above 
must also be constant we must have the condition that any interchange of 
relative translational energy and the internal energies of rotation and vibration 
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within the molecules must take place in such a way that the sum of these is 
constant. 

For multimolecular reactions, considered from the standpoint of the collision 
hypothesis, we assume that reaction occurs immediately whenever a collision 
occurs between the reacting molecules in which the relative kinetic energy of 
translation is equal to or greater than a certain value which is the energy of 
activation. It may be, however, that reaction occurs when the sum of the 
relative kinetic energy and the internal rotational and vibrational energies of 
the molecules exceeds a certain critical value and that this is the energy of 
activation. However, in actual fact, it is found that the velocity of multi- 
molecular reactions can be explained by taking into account only the relative 
kinetic energy although this does not exclude the possibility that internal 
energy enters into the reaction process; on the other hand, the velocity of 
unimolecular reactions can be explained by taking into account both the 
relative kinetic energy and the internal energy of the molecule. 

Bimolecular Gas Reactions: The number of collisions between like isologalee 
of a gas per second per ce. is given by the equation, 


fig = 2Ng? ee 
M’ 


where WN is the total number of molecules per cc., a is the distance of nearest 
approach and M is the molecular weight of the molecule. 

The velocity constant for a bimolecular reaction between two like molecules 
as for example, the decomposition of hydrogen iodide could be calculated from 
the previous equation by reducing it to moles per liter instead of molecules per 
cc. This gives a velocity of the order of 10’ moles per minute if the pressure 
is one atmosphere. As a matter of fact, several homogeneous gas reactions 
have been investigated which proceed with a measurable velocity, which in the 
same units would be 107% or 10-4; evidently, only a small fraction of the col- 
lisions result in reaction. This fraction, however, increases rapidly . with 
increasing temperature as is indicated by the rapid increase in the velocity of 
the reaction with rise in temperature. On the other hand, the total number of 
collisions increases only slightly with the temperature and, in fact, increases by 
1.5 per cent as the temperature goes from 300 to 310° K. 

We make the assumption that every collision in which the relative trans- 
lational energy is greater than a certain minimum value F results in reaction. 
In making the necessary calculations we shall therefore consider for the present 
only the relative translational energy and we shall apply these calculations 
to the decomposition of hydrogen iodide since this has been most extensively 
studied. ‘The number of collisions between two molecules in which the relative 
kinetic energy exceeds the value £, is given by kinetic theory (p. 125) and is: 


E ee 
n=no(1+gn)é RT , (1) 
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where no is the total number of collisions per cc. per second and is equal to 


(p. 124) 
RT 
mo = 2N%9? (2) 


We should note that this last formula holds only for like molecules; for unlike 
molecules the number of collisions is: 


Oo, + G2 3 M, + Ms Saar 
— ‘ 3 
a0 aN ( : ) Wi ee (3) 


The observed velocity of the reaction is kc? for a reaction between two like 
molecules. We have, then, 


RT Fhe ese 
ke? = 4N%o? ote a BES (4) 


where k is the specific reaction rate constant and cis the concentration. Taking 
the logarithm of both sides of this equation and then differentiating with 
respect to 7’ we secure the theoretical temperature coefficient for the reaction. 
This gives: 
dink E—3RT 
Teer 


(5) 


In order to obtain the value of # in terms of the experimental energy of activa- 
tion Q it is only necessary to set 


Q=E-43RT or E=Q+3RT. (6) 


It can be easily seen from equation 5 that the dependence of In k on temper- 
ature is independent of the numerical factors occurring in equations 2 and 3 
and therefore equation 6 is true regardless of whether the reacting molecules 
are like or unlike. It is now possible to make a comparison between the 
observed rate of the reaction and that calculated by substituting this value of 
E in equation 5. The value of Q is determined from the experimental data of 
Bodenstein! by plotting In k against 1/7; this gives 44900 cal. Substituting 
this value of Q in equation o gives 45500 cal. for the value of E at 320°C. By 
substituting this value of H in equation 1 and using the value of mo from 
equation 2 we can calculate the number of collisions per second which, according 
to the theory, should cause the decomposition of the colliding molecules. The 
result of this calculation is that there are 4.6 X 10" effective collisions per 
second at a concentration of 1 mole per liter. In making this calculation the 
only quantity which is somewhat uncertain is the diameter of the molecule. 
We have used Rankine’s value? of 3.5 X 10-8 cm., obtained from viscosity 
data, which agrees very well with the value 3.3 X 10-8 cm. secured by Kistia- 
kowsky * from a study of the velocity of decomposition of hydrogen iodide at 

1 Bodenstein, Z. physik. Chem., 13, 56 (1894); 22, 1 (1897); 29, 295 (1899). 

2 Rankine, Trans. Farad. Soc., 17, 719 (1922). 

3 Kistiakowsky, J. Am. Chem. Soc., 50, 2315 (1928). 
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high pressures. The determination of the radius by viscosity measurements 
depends upon the average distance of approach of all molecules, while Kistia- 
kowsky’s determination depends upon the mean distance of approach of those 
molecules which react. The close agreement of the two values indicates that 
these two quantities are not very different; we may therefore safely assume that 
the diameter of a high velocity molecule is approximately the same as an aver- 
age molecule. The experimentally observed value for k20° is 2.4 X 1014 
molecules per second. Since the calculated number of collisions is 4.6 X 10% 
and collision is assumed to cause the reaction of two molecules the calculated 
value of k is 4.6 X 10% molecules per second or 19 times the observed velocity. 
The agreement is sufficiently close to indicate that the mechanism of reaction 
is essentially that postulated in the theory. However there are several factors 
which have not been considered. These are: (1) the number of collisions of 
high relative energy has been calculated assuming equilibrium conditions 
during the decomposition, which is of course not the case. Hydrogen iodide 
molecules of high energy are constantly being removed by the reaction and it 
may be expected that the removal of these high energy molecules will decrease 
the number of this class of collisions; however, this correction would probably 
be negligible. (2) The condition that the angular momentum must be con- 
served has been ignored. Putting in this condition could not increase the 
calculated number of effective collisions and might reduce it.!. (3) The relative 
orientations of the atoms of the molecules at the instant of collision may make 
a difference; thus, unless the two hydrogen atoms and the two iodine atoms 
come within some certain short distance of each other no reaction may occur. 
This effect may be expected to be very pronounced in the case of large mole- 
cules. (4) We have neglected all consideration of the three internal vibrational 
and rotational degrees of freedom; thus, a molecule with more than average 
vibrational energy might be able to react with another molecule even though 
their relative translational energies were less than the critical value. This 
effect would make the calculated value higher and the divergence from the 
experimental value still greater. 

We may conclude therefore that we have reasonably satisfactory agreement 
between the theoretical and experimental values for the rate of decomposition 
of hydrogen iodide. The agreement is sufficiently close to indicate that the 
factors listed above will not be large enough to affect the order of the calculated 
value and may be just sufficient to make it the same as the experimental one. 
This conclusion is supported also by measurements on the rate of decomposition 
of nitrous oxide, chlorine monoxide,? acetaldehyde and the formation of 
hydrogen iodide; * in all these examples the calculated and experimental values 
for the velocity constant are in reasonably close agreement. 


1 For a discussion of a simpler case of this sort see Ruark and Urey, Atoms, Molecules and 
Quanta, Chap. 13. McGraw-Hill, 1930. 

2 Hinshelwood and Burk, Proc. Roy. Soc., A, 106, 284 (1924) ; Hinshelwood and Pritchard, 
tbid., A, 125, 1841 (1924). 

3 Lewis, J. Chem. Soc., 113, 471 (1918). 
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Several studies have been made! on the combination of two atoms to give 
a molecule. It has been recognized for many years that it is impossible for 
two atoms to combine to give a diatomic molecule by a simple binary collision 
without radiation, for there is no mechanism for the loss of energy in the process. 
Experimentally, Polanyi and Schay have shown ? that the probability of com- 
bination of sodium and chlorine atoms is less than one in ten thousand at 
collision and Urey and Bates have calculated that two atoms will collide on 
the average 10‘ to 10° times before combination even with the emission of light. 

We must conclude, therefore, that a reaction A + B— C can occur without 
emission of light only if a third body (which may be another molecule or the 
walls of the vessel) is present. Bodenstein and co-workers have shown that 
100-1000 binary collisions between bromine atoms occur between each recom- 
bination process, and this is approximately the number of ternary collisions at 
the pressures which they used. Smallwood concludes that the rate of recom- 
bination of atomic hydrogen is of the order of magnitude expected if recom- 
bination occurs in three body collisions in which the third body may be either 
the wall or another molecule present. 

Polanyi and his coworkers * have investigated a special class of bimolecular 
gas reactions and have put forward a mechanism for these reactions which is 
well substantiated by their experimental results. 

Haber and Zisch ‘ first investigated the reactions between the alkali metals 
in the gaseous states with the gaseous halogens and halogen compounds at 
pressures of a few hundredths of a mm. and lower. These reactions take place 
with the emission of light and are especially interesting in that they have no 
energy of activation; that is they react after each or at most a few collisions 
have occurred. 

If sodium vapor and chlorine gas are allowed to diffuse into each other in a 
long cylindrical tube at such pressure that the mean free paths of the molecules 
are considerably longer than the diameter of the tube, they react with the 
formation of sodium chloride which deposits on the wall of the tube and with 
the emission of light. The course of the reaction can be followed by deter- 
mining the amounts of sodium chloride deposited at various points along the 
tube and determining also the distribution of light intensity throughout the 
reaction zone. From these data it is possible to determine the velocity of the 
reaction as a function of the pressure of the alkali metal and halogen and to 
compare these results with various hypotheses of the mechanism of the reaction. 
There are several important experimental results: (1) the intensity of the light 
emitted decreases rapidly with temperature but the distribution of the alkali 

1 Bodenstein and Lutkemeyer, Z. physik. Chem., 114, 208 (1924); Bodenstein and Muller, 
Z. Elektrochem., 30, 416 (1924) ; Smallwood, J. Am. Chem. Soc., 51, 1985 (1929); V. Kondratjew 
and A. Leipunsky, Z. Physik, 50, 366 (1928); Urey and Bates, Phys. Rev., 33, 279 (1929); 
34, 1541 (1929). Another calculation by Kondratjew and Leipunsky shows that the proba- 
bility of recombination is much less than the value of Urey and Bates (Trans. Far. Soc., 
p. 736 (1929)). 

2 Z. physik. Chem., 1B, 30 (1928). 


§ Polanyi and coworkers, Z. physik. Chem., 1B, 3 (1928); the first paper contains a bib- 
liography of previous work. 
4 Haber and Zisch, Z. Physik, 9, 302 (1922). 
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halide is not changed; (2) the intensity of the light emitted increases more 
rapidly than the concentration of the alkali metal ; (3) the quantum yield at 
low pressures is less than 1 per cent but by increasing the pressure of the alkali 
metal this can be greatly increased (e.g., to 35 per cent for sodium and chlorine) ; 
(4) the maximum intensity of the light does not occur at the same point as the 
maximum deposit of salt. The quantitative observations on these points, as 
well as others made on a jet of chlorine burning in sodium show that the 
mechanism of this reaction is as follows: 


I Primary gas reaction, Na + Cl, = NaCl + Cl, 
II Secondary gas reaction, Naz -+ Cl = NaCl + Na, 
III Secondary wall reaction, Na + Cl = NaCl. 


Reaction IT liberates 75 Cal. and this is sufficient to excite a sodium atom to 
the 7D state which requires 48.3 Cal. and which can then emit the sodium D 
lines. The decrease in intensity of the sodium light with rise in temperature 
is due to the dissociation of the sodium molecule and indicates that the energy 
of dissociation of Naz is 18 + 2 Cal. in agreement with the spectroscopic value 
of 23 + 2.3 Cal. The rapid increase in intensity of the light with increase in 
the partial pressure of sodium is due to the increased concentration of Nag 
molecules. The different distribution of intensity of light and of salt deposit 
is due to the fact that all the reactions contribute to the deposit of salt but only 
the second to the emission of light; due to the small number of Naz molecules, 
reaction II is slow and, consequently, chlorine atoms produced by reaction I 
can diffuse into the sodium vapor for an appreciable distance before combining 
with an Nas The emission of light does not come from the sodium atom 
produced in reaction II; the NaCl molecule formed in this reaction retains 
sufficient energy (> 48.3 Cal.) to excite a sodium atom with which it collides 
to the2D state and this atom then emits the light. That itis the NaCl molecule 
and not the sodium atom that acquires the energy (> 48.3 Cal.) of reaction 
II is shown by the fact that nitrogen quenches the light more effectively than 
it does sodium fluorescent radiation. 

Termolecular Reactions: A number of termolecular reactions have been 
reported in the literature of which the best known is the oxidation of nitric 
oxide.t In order that a termolecular reaction have a velocity in the readily 
observable range, it is necessary that the heat of activation shall be less than 
the heats of activation of bimolecular reactions. This is due to the fact that 
the number of three body collisions will be very much less than the number of 
two body collisions in a gas. Using formula (156) (p. 126) we see that the ratio 
of two body collisions to three body collisions in a gas at atmospheric pressure 
will be of the order of 10%. Now the velocity of a bimolecular reaction at a 
pressure of one atmosphere if every collision were effective would be of the 

1 Bodenstein and Lindner, Z. physik. Chem., 100, 68 (1922); Patrick and Hasche, J. Am. 
Chem. Soc., 47, 1207 (1925) ; Hasche, ibid., 47, 2143 (1925) ; 48, 2251 (1926). See also Trautz, 
Z. anorg. Chem., 88, 285 (1914), and Trautz and Dalal, zbid., 102, 149 (1918), for the reactions 
between NO and Cle and between NO and Brz respectively. 
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order of 10° moles per min. and thus we see that if every three body collision 
resulted in reaction the velocity would be of the order 107 at a pressure of one 
atmosphere. Of course, the orientation factor may be much more important 
in the case of termolecular reactions and we do not know how large this may 
be; the observed velocity for the reaction. of nitric oxide and oxygen is of the 
order of 10 if the partial pressures of nitric oxide and oxygen are 2/3 and 1/3 
atmospheres respectively, and thus, if the orientation factor is to account for 
the discrepancy, we must assume that it is 10-*. This assumes that the 
energy of activation is zero, although if we assumed that the orientation factor 
was 1 instead of 10~*, the energy of activation would only need to be a few 
thousand calories in order to secure agreement between the calculated and 
observed velocity constants. Actually, the observed temperature coefficient 
has a smal! negative value so that ki,10/k: lies between 0.9and 1. The explana- 
tion of this decreasing velocity is not yet possible. 

The whole subject of termolecular reactions is not quite cleared up yet. 
The oxidation of nitric oxide is affected by the presence of water vapor and by 
the walls of the vessel to some extent, and under certain conditions it shows a 
period of inhibition. These facts indicate that the oxidation may be a chain 
reaction. It has also been suggested that the reaction really occurs in stages 
and that the negative temperature coefficient is due to the decreasing con- 
centration of an intermediate compound. 

Unimolecular Gas Reactions: The essential feature of unimolecular gas 
reactions is that the single molecules have a probaility of decomposing which is 
independent of the presence of other molecules of like or unlike kind and is 
independent of the length of time that the molecule has existed; this is the 
meaning of the equation — d[c |/dt = k[c]. Of course it may be that only a 
fraction of the total molecules present exist in such a state that they have a 
finite probability of decomposition; such a state is in all probability one of 
higher energy content. We may therefore assume that the process of activation 
for unimolecular gas reactions is essentially similar to that for multimolecular 
reactions. In order to account for the unimolecularity of the process it is 
necessary to assume that there is a time lag between activation and decom- 
position. Ifthe rate of production of the activated molecules is large compared 
to their rate of reaction, the process will appear to be unimolecular even though 
the activation process is bimolecular. Thus, most of the molecules which are 
activated by collision will be deactivated by other collisions before decom- 
position; hence very nearly the equilibrium concentration of active molecules 
will be maintained; the rate of activation may vary with the pressure but as 
long as this rate is sufficiently great to maintain approximately the equilibrium 
concentration of active molecules, the rate of reaction will depend only on the 
concentration and probability of reaction of these active molecules and not on 
the rate at which they are produced. In order for this mechanism to be suc- 
cessful it is necessary that the rate of activation must be considerably greater 
than the observed unimolecular rate of the reaction. The energy of activation 
of a molecule must be localized in the internal degrees of freedom and not in 
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its translational degrees of freedom; since the linear momentum must be con- 
served, the center of mass of the dissociated products must move with the 
velocity of the molecule before the unimolecular change takes place. 

The simplest assumption to make is that the energy of activation arises as 
with bimolecular reactions from the relative translational energy of the colliding 
molecules. Calculations of the kind given above for the bimolecular decom- 
position of hydrogen iodide show that the velocity of activation by this means 
is not able to maintain the observed rates of unimolecular reactions by many 
orders. Of the possible sources of error given in that calculation it appears 
that only (4), namely the contribution to the activation by the internal degrees 
of freedom, is able to give an increased rate of activation. That this should be 
an important factor in the activation of unimolecular reactions seems entirely 
reasonable because these processes comprise only reactions of complicated 
molecules with many internal degrees of freedom. In fact it appears that the 
important degrees of freedom in this process are the internal degrees of freedom 
and that the relative translational energy is a comparatively unimportant 
factor. 

The first comprehensive attempt to calculate the rate of activation in 
unimolecular processes was made by Fowler and Rideal.!. The most important 
assumption in this paper is that whenever two molecules collide such that their 
internal energies plus their relative kinetic energies is equal to the energy of 
activation, after collision this whole energy is all localized in one molecule. 
They showed that this assumption gave faster calculated rates of activation 
than any observed experimentally in the case of the decomposition of nitrogen 
pentoxide. This result was obtained by assuming that part of the internal 
degrees of freedom had no energy and that the remaining degrees of freedom 
were classical in that the energy states were completely continuous. The 
most serious criticism of the assumptions on which this calculation is based is 
that the complete transfer of all available energy to the one colliding molecule 
at every collision is very improbable. This treatment of Fowler and Rideal 
is classical except that it is assumed that the number of degrees of freedom used 
in their calculation is less than the actual number present in the molecule. 
O. K. Rice and Ramsperger 2 have also treated the problem in a semi-classical 
manner and conclude that it is possible to secure a sufficiently rapid rate of 
production of activated molecules to account for observed reaction rates. 

In order to handle this problem adequately it is necessary to recognize that 
the rotational and vibrational energy of molecules is quantized, that is that 
the molecule exists only in discreet steady states separated by finite differences 
of rotational and vibrational energy.’ The problem is: given a finite amount of 
energy to be distributed between a large number of molecules each of which 
has a certain number of degrees of freedom, what fraction of the molecules will 
be in any given energy state. At the outset we can simplify the problem by 

1 Proc. Roy. Soc., 113A, 570 (1927) ; see also Hinshelwood, tbid., 113A, 230 (1927). 


2 J. Am. Chem. Soc., 49, 1617 (1927); 50, 617 (1928). 
3 Kassel, J. Phys. Chem., 32, 225, 1065 (1928). 
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neglecting the translational and rotational degrees of freedom; we must do 
this because at present we do not know the laws governing the transfer of 
translational and rotational energy at collision and we can justify this procedure 
because only large molecules in which vibrational energy is several times greater 
than the translational plus rotational energy react unimolecularly. In any 
case the transfer of translational energy to internal vibrational energy is 
probably a slow process as shown by the absorption of sound in gases.* 

The vibrational energy of a molecule according to quantum theory will be 
to a first approximation, 


E = hA(nyw1 + news + °** nsws) + Constant, (7) 


where 71, M2, *** are the quantum numbers and a1, we, -++ are frequencies of 
vibration and s is the number of vibrational degrees of freedom; the constant 
is independent of the n’s. In order to consider the problem exactly it would 
be necessary to know all these frequencies of vibration. At present these 
frequencies are only incompletely known although we may assume that since 
most molecules have many elements of symmetry, many of the vibrational 
frequencies will be identical; to see qualitatively how the energy is distributed 
and what the rates of activation are, we may make the simplifying assumption 
that all these frequencies are equal. The energy is, then, 


E = hnw + Constant, (8) 
where 
N=M+ N+ --° N. 


Tn what follows, we may neglect the constant since we are interested only in 
energy differences. By the application of statistical mechanics we find that 
the fraction of the molecules having the energy nhw is: 


os bakes PES bite \ Rare Saul 
N,/N =e ese zh Alice De, Raa: (9) 


assuming negligible decomposition. The number of molecules with energy 
nhw which enter into collision in unit time is; 

N,/ = 4N,No? ae (10) 
and, at equilibrium, this must be the number also emerging from collision with 
the energy nhw; if complete statistical redistribution of the energy between all 
the degrees of freedom of the two molecules occurs during collision, equation 
(10) will give the number of molecules with energy nhw. produced per unit time. 
This is the maximum rate of activation that can be expected. Thus two 
molecules having the energy mhw and n2hw may collide with a high probability 
that after collision each may retain its own energy; it is obvious that the 
number of molecules with energy nhw entering into collision and emerging 

1 Herzfeld and F. O. Rice, Phys. Rev., 31, 691 (1928). 
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from collision are still given by (10) but that many of these collisions do not 
produce new molecules and therefore the rate of production of new activated 
molecules may be less than given by (10). 

It remains now to consider the probability that a molecule with a given 
amount of energy will react. If the energy of a molecule is less than the overall 
energy change of the reaction, the molecule must have a zero probability of 
reacting; if it has greater energy than this amount it may or may not have a 
finite probability of reacting. We will let the probability that a molecule in 
the nth state will react unimolecularly in unit time be b,. We take the rate 
of production of molecules in the nth state as given by equation (10); this 
must be equal to the rate at which these molecules are destroyed by collision 
and by reaction. Let the number in the nth state in the reacting stsyem be 
Z,, which is not the same as N,. The number removed from the nth state by 
collisions is equal to the number of collisions which the molecules make, namely, 


wtRT 
4c? yy Nn = ANZn, (11) 


and the number which react per unit time is: 
Dale 


Setting the rate of production equal to the rate of removal and solving for Zn 
we have: 
W,N? 


BES SY Gatling iN 


(12) 
These molecules react at the rate dZ,,/dt and this is equal to — 0,Z, since the 
reaction is assumed to be unimolecular. Summing over all the molecules for 
which 6, is finite gives: 


aN aZn W nN*bn 
—= = = SW AL 13 
dt x dt x AN + bn (13) 
In the case where AW is very much larger than b,, this reduces to 
dN 
ea N>obnWn, (14) 


and the reaction is unimolecular, with a specific velocity constant, 
ion als. 

In the case where AN is very much smaller than b, equation (13) reduces to 
dN : 
CE — N*>~AWa, (15) 
dt 

and the reaction becomes bimolecular and the observed velocity of decom- 

position is merely a measure of the rate of activation. 
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In order to follow the reaction in the intermediate region it is necessary to 
know b, as a function of n. O. K. Rice and Ramsperger and Kassel have 
made plausible assumptions as to the form of this function and have shown that 
certain reactions as for example the decomposition of azomethane studied by 
Ramsperger ! do deviate from the unimolecular reaction rate in a way expected 
from formula (13). 


REACTIONS IN SOLUTION 


When we come to consider the problem of reactions in solution we find a 
far less satisfactory situation from the standpoint of interpretation. Kinetic 
theory and statistical mechanics at present are not able to give us any satis- 
factory description of the liquid state, the only outstanding exception being 
the Debye-Huckel theory of electrolytic solutions. This is in marked contrast 
to our knowledge of the gaseous and solid states. Such being the case, it is 
necessary to fall back upon a thermodynamic description of the phenomena. 
In view of these facts it is difficult and perhaps valueless to construct kinetic 
models of the processes taking place, although the great advances that have 
been made in the study of gaseous kinetics and in the study of atoms and 
molecules by the use of models make this a very serious limitation. An appli- 
cation of kinetic theory and statistical mechanics would enable us to make 
use of models and perhaps solve some of the present outstanding difficulties. 

Since the great majority of reactions in solution appear to be catalyzed by 
hydrogen ions and hydroxy] ions, the historical treatment of the subject must 
necessarily be concerned largely with catalytic reactions. The fact that the 
catalytic activity of acids in aqueous solution is approximately proportional to 
the degree of dissociation as determined by electrolytic measurements led to the 
identification of the hydrogen ion as the active catalyst; indeed the well-known 
experiments of Arrhenius? on the inversion of sucrose by weak acids in presence 
of the corresponding salt gave results which furnished the most convincing 
evidence in favor of the view that, apart from a small neutral salt effect, the 
catalytic activity of an acid is determined by the concentration of the hydrogen 
ion in the acid solution; the simple hydrogen ion theory of acid catalysis rests 
very largely on the evidence afforded by these measurements. About this 
same time it was found * that the rate of inversion of sucrose by weak acids 
was greatly augmented by the addition of the neutral salts of strong acids; 
for example, the presence of 0.125 N potassium chloride increases the catalytic 
activity of 0.025 N acetic acid by about 12 per cent. Arrhenius therefore 
proposed a modification of his dissociation theory by postulating that dissolved 
salts increase the dissociation constants of weak acids present in solution; 
presumably the water acquires a greater dissociating power or the salt itself 
acts as a dissociating medium. This view was generally accepted for about 
twenty years. During this time however results were accumulating which 
indicated that the undissociated molecule of the catalyzing acid might be 

1 Ramsperger, J. Am. Chem. Soc., 49, 912, 1495 (1927); 50, 714 (1928). 

2Z. physik. Chem., 5, 1 (1890). 

3 Arrhenius, Z. physik. Chem., 31, 197 (1899). 
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catalytically active, and that there was a general relationship between the 
catalytic power of the undissociated acid and its dissociation constant; since 
the undissociated molecule in the case of strong acids appeared to be more 
active than the hydrogen ions, it soon became obvious that these results might 
explain the anomalous neutral salt action observed by Arrhenius without 
adopting the hypothesis that the dissociating power of the medium was altered. 

The view that the catalytic effect represents the result of two simultaneous 
changes in which the active agents are the hydrogen ion and the non-ionized 
acid was developed by a number of workers! and became known as the dual 
theory of acid catalysis. The work of Goldschmidt on ester formation in 
methyl and ethyl alcohols led to the conclusion that both the hydrogen ions 
and the non-ionized acid are catalytically active since, when sufficient salt of 
the catalyzing acid is added to reduce the ionization of the latter practically to 
zero, the reaction still proceeds at a definite rate; the assumption is made that 
this is due to a complex of the non-ionized portion of the acid with the reactant. 
Snethlage showed that his observations on reactions catalyzed by acids’ in 
ethyl alcohol solutions could be explained on the basis of this theory; he calcu- 
lated values for the ratio between the catalytic activity of the undissociated 
acid and that of an equal concentration of hydrogen ion, and showed that the 
greater the strength of the acid the greater is the catalytic activity, ky,, of the 
non-ionized portion as compared with the catalytic activity, ky, of the hydrogen 
ion; for weak acids the ratio k),/ky is a very small fraction; but for acids like 
hydrochloric acid the ratio is greater than 1. The fact that the rate of hy- 
drolysis increases more rapidly than the concentration of the hydrochloric acid 
is accounted for on the assumption that in aqueous solution the catalytic 
activity of the non-ionized acid is about double that of hydrogen ions in equiva- 
lent concentration; similarly the accelerating effect of neutral salts is attributed 
to their effect in increasing the concentration of the non-ionized portion of 
the acid. 

Later developments of this theory ? postulate that the number of catalyti- 
cally active particles is much greater than is ordinarily supposed; instead of 
considering the simple equilibrium equation HCl = Ht + Cl in connection 
with the hydrolysis of, for example, methyl acetate by hydrochloric acid, we 
should realize that this simple equation represents very incompletely the 
reactions occurring; really there is a complex series of equilibria between 
many different molecular and ionic types so that we have present as well as 
the simple hydrogen ion H*, such compounds as (H.H,0)t, (H.CH3;COOCHS*), 
(HCl.H.0), (H.CH;COOH)*, etc. If we ascribe a catalytic activity to the 

1Senter, J. Chem. Soc., 91, 460 (1907); Lapworth, ibid., 93, 2197 (1908); Snethlage, 
Z. Elektrochem., 18, 539 (1912); Acree, Am. Chem. J., 1907 to 1913; Goldschmidt, Z. phystk. 
Chem., 70, 627 (1910); idem, ibid., 81, 30 (1912); Bredig, Z. Hlektrochem., 18, 535 (1912); 
Taylor, Medd. K. Vetensk. Nobelinst., 2, 35, 87 (1913); Dawson and Powis, J. Chem. Soc., 
103, 2135 (1913); Ramstedt, Medd. K. Vetensk. Nobelinst., 3, 1 (1915); Taylor, J. Am. 
Chem. Soc., 37, 551 (1915); Lapworth, J. Chem. Soc., 107, 857 (1915); Dawson and Reiman, 


J. Chem. Soc., 107, 1426 (1915). 
2 See Kendall, Proc. Nat. Acad. Sci., 7, 56 (1921). 
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undissociated molecule, it is only logical to take these other compounds into 
consideration also; the problem thus becomes very difficult, for we have at 
present no idea of their relative catalytic activities and no method of measuring 
even their relative concentrations. 

Lapworth ! and his co-workers first put forward the view that the hydrated 
hydrogen ion has little or no catalytic activity; they examined the following 
widely different examples of hydrogen ion catalysis in organic solvents, and 
showed that small quantities of water produce a marked retardation in all cases; 
the decomposition of diazoacetic ester, the esterification of carboxylic acids, the 
change of hydrazobenzene into benzidine and the bromination of ketones. 
Those reactions which occurred in both water and alcohol were found to go 
enormously faster in alcohol, and minute quantities of water in the alcohol 
produced a great retardation of the velocity. Lapworth accounts for this 
by supposing that the water causes a reduction in the number of non-hydrated 
hydrogen ions, which he supposes to be the active catalytic agent. He con- 
cludes: ‘“‘The proposition that free hydrogen ions are responsible for the 
catalytic activity of acids leads to the conclusion that they must be relatively 
few in number in aqueous solution. On the other hand, the original conception 
of hydrogen ions was applied to explain the conductivity of acids in aqueous 
solution, so that the terms are not synonymous. In the latter case, they must 
be complex ions, probably of the form (H2O.H)*.”? Dawson,? from experi- 
ments on the reaction between acetone and iodine in water and water-alcohol 
mixtures, also supported this view; 0.5 per cent of water reduced the rate to 
one fifth and 1 per cent of water reduced the rate to one tenth of its value in 
pure alcohol; further, in alcohol solutions containing small quantities of water, 
the reaction velocity is proportional to the concentration of the acetone, but 
is not proportional to the concentration of the acid catalyst; in such solutions 
the velocity increases much more rapidly than the concentration of the acid 
catalyst. For example, in an alcoholic solution containing one half per cent 
of water, an increase of the concentration of the sulfuric acid catalyst from 
0.03 M to 0.15 M increases the velocity nearly ten times. 

The surprising variations obtained in hydrogen ion catalysis by changing 
the solvent and the catalyzing acid are illustrated by some results obtained by 
Dawson and Powis: ? in an alcoholic solution of hydrochloric acid the reaction 
between acetone and iodine is approximately one thousand times as fast as in 
an aqueous solution of hydrochloric acid of the same concentration; in aqueous 
solution the reaction proceeds at the same rate when catalyzed by equal con- 
centrations of hydrochloric acid and trichloracetic acid, but in alcohol hydro- 
chloric acid is 200 times as active catalytically as trichloracetic acid. Mono- 
chloracetic acid and dichloracetic acid which are moderately strong acids in 
water have practically no catalytic activity in alcohol. 

Bait ne and Lapworth, J. Chem. Soc., 93, 2163 (1908); Lapworth, ibid., 93, 2187 
1908). 


2 J. Chem. Soc., 99, 1 (1911); Dawson and Powis, ibid., 105, 1093 (1914). 
8 Ibid., 103, 2135 (1913). 
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The results of a number of workers shows that the effect of neutral salts 
on the velocity of reaction is independent of the temperature and Rice! 
suggested that this could be explained by Lapworth’s dry hydrogen ion theory. 
However, these views can no longer be sustained due to the failure of the theory 
to account for the effect of salts on the velocity. 

Dawson and his collaborators in a series of papers 2 have studied the acetone- 
iodine reaction in buffer solutions with particular reference to the way the 
velocity varies with the concentrations of the catalytic ions. The observed 
velocity of the reaction in an acetic acid—sodium acetate buffer will vary with 
the concentration of hydrogen ion, bydroxyl ion, acetate ion and undissociated 
acetic acid; in the region when the hydrogen ion concentration is so high that 
the hydroxyl concentration may be neglected and assuming that the simple 
mass action law without activity factors holds for the dissociation of the acid, 
Dawson has shown that the velocity will vary with the hydrogen ion according 
to the equation for a catenary. The variation of the velocity with the concen- 
tration of the catalysts is of considerable interest but before these results can be 
considered conclusive it is necessary to introduce corrections for the deviations 
from the classical mass action values. 

This leads us to a consideration of the various attempts that have been 
made to replace concentration terms by activities. The exact form for the 
equilibrium constant for a reaction is K = a4’ap’*+:/a4ap°++, where 
Ga4’Ap’***, G4dp °°: are the activities of the products and reactants respect- 
ively. It follows therefore that the velocities of the forward and reverse reac- 
tions have the form, 

Vi = kya4agz ++ # 
and 
V2 = koag’ap’::: F, 


where F is an unknown function which must be the same for both the forward 
and reverse reactions. In the first attempts the function F was assumed to be 
a constant but this did not lead to a satisfactory description of the phenomena. 
Brénsted proposed that F is equal to 1/fz, where fz is the activity coefficient for 
an intermediate reactive complex of the reacting substances. The theory has 
been particularly successful in accounting for the general nature of the change 
in velocity due to the addition of salts. In addition Brénsted has proposed a 
new definition of acids and bases which is discussed in a later section. 
Brénsted’s Hypothesis: The views that up to the present have met with 
most success have been put forward by Brénsted,* who proposed a formula to 


1J. Am. Chem. Soc., 45, 2808 (1923); Rice, Fryling and Wesolowski, ibid., 46, 2405 
(1924). 

2 J. Chem. Soc., 1926-1929. 

3 Harned, J. Am. Chem. Soc., 40, 1461 (1918); Harned and Pfanstiehl, abid., 44, 2193 
(1922); Scatchard, ibid., 43, 2387 (1921); Fales and Morrell, ibid., 44, 2071 (1922); Akerléf, x 
ibid., 48, 3046 (1926); Jones and Lewis, J. Chem. Soc., 117, 1120 (1920); Moran and Lewis, 
ibid., 121, 1613 (1922). 

47. physik. Chem., 102, 169 (1922); 115, 337 (1925); Chem. Rev., 5, 231 (1928) ; see also 
Bjerrum, Z. physik Chem., 108, 82 (p24); 118, 251 (1925). 
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include many of the facts regarding reactions in solution. We may assume 
that the course of reaction in solution consists of (1) the formation of a fugitive 
complex between the reacting substances one of which may be a catalyst and 
(2) the subsequent rearrangement or decomposition of this fugitive complex. 
This fugitive complex is supposed to be in equilibrium with the reacting sub- 
stances. It is further assumed that the velocity of the reactions is proportional 
to the concentration of this complex. The successes of Brénsted’s hypothesis 
consist in its ability to predict the changes in velocity due to the addition of 
other molecules and ions, by calculating the change in concentration of this 
fugitive complex. 

We assume that the velocity, V, of the reaction is proportional to the con- 
centration of a critical complex which we may designate by X for convenience, 
that is, 


Vice (16) 
The thermodynamic equilibrium constant for the reaction 


A+ Bex CVE) 


Az ace 


asap facaf scr’ 


(18) 


where the a’s, f’s and c’s are the activities, activity coefficients and concen- 
trations respectively. Solving for cz gives: 


Cn = Lage K. (19) 
Substituting in (16) we obtain: 
Va cuca K= keacn a (20) 


In addition, Brénsted supposes that the reactivity of the fugitive complex is 
influenced by the character of the solvent. 

We can have three types of molecules taking part in a reaction, namely, 
neutral molecules and positively and negatively charged molecules carrying 
one or more elementary units of electricity; we know from thermodynamic 
experiments how the activity coefficients of each of these types of molecules 
vary in dilute solution. A summary of the experimental facts regarding the 
variation of the activity coefficient in dilute aqueous solutions containing elec- 
trolytes is given by the formula, 


— Inf = az2Nu + Be, (21) 


where z is the number of elementary units of charge on the ion, uw is the ionic 
strength of the solution (p. 771), 8 is an empirical constant and cis the total 
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equivalent concentration of electrolyte. The constant a of this equation is 

given by the following theoretical formula for the region of low concentrations: 
* N2e? V2 

“~~ (10 RDT)32? 


(22) 


where N is the Avogadro number, e is the absolute value of the electronic 
charge, and D is the dielectric constant. The value of the constant! is 1.165 
for water at 25° C. It should be noted that, for a neutral molecule, 


Info = — Boco, (23) 


and that, for a charged molecule, Bc is small compared to azg?Vu at low con- 
centrations but may be of the same order of magnitude at higher concentrations. 
Let us consider a typical bimolecular reaction which we may represent as 
follows: 
A+Bex>5C+4+D, 


in which A, B and X may or may not be charged. The addition of an electro- 
lyte to the solution will influence the course of the reaction in two ways; firstly, 
it will change the activity coefficients of A, B and X due to a change in the 
ionic strength of the solution and secondly, it will change the concentration 
of one of the reacting substances if this is in equilibrium with other molecular 
species in the solution whose activity coefficients will be altered by the presence 
of the non-reacting electrolyte. We may illustrate these two effects best by 
considering a special example such as the hydrolysis of cane sugar (s) by acetic 
acid. We must consider two equilibria in this solution,? namely, 


S+H+*2 SH, 
and 
CH;COOH — CH;COO- + Hr. 


The first equation represents the equilibrium between cane sugar, hydrogen 
ions and the reactive complex. The addition of a salt such as sodium chloride 
will change the activity coefficients of S, Ht and SH* due to a change in the 
ionic strength of the solution and will therefore change the concentration of 
SH* and therefore the velocity of the reaction. This effect is called the 
primary salt effect. The second equation represents the dissociation of acetic 
acid and the addition of sodium chloride in the same way will change the 
concentration of the hydrogen ion and therefore will change the concentration 
of the complex SH*+ and alter the reaction rate. This is called the secondary 
salt effect. 

Primary Salt Effect: We will now discuss the primary salt effect for a few 
special cases. The first example we will consider is a reaction between a 


1 Bronsted and LaMer, J. Am. Chem. Soc., 46, 555 (1924); LaMer and Mason, 49, 363 


(1927). 
2 The term hydrogen ion and the symbol H+ are used to refer to and represent HsOt 


or whatever hydrate of the proton exists in solution. 
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neutral molecule and a positive ion, such as the hydrogen ion, 
A+Ht+teAHtoC+D4 HM. 


The kinetic activity factor fafa*/fan*+ can be estimated from equation (21). 
The value of az? will be the same in the case of Infq+ and Infau* in very 
dilute solutions and therefore we have: 


nob = (— Ba — But+ + Ban?)e, (24) 
ecg 
or 
Gafat _ 6 4-byptBan ow 1 (Bat + But — Bane. (25) 
faut 


The latter approximation is only correct if the exponent is small as it is in 
observed cases. Substituting in equation (20) we obtain: 


V = keacn*[1 — (8a + But — Ban*)c]. (26) 


We see that the salt effect will be linear in c which is the concentration of the 
total electrolyte. Neither the sign nor the magnitude of the constant (G4 
+ Bu+ — Ban*) can be predicted from the theory but experimentally it is 
found that it lies between + 1 and — 1 and is usually negative for hydrion 
catalysis; the corresponding constant for hydroxyl ion catalysis is usually 
positive. The linear salt effect has been studied for a number of different 
reactions.1 The same effect will be expected if the reactants are all neutral 
molecules since in this case az?Vu of equation (21) is zero. This has been 
studied for the rate of hydration of acetic anhydride.? 
The more general reaction is: 


ABs Xx, 


where A, B and X carry the charges Za, Ze and (Z4 + Zp) respectively. 
Using equation (21) we obtain, 


ne —a (za? + 2p? — 24 + 2p?) Ve — (Ba + Ba'— Bz)e (27) 
or 
in dB a ie 
fe = a22A4ZB Kh (Ba 55 Bp Ape Bz)c. (28) 


1(a) Hydration of Glycid and Epichlorhydrin by H+. Brénsted, Kilpatrick and Kil- 
patrick, J. Am. Chem. Soc., 51, 428 (1929). (6) Decomposition of Nitrosotriacetonamine by 
OH-. Brénsted and King, ibid., 47, 2523 (1925); Kilpatrick, ibid., 48, 2091 (1926). (c) 
Decomposition of Diazoacetic Ester. Bronsted and Duns, Z. physik. Chem,. 117, 303 (1925). 
(d) Hydrolysis of Acetal by Ht. Brénsted and Wynne-Jones, Trans. Farad. Soc., 25, 59 
(1929). (e) Hydrolysis of Cane Sugar. Palmaer, Z. physik. Chem., 22, 492 (1927). (f) 
Hydrolysis of Esters. Euler, Z. physik. Chem., 32, 348 (1900); Taylor, Medd. Nobelinstitut, 
2, Nr. 34, (1913); Poma, Medd. Nobelinstitut, 2, Nr. 11, (1912). (g) Lactone Formation. 
Henry, Z. physik. Chem., 10, 96 (1892); Holmberg, zbid., 80, 587 (1912). (h) Decomposition 
of Nitramid. Brénsted and Pedersen, Z. physik. Chem., 108, 185 (1924). 

2 Kilpatrick, J. Am. Chem. Soc., 50, 2891 (1928). 
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This equation shows that the activity factor is positive if the charges on A 
and B are of like sign and is negative if the charges on A and B are of unlike 
sign, since the term 2az4zz\u is much larger than the term (84 + Bp — Bz)e 
at low concentrations. This equation has been verified for a number of re- 
actions.‘ Since the value of the constant a is known and since in dilute 
solution the second term may be neglected, we may calculate the value of 


Safe 
he 


salt effect. This has been done and the experimental value of a determined 
from reaction rate measurements agrees approximately with the theoretical 
value. Weshould note however that in reactions between ions of high valency 
the theory may not be followed quantitatively owing to the inadequacy of the 
principle of ionic strength for high valence ions.2 LaMer? has shown that 
this is true for the reaction CH,.BrCOO- + $.0;= ~ CH.8.0;COO= + Br-. 

Secondary Salt Effect: The distinction between the primary salt effect 
which has been discussed up to the present and the secondary salt effect which 
we shall now consider can best be shown by means of an example. Consider 
again the hydrolysis of cane sugar catalyzed by hydrogenion. Experimentally 
the salt effect for this reaction is small and linear only if the hydrogen ion is 
produced from a strong acid such as hydrochloric acid; in this case the primary 
salt effect is the only one that matters because the addition of salt does not 
change the concentration of hydrogen ions by changing appreciably the 
equilibrium H+ + Cl-= HCl. If a weak acid such as acetic acid is used as 
a source of hydrogen ion, the addition of salts such as sodium chloride causes 
a very decided increase in the velocity of the reaction. The reason for this is 
that the addition of the neutral salt changes the concentration of hydrogen ion 
by changing very appreciably the equilibrium between hydrogen ion, acetate 
ion and acetic acid; we therefore obtain this pronounced secondary salt effect 
when we change from a strong acid catalyst to a weak acid catalyst. In 
fact, the secondary salt effect appears in all reactions involving the ions of 
weak electrolytes. 

We may illustrate this by the hydrolysis of nitrosotriacetone amine which 
has been studied by Bronsted and King‘ and by Kilpatrick. Hydrolysis in 
dilute aqueous solution of sodium hydroxide in presence of sodium chloride 
showed the usual small primary salt effect. When catalyzed by weak bases 
both primary and secondary salt effects were present. We may give two 
typical examples to illustrate the method of calculating the secondary salt 
effect. In one case the hydroxyl ion was obtained from a piperidine buffer 

1 Brénsted and Livingston, J. Am. Chem. Soc., 49, 435 (1927); Brénsted and Delbanco, 
Z. Anorg. Chem., 144, 248 (1925); Timofeew, Muchin and Gurewitsch, Z. physik. Chem., 
115, 161 (1925); Livingston, J. Am. Chem. Soc., 50, 3204 (1928). 

2 LaMer and Sandved, J. Am. Chem. Soc., 50, 2656 (1928). 

3 J. Am. Chem. Soc., 51, 3341 (1929). 

4 Bronsted and King, J. Am. Chem. Soc., 47, 2523 (1925). 

5 Kilpatrick, ibid., 48, 2091 (1926). 


ln and hence we may predict quantitively the magnitude of the primary 
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according to the reaction, 
CsHuN + H.O@ C;Hi2Nt + OH. 
The critical complex is assumed to be formed according to the equation, 
A+ OH-~— A.OH 


where A represents the nitrosotriacetonamine. The primary salt effect was 
determined by observing the change in the rate of the reaction when catalyzed 
by 0.01 N sodium hydroxide in presence of various concentrations of sodium 
chloride. The velocity constant is given by the equation, 


k = 0.192 — 0.13c, (29) 


where c is the total equivalent concentration of electrolyte. The problem is 
to observe the velocity constant in a buffer solution for which the total equiva- 
lent concentration of electrolyte is known. From equation (29) the magnitude 
of the velocity constant for solutions of equal total electrolyte concentrations 
can be calculated and the differences represent the secondary salt effect. In 
this way, it is found that, for a piperidine buffer, a positive salt effect is obtained 
and for a phosphate buffer a negative salt effect is obtained. We shall now 
proceed to show that this is in accordance with theory. The equilibrium 
constant for the piperidine is: 


wo LCs NE LOHT it 
mM [CsHuN ] fev 


where jf; and fo are the activity coefficients of the monovalent ions and the 
neutral molecule respectively. Then, 


2 
acini a 1.165 Vp, (31) 

fo 
from equations (22) and (28) where we neglect the terms in ¢ since they are 
small and set 2 ¢,7,,vt = + land zo”~ = —1. This means that the activity 


factor on the right of equation (30) must decrease with increasing ionic strength 
of the solution, which means that the factor on the right of equation (30) con- 
taining the concentrations must increase in order that K remain constant. 
Thus the concentration of OH~ increases and the rate of the reaction increases 
in accordance with experiment. 

The equilibrium for the phosphate buffer may be represented as 


Or + HO EP Oa + OH-. 
The equilibrium constant for this reaction is: 


[ HPO; a OH=|Fifs 


c= 
[PO is 


(32) 
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where fifz and:f; are the activity coefficients for mono, di and trivalent ions 
respectively. In this case 


mee = Zypo— Zon- X 1.165 Vu = 2 X 1.165 Vu. (33) 
Hence the factor fif2/fs will increase with increasing salt concentration and 
the factor containing the concentrations must diminish; therefore the con- 
centration of the OH~ is decreased and the velocity of the reaction is decreased. 

As can be seen from the examples already given, acid or basic catalysis 
differs from other reactions only in the formation of the fugitive complex from 
a molecule and the hydrogen ion or hydroxyl ion and the subsequent regenera- 
tion of the catalyst by the decomposition of the complex. 

The old idea of acids and bases as pointed out in the introduction, is that 
an acid is anything that produces hydrogen ions when placed in a solvent and 
a base is anything that produces hydroxyl ions when placed in a solvent. 
Brénsted’s idea may be expressed by the equilibrium, 


Ate BO + HF, (29) 


where z is the charge on A and may be positive, negative or zero. The sub- 
stance A is regarded as an acid and B as a base; an acid is therefore any molecule 
that can produce a proton, and a base is any molecule that can accept a proton; 
acids and bases related in this way are called conjugate acids and bases. 
Thus the acetic acid molecule is an acid and the acetate ion is a base; the 
hydrochloric acid molecule is a very strong acid and the chloride ion a very 
weak base; H;O7 is an acid and H,Oisabase. This definition robs the hydroxyl 
ion of its unique position as a base; all the anions of acids are bases and the 
weaker the acid the stronger will be its anion as a base. 

The nitramide decomposition studied by Brénsted and Pederson! gives 
a very good experimental justification for this definition. Nitramide decom- 
poses slowly in aqueous solutions according to the following equation: 


H.N.2O2 — N.O = be H.0, 


and this reaction is catalyzed by bases. The authors have investigated the 
catalytic effect of a large number of bases as defined above on this reaction 
and found the following relation between the velocity constant k of the decom- 
position and the equilibrium constant Kg of the acid-base equilibrium, 


k = G(nK g)*, (34) 


where G is a constant equal to 6.2 X 10~° for bases with 0, — 1 or — 2 charges 
but which is different for positively charged ions, and Kg = a42/ap7-1 ant; 
n is a statistical factor which depends upon the nature of the conjugate acid 
and base. This factor depends upon the relative probability that the basic 


1Z, physik. Chem., 108, 185 (1924). 
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molecule will accept a proton and that the conjugate acid molecule will donate 
a proton. This is illustrated by the following table.’ 


Statistical 


Dissociation Type Factor, n 
Q Succinic IT BH cs E- as Ht 1 
Malic II EL; <= De tt 1/2 
Propionie™ o Acetic A Se ee Ht D) 
c g Phenylacetic PH; vee Pre aR Ht 1/3 
Benzoic Og Tartaric II Jab — PH— ae Ht+ 1 


PH* eho oe 3 


For example, if we consider the 
conjugate system TH.— TH 
+ Ht we see that the proba- 
bility that a proton will be 
transferred to the TH7 will be 
proportional to the number 
of missing protons while the 
probability that a proton will 
be returned to the reactive molecule by the conjugate acid formed, TH2, 
will be proportional to the number of protons available, namely 2; therefore 
the efficiency of the TH~ as a catalyst will be reduced by one half. The factors 
in the table were obtained in a similar way. Figure 2 shows a plot of logk 
against log (nK g) for a number.of bases; the points fall very well on a straight 
line whose slope is 0.83; other bases such as the substituted anilines have been 
used and fall very close to the same straight line. Similar examples are known 
such as mutarotation of glucose for both acids and bases, the hydrolysis of 
ethyl orthoacetate, etc.2 It is not possible as yet to give a very satisfactory 
theoretical interpretation of equation (80) but the experimental results show 
the catalytic activity of these basic ions varies in a regular way with their 
strengths as measured by the equilibrium constants for the equilibrium 
between the conjugate acid and base and hydrogen ion. 

Temperature Coefficient of Reaction Rate: The theory of the temperature 
coefficient of gaseous reactions has been worked out rather completely, but 
there is no such development in the case of reactions in solution; in spite of the 
very great number of experimental facts observed in the study of the tem- 
perature coefficient of reactions in solution there has been no theory generally 
accepted, although it is assumed that the explanation is similar to that for 
gaseous reactions.® 

Recently * an attempt has been made to account for the experimental 


1 Specific examples illustrating this table are given by Bronsted, Chem. Rev., 5, 323 (1928). 
2 See Bronsted, Trans. Farad. Soc., 24, 630 (1928). 

3 See for example Christiansen, Z. physik. Chem., 113, 35 (1924). 

* Rice and Urey, J. Am. Chem. Soc., 52, 95 (1930). 
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results obtained by Rice and his co-workers,' namely, that the temperature 
coefficient of a reaction in solution catalyzed by a strong acid is independent of 
the nature of the acid, and is also not affected by the presence of its salts; the 
temperature coefficient of a reaction is lower when catalyzed by a weak acid 
than when catalyzed by a strong acid, and is diminished still more by the 
addition of salts of the weak acid. The explanation proposed is based on 
Brénsted’s theory and current theories for the temperature coefficient of reac- 
tions in the gaseous state. It is supposed that the fugitive complex postulated 
by Bronsted really consists of a whole series of fugitive complexes which differ 
from each other only in energy content. This may be represented as follows: 


A+Ht+=> AHt, 
AHt = (AHt+)’, 
(AH+)/ ++ B= Ht +04:D+.- 


where (AH™)’ represents a whole series of high energy molecules of the variety 

_(AH*). The addition of salts to such a reaction catalyzed by a strong acid 
changes the velocity of the reaction by changing the concentration of the 
reactive complex and this change is characteristic of the charges of A, (AH?) 
and (AH*)’ to a first approximation and is not due to any other specific proper- 
ties which they may have. Therefore, the energy distribution of molecules 
of the (AH*) type will not be disturbed regardless of their energy contents. 
Furthermore the addition of salt cannot change the probability of reaction of 
a given member of this series because this would change the velocity of the 
reaction and it would not be possible to predict the general nature of the 
primary salt effect. We can conclude, therefore, that the distribution of 
molecules with different energy contents and their probabilities of reaction do 
not change with the addition of salt and, therefore, the temperature coefficient 
should be independent of the concentration of salts of strong acids which is in 
agreement with experimental results. This theoretical conclusion applies, of 
course, only to dilute solutions of salts, but it is interesting to note that the 
experimentally measured temperature coefficient are nop nee of salt con- 
centrations far beyond the range in which Brénsted’s theory for the salt effect 
can be applied. 

If we consider catalysis by weak acids, we must consider two effects, one 
being catalysis by the (H30*) ion and the other catalysis by the undissociated 
acid molecule; the reaction will be catalyzed by both these acids and it is 
possible that it may also be catalyzed by the basic anion of the weak acid. 
Each of these stimultaneous reactions will have its own characteristic tempera- 
ture coefficient and in addition there may be an effect upon the mesured tem- 
perature coefficient due to side equilibria changing the relative amounts of 
these catalysts. Rice and Urey have shown that the experimental results 
obtained in sulfuric acid catalysts can be accounted for on the bases of this 
explanation. 

Catalysis by Metallic and Non-metallic Ions: The decomposition of 

1 Rice and Kilpatrick, J. Am. Chem. Soc., 45, 1401 (1923); Rice and Lemkin, zbid., 45, 
1896 (1923). 
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hydrogen peroxide in aqueous solution is accelerated by the presence of iron 
salts! in the solution, and both the molecules of the ferric salt and the ferric 
ions appear to catalyze the reaction; the rate of evolution of oxygen in presence 
of a mixture of iron and copper salts is much more rapid than the rate which 
may be calculated on the assumption that each salt acts independently; a 
small amount of a copper salt greatly accelerates the decomposition of hydrogen 
peroxide by iron salts in acid solution, whereas other metallic salts do not 
appear to have this promoter effect. Robertson? has continued the study 
of promoters and has shown that the effect consists in changing the course 
of the reaction; for example the catalysis of hydrogen peroxide by the chromate 
ion may be represented as follows: 


2Cr Om +. H,0.—> Cr,07— + H.0 af Oz, (35) 


followed by regeneration of the perchromate ion. The decomposition by 
manganous salts may be represented by 


2HMn0O, + 4H+ + HO. — 2Mntt+ + 4H,.O + Os, (36) 


followed by regeneration of the HMnO:. This is very rapid and in the pro- 
moted solution gradually replaces the reaction represented by (36) because of 
a transition reaction, 


2CrOs- + 2Mn** + 3H20 = Cr.07—— + HMn0:. (37) 


The decomposition of hydrogen peroxide by the bromide ion and by the chloride 
ion has been studied by Bray and Livingston * and the decomposition by the 
iodide ion has been studied by Walton 4 and by Harned.’ The concentration 
of the iodide ion remains constant and all the peroxide oxygen is evolved; the 
velocity is proportional to the concentration of the 


H.0, + 1 =S H.O + 10% (1) 
H.0, + 10’ = H.O+ 02+ 1’. (2) 


(1) is a slow measurable reaction followed by (2) an extremely rapid reaction. 
Clayton § has shown that hydrogen peroxide is extremely sensitive to the 
presence of small quantities of impurities and only by observing many pre- 
cautions can the velocity of decomposition of hydrogen peroxide in pure water 
be obtained. The possibility of the decomposition being also partly a wall 
reaction is discussed in the succeeding chapter (p. 1047). 

Slater 7 has studied the kinetics of the reaction between benzene and chlorine 
when catalyzed by ferric chloride, tin tetrachloride and iodine chloride; the 
reaction is remarkable in that the temperature coefficient with iodine chloride 

1yon Bertalan, Z. physik. Chem., 95, 328 (1920); Duclaux, Bull. soc. chim., 31, 961 
(1922); Mummery, J. Soc. Chem. Ind., 32, 889 (1913); Bohnson, J. Phys. Chem., 25, 19 
(1921); Bohnson and Robertson, J. Am. Chem. Soc., 45, 2493, 2512 (1923). 

2J. Am. Chem, Soc., 47, 1299 (1925); 48, 2072 (1926); 49, 1630 (1927). ; 

3 J. Am. Chem. Soc., 45, 1251, 2048 (1923); Livingston, ibid., 48, 53 (1926); Livingston 
and Bray, itbid., 47, 2069 (1925). 

4Z. physik. Chem., 47, 185 (1904). 5 J. Am. Chem. Soc., 40, 1463 (1918). 

6 Trans. Farad. Soc., 11, 164 (1915). 7 J. Chem. Soc., 83, 729 (1903). 
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as catalyst is unusually low whereas with other catalysts the normal value 
is obtained. 

The catalytic effect of mercury salts has been studied for a number of 
reactions; using mercuric nitrate as catalyst, oxalic acid in almost pure condi- 
tion may be prepared ! from acetylene and nitric acid; similarly, acetaldehyde 
may be prepared from acetylene and water by using mercuric sulfate in sulfuric 
acid solution; ? benzene and its homologues may be converted into a variety 
of nitro derivatives directly by nitric acid under the catalytic influence of 
mercuric nitrate. Mercuric sulfate is a most effective catalyst for the oxidation 
of naphthalene to phthalic acid, and a mixture of mercuric sulfate with copper 
sulfate has a greater catalytic effect than would be expected from the single 
effects. 

Cuain REAcTIONS 


A number of reactions have been studied which are sensitive to the presence 
of foreign substances in such a way that the velocity is sometimes increased and 
sometimes diminished; thus, Bigelow ® found that the rate of oxidation of aque- 
ous sodium sulfite by atmospheric oxygen is greatly affected by the presence of 
organic compounds; the results for the different compounds are very erratic, 
for example, oxalic acid and tertiary butyl alcohol have no effect, propyl alcohol 
and acetone have a marked effect and benzyl alcohol has an enormous effect; 
most aromatic compounds reduce the velocity greatly. Similar results were ob- 
tained by Young’? who studied the rate of oxidation of stannous chloride by at- 
mospheric oxygen; in this reaction, hydrogen sulfide is such a powerful catalyst 
that its presence at a concentration of 0.000005 N increases the velocity of the 
reaction about 25 per cent; on the other hand, salts of manganese and chromium, 
various alkaloids, mannite, aniline and potassium cyanide greatly reduce the 
velocity. Young ® also studied the rate of oxidation of aqueous sodium sulfite 
and found many astonishing examples of inhibition; in alkaline solution, 
0.000005 M brucine hydrochloride reduces the velocity to one hundredth of the 
normal rate and its effect can still be detected at concentrations about 0.0000001 
M; similar effects though not quite so great are obtained with other alkaloids, 
with cane sugar and with ammonium chloride. Young concludes from his 
own and Bigelow’s results that this inhibiting effect is shown in some degree 
by all organic compounds. Titoff ° has a comprehensive memoir on negative 
catalysis in homogeneous systems in which he made a further study of the 
oxidation of aqueous sodium sulfite; the rate of oxidation is very slow in 
absence of added catalyst; it is a reaction of the first order, the rate being 
proportional to the concentration of the sodium sulfite but independent of 

1 Kearns, Heiser and Nieuwland, J. Am. Chem. Soc., 45, 795 (1923). 

2 Vogt and Nieuwland, J. Am. Chem. Soc., 43, 2071 (1921). 

3 Davis, Worrell, Drake, Helmkamp and Young, J. Am. Chem. Soc., 43, 594 (1921). 

4 Groebe, Ber., 29, 2806 (1896). 

5 Bredig and Brown, Z. physik. Chem.. 46, 502 (1903). 

6 Z. physik. Chem., 26, 493 (1898). 

7 J. Am. Chem. Soc., 23, 119, 450 (1901). 


8 J. Am. Chem. Soc., 24, 297 (1902). 
9 Z. physik. Chem., 45, 641 (1903). 
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the concentration of oxygen. Many salts of heavy metals accelerate the 
reaction, notably copper sulfate, which even at 10~-? N produces a measur- 
able acceleration. Mannitol and stannic chloride diminish the rate of oxida- 
tion, and from experiments on the simultaneous effect of the positive catalyst 
(copper sulfate) and a negative catalyst (mannitol or stannic chloride) he 
supports the view that a negative catalyst diminishes the velocity by suppress- 
ing the activity of a positive catalyst. 

Similar very marked effects are observed with gas reactions. As pointed 
out in the introduction (p. 950) the rate of photochemical combination of 
hydrogen and chlorine is immeasurably slow when the partial pressure of water 
vapor is 10-* mm. Hg but proceeds at the normal rate if it is 10-* mm. Hg; 
moreover the reaction is very sensitive to oxygen which decreases the velocity. 
In fact it is so sensitive to slight impurities that no one has succeeded in pre- 
paring two mixtures of hydrogen and chlorine which react with the same 
velocity. Moreover, if small amounts of sodium vapor are added to hydrogen 
gas before mixing with chlorine it is found that about 104 molecules of hydro- 
chloric acid are formed per atom of sodium added.! The critical pressure for 
the explosion of a hydrogen-oxygen mixture is appreciably lowered by an im- 
measurably small amount of nitric oxide (10-> mm. Hg) and it is lowered 200° C. 
by larger amounts of this gas.2 We may summarize the experimental results 
for this group of reactions in the following way: (1) they are extraordinarily 
sensitive to extremely small amounts of foreign substances, (2) there is a very 
marked negative wall effect, (3) in the case of photochemical reactions the 
quantum yield is very high, (4) in many cases there is a period of incubation 
during which they proceed at an immeasurably slow rate, (5) at higher tem- 
peratures many of them become explosive or become flames. 

Bodenstein ? first suggested a chain reaction to account for the high quantum 
yield of the photochemical hydrogen-chlorine reaction and this has been 
followed by many other suggested chain mechanisms. The Nernst mechan- 
ism 4 is one of the simpler of these and illustrates this type of reaction. The 
Nernst chain is: 

Cl, + hv = 2 Cl, 
Cl + H. = HCl + H, 
H + Cl. = Cl + HCl, ete. 


This chain can be started in other ways, as for example, by sodium vapor by 
means of the reaction, 


I 


Na + Cl; = NaCl + Cl; 


the thermal reaction is probably initiated by the thermal dissociation of the 
chlorine molecules. Since Polanyi and Beutler find that 104 molecules of 
hydrochloric acid are produced for every atom of sodium that reacts, we see 


1 Polanyi and Beutler, Z. Elektrochem., 33, 554 (1927). 
? Hinshelwood and Simpson, Trans. Farad. Soc., 24, 559 (1928); Sagulin and Seminoff, 
Z. physik. Chem. (forthcoming paper). 


3 Z. phystk. Chem., 85, 349 (1913); Z. Hlektrochem., 22, 53 (1916). 
4 Z. Elektrochem., 24, 335 (1918). 
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that the chains must be about 104 molecules long in approximate agreement 
with the quantum yield of the photochemical reaction (Chap. XVIII). This 
represents one type of a chain reaction which is possible because each of the reac- 
tions following the primary reaction is exothermic or only slightly endothermic. 

Another type of chain has been proposed by Christiansen and Kramers.! 
In order to initiate a reaction it is necessary that there be a high energy activ- 
ated molecule which then reacts either unimolecularly or with another molecule 
and the products must have the initial energy of activation plus the additional 
energy of reaction if it is exothermic. It is then possible for the high energy 
molecules to activate other molecules by transferring this energy by collisions 
of the second kind. If the probability of this occurring approaches unity, the 
chains so formed may be quite long. 

For either type of chain reaction, a single chain, unless otherwise terminated, 
would be sufficient to cause the entire mixture to react. In the first type of 
chain reaction, the chain may be terminated by the reactive molecules or atoms 
combining with each other or with other molecules to form stable compounds; 
this termination may take place on the walls of the vessel and, in this case, the 
walls will show a strong inhibiting effect on the reaction. In the case of the 
hydrogen-chlorine reaction it was shown by Weigert and Kellerman ? that the 
reaction chains last for about 10~ secs.; during this time the molecules make 
about 10° collisions so that assuming a quantum yield of about 10° there must 
be about 1000 collisions for each member of the chain. Now if the chain is 
broken by a collision with a foreign molecule, the number of collisions possible 
before collision with this molecule will be proportional to the relative numbers 
of hydrogen and chlorine molecules on the one hand, and the foreign molecules 
on the other. Thus, it would be necessary to have only one foreign molecule 
to 10° molecules of hydrogen and chlorine to account for the length of the 
reaction chains and an increase of the concentration of this inhibitor by 100 
times would decrease the velocity of the reaction by 100 times. We thus see 
why it is that such minute amounts of impurities may change the velocity of 
the reaction by many orders. This appears to be only possible for chain 
reactions.$ 

Accelerators may influence reactions in two ways; in the first place they 
may serve as nuclei for the initiation of the chains and in the second place they 
may be part of the chain of reactions. As illustrations of the first of these we 
have the initiation of the hydrogen-chlorine reaction by sodium atoms already 
mentioned, the initiation of the combustion of sulphur by minute traces of 
ozone and the probable initiation of the combustion of phosphorus® by 
oxygen atoms formed at the surface of solid phosphorus. In some reactions 
water is supposed to take part in the chain mechanism. 

1Z. physik. Chem., 104, 451 (1923). 

2 Weigert and Kellerman, Z. Hlektrochem., 28, 456 (1922). 

3 For further discussion of this particular reaction see Chapter 18. 

4 Seminoff and Riabinin, Z. physik. Chem., 1B, 192 (1928). 

5 Z. Phystk., 46, 109 (1927). 
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The second type of chain reaction might be inhibited by a loss of energy 
from an excited molecule to the inhibiting molecule and this type of chain 
reaction could be initiated by the introduction of active centers just as in the 
preceding case. In any given chain reaction both these types may be present. 

Explosions and Flames: In the course of most reactions there is a con- 
siderable liberation of heat which is lost by conduction or radiation to the walls; 
at the moment after the elementary reaction process the molecules produced 
have high energy which is converted through collisions into heat. As normally 
conducted, reactions are in a steady state of change in which the temperature 
remains very nearly constant and approximately the same as that of the sur- 
roundings so that the rate of production of heat by the reaction is equal to the 
rate at which heat is lost to the surroundings. 

In non-explosive reactions these conditions are fulfilled but in the case of 
explosions and flames this is not the case. Seminoff 1 has given two theories 
of this which are in good agreement with experimental facts. The rate of 
production of heat by the reaction is: 


dQ aaa 

ar = QVv = Be RT yp 470° teh s (38) 
where Q is the heat of reaction, V is the velocity, His the energy of activation, 
v is the volume of the vessel; 71, n2, +: are the numbers of the reacting mole- 


cules per cc. and a, b, -++ are exponents determined by the order of the reac- 
tion. B is a constant which is fixed by the velocity constant of the reaction 
and the volume of the vessel. The rate of loss of heat will be determined by 
the difference in temperature between the reacting mixture and the walls, the 
coefficient of conduction of the gas, the shape and size of the vessel and other 
factors. To a first approximation we may assume that the rate of loss of heat 
is proportional to the difference in temperature between the reacting mixture 
and the walls so that 
dQ 
qr K(T — To). (39) 
Figure 3 shows three possible curves for the rate of production of heat by the 
reaction as a function of temperature; the straight line shows the rate of loss 
of heat as a function of the temperature and it is 
drawn so that it intersects one of the curves, is tan- 
gent to another and does not intersect the third. In 
the first case, the temperature of the reacting gases 
would increase to T; where the rate of production 
| of heat is equal to the rate of loss. Then the action 
it, as would proceed at a steady rate and be of the type 
rd we have previously considered in this chapter. In 
the third case, the rate of production of heat is al- 
ways greater than the rate of loss and the reaction would increase in velocity 
without limit and constitute an explosion. The second case illustrates the 


1Z. Phystk., 48, 571 (1928); Chem. Rev. (1929). 


Fig. 3 
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limiting condition between the slow reaction on the one hand and the explosion 
on the other. In this case, the rate of production of heat equals the rate of 
loss of heat and the rates of change of these two functions with the temperature 
are equal. Thus we have: 
E 
Be. B@nyen.? «++ = K(T, — To), (40) 
and 


E 
a KRT.2 
pe Bit en 58 = = mG 


(41) 


From these two equations we have: 


wag (noes 
eho ae sb (42) 


if 4RT)/E is small compared to 1, as it is in all known cases. Substituting 
in equation (41) and setting 

RIE: eee 
nj = ON0 i EG? Nz = Bno ) 
where a, B--: are the fractions of the molecules of different kinds, p is the 
pressure in mm. Hg and m is the number of molecules per ec. under standard 
conditions, we obtain the equation 


(43) 
Taking the logarithm we obtain: 


E 
(ato+-:::)inn= a= + (atb4+--: + 2)lnTo 
RT» 


E 
+ In ( Bata® +--+ notre) —1. (44) 
kR 


Since the /n7> changes slowly in the region of 500°-1000° C., the second 
term on the right of equation (44) is approximately constant. We then have: 


EH 
OG lO LN a Ay iat (45) 


where A changes with the composition of the mixture and with the constant x 
which is in turn dependent on the shape and size of the vessel and other factors. 
Thus, for any given temperature 7’, there will be a critical presure p above 
which an explosion will occur and below which an explosion will not occur. 

A number of explosive reactions have been investigated carefully such as 
the oxidation of phosphorus vapor at low pressures,! the reactions between 
hydrogen and chlorine, hydrogen and bromine, carbon disulphide and oxygen, 
carbon monoxide and oxygen, the decomposition of chlorine monoxide and the 


1 Chariton and Walta, Z. Physik, 39, 547 (1926); Seminoff, zbid., 46, 109 (1928). 
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oxidation of various hydrocarbons; ! Seminoff has investigated the oxidation 
of sulphur vapor and Hinshelwood and co-workers? have investigated the 
combination of hydrogen and oxygen. So far as these have been investigated 
they all show the common property of a minimum critical pressure and it is 
possible to represent the dependence of this pressure on the temperature by 
equation (45); it is found that the constant B does not depend on the temper- 
ature but does depend on such external parameters as the shape and size of the 
vessel and the composition of the mixture. When Jnp is plotted against 1/7’ 
straight lines are obtained whose slopes do not change with the external param- 
eters. There are, however, many ways in which these reactions do not follow 
the theory exactly. Thus, the critical pressures for the hydrogen-oxygen 
reaction, the phosphorus-oxygen reaction and the carbon monoxide-oxygen 
reactions do not change with the temperature, indicating that the activating 
energies are small, which is obviously not the case since then the reactions 
would be rapid at all temperatures. Also, Sagulin has shown that the critical 
pressure for a given temperature is a minimum for a mixture of one third 
hydrogen, two thirds bromine. Since, in this case, the factor a78°= Ja(1—a) 
where a is the fraction of bromine in the mixture we see that this factor will 
be a minimum when a@ = 1/3 so that the critical pressure should be a minimum 
for this value, in disagreement with experiment. Further, certain of these 
reactions are characterized by a maximum critical pressure above which an 
explosion will not occur; we have no satisfactory explanation of this at present. 
In spite of these and other discrepancies it appears that the theory is a marked 
advance over anything preceding it and in some cases such as the explosion of 
chlorine monoxide is quite satisfactory. 

The independence of the critical pressures of certain of these reactions on 
the temperature is due to the fact that they are reactions with very long chains. 
To illustrate how this can come about we will consider one proposed reaction 
chain for the oxidation of phosphorus, namely, 


O + Ps = P.O, 


P,O + O2 = P,O2 + O, 
O + P,= P,O, etc. 


There is the possibility that the chains will branch owing to such reactions as 
the following: 
P10on ar O» = P10’ on+2, 
P40’ onge Be Oz = PrOon+e + 2Or 


The important point is that in such a highly exothermic reaction, reactive 


1Sagulin, Z. physik. Chem., 1B, 275 (1928); Sagulin plots ln(p/T) against 1/7 and obtains 
a straight line. Since /n7’ does not change appreciably over the temperature range investi- 
gated we see that /np plotted against 1/7 will also give a straight line. See also Pease, Proc. 
Nat. Acad. Sct., 14, 472 (1928). 

2 Proc. Roy. Soc., 118A, 170 (1928); Trans. Farad. Soc., 24, 559 (1928); see also Pease 
Proc. Nat. Acad. Sci., 14, 472 (1928). 
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centers such as the oxygen atom may be produced by the reaction and thus 
the chain branches. The velocity of the reaction will be equal to no the 
number of primary activated molecules produced per sec. plus the number of 
activated molecules produced by each link of the chain. Thus, if V is the 
velocity of the reaction, we have: 


V=H=ntaV 


where a@ is the probability that a link of the chain will produce another activated 
molecule. Then, 


a= (46) 


and the velocity becomes infinite if a becomes equal to or greater than one. 
Such reaction chains are probably terminated by the walls of the vessel; if 
the size of the vessel is increased or if the pressure is increased, the length of 
these chains will be increased. If the average length of the chain, 1/1 — a, 
is great, that is, if a is nearly equal to one, a slight increase in the pressure may 
make a equal to or greater than one and thus initiate an explosion. In this 
case, a change of temperature will have little effect on the velocity which is 
determined more by the increased length of the chains than by the increased 
number of primary activations. 

The homogeneous termination of reaction chains by an inhibitor is unaf- 
fected by the pressure but their termination by the wall is dependent on the 
pressure. Seminoff has shown by using the Hinstein-Smoluchowski diffusion 
expression that the length of the primary chains will be proportional to the 
square of the distance from the origin of the reaction chain to the wall, providing 
the chains are not terminated in the body of the gas; thus, the average length 
of the chains should be proportional to the square of the diameter of the vessel. 
In the case of the oxidation of phosphorus he shows that the length of the 
primary reaction chain according to this theory is given by the expression, 


67rd? DA 
where d is the diameter of the vessel, \o is the mean free path under standard 
conditions and pa is the partial pressure of an inert gas which may be present. 
This indicates that the reaction chain can become infinitely long and an ex- 
plosion result only if the vessel is infinitely large or the partial pressures are 
increased without limit. This would be true if there is no possibility of the 
chain branching. However, as can be seen from the side chains given above 
there is a probability of this occurring. The reaction, 


P40! ong2 + O2 = PsOong2 + 20, 


is possible if v, the excess energy of the P4O’on42, plus U, the relative transla- 
tional energy of this molecule and the oxygen molecule, is greater than 160,000 
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cal. Then if 160,000 — g = U, the probability that the reaction will occur 
is equal to Ce “#7, where C may be a function of the temperature. The 
probability, Bo, that the primary reaction chain is terminated is 1/vo and the 
probability that new chains will be started is Ce~”/”” and therefore the proba- 
bility, 6, that the chain and all its branches will be terminated is: 


U 
B= po Co (48) 
Then, since 8 = 1 — a, the condition that a becomes equal to unity is that 
aes 
Bo me RY. 
or using (47), we have 
67d? ( DA ) 1 ieee 
ed ie heer eral MactieCnre 49 
An? Pp,Po, Pp, ae Po, C ( ) 


as the condition that a = 1 and that an explosion is initiated. Taking the 
logarithm of each side an equation is secured of the form, 


i 
Inpp,Po, = RT eae (50) 


where A varies with the composition of the mixture, the size of the vessel and 
perhaps slowly with the temperature as well. This equation is of the same form 
as (45) but while # in that equation is the large energy of primary activation, 
the U of this equation is only the small additional energy required to cause 
branching of the primary chain. Thus, the critical explosion pressure for the 
phosphorus-oxygen, the carbon monoxide-oxygen, the hydrogen-oxygen reac- 
tions and others will be independent of the temperature if U is small or zero. 
Seminoff has shown that the critical oxygen pressure with constant partial 
pressure of P, in the case of the phosphorus-oxygen reaction varies inversely 
as the square of the diameter of the cylindrical explosion vessels used, thus 
confirming the relation between d and po, in (49). For this reaction, it appears 
that U is small and that the reaction chains are broken most or entirely by the 
walls of the vessel. 

Chain Reactions in Solution: As pointed out in the introduction a number 
of reactions in the liquid state have been studied which exhibit many of the 
phenomena associated with chain reactions. Three of these, namely the oxi- 
dations of benzaldehyde, enanthaldehyde and sulfite ion, have been studied in 
detail by Backstrom, and Alyea and Backstrém.? They have shown that the 
photochemical oxidations have high quantum yields and thus they must be 
chain reactions. Both the photochemical and thermal oxidations of sulfite ion 
are inhibited by alcohols and they have shown that there is a marked paral- 

1J, Am. Chem. Soc., 49, 1460 (1927); Medd. Kgl. Vetenskapsakad. Nobelinst., 6, No. 16 


(1927). 
2J. Am. Chem. Soc., 51, 90 (1929). 
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lelism between the action of these inhibitors in the two cases, thus indicating 
that the thermal reactions are also chain reactions and that the reaction chains 
are the same for both the light and dark reactions. Since Bigelow found that 
primary and secondary alcohols inhibited the oxidation of sulfite but that the 
tertiary butyl alcohol has no effect on the reaction velocity, it appears that 
these alcohols are themselves oxidized to aldehydes and ketones in breaking 
the reaction chains. The velocities of the thermal and photochemical reac- 
tions follow the formule, 


ky ksky 


a= selaihes  dlatghieeinee pi kosulad 


where ki, ko, k3, and & are constants and ¢ is the concentration of inhibitor. 
The constant & is characteristic of the inhibitor, being large for strong in- 
hibitors and k2 appears in the formula because of the presence of accidental 
inhibitors present in constant concentration during the reaction or the ter- 
mination of the chains by some other method; k; depends on the thermal rate 
and k3k; on the photochemical rate of the initiation of chains. This study led 
to the conclusion that two molecules of either isopropyl, secondary butyl, or 
benzyl alcohol were oxidized to the corresponding ketones or aldehyde whenever 
a chain was terminated, that the length of the reaction chains are the same for 
both the light and dark reactions, and that Cu*™ accelerates the reaction by 
increasing the number of chains and that it has no effect on their length. 

While Backstrém advances no detailed mechanism for these oxidation 
reactions, he has proved that benzoperacid is an intermediate product in the 
oxidation of benzaldehyde and has shown that SO;~ probably appears in the 
sulfite oxidation reaction. Further, he has shown that several molecules of 
benzoperacid are formed for each quantum of light absorbed by the benzalde- 
hyde and that the peracid reacts further as a result of thermal activation. 
There does not appear to be any evidence by which we can determine whether 
the chain mechanism belongs to the Christiansen ‘‘ hot molecule ” type or to a 
stoichiometric type such as the hydrogen-chlorine chains. 

At first sight it seems difficult to understand how a “ hot molecule” can 
remain for a sufficient length of time in a condensed system in order that it can 
transfer its energy to the appropriate molecule by a collision of the second 
kind. However, the work of Jette, Miller and West! shows that this is 
possible in the special case of certain fluorescing ions and particularly the uranyl 
ion. Oxalic acid in the presence of uranyl ion is photochemically decomposed 
by wavelengths not absorbed by the oxalic acid. The quantum yield is unity 
for high concentrations of oxalic acid, and the fluorescence is completely 
quenched under these conditions; as the concentration of oxalic acid is de- 
creased, the quantum yield decreases and the fluorescence increases.  More- 
over, ions which quench the fluorescence also decrease the quantum yield of 
the sensitized photochemical reaction. The immediate explanation of these 


1 Proc. Roy. Soc., 121A, 294, 299, 313 (1928). 
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facts is as follows: the uranyl ion absorbs the energy of the light quantum and 
can lose this energy either by radiation (fluorescence) or by a collision of the 
second kind with an oxalic acid molecule or some other molecule such as foreign 
ions. The probability of the loss by collision with the oxalic acid molecule 
increases with the concentration of oxalic acid in the way predicted by the 
theory for the quenching of fluorescent radiation.! Since the concentration 
of oxalic acid and uranyl ion was only about 0.1 N, it is evident that the excited 
uranyl ion can diffuse through considerable thicknesses of water molecules 
without losing its energy of excitation to the water molecules. This then is 
one “ hot molecule” which does not lose its energy in a condensed system and 
leads us to believe that “‘ hot molecule’? chains of the Christiansen and 
Kramers type are possible in liquids as well as gases. 


1See Stern and Volmer, Physik. Z., 20, 183 (1919); also Ruark and Urey, Atoms, Mole- 
cules and Quanta, Chap. 14, McGraw-Hill Book Company, 1930. 


CHAPTER XV 
REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 
BY HUGH S. TAYLOR, D.Sc., 


David B. Jones Professor of Chemistry, Princeton University 


The study of reaction kinetics in heterogeneous systems is concerned with 
the rate of processes occurring at the interface between two phases. All types 
of such study are known at solid-solid, solid-liquid, liquid-liquid, liquid-gas 
and solid-gas interfaces. The rate of solution of a solid in a liquid, with or 
without chemical reaction, is an example of the solid-liquid type. Pronounced 
differences in reaction rate have been observed. Cadmium sulphate crystals 
dissolve very much more slowly in water than do zinc sulphate erystals under 
like experimental conditions.1 Zine dissolves much less rapidly in hydro- 
- chloric acid solution than it does in the same solution containing dissolved 
nitrobenzene or benzaldehyde.? Measurement of the rate of hydrolysis of 
insoluble esters in either acid or alkaline aqueous media is an example of liquid- 
liquid interface phenomena studied by Lowenherz, Goldschmidt and others.* 
The rate of evaporation of a liquid is perhaps the simplest example that could 
be studied of a liquid-gas interface phenomenon. The rate will be dependent 
on the nature of the liquid surface and on the gas pressure in the gas space if 
not on other variables. Similarly, evaporation from a solid surface is a simple 
example of a process occurring at a solid-gas interface. To this latter class, 
however, belong many of the very important reactions obtaining in the subject 
of contact catalysis. The dissociation of a solid to yield a gas and a solid 
dissociation product can be shown to be a phenomenon occurring at a solid- 
solid interface. Many reactions between gases and solids similarly occur at 
solid-solid interfaces. The study of the kinetics of such varied processes is, 
therefore, of the utmost importance in the determination of mechanism in a 
large number of famiiiar phenomena of theoretical and practical interest. 

It will be evident as the result of a little consideration that two factors are 
always involved in the velocity of such heterogeneous reactions. The net 
velocity of reaction will be dependent on the rate at which the chemical or 
physical change itself occurs in the interface region and also on the rate at 
which the products of the process are removed from the interface region into 
the surrounding medium. This latter is determined by the rate of diffusion 
of the reaction products from the interface region into the surroundings. Now, 

1 Observation of Professor G. A. Hulett, Princeton University. 

2 Proc. K. Akad. Weten. Amsterdam, 23, 1449 (1921). 


3 Lowenherz, Z. physik. Chem., 15, 389 (1894). 
Goldschmidt, Z. physik. Chem., 31, 235 (1899). 
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since the net tempo of a whole process consisting of successive stages is de- 
termined at the steady state by the tempo of the slowest stage, it follows that, 
in the kinetics of heterogeneous reactions, different features will be met accord- 
ing as the actual chemical or physical process is faster or slower than the 
diffusion of the reaction products away from the interface. If the chemical 
process be faster, the diffusion process will set the reaction speed. If the 
chemical process be slower, the chemical reaction will be the determining factor. 
It is necessary therefore in analyzing the kinetics of reaction in heterogeneous 
systems to consider in some detail the laws governing diffusion and those 
obtaining for chemical reaction at an interface. 

The Laws of Diffusion: Graham enunciated the law of diffusion for gases. 
Gases diffuse at rates which are inversely proportional to the square roots of 
their densities, a conclusion which has already been shown to be in harmony 
with the kinetic theory of gases. Hydrogen therefore will diffuse away from 
an interface four times more rapidly than oxygen, provided the concentration 
gradient in the two cases is the same. This law holds true irrespective of the 
fluid medium through which the gases diffuse. Thus, Carlson! determined 
the ratio of the diffusion velocities of carbon dioxide and oxygen in water by 
measuring the velocity of solution of these gases in water under comparable 
conditions. He obtained a value of 1.158 in good agreement with the theo- 
retical value 


Doz 44 
= 4/— = 1.173 
Deo. 32 


and with a direct measurement of the rate of diffusion of the two gases in water ? 
which gave the quotient 1.166. 

The diffusion coefficient of one gas in another gas is calculable according 
to the kinetic theory of gases. Into the details of this calculation we have not 
here space to proceed. Reference must be made to the larger texts on the 
subject. Meyer’s formula for the diffusion coefficient is 


1 
D = — (tiilinz + olen), 
3n 


where D is the diffusion coefficient, n the number of molecules per cc., n1 and 
m2 the numbers of each species, #,;? and @ the mean square velocity, J; and 1, 
the mean free path of the respective molecules. 

From this formula it may be deduced that the coefficient is inversely pro- 


; ; 1 ; 
portional to the pressure since D «—-+ Further, since az; and a; are propor- 
n 


1 Medd. Vet-Akad. Nobel Inst., 2, No. 5 (1911). 

2 Medd. Vet-Akad. Nobel Inst., 2, No. 6 (1911). Seealso: Stefan, Sttzber. Wien. Akad., 
77, 37 (1878); Hufner, Wied. Ann., 60, 134 (1878). 

30. E. Meyer, Kinetische Theorie der Gase (1877), 1895, § 95; K. F. Herzfeld, Kinetische 
Theorie der Wairme; see also Chapter III, Vol. I. 

Kuenen, Ostwald-Drucker, Handbuch d. Allgemein Chem., III, 1919, pp. 1-139. Leipsic. 
The following data are drawn from this source. 


REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 1021 


tional to 7? and n is proportional to 7’, D should therefore vary as T?/2, The 
formula implies that D varies also as the composition of the mixture, i.e., as 
m, and 2 vary, which is not confirmed by experimental investigation. Kuenen! 
has suggested a modification of the Meyer formula which decreases the vari- 
ability of D due to variation in composition. 

From another standpoint entirely Stefan? has formulated the dependence 
of D on the kinetic magnitudes by means of an equation 


ie 16 no? : Nirh M1MN2 


where o is the distance of the centers of the two molecules at collision and is 
therefore equal to 3(S: + S2), where S is the molecular radius, 


ay, ah 1 My, + Me 


4 
742 = 7.2 = 
Miu, Mei2 my 
and m,; and mz are the respective masses of the molecules. In this formula D 
is independent of n; and m2 in agreement with experimental results. 
Experiment in general * has shown that D is inversely proportional to the 
pressure. Loschmidt ‘found the following values for D at atmospheric pressure 
by means of the formula 


1 Oe x Povs. ; 
P760 


D760 = 


where the observations were made on several gases at varying pressures. The 
data will also serve to give an orientation into the magnitude of the diffusion 
velocity. 

TABLE I 


DIFFUSION COEFFICIENTS OF GASES IN MIXTURES 


D7 from Dopg, at Operating Pressures of 


Gas Mixture 


760 510 360 310 mm. 
COs AIM ac halrls tat 0.142 — 0.144-0.146 0.142-0.143 em./sec. 
COZ He Heels Aalto st 0.556 0.551 — 
EV ROB So gnadedat coc 0.715 0.715 — 


The most accurate experiments show a small variation of D with gas com- 
position, n:/nz. The influence of temperature is generally expressed by means 
of an equation 

ID) Ce IS, 
1 Loc. cit., pp. 41, 42. 
2 Wien. Sitz. ber., 65, 323 (1872): Kuenen, loc. cit., p. 43. 


3 For literature see Kuenen, loc. cit., pp. 121-129. 
4 Wien. Sitz. ber., 61, 367; 62, 468 (1870). 


1022 A’ TREATISE ON PHYSICAL CHEMISTRY 


The exponent x varies considerably. It is approximately 1.7 for gases (Theory 
requires 7/2), For vapors it approaches 2.! 

Graham’s studies of diffusion in aqueous solutions established the de- 
pendence of the rate of diffusion on the substance diffusing. He furthermore 
showed that diffusion increased strongly with increase of temperature. In 
dealing with the physical factors controlling the reversibility of chemical 
reactions, Berthollet had expressed his belief? that the rate of diffusion was 
determined in part by the concentration gradient of the substance diffusing 
in the solution. The exact mathematical relationship involved in this process 
was formulated by Fick? and tested experimentally. According to Fick’s 
Law, the quantity of substance dS which passes in time dé through a diffusion 


. ° * 7 de + 
cylinder of cross section g under a concentration gradient (.e., a concentra- 
o 


tion c of the cross section at a point x and one of c + dc at x + dz) is given by 
the equation . 


aS = — Dye. 
dx 


Disa constant for a given substance and may be termed the diffusion coefficient. 
As to the nature of the force determining diffusion in solution, Nernst 4 pointed 
out that it was essentially the same force which, in the theory of solutions, 
we term the osmotic pressure; that diffusion in solutions was comparable with 
gaseous diffusion, but enormously slower, owing to the enormous resistance 
friction. From the value of the mechanical force obtainable by osmotic 
pressure measurements in the case of cane sugar and from the measured rate of 
diffusion of cane sugar through water, Nernst was able to show that the re- 
sistance friction was so great that it requires a force equal to 4.7 X 10° kg. 
weight to drive one gram molecule of cane sugar through water with a velocity 
of 1 em. per second. 

With salts dissociated in solution into ions the problem is somewhat more 
complex. At first, it might be thought that independent diffusion of the ions 
might occur. If this were possible, fast-moving ions such as hydrogen ions 
would diffuse more rapidly than slower ions such as chloride ions, since, as 
conductivity measurements reveal, these ions have different mobilities. The 
separation of ions set up as a result of such differing rates of diffusion would, 
however, bring about the production of electrostatic forces which would tend 
to retard the faster moving ions and speed up the slower ions. The opposing 
forces of diffusion and electrostatic attraction result in the ions diffusing 
through the solution at equal rates. With the aid of this concept, Nernst was 
able to show that the amount of salt diffusing in a given time could be expressed 

1¥For tables of diffusion coefficients at various temperatures see Landolt-Bérnstein 
Tabellen, 1923, pp. 249-251. 

2 Chemical Affinity, 1805. 

3 Pogg. Ann., 94, 59 (1855). 

4Z. physik. Chem., 2, 613 (1888). 
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in terms of the mobilities of the ions, the cross-sectional area of the diffusing 
medium and the concentration gradient. Ina diffusion cylinder of cross section 
g containing a dissociated electrolyte of concentration c, let the osmotic pressure 
be p; in the diffusion process let the concentration be c — dc and the osmotic 
pressure p — dp at a distance dz from the solution of concentration c. The 
volume qg-dx then contains cq-dx gram mols. The force acting upon this salt 
is g:dp. Hence the force per gram mol. is ; . a - Let us assume the ions to 
x 

migrate first under the influence of osmotic pressure alone. The quantities 
of the two ions migrating in time dt through a cross section of the diffusion 
cylinder, for two ions of mobilities U and V, are respectively 


The electrostatic forces which come into play as a result of such osmotic 
diffusion will be respectively per gram ion 


— oe and ang 2b. 
dx 


where # is the electrostatic potential. The migration through the cross 
section as a result of these forces of attraction and repulsion will be respectively 
E dE 
— Uge a dt and + Vac — dt. 
dz dx 


Now, with equal rates of diffusion for the two ions under the combined in- 
fluence of osmosis and electrostatic attraction, it follows that 


dp dE dp di 
= — — )= — Vqdt| —-—c—)=aS8. 
ugar (2+ 0% ) ; (2 de 
whence, by elimination apie 
dx 
2UV dp 
isS= — 
O-+YV dz 
and, since p = cRkT, 
2UV de 
dS = — RTq —dt. 
Ca de 


Comparing this equation with that expressing Fick’s Law for non-electrolytes, 
it follows that the diffusion coefficient, D, for an electrolyte is given by the 
equation 

2UV 


D= RT: 
Uae Vv 
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A similar equation has been developed by Noyes and published by Haskell 
for the general case of a salt dissociating into n, + mq cations and anions. 

The most comprehensive study of diffusion coefficients of salt solutions has 
been carried out by W. Oholm 2 in a wide concentration range and for a variety 
of salts. The appended table illustrates the agreement of the experimental 
values for D and those calculated on the basis of the Nernst theory. The 
data apply to solutions at a concentration of 0.01-normal, at which concentra- 
tion, in the case of all the substances quoted, with the exception of acetic acid, 
dissociation is approximately complete. 


TABLE II 


DiIrFusION oF ELECTROLYTES 


Substance D 18° obs. D 18° calc. Substance D 18° obs. D 18° cale. 
KC itis cancun 1.460 1.460 ASC ORs WS eee 1.903 2.109 
INGA) Ne Boe oe ni b7A0) Melige INEHONE Re Goes oo 1.432 1.558 
i BiG) Wai sare te ects : 1.000 0.994 A) UF, arent ee Sea 1.460 1.467 
AB RGA Des gee eee te 2.324 2.431 CH; COOH ee 0.93 iS i7/ 


Oholm’s results show that the rate of diffusion increases with increasing 
dilution. Thus, for a 1-normal KCl solution, D (18°) = 1.330; fora0.01-normal 
solution, the value has increased to 1.460. In the later work, the substitution 
of a brass diffusion apparatus for the glass vessels hitherto used permitted 
the examination of diffusion in solutions of great viscosity differences. Thus, 
for 1-normal KCl in 1.5-normal sugar solution, the value for D decreases to 
0.42 while in a 2-normal sugar solution, the diffusion coefficient sinks to 0.22. 
Similar reductions in the rate of diffusion are obtained with glycerine as the 
viscous medium. 

A recent publication by Cohen and Bruins * records a refinement of experi- 
mental procedure in the investigation of the velocity of diffusion in solutions, 
applicable alike to aqueous and non-aqueous solutions. The process is suited 
to experiments in a wide temperature interval. It yields ‘“‘true’’ diffusion 
coefficients because, during an experiment, the change in concentration is 
small. The reproducibility of the results attained has been improved so that 
differences of a few tenths of one per cent in aqueous solutions are usual as 
contrasted with the 2 per cent variations more usual hitherto. An absolute 
accuracy of 0.3 per cent is claimed for the results. The analysis of the diffusion 
layers is effected by means of a Zeiss-Rayleigh-Léwe water-interferometer 
adapted when necessary to solutions in organic solvents. The paper contains 
a critical survey of the general literature of the subject of diffusion. 

The Temperature Coefficient of Diffusion Processes: With lowering of 
working temperature the rate of diffusion falls. For strong electrolytes 

1 Phys. Rev., 27, 145 (1908). 


*Z. physik. Chem., 50, 309 (1904); 70, 378 (1910); Medd. Vet-Akad. Nobel Inst., 2, 
Nos. 23, 24, 26 (1912). 
3 Z. physik, Chem., 103, 349 (1922). 
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Oholm showed that the fall was approximately 2.5 per cent per degree lowering 
of temperature, a value in good agreement with that demanded by the Nernst 
theory. With substances having a higher resistance to diffusion, or, in other 
words, a lower rate of diffusion, which obtains with organic molecules of high 
molecular weight, the influence of temperature seems to increase and the 
temperature coefficient attains greater values. Thus, for sugar solutions, a 
temperature coefficient of 3.2 per cent per degree was obtained; for dextrin 
solutions the corresponding value attained 3.5 per cent. 

Collecting a variety of experimental data on all types of aqueous solutions 
of electrolytes and non-electrolytes, Oholm compiled the following table for 
the approximate values of a, the temperature coefficient per degree, at various 
ranges of values of the diffusion coefficient D. 


D= 2.4 2.0-1.8 1.6-1.4 1.2-1.1  0.8-0.7 0.4-0.3 0.2-0.1, 
a= 0.0018 0.020 0.022 0.025 0.029 0.035 0.040. 


ll 


The temperature coefficient a was calculated from two measurements of the 
diffusion coefficient at two temperatures by means of the equation 


D 
apn je al pen i 


The temperature coefficient is apparently some function of the diffusion coeffi- 
cient, a feature observed also by Kohlrausch? in the relationship of ionic 
mobility and its temperature coefficient. The greater the ionic mobility the 
less is the temperature coefficient. As far as solutions of electrolytes are con- 
cerned, the temperature coefficients of the two quantities are approximately 
the same. The magnitude of the temperature coefficient in both cases is 
apparently to be associated with the greater or less extent to which the motion 
of molecules or of ions is influenced by the concomitant motion of solvent 
molecules—for similar features occur in the investigation of non-aqueous 
solutions. In alcohol, for example, glycerine diffuses slowly and has a high 
temperature coefficient; chloroform and bromoform, much heavier molecules, 
diffuse much more rapidly and have low temperature coefficients. This 
points to extensive association of glycerine molecules with alcohol and relative 
freedom of the halogen compounds. 

In the study of reaction kinetics it is more usual to express the temperature 
coefficient of reaction velocity as the fractional increase per 10° rise in temper- 
ature. Thus, in the preceding chapter, temperature coefficients of 2-4 per 
10° rise have been frequently indicated for reactions in homogeneous systems. 
Now, since the criterion of temperature coefficient will be employed in the 
succeeding pages to test the nature of certain heterogeneous reaction velocity 
measurements with a view to determining the mechanism of the process, it will 
be useful to transpose Oholm’s results to the 10° scale. Thus Oholm’s a 


1Z, Elektrochem., 14, 129 (1908). 
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= 0.025 per degree is transformed to a coefficient 


weet: 


T 


This value is materially less than that characteristic of the temperature coefhi- 
cients of the homogeneous reaction velocities previously discussed. The 
following data present the transposition of temperature coefficients of diffusion 
rates from the 1° to the 10° basis for the extremes and the mean temperature 
coefficients listed, according to Oholm, in the preceding table. 


D.=24 -1.2-1.1: .0.2-0:1, 
0.018 0.025 0.040, 


a 


Pr+01 09 1.98 1.48. 


T 


For gaseous diffusion, the temperature coefficient per 10° rise will be even 
smaller than this, as a consideration of the equation developed for the mean 
velocity of a gas molecule (Chap. III, p. 89) willindicate. The following table 
gives values so calculated! for the mean velocities of a few gases at 0° and 
20° C: 


TABLE III 
Mean VEtocity or Gas MOLECULES 

Gas Mean Velocity & 10-5 cm. sec.-! 

0° 20° 
Fg eee ote race eae tere eee AES 1.838 1.904 
Ogee hig ono Sette ane Patten bod aiaerote nae 0.4613 0.4778 
INS eer ot. ected ah ee ee ee eos 0.4928 0.5106 
U0 Ae oe CRO CIAO OE TIGH ete che oer cic oe 0.4849 0.5023 
FF gis how tats tol chetapsitcounina ca oredr econ ames 0.1842 0.1908 
EXO} ined ea tte er eA Rh ae BIRR 0.3933 0.4076 
CON Seen cies ra a ae: ne Ete ae 0.4933 0.5109 


Such low temperature coefficients are in agreement with Oholm’s generaliza- 
tion in reference to the more viscous liquid media. High diffusion rate is 
accompanied by low temperature coefficient. 

It is therefore evident that, in the examination of the temperature coefficient 
of reaction velocities in heterogeneous media, the occurrence of low values 
between 1 and 1.5 will tend to indicate that the predominant factor in deter- 
mining reaction rate is the diffusion factor. On the other hand, high temper- 
ature coefficients will, in agreement with previous indications, point towards 
the chemical processes at work as the factor determining the rate of reaction. 
The implications of such a viewpoint will emerge in succeeding paragraphs. 

Diffusion and Molecular Motion. The Stokes-Einstein Law Applied to 
Solutions: Assuming the independent motion of the several constituents of a 


1 Dushman, High Vacuum, p. 9. Gen. Electric Rev. (1922). 
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mixture, the relationship between molecular motion and diffusion is given by 
means of the equation 


Here, D is the diffusion coefficient of the diffusing substance, A? is the mean 
square of the displacement which takes place in a given direction in time t. 
If one further assumes that the particles possess the same mean kinetic energy 
as a gas molecule at the same temperature, then the Einstein equation 


holds.’ In this equation, R is the gas constant, 7’ the absolute temperature, 
N the Avogadro number, B the mobility coefficient, that is, the velocity of 
motion of the given particle moving through the solution under the influence 
of unit force. By combining the above equations, 


D= — B. 
N 


Now, according to Stokes’ Law, for spherical particles large compared with 
the molecules of solvent 


B = : ? 
6anr 


where 7 is the viscosity of the solvent and r the radius of the solute molecule. 
Combining these equations we obtain 


an equation the applicability of which to suspensions and emulsions is given in 
the chapter on colloids, the experimental results thereby obtained constituting 
strong evidence for molecular reality. Efforts have been made to apply this 
equation to diffusing molecules. Direct proof of the applicability of the 
equation in such eases is not possible. There are, however, several alternative 
methods of test: (a) In the same solvent, at the same temperature, with a 
variety of diffusing substances, the equation reduces to 


D-r = constant, 


whence, from the experimental measurements and values of r obtained in other 
ways, the equation may be tested. (b) At constant temperature a given 
substance diffusing in a variety of solvents gives a number of equations which 
all reduce to 

Dn = constant. 


1 Ann. Physik, (4) 17, 549 (1905); 19, 371 (1906); Z. Elektrochem., 14, 235 (1908). 
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Alternatively, one can use such determinations to ascertain whether the 
molecular radius remains constant. (c) Finally, by assuming r independent 


of temperature, 
Dyn = KT, 


whence, from measurements of diffusion and viscosity over a temperature 
range, the Stokes-Hinstein equation may be tested. All these methods of test 
have been applied. 

The results of these investigations all point to the applicability of the 
Stokes-Einstein formula so far as the first approximation is concerned. In the 
latest research of Cohen and Bruins, the velocity of diffusion of tetrabrom- 
ethane in tetrachlorethane as solvent was carefully studied in a temperature 
interval from 0 to 50° C., the viscosities being also obtained. A small deviation 
from the Stokes-Einstein law was observed which exceeds, however, the ex- 
perimental error by at least three times. The deviation is such that the 
temperature coefficient is somewhat smaller than would be expected from the 
equation. The following table shows the results of such a test by Cohen and 


Bruins. 
TABLE IV 


DIFFUSION AND THE STOKES-EINSTEIN Law 


D eale. r X 108 
CooL eh Stokes-Hinstein Stokes-Hinstein 
OLEC Gaiccke cia searrare 0.300 (0.300) 2.15 
LOIRE cc cies takeaeenomegers 0.385 0.385 aly 
VOL ears cbs ees ees 0.429 0.431 2.16 
LOE aie Gace Re 0.527 0.531 2G 
VO ayaye: seats teeyeremale verte 0.633 0.643 2.18 
DUO eetuane Seer ee 0.811 0.833 Prep 


REACTION VELOCITIES AT SOLID-LIQUID INTERFACES 


Velocity of Solution: Guldberg and Waage in their classical studies on 
chemical affinity * investigated the rate of solution of metals in hydrochloric 
acid in an effort to associate mass action with reaction speed. They showed 
that increase of temperature brought about an increase in reaction velocity, 
the rate at 18° C. to that at 0° C. increasing with increasing acid strength. 


ERC Foe we Be ae les 2 26 4 8 normal 
Ite lps bos bd Oe Oot IL ee 1.68 1.70 2.44 BONS, 


1(a) v. Wogan, Ann. Physik (4), 23, 345 (1907); The Svedberg, Z. physik. Chem., 67, 
105 (1909); The and A. A. Svedberg, Z. physik. Chem., 76, 145 (1911); Oholm, Medd. Vetens. 
Akad. Nobel Inst., 2, Nr. 23 (1913). 

(b) The Svedberg, loc. cit.; Oholm, Medd. Vetens. Akad. Nobel Inst; 2,024 (L903) 92 
26 (1913); Dummer, Z. anorg. Chem., 109, 31 (1919). 

(c) Scheffer, Proc. Kon. Akad. Weten. Amsterdam, 19, 148 (1916): Cohen and Bruins, 
Z. phystk. Chem., 103, 404 (1923). 

2 Ostwald’s Klassiker, No. 104, p. 52. 
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Spring,’ investigating the rate of solution of iceland spar in hydrochloric acid, 
noted that the velocity was dependent on the surface exposed, whether the 
natural plane of cleavage or a surface parallel to or perpendicular to the principal 
axis. The temperature coefficient, moreover, was higher in the latter case 
than with the natural plane of cleavage. 

The first theoretical treatment of importance of the problem of reaction 
velocity at solid-liquid interfaces is due to Noyes and Whitney ? who chose for 
study the simple cases of solution in water of the two substances benzoic acid 
and lead chloride. Cylinders of the substances were rotated rapidly in water, 
measurements of the solute content being made at definite time intervals from 
the start. Noyes and Whitney postulated that around the surface of the 
cylinder a film of saturated solution was continually present and that the 
solution process was achieved as a result of diffusion of the solute from this 
layer into the solvent medium. Now, since the rate of diffusion is proportional, 
according to Fick’s Law, to the concentration gradient between the saturated 
layer and the surrounding solution, it follows that this rate and, consequently 
that of the solution process, must be determined by the difference in concentra- 
tion between the saturated layer and the solution. In other words, if S be the 
concentration of the saturated solution, x that of the bulk of the solution at 
time ¢, the rate of solution at time ¢ is given by the equation: 


dx 
—= C(S — 2), 
ep ( x) 


where C is the constant of proportionality. It follows that on solving for C 


’ 


ah e 
t S—xz 


which is an equation identical in form with that of a unimolecular reaction. 
The form of the equation, however, is no index of the order of the reaction, 
since, as pointed out, it was derived on the assumption that the rate of diffusion 
determined the total reaction rate. Noyes and Whitney’s experimental 
results gave good confirmation of the correctness of their theory, the mean 
velocity constants obtained with benzoic acid and with lead chloride being 
indicated in the following table. 

Though irregularities in the value for C for various samples are manifest, 
the similarity in the results for two such widely divergent substances as benzoic 
acid and lead chloride was regarded by Noyes and Whitney as full justification 
of their theoretical treatment. 

Brunner and St. Tolloczko* amplified the work of Noyes and Whitney, 
making use of a wider variety of substances, both organic and inorganic, and 
paying particular attention to the definition of the surface area. More 

1Z. physik. Chem., 2, 13 (1888). 

2Z. physik. Chem., 23, 689 (1897). 

3 Z. physik. Chem., 35, 283 (1900). 
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TABLE V 


Vetociry ConsTANTS OF SOLUTION PROCESSES 


Sample No. 1 No. 2 No. 3 No. 4 

GCEHI COOH 3.22 Geng d's saa basal 163.1 1227 102.5 
109.1 157.1 117.4 102.8 

107.5 160.1 110.9 94.3 

GQ@PEClaccien'. G osean ae eg ee 71.4 119.0 88.2 56.0 
75.6 125.4 95.2 62.3 

(PTE 120.9 86.9 59.2 


measurements in each experiment were made and a constant rate of stirring 
was achieved. These workers observed that, starting with carefully smoothed 
surfaces of known area, O, the reaction velocity was expressible by the equation 


ly Me BF ie 
Ot S—x 


throughout the experiment, using the initially determined value for O even 
though its value must have changed owing to uneven erosion of the originally 
plane surface. This evidence points to the layer of saturated solution as the 
real interface between the solid and the solution, its effective area being un- 
changed throughout an experiment. Temperature coefficients of the order of 
1.5 to 1.8 per 10° rise were obtained pointing to the predominance of diffusion 
factors over chemical processes. 

Nernst attempted a general theory of reaction velocity in heterogeneous 
systems ! based upon the assumption of extremely rapid reaction in the inter- 
facial layer and on slow diffusion of the reactants and resultants from the layer. 
That this is true in certain cases is evident from the work already recorded and 
from the experimental work of E. Brunner ? in Nernst’s laboratory and many 
others. The assumptions, however, are by no means universally valid as 
subsequent discussion will reveal. Chemical reactions may be slow or fast 
as compared with the velocity of the diffusion process. Nernst emphasized 
the factor of the thickness of the interfacial layer in such processes as have 
already been discussed. Thus, in considering the rate of attack of hydrochloric 
acid on, for example, magnesia, the quantity of hydrochloric acid dz diffusing 
in time dt, into a layer of thickness, 6, in contact with an area O, is given by 
the equation 


_oda=s 
hala 


dx dt, 
where D is the diffusion coefficient per unit area per second per unit concentra- 


1Z. physik. Chem., 47, 52 (1904). 
2Z. phystk. Chem., 47, 56 (1904). 
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As £ 


tion difference, the concentration of hydrochloric acid in the bulk of the 


solution of volume V. Now since, as shown by Noyes and Whitney, 
dx = k(a — x)dt, 


the magnitude k is given by the equation 


or, in case k is measured, O, D and V known. 6 the thickness of the layer can be 
deduced. Brunner found that the value of & was proportional approximately 
to the two-thirds power of the frequency of the stirring; the stirring therefore 
diminished the thickness of the interfacial layer. With a variety of reactions, 
for example, the rate of solution of benzoic acid in water, of magnesia in benzoic, 
acetic and hydrochloric acids, of marble in hydrochlorie acid and magnesium 
chloride, of magnesium in benzoic acid and of silver acetate in water, the 
calculated thickness of the interfacial layer at constant stirring was found to 
vary only between 20 uw and 50 uw while the velocity of reaction under the same 
conditions varied as much as 1:7. It was found that the rate of reaction 
bore no relation to the strength of the acid employed. The rate of solution 
of magnesia in acetic acid is more rapid than the rate in benzoic acid although 
the latter is the stronger acid. Acetic acid, however, has the higher diffusion 
rate and hence the greater rate of reaction. 

Convincing proof of the applicability of the diffusion layer theory is ob- 
tainable from the experiments of Van Name and Edgar! on the velocity of 
interaction of various metals with iodine dissolved in an excess of potassium 
iodide solution. Mercury, cadmium, zinc, copper and silver were all shown to 
have practically the same rate of interaction under like conditions, as the 
following table shows. 

With zinc, cadmium and mercury an agreement to within 2 per cent was 
attained under similar conditions. With copper and silver there are variations 
up to 5 per cent, attributable in great part to the partial adherence of solid 
iodide at the interface. The rate of reaction was approximately proportional 
to the 4/5 power of the stirring velocity. Increase of iodide concentration 
increased the rate of reaction, an influence ascribed to the higher diffusion 
velocity of the potassium tri-iodide in stronger potassium iodide solutions, a 
fact which was demonstrated by qualitative experiment by Van Name and 
Edgar. A quantitative study of the velocity of diffusion of iodine in potassium 
iodide solutions was made by Edgar and Diggs.? Increase in concentration 
of the potassium iodide causes a marked increase in the rate of diffusion of the 
iodine, the amount of increase being distinctly of the same order of magnitude 
as the increase in the velocity constants, in good accord, therefore, with the 


1Z. physik. Chem., 73, 97 (1910). 
2 J. Am. Chem. Soc., 38, 253 (1916). 
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TABLE VI 


Vetocrry ConsTANTS FOR REACTION BETWEEN JODINE AND Various METALS 


Concentration of KI in grams per liter 


Revolutions 
per Minute 
100 200 400 800 
170 6.43 (Hg) 7.21 (Hg) 8.15 (Hg) . 
6.36 (Cd) 7.95 (Cu) 
180 7.03 (Zn) 8.23 (Ag) 
210 8.54 (Hg) 
8.81 (Hg) 9.55 (Hg) 10.48 (Hg) 
240 8.69 (Cd) 9.56 (Cd) 9.98 (Cu) 10.27 (Cu) 
8.64 (Zn) 9.64 (Zn) 9.93 (Ag) 
300 11.12 (Hg) 


diffusion theory of heterogeneous reactions. Mercury reacts with bromine in 
potassium bromide solutions more rapidly than in the iodine solutions; it 
reacts much more slowly in copper bromide. The ratio of velocities in the 
three cases is approximately 12.3: 11.0:6.9. It is to be anticipated that 
bromine would diffuse more rapidly. The low velocity of diffusion of copper 
salts in comparison with potassium salts is in agreement with the results with 
copper bromide. Additional studies of the rate of metal-iodine reaction were 
also carried out by Van Name and Bosworth! and by Van Name and Hill.? 
These several researches probably represent the most complete experimental 
study yet made of a solid-liquid reaction velocity involving the diffusion 
process as the determinant of reaction rate. 

Criticisms of the diffusion theory have been made by Ericson-Auren,? 
Palmaer 4 and Meyer Wildermann ® in reference to solution processes. The 
latter claims that the assumption of a diffusion layer is unnecessary since the 
same velocity equations can be derived without its use. He further shows 
that the velocity of solution of gypsum is dependent on the physical properties 
of the material and varies with different faces of the crystal. On a simple 
diffusion theory, this could not be true. Nevertheless, it should be emphasized 
that the properties of the diffusion layer will certainly depend in part on the sur- 
face exposed, since, as is now well known, adsorption differs at different faces. In 
Auren and Palmaer’s experiments on the velocity of solution of metals in acids, 
a variety of difficulties might arise. Gas evolution is undoubtedly a complicat- 

1Am. J. Sci., 32, 207 (1911). 

2Am. J. Sci., 36, 543 (1913). 

3 Z. anorg. Chem., 18, 83 (1898); 27, 209 (1901). 

4Z. physik. Chem., 56, 689 (1906). 

5 Z. physik. Chem., 66, 445 (1909). 
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ing factor in such experiments as some recent work by Prins! demonstrates. 
The velocity of solution of a variety of metals in acids was shown to be markedly 
influenced by such additions as nitrobenzene and benzaldehyde. Most marked 
accelerations were noted, especially under such experimental conditions as 
eliminated or minimized the hydrogen evolution. It is possible that the in- 
fluence of such additions may be in part catalytic though the mechanism has 
not been established. 

The most comprehensive recent studies of the velocities of solution of 
metals and alloys in acid and salt solutions have been carried out by Centner- 
szwer and his students.2, Many cases investigated obey the laws of the diffusion 
theory already detailed. In other cases, notably the solution of aluminium, 
cadmium. and tin in hydrochloric acid, the processes occurring are independent 
in their velocity of the diffusion process; the chemical reaction is the rate deter- 
mining factor. The velocity of stirring is subordinate and the reaction velocity 
shows a high temperature coefficient. Centnerszwer also emphasizes the 
importance of local elements of the metal and admixtures in determining the 
velocity of solution of the metal in acid and electrolyte solutions. 

Velocity of Crystallization: That the Noyes-Whitney-Nernst theory of 
heterogeneous reaction velocity is not adequate for all solid-liquid reaction 
systems is evident when a study is made of the results of Marc 3 on the velocity 
of crystallization from aqueous solutions. Mare shows that the process of 
crystallization is relatively slow and easily measurable; that, in contrast to 
solution, it is independent of the rate of stirring when this is sufficiently in- 
tensive. Foreign substances, adsorbed by the crystal, reduce the rate of 
crystallization most markedly, which points to the existence of an adsorption 
layer in which the essential process of crystallization occurs. The existence 
of this layer is indicated by an initial rapid fall in supersaturation during the 
first half minute after the crystals have been added to the supersaturated 
solution, after which time interval a normal crystallization velocity is obtained. 
The diversity of solution and crystallization phenomena is shown by the 
observation that the substances which markedly inhibit crystallization do not 
influence the rate of the solution process. The “ order” of reaction varies with 
the temperature in an unexplained way. At low temperatures (circa 0° C.) 
the velocity is approximately proportional to the square of the supersaturation; 
at 25° C., the velocity is “unimolecular.” The temperature coefficient of the 
second order reaction is approximately 1.5, that of the first order reaction 
approximately 2.0: there is no well-marked change from one to the other order 
of reaction. 

The work of Marc indicated that when a crystal is introduced into a satu- 
rated solution there is an initial rapid formation of an adsorption layer; the 
crystal growth occurs at a measurable rate at the expense of the molecules in 
this layer which, however, is maintained by further adsorption from the 

1 Proc. K. Akad. Weten. Amsterdam, 23, 1449 (1921). 

2 Wor a summary of this work and of the literature see, Centnerszwer, Z. phystk. Chem.., 


141A, 297 (1929). 
3 Z. physik. Chem., 61, 385 (1908); 67, 470 (1909); 68, 104 (1909); 73, 685 (1910). 
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solution. Foreign substances which are adsorbed but which cannot enter the 
crystal lattice impede the velocity of crystallization, the mechanism of the 
inhibition being undoubtedly like that of a catalyst poison in heterogeneous 
catalysis, the diminution of active reaction area as a result of preferential and 
more or less irreversible adsorption. The accompanying diagram shows the 
influence of a dissolved dyestuff on the rate of crystallization of potassium 
sulphate, Curve I showing the uninhibited rate of crystallization, Curve II 
that with 0.03 g. Quinoline yellow in 100 ces. of solution. Curve III shows 
the rate of saturation of an unsaturated solution with potassium sulphate with 
dyestuff present (points indicated by crosses in circles) and with dyestuff 
absent (circles only). The velocity units are arbitrary and express degree of 
supersaturation and unsaturation respectively ; time is expressed in minutes. 
That adsorption is an im- 
portant factor in the process 
is further evident from the 
fact that only those dyestuffs 
which color the erystals inhibit 
the velocity of crystallization. 
Bismarck brown, Ponceau red 
and Quinoline yellow all color 
potassium sulphate and retard 
its rate of crystallization. 
Methylene blue does not color 
this salt; it exerts no effect on 
the velocity of crystallization. 
24. "Ee US SG Ie iss, 16s Freundlich + calls attention 


Time to the widespread importance 

Fie. 1. Velocities of De-Saturation and Saturation of the subject of crystallization 

of Potassium Sulphate Solutions in Presence 
and Absence of Dye-Stuffs 


co) 


SRS 


Unsaturation Supersoturation 
OMAN ONAO® 
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h 


velocity in the presence of for- 
eign substances. The retard- 
ing influence of impurities accounts in part for the use of charcoal purification 
and decolorization of solutions in preparative chemistry. The various crystal 
formations in living matter, e.g., pearls, probably owe their particular forma- 
tion to the presence of foreign materials during formation. The multitudinous 
forms of crystalline configuration of one and the same substance are in part 
due to this presence of foreign materials. Valeton 2 has discussed the relation- 
ship between crystal growth and the lattice structure as determining, for 
example, the differences between cubic and octahedral crystals of sodium 
chloride. When crystallized from solutions containing urea, octahedra are 
formed. Cubic crystals form from the pure solutions. The growth of crystals 
in colloid media is another phase of the same problem. ‘The influence of 
foreign substances is not, however, confined to organic substances. Mare 

1 Kapillarchemie, 2d Edition, Leipzig, 1922, pp. 457-466. 

2Z. Physik., 21, 606 (1920). 

3 Ritzel, Z. Krist. Miner., 49, 152 (1911); Z. physik. Chem., 76, 584 (1911). 
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showed that substances such as the chloride, nitrate and carbonate of potassium 
all influenced the velocity of crystallization of potassium sulphate. Some 
diminished the velocity of crystallization. Potassium chloride doubled the 
rate. 

Crystallization from Melts: The fact that crystals are polyhedra shows 
that the rate of growth of a erystal differs at different faces. Were this not 
so, all crystals would be spherical. The earliest work by Gernez! on erystal- 
lization from a melt is concerned, however, with the so-called linear erystalliza- 
tion velocity. Gernez studied the motion of the visible interface between 
solid crystal and melt as it extended from the end of a tube through the melt. 
Gernez employed sulphur and phosphorus and studied the rate of growth of 
rhombic sulphur and the yellow form of phosphorus. He showed that, with 
increasing extent of supercooling, the velocity of crystallization steadily rose. 
Moore * showed subsequently that the velocity was independent of the diameter 
of the tube within the limits of 1 to 7 mm. in the case of supercooled phenol 
and acetic acid. The subject was studied more comprehensively by Tammann 
and his students * who extended the temperature interval over which the 
measurements were made. It was found that the velocity was largely a func- 
tion of the extent of supercooling. With slight supercooling, the velocity was 
extremely slow. With decreasing temperature, the velocity rose until a 
maximum value was reached which then was maintained more or less constant 
over a considerable temperature interval, beyond which a decrease in velocity 
would be observed. The accompanying diagram, Fig. 2, reproduces the 
general behavior observed. Ordinary glass illustrates a part of this behavior 
readily. At normal room tempera- 
tures, far below the crystallization 
point, the velocity of crystallization 
(devitrification) is excessively slow. 
That it occurs slowly, however, may 
occasionally be observed in old panes 
of window glass. Crystal growth is in- 
creased in velocity by raising the tem- 
perature, a familiar phenomenon to 
anyone who has experimented much in 


Velocity of Crystallization 


the art of glass-blowing. Tammann is Temperature of Supercooling 
of the opinion that the form of the Fig. 2. Velocity of Crystallization 
curve is determined in large part, not from Melts 


by the velocity of crystallization, but 

by the rate of heat loss from the system. Since crystallization is an exothermic 

process, Tammann holds that the heat evolution at the interface exercises a 

marked influence on the rate of crystallization, by causing the liquid contiguous 

to the interface to become heated above the melting temperature, thus giving 
1 Compt. Rend., 95, 1278 (1882). 


27. physik. Chem., 12, 545 (1893). 
3 Kristallisieren und Schmelzen, Leipzig, 1903, pp. 131 et seq. 
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a lower velocity of change than would obtain with true temperature equilibrium. 
With increased supercooling, this factor becomes less and less important until, 
in the region of constant velocity, the conditions of heat loss are such that the 
interface is exactly at the melting temperature. At still lower temperatures, 
the interface is also lower in temperature than the freezing point. The velocity 
of crystallization falls, however, as do other reaction velocities with decreasing 
temperature, and as crystallization would, according to Tammann, even at low 
degrees of supercooling, were the other factors not simultaneously operating 
in the less supercooled fluids. 

In Table VII are indicated some measurements of the maximum linear 
velocity of crystallization in a few supercooled fluids, which show a wide 
variation of this magnitude. No relationship is known connecting this velocity 
with the properties of the various substances. A wide variation is, however, 


observable. 
TABLE VII 


Maximum VELOCITIES OF CRYSTALLIZATION 


Bath Velocity 


Substance WMT 18s, XC: : Observer 
Temp. mm. min. 

Bhosphoruss erect certs 44° 252 60000 Gernez 
Wisitenik Sins nc omer oa 0 — 9.1 6840 Walton and Judd! 
Butyl Henle sere. cies seers 98.1 70 1117 Jendrychowski 2 
PrcriceAcids S20. Mere: £22, 85 858 Bogojawlensky 
IAZODENZOl a meeen see ee ee 67.1 37 600 Friedlander and Tammann? 
Benalla eee ceo cancers ce 94.8 60 433 Bogojawlensky 2 
m-Dinitrobenzoic Acid....} 140 120 31 Bogojawlensky 2 
Dalol Uc sear tend veneers 42 20 3.46 Tammann 2 


SaloleRler titya sista ere 38.8 20 1 Tammann 2 


These measurements relate to linear velocity of crystallization, which 
certainly is a composite quantity. A determination of true velocity of growth 
of individual crystal faces has finally been realized by Nacken 4 whose researches 
on the subject throw some doubts on Tammann’s interpretation of the previous 
diagram. Nacken observed microscopically the crystallization of erystals 
growing under cover glasses and was able to notice very diverse rates of growth 
at various faces, varying from one another relatively greatly with temperature. 
Furthermore, by regulating the temperature loss or gain to crystals attached 
to metals he was able to maintain any temperature of crystal desired. In this 
way he showed it to be possible to regulate the form of the growing crystal. 
As long as the heat of crystallization was greater than that of heat loss, the 
melting point temperature was maintained at the interface and hemispherical 

1 J. Phys. Chem., 18, 722 (1914). 

2 Cited from Kristallisieren u-Schmelzen, pp. 146-147. 

3Z. physik. Chem., 27, 585 (1898). 


4 Zentralbl. f. Min. Geol. u. Pal., 191 (1917). Neues Jahrbuch f. Min. Geol. u., Pal. Ze 
133 (1915). 
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or ellipsoidal solids were formed, the former from crystals of the regular series, 
the latter from other crystal systems. If the heat loss is greater, however, than 
the heat of crystallization, crystallization starts first at the surfaces with the 
smallest velocity of crystallization, with formation of a surface on the rounded 
solid. With the heat loss somewhat greater, crystallization starts at surfaces 
having greater velocities of crystallization. If Tammann’s theory were 
correct, these phenomena should only be observable at temperatures at which 
the maximum linear velocities obtain. For, only at such temperatures, ac- 
cording to Tammann, does the melting temperature prevail at the crystal 
surface. Nacken showed however that this formation of crystal faces com- 
mences for Salol (cf. Table VII) some 1° or 2° below the melting point. Nacken 
therefore concludes that Fig. 2 given previously really represents the vari- 
ation of velocity with temperature. It is a function, apparently, of the 
energy of motion of the molecules or crystal germs which collide with the 
crystal face and, according to their energy content, take up their position in 
the crystal lattice or rebound from the surface. Probability and Maxwell’s 
distribution of velocities are two of the factors of importance. Viscosity un- 
doubtedly plays a réle in the region of diminishing velocity. 

Tammann showed that the velocity of crystallization from melts was 
strongly influenced by the presence of impurities or added materials. Benzil 
required five recrystallizations before it attained its maximum velocity of 
crystallization. An addition of 8 per cent benzophenone to benzil lowers the 
maximum linear velocity from 433 mm. per minute to 250 mm. per minute. 
According to Freundlich ! this is to be attributed in part to adsorption at the 
interface. Some measurements of Pickard ? on the lowering of the velocity of 
crystallization of benzophenone by brenzcatechin, showed that the relative 


22, / 
lowering of the crystallization velocity cae (where g refers to pure melt, g’ 
g 


to mixture) is proportional to the adsorbed amount 


=, / 
aiae = kell™, 


where c is the concentration of admixed material, n a constant greater than 
unity, & the proportionality factor. Adsorption, however, is not the only 
factor which may produce the effect. A lowering of the viscosity of the melt 
may facilitate crystallization and thus increase its velocity.* Solvation of the 
dissolved substance undoubtedly influences the rate of crystallization, as the 
experiments of Walton and Brann‘ on the rate of crystallization of super- 
cooled water containing dissolved salts show. The lowering of the velocity 
of crystallization parallels the hydration of these salts. With the alkali salts 


1Z. physik. Chem., 75, 245 (1910). Kapillarchemie, Leipzig, 1922, pp. 448 et seq. 
2Z. physik. Chem., 42, 17 (1902). 

3 Dreyer, Z. physik. Chem., 48, 480 (1904). 

4 J. Am. Chem. Soc., 38, 317 (1916); 40, 1168 (1918). 
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the order is Li, Na, K; similarly with the salts of the following metals the 
order is Mg, Ca, Ba. 

Spontaneous Crystallization: Similar considerations to those advanced 
above may be put forward in considering the problem of spontaneous erystal- 
lization from melts or supersaturated solutions. The process of crystallization 
undoubtedly occurs in a whole series of stages from the aggregation of two or 
more molecules, through particles of colloidal dimensions, to the complete 
crystal. In its dependence on temperature, the velocity of crystal nucleus 
formation passes, as does crystallization velocity, through a maximum and 
then falls away again rapidly with increasing fall of temperature of the melt 
below the crystallization temperature.!| The curve shows, in general, a very 
sharp maximum. A kinetic interpretation based on the distribution of 
molecular motion at a given temperature and assuming the association of 
molecules with low translational energy to form the crystal nucleus, un- 
doubtedly is the best starting point for a theory of such behavior. With 
supersaturated solutions, since the solubility of a substance varies with the 
particle size,? it is apparent that a nucleus of a certain size will be necessary 
before crystal growth may occur in such a solution. A treatment of this 
problem is given by Jones and Partington.? With nuclei possessed in many 
cases of colloidal dimensions it is to be expected also that impurities will 
exercise great influence on the development and growth of crystal nuclei. 

Catalytic Processes: The most important reaction velocity studies at solid- 
liquid interfaces involve catalytic phenomena. In general, the solid represents 
the contact catalyst at the surface of which reactants in the liquid medium 
undergo change. In such cases, the velocity at the solid surface is normally 
very rapid as compared with that of the same reaction in the liquid medium 
away from the surface. The conditions governing the velocity of change will 
therefore be the concentrations of the reactants at the solid surface, the nature 
of the concentration and the rate at which the reactants reach the surface and 
the resultants leave it. A wide variation in the relative importance of these 
factors has been demonstrated by experimental investigations, which cover a 
very considerable variety of phenomena and contact agents. Surfaces ranging 
from massive metals to metals in the colloidal state, from inorganic oxides and 
glasses to enzymes have all been employed in various studies. 

The concentration of reactants at the solid catalyst surface will determine 
in part both the velocity at which reaction occurs and the apparent form of 
the reaction velocity equation. For simplicity, let us examine the case of a 
reaction in which a dissolved molecule undergoes catalytic decomposition at 
a solid surface, for example, the decomposition of a hydrogen peroxide molecule 
to yield water and oxygen. Let us assume a negligible reaction rate in the 
liquid medium. A variety of conditions are possible. 

Case I: If the concentration of reactant relative to contact surface is 
sufficiently great, it is to be expected that the whole of the active surface will 

1Tammann, Z. physik. Chem., 25, 442 (1898). Kristallisieren und Schmelzen, p. 151. 


2 Hulett, Z. physik. Chem., 37, 385 (1901); 47, 357 (1904). 
8 Z. physik. Chem., 88, 291 (1914). 
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be steadily and continuously saturated with reactant, the concentration of 
which at the surface will therefore be constant. Under such circumstances, 
the amount of reaction change per unit time should be constant, a linear 
relationship should exist between extent of reaction and time. In other words 


or a reaction of the zero order would be anticipated. 

Case IT; If the relation between concentration in the liquid and contact 
surface is such that the amount of contact surface covered by reactant is pro- 
portional to the concentration of the latter in the liquid phase, then the reaction 
velocity obtained will be that of an apparent unimolecular reaction. The 
curve of rate of change will be logarithmic. 


Case III: In sufficiently dilute solutions, the concentration at the solid 
surface will not decrease so rapidly as the concentration in the solution. This 
is a consequence of the Freundlich equation of an adsorption process in solution 


= 1/n 
UE NOL es 


where u is the amount adsorbed, x the concentration in the solution, a and n 
positive constants. In such case a unimolecular constant will not be obtained. 
On the contrary, the unimolecular “ constant ”’ will show steadily rising values. 

Case IV: It is conceivable that, owing to the low concentration of reactant 
in the solution, or, alternatively, to the physical characteristics of the solution— 
for example, the viscosity—the actual factors determining reaction rate will 
not be the forces operative at the surface but those determining the rate of 
translation of the reactant through the solution. Thus, in a highly dilute 
solution or in a highly viscous medium it is possible that the rate at which the 
reactant is concentrated on the contact surface will be determined by the rate 
of diffusion of the reactant through the liquid medium. The reaction velocity 
will then be unimolecular as in the previous examples of rate of dissolution of 
solids in liquids, the apparent unimolecular reaction being due, however, to 
the slow diffusion process. 

For reactions involving two or more molecules interacting at a solid surface 
the complexities are naturally so much the greater. Not only are the con- 
centration ratios between surface and solution in the cases of the individual 
reactants of determining importance but the relative ratios of the two on the 
surface are likewise fundamental. No large body of experimental material 
is available which enables a quantitative presentation of such relationships 
to be made. The accumulation of such material is one of the tasks of the 
future. In certain limiting cases, however, simplification of the problem is 
possible and the problem has yielded to experimental study. Thus, consider 
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a reaction at a surface involving interaction of a solute with the solvent medium. 
As an example, the general case of hydrolytic processes at surfaces, for instance, 
enzyme surfaces, may be cited. The solvent water is one of the reactants. 
Owing, however, to its relatively high concentration and to the small variation 
of that concentration as a result of the reaction, its active mass may be re- 
garded as constant as a first approximation. Attention would then be focussed 
on the variability of distribution of the other reactant between solution and 
surface and a correlation established between that distribution and the kinetic 
studies. The problem, thus limited, becomes, again, as a first approximation, 
the case already discussed of a reaction involving one molecule occurring at 
a surface. Some experimental data cited in the following pages will illustrate 
just this type of case. 

Study of the temperature coefficient of reactions in liquid systems at solid 
catalyst surfaces has also been employed in the effort to elucidate the mecha- 
nism of such reactions. A variety of experimental results have been obtained 
for which various interpretations have been adduced. Thus, in certain cases, 
low temperature coefficients, around 1.3 per 10° rise, have been obtained and 
attributed to the operation of diffusion factors as determining the rate of 
change, in agreement with the conclusions reached in the previous discussion 
of the Noyes-Whitney-Nernst theory. Other examples, notably reaction 
velocity measurements at colloidal or enzymic surfaces, have yielded the 
normal temperature coefficient of 2 per 10° rise. This has been taken as an 
index of chemical reaction as the measured velocity, slower than the diffusion 
factors. The occurrence of this higher temperature coefficient with finely 
divided contact agents suggested the possible influence of the Brownian motion 
of the particles as causing the elimination of the diffusion layer—the motion 
operating in the same direction as would more efficient stirring. Bredig and 
Teletow,! however, deduce, from their investigations of the decomposition of 
hydrogen peroxide in the presence of colloidal platinum, a reaction which 
possesses a temperature coefficient of 1.7, that the diffusion layer as calculated 
by the Nernst-Brunner method has a thickness of 0.067-0.07 mm., comparable 
to that obtaining in the Brunner experimental work on the velocity of solution 
of various materials in water and acids. The Brownian movement would, 
it seems thus indicated, not account for the observed higher temperature 
coefficient with particles of colloidal dimensions. This conclusion is confirmed 
by some recent experiments on the mechanism of enzyme action by Nelson 
and his coworkers. They showed that if Brownian motion was inhibited by 
attaching the enzyme, invertase, to porous supports such as charcoal or 
aluminium hydroxide, the catalytic effect was the same as if the enzyme were 
in suspension in the liquid. Denham,’ considering this divergence in temper- 
ature coefficient between reactions at colloidal and massive surfaces, sought an 
explanation in the fact that the smaller particle possesses a surface energy 

1Z, Elektrochem., 12, 583 (1906). : 

? Nelson and Griffin, J. Am. Chem. Soc., 38, 1109 (1916); Nelson and Vosburgh, J. Am. 


Chem. Soc., 39, 790 (1917). 
3 Z. physik. Chem., 72, 688 (1910). 


REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 1041 


which is much greater per unit area than the energy of a solid having approxi- 
mately plane surfaces. The adsorption per unit area at the surface of the 
colloid would thus be greater than with the massive metal. Hence, he believes 
that, rapid adsorption occurring with the colloid, the chemical reaction is the 
slower process and determines the temperature coefficient. With the massive 
metal, the adsorption plays relatively little part and the diffusion process 
intrudes as the dominant factor in temperature coefficient. 

It is apparent that the correct solution of the problem of influence of 
temperature on such catalyzed reactions is by no means apparent. From 
what has already been stated, it is obvious, also, that the experimental data 
in support of the various viewpoints need extensive supplementary work. In 
such work, attention must be directed to an analysis of the temperature 
influence on the individual steps of the composite process which the determina- 
tion of reaction velocity measures. Thus, while experiment should undoubtedly 
be directed to a test of Denham’s views, it should simultaneously be ascertained 
what is the effect of temperature on the extent of adsorption by colloidal and 
by massive materials. The data available to give even an orientation in such 
a question are most scanty. If, however, the decrease in amount adsorbed 
with a given temperature rise is very much more pronounced in the ease of a 
massive, poorly adsorbing surface than with a colloidal surface, this would 
result in a lower temperature coefficient for the reaction at a massive surface. 
It will be seen later that this somewhat difficult problem is more easily ap- 
proached by a study of gaseous adsorption at catalytic surfaces since, under 
such conditions, experimental procedure is much simpler. Similar data must 
be accumulated before satisfactory elucidation of the problem of temperature 
coefficient in catalyzed reactions in solid-liquid systems can be obtained. 

It is necessary in concluding this general survey of catalyzed reactions at 
solid-liquid interfaces to add some observations concerning the nature of the 
concentration of reactants at the interface. The modern point of view in this 
regard is gravitating to a position midway between two extreme viewpoints 
which were earlier held. Starting with the observations of Faraday? on the 
power of metals to adsorb gases and to compress and concentrate gases by 
such adsorptive power, the one school has viewed the mechanism of concentra- 
tion at the interface as due to a purely physical force of adsorption. Chemical 
action was supposedly enormously accelerated by such compression and con- 
centration, the contact agent or catalyst playing a very subordinate, if not 
negligible, réle. This point of view was dominant in the researches of van’t 
Hoff 2 on the decomposition of gases at the surfaces of the containing vessel. 
It finds expression in numerous researches by a variety of capable investigators, 
among whom may be mentioned Bredig and Findlay,’ J. J. Thomson,‘ Spring,” 

1 Experimental Researches in Electricity, 1849, 1, 165, 6th series. Nos. 564-659. 

2 Physico-Chemical Studies, Vol. I (1898). 

3 Anorganische Fermente, p. 92. 


4 Applications of Dynamical Statics, pp. 206, 236. 
5 Bull. Acad. Belge, (3) 30, 27. 
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Bodenstein,! Euler,? Henri,* Bayliss,4 and Denham.’ Bancroft ° has recently 
summarized the material relative to the adsorption viewpoint. 

Side by side with this physical concept, the chemical view of definite though 
unstable intermediate compounds has received much consideration and support. 
It was first put forward by de la Rive and Marcet’ and has since that time 
received continued support in various directions. Their concept of an inter- 
mediate platinum oxide as a stage in catalytic oxidation was extended by 
Berthelot ® to hydrogen peroxide decomposition. Haber *® re-emphasized 
this view and Bredig, from his researches on the catalytic activity of colloidal 
platinosols, concluded that this was the most convenient explanatory assump- 
tion. Bredig and von Antropoff ” actually revealed the intermediate formation 
of mercuric peroxide in the decomposition of hydrogen peroxide at a mercury 
surface, the mercury peroxide forming a film which then breaks down, only to 
form again. This peroxide phenomenon represents an extreme case. Under 
ordinary circumstances the formation and decomposition succeed one another 
extremely rapidly and are impossible of detection. Intermediate peroxide 
formation may account in some cases for the similar activity of various oxides 
as catalysts for hydrogen peroxide decomposition. In other cases as, for 
example, at powdered glass and quartz surfaces, such peroxides are not easily 
assumed and in such cases adsorption is suggested. Sabatier ' expounded 
the point of view of intermediate compound formation in reference to catalytic 
hydrogenation of organic compounds at metal-liquid and metal-gas interfaces, 
reasoning from the capacity displayed by the platinum metals to absorb 
hydrogen, with the possible production even of hydrides. In his view, hydro- 
genation is carried on by double decomposition between the metal hydride and 
the unsaturated organic compound. Armstrong and Hilditch ® have supple- 
mented Sabatier’s idea relative to a metal-hydrogen association by emphasizing 
the primary importance of the metal-organic compound association. Their 
researches, which will be detailed at length in the subsequent examples, 
demonstrate that hydrogenation at the surface of a catalyst is explained by 
primary interaction between catalyst and unsaturated compound (an action 
produced by chemical forces, but not necessarily giving a stable isolable com- 
pound), the complex so formed being decomposed by hydrogen. The hydrogen 
is also to be regarded as coupled with the nickel used as catalyst, both hydrogen 

1Z. physik. Chem., 60, 1 (1907). 

2 Ofvers. Svensk Akad. Forhand., 267 (1900). 

3 Z. Elektrochem., 11, 790 (1905). 

4 Nature of Enzyme Action, p. 14 (1908). 

5Z. physik. Chem., 72, 684 (1910). 

6 J. Phys. Chem., 21, 767 (1917); Trans. Am. Electrochem. Soc., 37, 31 (1920). 

7 Ann. Chim. Phys., (2) 39, 328 (1828). 

8 Ann. Chim. Phys., (V) 21, 176 (1880). 

9 Z. anorg. Chem., 18, 39 (1898); Z. physik. Chem., 34, 575 (1900). 

WZ, Elektrochem., 12, 581 (1906); J. prakt. Chem., (2) 77, 273 (1908). 


1 Catalysis in Organic Chemistry, Sabatier-Reid, pp. 51-53. D. van Nostrand Co. (1922). 
12 Proc. Roy. Soc., 1919-1923. 
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and unsaturated compound being considered as having some affinity for the 
nickel. 

The newer work on adsorption at surfaces is supplying the necessary 
material which will enable such extreme points of view to be brought together. 
The field of adsorption ranges between these two extremes. At one time 
thought to be practically purely physical and non-specific, adsorption is now 
being shown to be composite of varied phenomena, many of which are ex- 
tremely specific and akin to purely chemical phenomena. Langmuir’s re- 
searches! on the behavior of oils spread in unimolecular layers? on water 
surfaces are evidence in favor of the view that molecules may be held to a 
surface by forces which are not readily distinguishable in effect from “chemical’’ 
forces or affinity. It is such molecules at the contact surface which enter into 
catalytic changes. It is undoubtedly true, however, that not all adsorption 
at a contact surface leads to catalytic change. Specificity on the part of the 
contact agent is still a striking factor which must be remembered. The diver- 
sity of behavior among catalysts will undoubtedly be accounted for by a more 
penetrating analysis of the nature of the association between catalyst and 
reactant, with a view to distinguishing the extent of intra-molecular change 
suffered by reason of the association. In the meantime, the tendency of 
catalyst and reactant to form compounds is a rough index of such intra- 
molecular change. Langmuir’s work has already revealed that the adsorptive 
force, chemical in nature, determines the orientation of molecules at the 
interface between two liquids, and the concept of orientation is definitely 
transferable to solid-liquid and solid-gas interfaces. This molecular orien- 
tation undoubtedly accounts in part for the efficacy or otherwise of a contact 
agent in promoting change, as the experiments of Kruyt and van Duin® 
reveal. They find that the following reactions are retarded by charcoal 
although the reacting substances are adsorbed by it: the saponification of ethyl 
acetate and of sodium methyl benzoate p-sulphonate; the addition of bromine 
to the acid sodium salt of p-sulfo-cinnamic acid; the removal of bromine from 
the neutral and the acid sodium salts of p-sulphonic dibromohydro cinnamic 
acid by means of potassium iodide. On the other hand, the removal of 
bromine from a@-dibromopropionic acid by means of potassium iodide is 
accelerated by the presence of charcoal. In this latter case there are three 
polar groupings, Br, Br, COOH, in the acid and, according to the theory of 
oriented adsorption, the chain of carbon atoms takes up a position parallel to 
the boundary carbon surface with the three polar groups turned to the water, 
in a favorable orientation for reaction. In the other cases, unfavorable orien- 
tations result. Such examples must be multiplied by further experimental test. 

Exemplification of the many points raised in the general discussion of these 
catalytic processes at solid-liquid interfaces may now be given. 

1J, Am. Chem. Soc., 38, 2221 (1916); 39, 1848 (1917); 40, 1361 (1918). 

2 Rayleigh, Proc. Roy. Soc., 47, 364 (1890). Hardy, Proc. Roy. Soc., 86A, 631 (1912); 
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Apparent Zero Order Reactions: Among the most convincing studies of the 
reactions occurring at rates independent of the concentration of the reacting 
species (Case I of the previous discussion) are those of Armstrong ! on the rate 
of hydrolysis of sugars in presence of enzymes. The following table shows the 
results with concentrated solutions of milk sugar and lactose in which the 
amount of enzyme present was quite small. It will be seen that the absolute 
amount of sugar hydrolyzed is independent of the concentration within a wide 
limit of variation. The reaction velocity equation is therefore of the form 


where S is the sugar concentrated at the surface of the enzyme and which, 
under the stated experimental conditions, is apparently constant. 


TABLE VIII 


HyprRo.tysis OF CONCENTRATED SuGAR SOLUTIONS 


24 Hours 46 Hours 144 Hours 
Concentra- 


tion of Sugar Amount Absolute Amount Absolute Amount Absolute 
Solution Hydrolyzed| Amount |Hydrolyzed| Amount |Hydrolyzed| Amount 
Per Cent | Per Cent |Hydrolyzed| Per Cent |Hydrolyzed| Per Cent |Hydrolyzed 


g. g. g. 
LO sister, vdeo 14.2 1.42 22.2 2.22 33.4 3.34 
PAR Cis Oe 7.0 1.40 10.9 2.18 16.9 3.38 
(Rew eccpare eteus 4.8 1.44 ete 221 11.0 3.30 


When the ratio of enzyme present to sugar was relatively high, the above 
conditions no longer held and the following table shows that, on increasing the 
amount of sugar present, there was a nearly proportionate increase in the 
amount hydrolyzed, though the proportion hydrolyzed as well as the constant 
K for a unimolecular reaction (Case II previously) remained constant. 


TABLE IX 
DitutTe Sucar SoLutTions 
Milk Sugar Amount changed K (Unimol.) 
per 100 cc. in 3 hours 
WRONG Sevan cicss salen este to Ee PO ER oe 0.185 0.0296 
OL SE ons 3 athe thence hes SPO eee eee 0.098 0.0298 
O.258i scsi HR alte ee oe e  e: 0.0416 0.0337 


In the most dilute solution a marked rise in K is to be noted. This evi- 
dently is to be ascribed to the operation of the factors enumerated in Case III. 


1 Proc, Roy. Soc., 73, 500 (1904). 
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Experiments on the influence of enzyme concentration showed that the hy- 
drolysis was approximately proportional to the amount of enzyme, provided 
that the amount was not too large and that the comparison was made during 
the earlier stages of the hydrolysis. This is the result to be expected on the 
basis of a surface effect when it is remembered that the reaction products do 
eventually exert a marked influence on the rate of reaction. Similar results 
to those obtained by Armstrong have been obtained by Hudson! with cane 
sugar and invertase and by Nelson and his coworkers in the studies previously 
cited. 

In the realm of solid-liquid interface reactions at metallic surfaces, the 
studies of Armstrong and Hilditch ? on the rate of hydrogenation of unsaturated 
compounds at the surface of a nickel catalyst are both comprehensive and 
convincing. Several workers, such as Fokin,’ Moore, Richter and van Arsdel,! 
Ueno,® Ubblehode and Svanoe * and Thomas,’ have observed an approximation 
to a unimolecular action in hydrogenation of liquid systems at a nickel surface. 
Employing as pure materials as could possibly be obtained and working under 
mechanical conditions favoring maximum contact of the gaseous, liquid and 
solid components of the system, Armstrong and Hilditch found that unsaturated 
glycerides containing mixtures of olein and less saturated glycerides gave 
characteristic curves, more nearly a series of two straight lines than a com- 
bination of two unimolecular curves. The first (almost linear) segment 
corresponded to the portion of the process in which analysis of the product 
has shown that the main action is the transformation of less saturated glycerides 
to olein and the second portion (not so straight) covers the part of the action 
in which olein (with the iso-oleins also formed in this action) is passing to 
stearin. 

Later, Armstrong and Hilditch extended the study to suitable unsaturated 
organic individuals which could be obtained in a state of greater purity than 
the non-volatile glycerides. The linear character of the absorption of hydrogen- 
time curves became very definite. It was also shown how the linear curves 
could be transformed into unimolecular curves (i) by the presence of a substance 
which slowly combines with the catalyst to form a permanent compound 
(permanent catalyst poisoning) or (ii) by the accumulation of gaseous im- 
purities in the gas-space above the acting system (thereby altering the other- 
wise constant concentration of hydrogen above the liquid). A further possi- 
bility resulting from this latter effect is that such gaseous impurities may have 
been preferentially adsorbed by the nickel catalyst and thus exercised a re- 
tarding influence on the reaction more than proportionate to their actual 
concentration in the gas phase. The linear curves obtained by Armstrong and 

1 J, Am. Chem. Soc., 30, 1160, 1564 (1908). 

2 Proc. Roy. Soc., 96A, 137 (1919); 98A, 27 (1920); 100A, 240 (1921). 

3 Z. angew. Chem., 22, 1451, 1492 (1908). 

4 J. Ind. Eng. Chem., 9, 451 (1917). 

5 J. Chem. Ind. Tokio, 21, 749 (1918). 


6 Z, angew. Chem., 32, 257, 276 (1919). 
7 J. Soc. Chem. Ind., 39, 120 (1920). 
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Hilditch in these studies undoubtedly indicate that the chosen experimental 
conditions gave a catalyst surface which was, initially and for a prolonged 
period of time, completely saturated with reactants. The deviations from 
linearity in the later stages of the reaction are also to be ascribed in part to 
competition of reaction products for the nickel surface, since it has been shown * 
that even saturated hydrocarbon systems, e.g., ethane, cyclohexane, are 
strongly adsorbed by catalytic metals. 

Throughout the preceding work the operating pressure of hydrogen gas 
was maintained constant. In a subsequent contribution, Armstrong and 
Hilditch 2 discussed the influence of variation in the hydrogen pressure. In 
this investigation, the greater complexity of the bimolecular reaction at an 
interface reveals itself quite definitely. 

(i) Normal: In the absence of substituent groups of the kind discussed 
below, (iii), and in presence of sufficient nickel (in general, so long as at least 
0.1 per cent of nickel is present) the ethylenic union is hydrogenated at a 
rate which is in almost exact proportion to the absolute pressure of the hydrogen. 

(ii) Subnormal: At very low concentrations of catalyst (say 0.01 to 0.02 
per cent of nickel reckoned on the organic compound) the increase in rate of 
hydrogenation becomes less than proportional to the increase in pressure. The 
compounds which absorb hydrogen most readily are in general more prone to 
show this subnormal effect when the catalyst concentration is diminished and 
it is especially marked in the case of multi-ethylenic compounds such as 
derivatives of linoleic acid or linolenic acid or with citral. 

(iii) Abnormal: If the unsaturated compound contains another group 
which has affinity towards nickel (but is not open to hydrogenation), it is 
found that increase in hydrogen pressure causes an increase in the rate of 
hydrogen adsorption in more than simple proportion to the altered concentra- 
tion of hydrogen. This has been observed with unsaturated alcohols and un- 
saturated: carboxylic acids. Unsaturated aldehydes or ketones on the other 
hand show normal or subnormal behavior. 

The results are broadly, then, that increase in concentration of hydrogen 
causes a directly proportionate increase in the rate of hydrogenation providing 
there are no disturbing factors; and that the increase in rate of hydrogenation 
becomes abnormally large if other groups active towards nickel but not open 
to hydrogenation are present. In other words, the nature of the organic 
compound has a determining influence on the effect of hydrogen concentration. 

By analogy with results of Pease, subsequently to be discussed (p. 1079), on 
the mechanism of hydrogenation of ethylene at a gas-solid interface, the pro- 
portionality between rate and pressure in the normal ease is to be ascribed to 
the fact that the extent of association between nickel and organic compound is 
large as compared with that between nickel and hydrogen. The accessibility 
of the hydrogen to free nickel surface (which will be small) varies directly as 
the hydrogen pressure. In the subnormal cases it is apparent also that the 

1 Pease, J. Am. Chem. Soc., 45, 1196 (1923). Dougherty and Taylor, J. Phys. Chem., 
27, 533 (1923). 

2 Proc. Roy. Soc., 100A, 240 (1921). 


REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 1047 


low concentration of nickel means a still lower accessibility of hydrogen to 
free nickel surface, the reduction in catalyst quantity being less unfavorable to 
the more strongly associated reactant, the unsaturated body. In the case of 
abnormal variation with pressure, the abnormality apparently lies in the 
secondary association of nickel with the unsaturated body at the second group 
which is not subject to hydrogenation. If it be assumed that this is a position 
of stronger association with nickel than the unsaturated linkage which ean be 
hydrogenated, it follows that the influence of increased hydrogen pressure will 
be greater than in the case where only one type of association between nickel 
and unsaturated body is possible. It will need careful and painstaking re- 
search to verify such a point of view quantitatively. The work of Langmuir 
and Hardy previously cited is a beginning in that direction. Progress, how- 
ever, may come more. rapidly by the study of mechanism in vapor phase 
hydrogenation reactions, where, as Pease has 
shown, it is possible more easily to follow the 
variation of interfacial concentration. 

The temperature coefficient of such hydro- 


wn 
genation processes may be judged from the ® 
curves given in Fig. 3. Actual calculation 9 
gives a temperature coefficient of 1.2 per 10° ¢ 
rise in the case shown. In view of what has s 
preceded, it is evident that this temperature § 
coefficient is composite of the influence of 6 
temperature on (a) the velocity of the chem- 3 
ical reaction, (b) the extent of complex for- 
mation between nickel and unsaturated organic 10 20 30 40 50 
compound, and (c) the association between Time in Minutes 
nickel and hydrogen. Of these, the first doubt- ie. 3. Variation of Reaction 
less increases with the temperature, the two Rate with Temperature 


last, on the contrary, undoubtedly decrease. 

Pseudo-Unimolecular Reactions: A wide variety of catalytic reactions at 
solid-liquid interfaces conform to the unimolecular velocity equation, Case IT 
of the preceding discussion. The decomposition of hydrogen peroxide solu- 
tions is perhaps the oldest and most often studied. This reaction was used by 
Bredig in conjunction with Miiller von Berneck and Ikeda’ to demonstrate 
the analogy existing between ferments and colloidal metals, such as platinum, 
prepared by the Bredig method of passing an are between two pieces of the 
metal under water. Bredig and von Berneck showed that such colloidal 
platinum behaved similarly to platinum black but far more efficiently. It 
was shown that it was possible to study the kinetics of the reactions quanti- 
tatively and to obtain reproducible results. Platinum in a dilution of 1 gram 
atom of metal in 70 million liters was found to have a marked accelerating 
action. In alkaline media, one mol. MnO, in 10 million, Co2O3 in 2 million, 
CuO in 1 million and PbO, in 1000 liters of water had marked catalytic prop- 


1Z. physik. Chem., 31, 258 (1899); 37, 1 (1901). 
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erties. In acid solutions, the effectiveness of these oxides was less. With 
constant amount and condition of the platinum colloid the decomposition 
was shown to give good unimolecular constants. 
In alkaline media, on the other hand, some results indicated a reaction 

velocity of the zero order, 

— dC 

—— =k, 

dt 

similar to those already discussed in the preceding section. This only held, 
however, in special cases and was not general. It was found that the reaction 
velocity increased rapidly, with increasing concentration of sodium hydroxide, 
toa maximum at approximately 0.03N. NaOH, beyond which the velocity was 
rapidly diminished until, in 1N. NaOH, it was slower than in water solution. 
It may be observed that such behavior was also found by Jacobson? in the 
study of hydrogen peroxide decomposition by organic ferments in presence of 


TABLE X 
— Pt, 36 Days old; 000 5 NasHPOs 7S 5 HO: 
31,500 

Time in Mins. a-—@2 kent. 

Obese Peteba cue; cea eee tigate Glos Sto ss arcade ehalewe bas Ghepstamianaeas 22.0 — 
2 ci RS CREO RRs CEROIG OER eM OIOM Ee ce Or merce ener aes 17.2 0.0107 
7) 1 a REE es MD Ben, Pe VeRO enna ba reg SA Sees one ER el Ai 13.5 0.0106 
b; {0 rs A meee re Sas: A Anca SA ok Fer Ae 10.6 0.0106 
BOs ROSIE ES Sacalea Raterers. di titans TARE eS eet anor ake eer 8.2 0.0107 
Bis Sh ss A OCR ee Oe aoe aoe 6.5 0.0106 


varying proportions of alkali. The most striking parallelism between the 
colloidal metal and ferments was found in the “poisoning” action of a wide 
variety of substances. These “poisons” were studied intensively by Bredig 
and Ikeda in the second of the researches cited above. The various poisoning 
actions were attributed to one or other of four causes, the principal cause being, 
as is now well known, the change in surface and adsorption capacity of the 
colloidal surface for hydrogen peroxide owing to preferential adsorption of 
the “poisons”. The bearing of these conclusions on much of the preceding 
work was fully dealt with in these two comprehensive monographs. 

In a subsequent study of hydrogen peroxide decomposition at massive 
platinized platinum surface, Bredig, in conjunction with Teletow,? attempted 
to demonstrate that the reaction was comparable with the studies of Nernst- 
Brunner on the velocity of solution, namely, that the reaction measured was 
essentially a diffusion process. The reaction was shown to be apparently 
unimolecular, the constant of which, at constant rates of stirring, was inversely 
proportional to the volume of the solution containing unit quantity of hydrogen 
peroxide. Thus, the following table shows the unimolecular constants ob- 
tained for various dilutions at approximately constant rates of stirring. 


1Z, physiolog. Chem., 16, 349. 
2 Z. Hlektrochem., 12, 581 (1906). 
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TABLE XI 
Rate of Stirring Volume Kuni 
Revs. per Min. in Ces. : 
PAT 0 S.CAo ROLES OLED OR ITD COTO RC TO 450 -0067 
DS SYS 5 eetemt ica eke nace es Ea Sab. CCC eae 450 .0060 
PRIDE 15S Oy CAS HIS CROCS Eh iam CORSE DRC OEE ERE 675 .0046 
ZOO Ss Mo tas SAY ee aE re eee ce ee 1350 -0020 


The rate varied as the 2/3 power of the stirring rate. It was concluded 
that it was not the actual surface, but the ““Brunner-quadratic surface,” namely, 
the diffusion layer, which determined the reaction speed. 

Senter! studied the kinetics of the decomposition of hydrogen peroxide 
solutions catalytically accelerated by the enzyme hemase in blood. He 
showed that in sufficiently dilute solutions a constant, unimolecular with 
respect to the peroxide and directly proportional to the enzyme concentration, 
was obtained. 


dit KCy0, x Crsscotmee 


The reaction was found to go relatively more rapidly, however, in the more 
dilute solutions, which fact points to the operation of factors of the type dis- 
cussed in Case III previously. The temperature coefficient is 1.5 per 10° rise. 
It was shown in the second communication that a wide variety of substances 
inhibited the decomposition in a manner entirely analogous to that observed 
by Bredig and Ikeda with colloidal platinum. The parallelism as to “poison- 
ing” action was not absolute, however. Some specificity of the two adsorbents 
is manifest in comparing results. Senter, in a succeeding communication,? 
suggests that the Nernst theory of heterogeneous reactions is the plausible 
explanation of the reaction velocity results. 

A more recent study of the peroxide decomposition by Elissafoff * provides 
very definite proof that, at least in some cases, the catalytic activity is de- 
termined by the quantity of peroxide adsorbed. Elissafoff studied the action 
of glass wool and heavy metal salts on the velocity of decomposition, both 
singly and in conjunction with each other. Elissafoff showed that, together, 
the glass wool and heavy metal salt effected a much more rapid decomposition 
of the peroxide than would be anticipated on the basis of additive effects. 
Thus, with a decomposition velocity of 0.86 in presence of 0.5 g. glass wool in 
20 ces. of peroxide, and one of 1.63 in presence of a 1.54 millimolar solution of 
copper sulphate without glass wool, a solution with the same copper sulphate 
concentration plus 0.5 g. glass wool in 20 ccs. gave a decomposition velocity 
of 10.8; all the velocities are expressed in arbitrary units. The concentra- 
tion of hydrogen peroxide was 12 millimolar. This phenomenon, which the 
student of catalysis terms ‘‘promoter action,” is quite frequently encountered ‘ 

1Z. physik. Chem., 44, 257 (1903); 51, 673 (1905). 

2Z. physik. Chem., 52, 737 (1905). 


3 Z. Elektrochem., 21, 352 (1915). 
4 See Pease and Taylor, J. Phys. Chem., 24, 241 (1920). 
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but has been little understood. In this case, at least, the mechanism is ap- 
parent. It is known that the decomposition of peroxide takes place at the 
glass surfaces. It is probable that the copper salt is concentrated at the glass 
surface and so exercises greater effect. That this is so, the following observa- 
tions indicate clearly. The unimolecular constants for two copper ion con- 
centrations of 1 and 10 millimols per liter were 0.0013 and 0.0023 respectively, 
in the ratio, therefore, of 1: 1.77. The amounts of copper salt adsorbed from 
these solutions by Jena glass powder of the same glass were in the ratio of 
1:1.73. It is apparent that the decomposition velocities are proportional to 
the amounts of adsorbed copper salt. The velocity measured in this case is 
certainly therefore a reaction velocity at the surface and not a diffusion velocity. 
Were it possible to make adsorption measurements, other modes of decom- 
position of hydrogen peroxide would doubtless be found to be of the same type. 

Several catalytic oxidation processes at solid-liquid interfaces apparently 
obey the unimolecular reaction velocity equation. Ernst! showed that the 
combination of hydrogen-oxygen mixtures in stoichiometric proportions at 
the surface of colloidal platinum suspended in water was directly proportional 
to the amount of colloid and to the total gas concentration. An excess of 
one or other gas apparently behaved as a diluent. Numerous researches have 
indicated the catalytic influence of platinum surfaces in oxidation-reduction 
phenomena. Jablezynski? noted the oxidation of chromous to chromic salts 
in presence of acids: 


Cr+H'=Cr +H. 


Chilesotti* noted the reducing effect of hydrogen on molybdic acid in presence 
of platinum, Manchot and Herzog ‘ recorded the accelerating action of platinum 
on the reaction, 

(Co(CN)¢)’”"”’ + H* = (Co(CN)¢)’” + H. 


Oberer > observed increased oxygen evolution from a solution of cobaltic 
sulphate when a piece of platinized platinum was inserted in the solution. 
Baur and Glassner * noted slight evolution of oxygen when cerie salts were 
similarly treated. Spencer and Abegg’ showed the oxidation of thallous ion 
to occur at an anodically polarized platinized platinum electrode. Diethelm ® 
observed the catalytic oxidation at a platinum surface of trivalent titanium 
to the tetravalent stage. This latter reaction was studied in detail by Den- 
ham °; it is probably typical of a large class of such oxidation reduction changes. 


1Z. physik. Chem., 37, 448 (1901). See also, Hofmann, Ber., 49, 2369 (1916); 53, 298 
(1920) 55, 273 (1922). 

2Z, physik. Chem., 64, 748 (1908). 

3 Z. Hlektrochem., 12, 146 (1906). 

4 Ber., 33, 1742 (1900) 

5 Diss. Zurich (1903). 

6 Z, Hlektrochem., 9, 534 (1903). 

7 Z. anorg. Chem., 44, 379 (1905). 

8 Z. physik. Chem., 62, 129 (1908). 

9 Z. physik. Chem., 72, 641 (1910). 
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Denham showed that the reaction 
Cee Meee 


is catalyzed in both directions by platinum surfaces and that the reaction is 
pseudo-unimolecular. At a constant acid concentration, a definite equilibrium 
is reached. The temperature coefficient of the reaction at the platinized 
platinum surface was 1.29 per 10° rise, indicating a diffusion velocity. Temper- 
ature displaced the equilibrium towards the Til’ side. The reaction velocity 
was independent of the hydrogen pressure between 76 em. and 10 cm. mercury 
pressure. The velocity of the reaction was, within experimental error, the 
same with the chlorides as with the sulphates. The equilibrium positions in 
the two cases were markedly different. The reaction appears to be a suitable 
one with which to perform experimental work on adsorption with a view to 
deciding definitely whether the velocity measured is a diffusion velocity or 
that of a chemical reaction. 

Reaction Velocities Conforming to Case 1II: In several of the reactions dis- 
cussed in the two preceding sections there is evidence that the proportionality 
between concentration of solution and that at the interface is determined, over 
a portion of the concentration range, by the adsorption isotherm equation of 
Freundlich, 

a = kc”, 


whence a velocity equation of the form 


a de = kell” 


dt 
may be deduced. This equation is likewise applicable to the decomposition 
of formic acid solutions at a surface of rhodium, studied by Blackadder.? In 
its integrated form, the expression becomes: 


k= 1 ; (Cin == Cy-Vn), 


1—-t 
n 


Special conditions are necessary before the equation holds. Weak acid con- 
centration is necessary so that addition of sodium formate favors the reaction. 
The sodium salt does not increase the adsorption of the formic acid. In 
alkaline media no decomposition occurs. It follows from this that the velocity 
of decomposition must show a maximum in weakly acid solution. The 
presence of oxygen or sulphur apparently favors the decomposition, since one 
or other of these substances must be present. Presumably these elements 
form the surface of the catalyst and the formic acid is adsorbed on them. 

1See Pollard, J. Phys. Chem., 27, 365 (1923). The adsorption of hydrogen gas by 
platinum is independent of the partial pressure of hydrogen in approximately this pressure 


range at 0° C. 
2Z, physik. Chem., 81, 385 (1912). 
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The temperature coefficient of the reaction is 2, which indicates that a chemical 
reaction velocity is being measured, with little temperature influence on the 
concentration of adsorbate. 
The decomposition of sodium hypophosphite at a surface of palladium 
sponge 
NaH2PO. + H.O ae NaH.PO; 4 H, 


is a reaction which, according to Sieverts and Peters,! conforms to the equation 
given above. It also shows a high temperature coefficient, 2 for a 10° rise. 
The velocity is directly proportional to the amount of palladium used. 


REACTION VELOCITIES IN LIQUID-LIQUID SYSTEMS 


Kinetic studies of reactions occurring in systems composed of two liquids 
or solutions are comparatively few. They are none the less of interest theo- 
retically and of very considerable importance in applied chemistry. The 
velocity factor is employed in all extraction processes making use of solvents 
for the concentration of a desired product from a dilute solution; it is the 
fundamental factor in the hydrolytic processes of the soap and candle industries; 
in nitration, sulphonation and many other operations of the organic chemist, 
in the laboratory and in industry, the velocity of reaction in liquid-liquid 
systems is of first importance in determining the relation between time of 
operation and working conditions. The problem in this case is somewhat 
more complex than that just treated in the case of solid-liquid systems. In 
the latter, reaction is confined by the nature of the solid phase mainly to the 
interface between the two phases. In liquid-liquid systems, where mutual 
solubility and solution of other reactants in the two liquids may occur, the 
kinetic study may extend beyond the interface into the two solutions. The 
net result in such case may be due to a multiplicity of individual reactions eaeh 
with their own characteristic and independent kinetic properties. 

The Velocity of Mutual Solubility of Liquids and of Distribution between 
Two Liquids: No considerable body of experimental evidence exists as to these 
two factors which are both of importance in extraction processes. It is known, 
however, that both processes are rapid, probably too rapid to be readily 
measured and dependent in large degree on the efficiency with which the two 
phases are brought into intimacy of contact by mechanical means. Berthelot 
and Jungfleisch? in experiments on the distribution of bromine and iodine 
between water and carbon disulphide suggested that equilibrium was attained 
inafew hours. Nernst,’ on the other hand, denies this, expressing his “‘astonish- 
ment at the rapidity and certainty with which the equilibrium state was 
reached.” 

Reaction Velocity in One Liquid Phase Only: The simplest case of reac- 
tion velocity in liquid-liquid systems is that in which the reaction occurs in 

1Z. physik. Chem., 91, 199 (1916). 

2 Ann. Chim. Phys., (4) 26, 396, 408 (1872). 

3 Z. physik. Chem., 8, 119 (1891). 
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one liquid phase only or in which the velocity in the second phase is negligibly 
small. A case of this type is the rate of hydrolysis of an ester in aqueous 
solution when the ester is only partially miscible with water and is present in 
excess. Such a case was studied by Lowenherz.! In this case, the reaction 
in the ester phase is negligible as compared with that in the water phase more 
especially if the latter contain a catalytic accelerant. With excess of the ester 
and therefore a constant concentration of ester, namely, the saturation con- 
centration, in the aqueous layer, the reaction velocity equation becomes 


de 


dt = KO ceca© cats 


where C,,,,, is the concentration of catalyst. If the latter is an acid and there- 
fore unchanged in concentration throughout the reaction process, the equation 
becomes quite simply 


dx/dt = K. 


A constant amount of ester is changed per unit of time. With alkaline hy- 
drolysis, in which the concentration of alkali is constantly diminishing as a 
result of reaction, the equation becomes 


dx/dt = KC sean? 


The equation is, therefore, in this case, unimolecular in form. These two 
cases represent the main velocity considerations in the hydrolytic splitting of 
fats by strong acids and by bases in the soap and candle industries. 

A case studied by Goldschmidt and Messerschmidt * represents a more 
complicated case of the same type. They studied the hydrolysis of an ester 
distributed between an aqueous acid solution and benzene. They assumed 
the distribution of the solutes. between the two phases to be very rapid and 
neglected the possibility of a measurable reaction rate in the benzene phase. 
Let a represent the absolute amount of ester, Vi and V2 the volumes of the 
aqueous and benzene layers respectively. At time t¢ let 6 be the amount of 
ester in the water layer, x the amount hydrolyzed. Let the distribution 
coefficient of the ester be C and therefore equal to 


b V2 
=C 
Vi “ C— b—<z 
Hence, 
Vid ‘Pune 
Ve+ Vie 


1Z, physik. Chem., 15, 389 (1894). 

2 As a first approximation. See preceding chapter for detailed discussion of the factors 
in saponification in homogeneous media. 

3 Z. physik. Chem., 31, 235 (1899). 
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The differential equation thus becomes 


fa ae GG a 
t ViC (0 ira! 
or for the case V; = Vo 
ene + aii 
tan: a-—-2 


It is easily seen that the reaction in this case must go more slowly in hetero- 
geneous system than in homogeneous system, more slowly the smaller the 
value of C, or the less the ester concentration in the aqueous layer. This 
provides a convenient method for slowing down a reaction which proceeds 
rapidly in a given medium. It is only necessary to add a large volume of a 
second solvent, immiscible with the first and giving a distribution coefficient 
of favorable magnitude. The following table shows the results of an experi- 
mental test of the formula. 


TABLE XII 
9.86 cc. of 1.0305 normal HCl; 9.86 cc. of 1 normal Ethyl Acetate in Benzene. 
C = 0.079 
t a-x k ke 
2 NOUS ete we Leen Lee 92.35 0.00326 0.000465 
4 ee BSE Lea RS 86.9 313 450 
C2 Perna Cen ae 81.73 297 430 
8 ae ag oak techs an ec 75.59 328 481 
ARS ee oe Saree at eee 64.78 292 439 
PD I2D eg Be tere Ente te a 63.4 287 424 
20.1 SOT ER Tee See Mees 55.1 287 455 
22.5 eee eee 52.48 278 450 


The third column gives the values of k calculated from the preceding 
equation. A slight drift in the values is discernible. Goldschmidt and 
Messerschmidt finally located the reason for this in the reversibility of the 
reaction. Ordinarily, in aqueous solution, the reverse process of esterification 
is negligible as compared with the hydrolytic process. With a benzene phase 
present, on the other hand, since the bulk of the ester is to be found in the 
benzene phase and relatively little in the aqueous phase, the reverse process 
becomes more important. Correction for this was introduced. The mathe- 
matical treatment is complex but the result is shown under kz, a reasonable 
constant, free from drift, being obtained. 
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In a similar manner, Goldschmidt and Messerschmidt studied the alkaline 
hydrolysis of ethyl acetate with a benzene phase present, using aqueous 
baryta solution. The reaction in the aqueous layer is bimolecular with respect 
to the ester and the baryta. The modified reaction equation in such case is 
as follows: 


where a denotes respectively the ester and the baryta concentration. With 
different concentrations, respectively a and b, the equation becomes 
1c +i 1 oka @) a 
(fa a-—b a(b—x) 


Goldschmidt and Messerschmidt neglected entirely the velocity in the 
benzene phase. This was undoubtedly justified owing to the slight solubility 
of water in benzene and to the distribution of hydrogen chloride between 
benzene and water which acid is certainly mostly in the aqueous layer. Such 
conditions may not always hold. Some experiments by Taylor and Close 
on the velocity of transformation of y-hydroxy acids to lactones showed that the 
rate of conversion in wet ether solutions, 0.1 normal with respect to hydrogen 
chloride, was vastly more rapid than the rate of conversion in aqueous solutions 
of the same strength of catalyzing acid. It is apparent therefore that, in such 
a two-phase system, ether-water, the transformation of hydroxy acid to lactone 
would occur in both phases. The net rate would be composite of the rates in 
the two phases, and these would depend on the distribution of the hydroxy 
acid and catalyst between the two solvents and on the rates of reaction under 
the conditions set by such distribution. 

Of reactions occurring in the main at the interface between two liquid 
phases the hydrolysis of a fat with the aid of “Twitchell’s reagent” is a good 
example. Twitchell’s reagent ‘is a sulphonic acid containing both an aromatic 
nucleus and a long hydrocarbon chain of the aliphatic type. Such acids act 
undoubtedly by virtue of their dual nature. The acidic grouping is soluble in 
water, the aliphatic hydrocarbon grouping in the oil. The aromatic stearo- 
sulphonic acid will therefore be concentrated at the interface between the oil 
and water, bringing these two reactants into mutual contact in a common 
complex, interaction being thereby facilitated. This may be looked upon as 
an increase of solubility of the fat in water acidified with the reagent. In 
such case, one would be dealing with a simple esterification in homogeneous 
medium. The mutual solubility may however be limited to simple molecular 
complexes and, as such, the reaction would be a reaction at an interface. The 
aromatic sulphonic acids, being strong acids comparable with hydrochloric 

1 Cf, Treatment of Bimolecular Reactions, preceding chapter. 

2 Cf. Treatment of Bimolecular Reactions, preceding chapter. 


3 Taylor and Close, J. Phys. Chem., 29, 1085 (1925). 
4U.S. P. 628503 (1899); J. Am. Chem. Soc., 22, 22 (1900); J. Am. Chem. Soc., 28, 196 


(1906); 29, 566 (1907); J. Ind. Eng. Chem., 9,194 (1917). 
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acid, are therefore good catalytic agents for hydrolytic processes. They 
operate efficiently at temperatures in the neighborhood of 100° C., thereby 
enabling the splitting of the fat to be accomplished in open vessels with the 
use of live steam as the heating agent. A certain auxiliary efficiency of the 
Twitchell reagent is secured as a result of the emulsifying action of the 
reagent on oil-water mixtures, the emulsification increasing the effective area 
of interface. Lewkowitsch! cites the following data to illustrate the actual 
fat-splitting efficiency of the naphthalene, anthracene and phenanthrene 
stearo-sulphonie acids in 1 per cent concentration on a neutral cotton seed 
oil heated in a current of steam. 


TABLE XIII 


ReEacTion RATE WITH TWITCHELL REAGENTS 


Hydrolysis after 
Sulpho-stearo Aromatic 


Compound of 
64 hrs. 13 hrs. | 193 hrs. | 26 hrs. | $24 hrs. | 39 hrs. 


Naphthalenes cys .eeatieaie 146.7 190.7 201.4 211.4 — —_— 
Anthracene ck’ dope wee 2.5 21.8 76.3 170.7 186.5 190.7 
Phenanthrene........... 45.7 UPAEGE rere 183.6 194.1 201.2 


The naphthalene compound shows itself in these experiments as the most 
efficient reagent. 


REACTION VELOCITIES IN SOLID-GAS SYSTEMS 


Vaporization of solids, condensation to the solid state, decomposition of 
solids to yield solid-gas systems, reactions between solids and gases and between 
gases at solid surfaces acting as catalytic agents are all examples of reactions 
which may be included in the general study of reaction velocity in hetero- 
geneous solid-gas systems. ‘The most striking advances in this field have been 
accumulated recently, mainly as a result of the investigations of Langmuir 
into the behavior of tungsten filaments heated in high vacua? and his more 
recent deductions * concerning the nature of the forces operative at an inter- 
face between the solid and the gaseous phase. The theoretical treatment which 
follows is largely drawn from the publications of Langmuir, frequently in his 
own words. 

The Velocity of Vaporization: When a filament of platinum, or tungsten, or 
other metal is heated to a sufficiently high temperature in vacuum, the material 
evaporates. If the metal is placed in a uniformly heated enclosure, the evapora- 

1 Chemical Technology and Analysis of Oil, Fats and Waxes, Vol. I, sixth edition, p. 90. 
1921. 

2J. Am. Chem. Soc., 1912-1916. 


3 Phys. Rev., 2, 331 (1913); 8, 149 (1916). J. Am. Chem. Soc., 38, 2221 (1916). Trans. 
Farad. Soc., 17, 607, 621 (1921). 
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tion from the surface will be gradually offset by the return of atoms of metal 
trom the vapor which accumulates in the space. Finally, an equilibrium is 
reached in which the rate of condensation of the vapor is equal to the rate of 
vaporization. 

Now the rate at which the saturated vapor comes into contact with the 
metal may be readily calculated from the principles of the kinetic theory when 
the vapor pressure is known. The calculation is similar to that of effusion of 
gases through small openings.! 

Consider a unit cube of the vapor one side of which is bounded by the 
metal. Half of the molecules in this unit volume are moving towards the 
metal and the other half are moving away from it. If p be the density of the 
gas, the mass of the gas moving towards the metal is 4p. 

Let Q be the average (arithmetical) velocity of the molecules. It can 
readily be shown that the average component of the velocity in any given 
direction is 32. Hence the average velocity with which the molecules in the 
mass, 3p, are approaching the metal is 32. The mass of gas, m, which strikes 
against the unit surface of metal per second is, therefore, 


m = +p. (1) 
Assuming the gas laws, 
pM 
sey 2 
ae ear 2) 


where p = pressure, M = molecular weight, 7’ = absolute temperature and 
R = gas constant = 83.2 X 10®%ergs per degree. The average velocity is given 
by the relation, 


vie 
= SAP 3 
whence 
8RT 
= (4) 
Y aM 


Substituting (2) and (4) in (1), we get for the rate at which the vapor comes in 


contact with the metal 
M 
2 : (5) 
NER E 


Expressing p in bars and placing R = 83.2 X 10° ergs per degree, this equation 
reduces to 


M 
m = 43.74 X 10-64" Pp; (6) 


where m is expressed in grams. ; 
If we can assume that every atom of the vapor which strikes the metal 
condenses, the equations (5) and (6) give the desired relation between the 


1 Cf. Meyer’s Kinetic Theory of Gases, German Edition, 1899, p. 82. 
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vapor pressure and the rate of evaporation in vacuo. If, however, a certain 
proportion, r, of the atoms of the vapor is reflected from the surface, then the 
vapor pressure will be greater than that calculated from the equations in the 
ratio 1:(1—,r). As long ago as 1882, Hertz! pointed out theoretical con- 
siderations similar to those used above. 

Experiments with many different metals have shown close agreement 
between the vapor pressures determined from the rate of evaporation in this 
way and the vapor pressures measured by processes which involve the forma- 
tion of saturated vapors. Knudsen? has made careful experiments of this 
kind with mercury vapor, while A. 8S. Egerton * has carried out determinations 
upon cadmium and zine. Their results indicate that every atom of vapor 
condenses when it strikes the metal surface. An exceedingly careful investiga- 
tion by Volmer and Estermann ‘ confirms this result for liquid mercury surfaces. 
For solid mercury surfaces, the value of the accommodation coefficient,® a 
= 1 — 1, issomewhat less than unity (0.9-1.0) and dependent on temperature. 
For solid sulphur, phosphorus and benzophenone values of a between 0.2 and 
0.5 were said to have been obtained by Volmer and Estermann, but no experi- 
mental details were given. 

Knudsen * and Soddy and Berry? have shown from measurements of the 
heat conductivity of gases at low pressures that the number of molecules of 
a gas which are reflected from a smooth surface (i.e., do not reach thermal 
equilibrium with the surface) is as much as 70 per cent in the case of hydrogen 
but very much less with gases of higher molecular weight. The following 
table gives some of their results. 


TABLE XIV 
Gas Surface a 
Is Bice hoya 2) 1 opis ere a Ee aks as he PolishedsPlatinunius se eee 0.36 
Carbon Dioxide sree. cen Polished! Platinumyaae anteaters ete 0.87 
HH ydrogeni@ereiy. pose ane Blatimizedael atin’ sy egeeta ise eies 0.71 
CarbonzDioxidenms ce oe. nn cee Platinizedeelatinumyses see eerie 0.98 


For gases of high molecular weight and for metal vapors in contact with a 
surface of the metal it is probable that the accommodation coefficient is in 
most cases unity. 

Variation of the Rate of Evaporation with Temperature: The Clapeyron- 
Clausius formula gives the relation between vapor pressure and temperature: 


1Ann Phystk, 17, 177 (1882). 

2 Ann. Physik, 29, 179 (1909). 

3 Phil. Mag., 33, 33 (1917). 

4Z. Physik, '7, 1 (1921). 

5 This term was suggested by Knudsen to indicate the fraction of the molecules which 
condense on striking. 

8 Ann. Physik, 34, 593 (1911). 

7 Proc. Roy. Soc., 84, 576 (1911). 
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Neglecting the volume V> of the solid in comparison with that of the vapor, 
V, and applying the gas laws, this equation becomes 


dinp WX ; 
GUE TRAN 


The heat of vaporization ) is a function of temperature such that 


Here, Cy, is the specific heat per mol. of vapor at constant pressure and C, that 
of the solid per mol. For a monatomic metal vapor 


C, = 2.98 + R = 4.96 calories per gram atom. 
For tungsten, 
Hence 
Xr = No =. 1.87. 


Substituting this expression for \ in the Clapeyron-Clausius equation and 
converting to common logarithms, we obtain 


__ 0.218o 


log p= A — 0.9 log T, (7) 


where A is a constant of integration. Taking the logarithm of equation (5) 
in the preceding section, we obtain 


eee bine 7 (8) 
27k 


Combining equations (7) and (8), we therefore find 


log m= A’ — a — 1.4 log T, (9) 


where 


M 
A’=A+#1 
+2 or 


Equation (9) gives us the rate of evaporation of tungsten as a function of the 
temperature. Two empirical constants are to be determined from the experi- 
ments, namely, A’ and Xo. Experiments by Langmuir’ at temperatures 
ranging from 2440° K. to 3136° K. showed that the rate of evaporation of 
tungsten in a vacuum over this temperature interval of 700° increased in the 
ratio 1: 15,000. The vapor pressures were calculated and were found to agree 


1 Phys. Rev., 1, 329 (1913). 
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excellently with the thermodynamical relations developed. The latent heat 
of vaporization of solid tungsten was found to be 


\ = 217,800 — 1.87 calories. | 


The rate of evaporation at any temperature in a perfect vacuum is given by 
the equation 


47,44 
log m = 15.402 — aoe — 1.4 log T, 


where m is the rate of evaporation in grams per square cm. per second. Simi- 
larly, the vapor pressure is given by the equation 


440 
log p = 15.502 — a — 0.9 log T. 


Similar determinations on platinum and molybdenum were subsequently 
published by Langmuir and Mackay.!' Other data on silver, iron, copper and 
nickel have recently been published by Jones, Langmuir and Mackay.’ 

Rate of Sublimation in Air: The evaporation of small spheres of iodine 
in quiet air has been studied experimentally by H. W. Morse.? The experi- 
ments indicated that the particles remained spherical in shape throughout the 
experiment and that the rate of loss of weight was proportional (within an 
average error of one per cent) to the radius of the sphere and not to tts surface. 
Langmuir has analyzed this remarkable result from the theoretical standpoint.‘ 

In a study of the convection of heat from small wires in air and other gases 
Langmuir ® found that the heat loss by “convection” consists essentially of 
conduction through a film of relatively stationary gas around the wire. Ac- 
cording to the theory developed, the heat loss w is given by the equation 


w= s(g1 — $2), 
T2 
where s is the shape factor of the gas film, and y; — ¢» is equal to i kdT, 
T1 
where k is the heat conductivity of the gas and 7, and 7) are the temperatures 


of the wire and surrounding gas respectively. Good agreement between ex- 
periment and theory was found with a large number of gases at wire temper- 
atures between 100° C. and the melting point of platinum. Applying the 
process of reasoning thus developed to the evaporation of small objects in air, 
Langmuir obtains an equation, 


dm 
j= =3 Dado, (1) 
dt 
1 Phys. Rev., 4, 377 (1914). 
2 Phys. Rev., 30, 201 (1927). 
3 Proc. Am. Acad. Arts Sct., 45, April, 1910. 
4 Phys. Rev., 12, 368 (1918). 
5 Phys. Rev., 34, 401 (1912); Proc. Am. Inst. Elec. Eng., 31, 1011 (1912); Trans. Am. 
Elec. Soc., 23, 299 (1918). 
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Here fs dm/dt is the rate of loss of weight, s the shape factor, D the diffusion 

coefficient, p is the partial density of the vapor of the evaporating substance. 

For the low concentrations of vapor in question D will be assumed independent 

of p which may be expressed in terms of the gas laws by the equation 
en pee 

Oia iy i 


For a spherical shell, the shape factor is! 


a 4rab 
 b—a’ 


s 


where 6 is the outside radius of the film of gas and a is the radius of the evapo- 
rating sphere. If a is small and negligible compared with b, 


s = Aza. (3) 
Substituting this together with (2) in (1), we get 
dm  4naDMp 
dang tere 


a result in direct agreement with the experimental observation that the rate 
of loss is proportional to the radius of the sphere. Calculating the diffusion 
coefficient from Morse’s data, Langmuir found a value, 


D = 0.07 cm. per sec. 


for iodine vapor in air at 20°C. Mack has determined ? the diffusion coefficient 
at 25° C. and calculated from his results that at 20° C. the coefficient should 
be 0.105. Some data by Mullaly and Jacques * indicate a value of 0.077 cm. 
per sec. Mack believes that this value as well as that of Langmuir is too low. 
Topley,* however, finds a lower value than Mack. The above value for 
D = 0.07 is probably somewhat low, as the sphere was resting on a flat surface 
during the experiment, free diffusion in all directions being thereby hampered. 

The results support the theory that the evaporation of small spheres is 
determined simply by the rate of diffusion through the surrounding air and 
that no allowance needs to be made for air currents. The results indicate 
also that the air in contact with the iodine surface is always saturated and that 
the actual rate of exchange of molecules between the solid iodine and its 
surrounding vapor is very rapid compared with the rate at which the vapor can 
diffuse away through the air. The theory can probably be applied to evapo- 
ration from all very small objects. In the case of larger objects experimental 
data must be obtained as to the thickness of the film through which diffusion 

1See Trans. Am. Electrochem. Soc., 22, 55 (1913). 

2 J. Am. Chem. Soc., 47, 2471 (1925). 

3 Phil. Mag., 48, 1105 (1924). 

4 Nature, 118, 802 (1926). 
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occurs just as has been done in the case of convection. Rough experiments 
seem to indicate that the thicknesses of these relatively stationary films are 
practically the same for diffusion phenomena as for convection. 

In amplification of this theory of Langmuir it may be observed also that 
as the rate of diffusion varies inversely with the pressure of the surrounding 
air in accordance with the equation 


Dy, X P 


Dio = Sime 


the velocity of sublimation of small spheres should increase progressively with 
diminution of pressure. This is frequently observed experimentally in the 
case of substances subliming more or less readily at ordinary temperatures. 

The Velocity of Condensation: In the discussion of the velocity of vaporiza- 
tion, an equation was developed which gives both the velocity of vaporization 
and condensation in its dependence on. the vapor pressure, provided that the 
accommodation coefficient of the condensing molecules (or atoms) is unity 

M 

ame QeRT”? 

where a is now used to designate the accommodation coefficient. It was 
shown that, as this equation gave the correct values for vapor pressure in the 
case of a number of metals, the accommodation coefficient must in such cases 
be unity. The equation given above is therefore the general equation for 
velocity of condensation in its dependence on the pressure of the condensing 
vapor. 

Knudsen and R. W. Wood independently arrived at the conclusion that 
mercury or cadmium atoms condense on a glass surface only if this surface is 
cooled below a certain critical temperature. Below this temperature, practi- 
cally every atom is supposed to condense, while at temperatures materially 
above this critical point not one atom, out of thousands which strike the surface, 
condenses. ‘This conclusion is not only inherently improbable in many ways, 
but is not capable of accounting for numerous experimental facts. Wood’s 
and Knudsen’s experiments are better explained by assuming that all the 
atoms of cadmium and mercury which strike a glass surface, even at high 
temperature, condense on the surface, but that at temperatures above the 
“critical temperature,” the atoms re-evaporate before they have a chance to 
be struck by other atoms of the vapor. Langmuir has discussed this question 
in detail’ and subsequently carried on experiments with cadmium vapor ? 
which demonstrate conclusively that cadmium atoms evaporate rapidly from 
a Clean glass surface at room temperature. There is no real reason for believing 
that cadmium may not also evaporate from glass at temperatures only slightly 
above the critical temperature of — 90° C. cited by Wood. Since molten 


1 Phys. Rev., 8, 149 (1916). 
2 Proc. Nat. Acad, Sct., 3, 141 (1917), 
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cadmium does not wet glass, it is clear that the forces between a cadmium 
atom and a glass surface are much less than those between cadmium atoms, 
and the rate of evaporation should therefore be much higher than from a 
cadmium surface. 

In most cases of adsorption we are dealing with a solid surface having a 
strong field of force, or a high potential energy per unit area, while on this 
solid is condensed a substance whose molecules possess a rather weak stray 
field of force. These are the conditions when ordinary gases condense on 
cooled surfaces of glass or metals. The forces which might tend to hold a 
second layer of molecules are so weak that evaporation from the second layer 
occurs at a rate high compared with that from the first. Only with nearly 
saturated vapors, then, can a second layer form. 

With cadmium and mercury vapors condensing on glass, however, we have 
a case in which the evaporation from the second layer takes place much more 
slowly than from the first layer. We see, therefore, that a kind of instability 
necessarily results. There is considerable difficulty in getting the first layer 
to form, because the atoms tend to evaporate before the others are able to 
condense on top of them or beside them. If the first layer ever does form, 
then the evaporation practically ceases and successive layers are then formed 
with ease. This view seems to give a clear picture of the mechanism of the 
formation of nuclei on which condensation occurs. The formation of frost 
crystals on a greasy window pane, or Moser’s breath figures on glass, are 
illustrations of effects of this kind. 

Volmer and his coworkers! have amplified this method of treatment of 
condensation processes and have made interesting studies of the method of 
crystal growth from vapors by condensation. Volmer employs Langmuir’s 


equation in the form 
1 qe 
= 0 —— “Al (PD —_Px) 
V27rR NT 


where pp is the saturated vapor pressure, px that of the condensate in contact 
with the vapor, the other symbols having their previous significance. Now, 
since 


where s is the specific gravity of the condensed substance and »v is the rate of 
growth normal to a surface of unit area on which m grams per second are 
deposited, the equation may be written 


Va ma a ait (wo - PK); 


1Z, Physik, 5, 31, 188 (1921). Z. Physik, 7, 1, 13 (1921). Z. physik. Chem., 102, 267 
(1922). 
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or, where px is negligible compared with pp, 


cree : Rileeg 
Lae A on. 
SEN 7 aes 


Volmer and Estermann have employed this equation in an analysis of the 
growth of mercury crystals on a glass surface cooled to — 63° C., the vapor 
being supplied from liquid mercury in a high vacuum and at a temperature 
of — 10°C. Under these conditions no separation of mercury is observed in 
the first minute after cooling the condensing surface to — 63° C. After a 
minute, however, single small crystal flakes become visible, which microscopic 
observation shows to be extraordinarily thin hexagonal leaflets the thickness 
of which is, at a maximum, 1 X 107 of the diameter of the hexagonal face. 
An interesting feature of the growth in the earlier stages is that the flakes are 
seen to vibrate in irregular movements, which are quite independent of any 
external vibrations and appear to be due to molecular collisions between vapor 
molecules and the leaflets, analogous to the Brownian movement. The 
leaflets attain a breadth of about 0.8 mm. before they seem to increase notice- 
ably in thickness. 

The extraordinary growth in two directions while the thickness of the 
plates remains so small, might seem at first to indicate an extremely low value 
for a, the accommodation coefficient, along one face. That this cannot be 
true, however, is evident when it is remembered that direct experiment has 
shown that @ for all faces of solid mercury in this temperature interval is 
between 0.9 and unity, so that but few molecules can be reflected from all 
faces. 

The explanation of the discrepancy comes as a result of the quantitative 
application of the above equation. Employing pp for mercury at — 10° C., 
it can be calculated that the maximum value for v is 2.5 X 107-7 em. per second. 
Hence, in one minute, the maximum growth in any dimension with mercury 
at — 10° C. should be 2 X 60 X 2.5 X 10-7 em. = 3 X 10-5 em. per minute, 
since growth may occur on two opposite faces. Actually, the leaflets attain 
an observed breadth of 3 X 10-? cm. per minute or in other words, 1000 times 
greater than the calculated growth. This observation definitely disproves 
the assumption that the crystal growth is merely a question either of condensa- 
tion or reflexion of impacting molecules. Volmer is led therefore to the con- 
clusion that along the face of the leaflets, the molecules condensing are held 
temporarily in the force field of the surface, retaining, however, their motion 
until they either (1) evaporate or (2) are attracted to and held at the edges of 
the surface or (3) through contact with other molecules form the nucleus of 
another lattice layer. The probability of (1), (2) or (8) oceurring must depend 
upon the vapor density and on the size of the surface. The probability of (1) is 
in any case very small, for reasons already cited. The probability of (2) will 
be greater the smaller the breadth of the crystal plate. As this breadth in- 
creases, (3) will be moreimportant, which appears to be true when the leaflets 
have attained a length and breadth of 0.3 mm., for then the plates begin more 
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rapidly to increase in thickness. Quantitative studies of the rates of crystal 
growth are promised. What has been accumulated already, however, demon- 
strates clearly that crystals are obtained from directed streams of vapor 
molecules and that the growth of crystal faces from vapors is a somewhat 
complex process. 

Velocity of Chemical Reactions between Gases and Solids: Langmuir’s 
studies of the behavior of gases at low pressures in contact with tungsten at 
high temperatures in filament lamps are instructive as to the mechanism of 
such reactions. At low gas pressures, the equation previously developed 
(equation (6), page 1057) may be used in a slightly modified form to express 
the number of gram molecules, y, of any gas of molecular weight M striking 
unit surface per second, 


= 43.74 x 10-*_2_, 
| Me x aie 
since 
_ m e 
eee 
If the accommodation coefficient be again a, the rate at which the gas condenses 
on the surface will be 


cop = 43.74 X 10-° PE . 
i VMT 

That the effective surface for such condensation was not the total surface area 
of the filament was obvious however from Langmuir’s experiments on the 
electron emission from heated tungsten filaments in the best available vacua. 
Oxygen or water vapor, even at temperatures as high as 1900° K., decreased 
the emission many thousandfold by pressures of oxygen as low as one bar 
(one dyne per sq. cm., or approximately 1 X 10~® atmospheres). This un- 
doubtedly indicates that the larger part of the surface is covered with an 
extraordinarily stable film of combined oxygen which persists at these high 
filament temperatures even in a high vacuum. The film is not a film of 
tungstic oxide, WOs:, since, above 1200° K. in a vacuum, this oxide distils 
off as fast as it is formed. 

When the filament is heated to 3300° K. and a pressure of oxygen of a few 
bars is admitted to the bulb, the rate of disappearance of the oxygen shows 
that about 50 per cent of all the oxygen molecules which strike the filament, as 
calculated by the equation previously cited, react with the filament to form 
WO; which distils on to the bulb. Since there are three atoms of oxygen in 
the molecule of this compound and only two in the oxygen molecule, it is clear 
that at least one half of the tungsten surface, even at this high temperature, 
must be covered with oxygen insome form. The remarkable stability of these 
oxide films, as well as the complete change in the chemical properties of the 
oxygen (the oxygen film on the tungsten surface is quite inactive towards 
hydrogen even at 1500° K.), gives reason for believing that the surface is 
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covered with individual oxygen atoms chemically combined with the under- 
lying tungsten atoms. The film cannot be regarded as consisting of an oxide 
of tungsten, nor as atomic oxygen, in the sense in which we think of free oxygen 
atoms. The oxygen atoms are probably held to the surface by four pairs of 
electrons, just as the oxygen atom is held to the carbon atom in CO. The 
oxygen atoms are thus chemically saturated, but the tungsten atoms are not 
saturated, so that. they are held by strong forces to the tungsten atoms that 
lie below them. This kind of structure is quite in accord with the conception 
of the structure of solids to which we are led by the work of the Braggs on 
crystal structure. 

Work with other metals has shown that stable films of the kind we have 
just been discussing are of very common occurrence. Oxygen forms a similar 
film on carbon, and carbon monoxide, hydrogen cyanide, hydrogen sulphide, 
phosphine, and arsine form stable films on platinum. It is probable that all 
substances that have a poisoning effect on catalytic surfaces form films of this 
kind, of greater or less degree of stability. 

This concept of the behavior of a tungsten filament surface towards oxygen 
at low pressures was shown by Langmuir to be in complete agreement with his 
results on the reaction of oxygen with such heated filaments. The velocity 
of reaction was shown to be proportional to the pressure of oxygen, in agreement 
with the equation for the rate at which the oxygen reaches the surface. Fur- 
thermore, by dividing the rate at which ‘‘clean-up’’ of oxygen occurred by the 
rate at which the oxygen reached the surface at a given pressure, it was possible 
to determine what fraction, H, of all the molecules striking the surface reacted 
with the surface. The following table shows the value of E, calculated from 
the reaction measurements at different temperatures and found to be inde- 
pendent of the pressure at a given temperature. 


TABLE XV 


Temperature K, 


1070° 1270° 1470° 1570° 1770° | 2020° | 2290° | 2520° | 2770° 


| HR Sepoons 0.00033 | 0.0011 | 0.0053 | 0.0094 | 0.0255 | 0.049 | 0.095 | 0.12 0.15 


Experiments were made with the bulb cooled by liquid air and also heated 
to 300° C. in an oven. The rate of reaction was found to be independent of 
the bulb temperature. 

The reaction between carbon filaments and oxygen at low pressures was 
similarly studied. Again, evidence for the formation of stable oxygen films 
on the surface of the carbon was obtained, the film being produced either from 
oxygen or carbon dioxide. At high temperatures, e.g., 2200° K., in good vacua, 
the oxygen thus combined leaves the filament as carbon monoxide. In the 
lower temperature regions, 1200-1700° K., the oxygen clean-up was accom- 
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panied by the formation of some carbon dioxide and some oxide film, the 
production of which materially slows up the disappearance of oxygen. 

Study of the kinetics of reaction between tungsten and nitrogen, tungsten 
and carbon monoxide, molybdenum and nitrogen, platinum and oxygen 
showed definitely that the reaction in these cases was between metal vapor 
and gas. The gas disappears at a given temperature at a rate which is inde- 
pendent of the gas pressure. With nitrogen, a compound WN, was formed. 
The reaction velocity increased with temperature at a rate equal to that of 
the increase in the rate of vaporization with temperature. By operating at 
low pressures, it was established that the coefficient H was unity, or, in other 
words, practically every collision between a tungsten atom and a nitrogen mole- 
cule resulted in the formation of the compound. With carbon monoxide a 
peculiarity was observed. With the bulb at room temperature the gas behaved 
like nitrogen. With the bulb in liquid air, however, the rate of clean-up was 
five times as fast as with the bulb at room temperatures. This set of observa- 
tions is distinctly worthy of further investigation. 

Reactions at Solid-Solid Interfaces: Faraday observed that a perfect crys- 
tal of sodium carbonate decahydrate or sodium sulphate decahydrate re- 
fuses to effloresce until the surface is scratched or broken and that the 
efflorescence then spreads from the injured place. Similar phenomena have 
been observed with other crystals. It is especially noteworthy in the case 
of cadmium sulphate crystals, which are readily obtained in large, perfect 
form. The crystals, in this condition, lose no weight for weeks on standing 
in a moisture-free space. In such cases it is necessary to assume that the 
reaction (dehydration) occurs only at the boundary between two phases. 
Langmuir! has analyzed the general problem of the kinetics of a reaction 
occurring with separate phases of constant composition, for example, the dis- 
sociation of calcium carbonate. From kinetic considerations one would expect 
that the rate of decomposition of a surface layer of calcium carbonate would 
be proportional to the fraction 62 of the surface occupied by the calcium 
carbonate. Similarly, the formation of calcium carbonate would be determined 
by the carbon dioxide pressure and by the fraction 6; of the surface covered 
by calcium oxide. At equilibrium, equating these two rates, we should obtain 


pb, = Ke, (1) 


where K is the equilibrium constant. These assumptions therefore would 
make p dependent on the ratio, 6/82, which is contrary to experimental fact. 
The above result, however, is what would be expected in the light of the Phase 
Rule if there were a single solid phase of variable composition, instead of two 
solid phases of constant composition. It would apply to the dissociation of 
ferrous-ferric oxide studied by Sosman and Hostetter? who found ‘‘a con- 
tinuous series of solid solutions from Fe203 to a point very near Fe;04.” The 
assumptions made in the above derivation are obviously not consistent with 


1 J. Am. Chem. Soc., 38, 2263 (1916). 
2 J, Am. Chem. Soc., 38, 807 (1916). 
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a dissociation involving two distinct solid phases. In order that calcium 
carbonate may dissociate and form a phase of calcium oxide (instead of a 
solid solution) it is necessary that the reaction shall occur only at the boundary 
between two phases. Thiel,! treating the same subject, accepts Equation (1) and 
hence concludes that 6/62 is necessarily constant at a given temperature even 
for two solid phase systems. Experimental evidence, however, is at variance 
with this assumption. The dissociation pressure of a pair of salt hydrates 
is not a function of the relative amounts of both present. Langmuir is there- 
fore led to the conclusion that the building up or breaking down of a solid 
phase in such systems occurs only at the interface between the two phases. 
He shows that this viewpoint is in good agreement with what is now known 
as to the orientation of the atom groupings in the crystal lattice. 

Enhanced activity of this type at solid-solid interfaces is really quite 
common as a study of the literature and experimental work by Taylor and his 
coworkers? has revealed. Thus, in a determination of the dissociation pressure 
of sodium bicarbonate, Lescoeur * observed that “the development of pressure 
occurs slowly at first, then more quickly toward the end. . . . It has seemed 
to me that the final equilibrium was obtained more rapidly the more the 
proportion of dissociated salt increased.’’ The dissociation of silver oxide, 
studied by G. N. Lewis‘ is a parallel case, it being observed that the rate of 
dissociation increased with increasing production of silver. The different 
nature of the dissociation process when such interfaces are not set up is well 
illustrated in the case of mercuric oxide studied by Hulett and G. B. Taylor.® 
In this case, at temperatures where dissociation becomes marked (500° C.), 
the mercury formed is also vaporized. No interface results and no accelera- 
tion of the dissociation is observed. As a result, passage of nitrogen gas for 
twenty-four hours over pure mercuric oxide at 500° C. gave concentrations of 
oxygen corresponding to only a few mm. pressure, whereas the true equilibrium 
pressure at that temperature was upwards of one atmosphere. When inter- 
faces were produced by the addition of foreign substances, iron oxide, manga- 
nese dioxide and platinum, true equilibrium pressures were at once established. 
Recent researches of Kendall and Fuchs * on the accelerated decomposition 
of silver oxide, mercuric oxide and barium peroxide in presence of other oxides 
is also illustrative of the effect produced by the deliberate creation of inter- 
faces. The investigations of Hinshelwood and Bowen’ on the rate of oxygen 
evolution from various salts, of Hinshelwood 8 on the stability of trinitrophenyl- 
methylnitroamine, of Sieverts and Theberath ® on the kinetics of the decom- 

1 Sitz. Ges. Bef. gesamt. Naturwiss., Marburg, 1913. 

2 Taylor, J. Franklin Inst., 197, 1 (1922). 

8 Ann. Chim. Phys., (6) 25, 480 (1892). 

4Z. physik. Chem., 52, 310 (1905). 

5 J. Phys. Chem., 17, 567 (1918). 

6 J, Am. Chem. Soc., 43, 2017 (1921). 

7 Phil. Mag., (6) 40, 569 (1921). 

8 J. Chem. Soc., 119, 721 (1921). 

9Z. physik. Chem., 100, 463 (1922). 
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position of silver permanganate, in all of which a reaction velocity autocatalytic 
in nature is obtained, are further evidence of this phenomenon of interface 
activity. The reaction is negligibly small at the outset, but as the area of 
interface grows, the velocity increases accordingly. In the work by Fry and 
Otto + on the rate of decomposition of potassium perchlorate, the reaction is 
interpreted by them as a unimolecular reaction but is in reality an auto- 
accelerated reaction of the interface type. 

The rate of reaction between a solid and a gas may also be determined by 
the establishment of interfaces between the initial solid phase and that pro- 
duced by the reaction. This is well illustrated in the study of Pease and 
Taylor ? on the rate of reduction of copper oxide by hydrogen, and of Jones and 
Taylor * on the reduction by carbon monoxide. It has been shown that low 
temperature reduction by these gases is negligible until copper nuclei are 
established in the reaction mass. Subsequent reaction is then confined to the 
boundaries between the copper and copper oxide as can be demonstrated 
visually by the ever-increasing area of the red copper extending outwards 
from the original nuclei. The amounts of water vapor and carbon dioxide 
produced per unit of time as a result of such reduction increase steadily with 
increasing extent of interface; they attain a maximum and then steadily 
diminish as the reduction of the oxide is completed. Nickel oxide, NiO, and 
vanadium pentoxide show the same phenomenon. In the latter case, the 
interface is visible owing to the change from a red-brown to a blue-black oxide. 
Oxides which form, with a lower oxide, a continuous series of solid solutions 
should not, on the basis of this theory, show an accelerating rate of reduction 
at a given temperature. This has been shown by Benton and Emmett? for 
ferric oxide. 

Gas Reactions at a Solid Catalyst Surface: The pioneer investigations in 
this branch of the subject of reaction kinetics are due to Bodenstein and his 
coworkers in the early years of the present century. Reactions of this type 
form the most important of the technical catalytic reactions and include the 
contact sulphuric acid process, the synthesis of ammonia from the elements, 
the oxidation of ammonia to nitric oxide, the Deacon chlorine process, surface 
combustion processes and numerous contact oxidation, hydrogenation and 
dehydrogenation processes in the vapor phase. The problem of mechanism 
in such reactions is therefore of first importance and the approach to this 
problem via a study of reaction kinetics is undoubtedly the surest. 

The researches of Bodenstein and his coworkers established quite definitely 
that such reactions at solid surfaces are not of the reaction order which would 
be deduced from the stoichiometric equation. Thus Bodenstein and Fink 5 
showed that the reaction, 

2802 -b O. = 2803, 

17, Am. Chem. Soc., 45, 1138 (1923). 

27. Am. Chem. Soc., 43, 2179 (1921). 

3 J. Phys. Chem., 27, 623 (1923). 

47. Am. Chem. Soc., 46, 2728 (1924). 

5 Z. physik. Chem., 60, 1 (1907). 
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occurring at a platinum surface, was not a trimolecular reaction. On the 
contrary, the reaction was, in the majority of experiments, proportional to 
the sulphur dioxide concentration, independent of the oxygen concentration, 
and inversely proportional to the square root of the sulphur trioxide concentra- 
tion under various conditions of gas concentration. The reaction equation 
became, therefore, 


CON ed Wales Oy 
ae re (SO,)#2 


Bodenstein and Ohlmer! similarly found that the reaction between oxygen 
and carbon monoxide in contact with quartz glass takes place at a rate pro- 
portional to the pressure of the oxygen and inversely proportional to the 
pressure of carbon monoxide. In contact with crystalline quartz, however, 
the reaction followed the ordinary stoichiometric equation. Bodenstein and 
Kranendieck 2 found that the rate of decomposition of ammonia by heated 
quartz glass is proportional to the square root of the pressure. 

In seeking an explanation of such experimental facts, Bodenstein and Fink 
were led to propound a modified form of the Nernst theory of heterogeneous 
reactions. They assumed that what in reality was being measured was the 
rate of diffusion of the reacting gases through a film of gas adsorbed on the 
surface of the catalyst. They considered that the film varied in thickness with 
variation in the partial pressure of the gas in contact with the solid. Thus, 
in the case of sulphur trioxide formation, the reaction was supposed to occur 
by diffusion of sulphur dioxide through a film of adsorbed sulphur trioxide the 
thickness of which was proportional to the square root of the partial pressure 
of the sulphur trioxide present in the gas phase. The oxygen, which was 
without influence on the reaction, was assumed to diffuse rapidly through this 
layer as compared with the sulphur dioxide. Similarly, in the case investigated 
by Bodenstein and Ohlmer, the oxygen was assumed to diffuse through an 
adsorbed layer of carbon monoxide the thickness of which layer was propor- 
tional to the square root of the partial pressure of carbon monoxide. In 
verification of this theory, Fink measured the amount of sulphur trioxide ad- 
sorbed by the platinum per unit area. It is significant, in view of later work, 
that he found it to be of the order of magnitude of a single layer of molecules. 
This last fact, if adequately realized at the time, might have suggested the 
inherent difficulty of assuming that the thickness of the film could vary in 
proportion to the square root of pressure over wide variations of pressure. 

That adsorption of reacting gases on the catalyst surface was of primary 
importance in determining the reaction rate at such surfaces was very decisively 
demonstrated by the interpretation by Stock and Bodenstein * of the results 
of Stock, Gomolka and Heynemann ‘ on the rate of decomposition of arsine, 

1Z. physik. Chem., 53, 175 (1905). 

2 Nernst Festschrift, p. 99. 


3 Ber., 40, 570 (1907). 
4 Ber., 40, 532 (1907). 
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AsHs, on arsenic surfaces. The reaction velocity was representable by an 
equation of the form, 
dc 


— —= fe 
dt : 


the exponent of c, the gas concentration, indicating a distribution between 
gas space and surface following the ordinary Freundlich adsorption isotherm. 

The data presented previously on the phenomena of evaporation from and 
condensation on solid surfaces as interpreted by Langmuir leads to a very 
definite interpretation of the phenomenon of adsorption. From Langmuir’s 
viewpoint, adsorption is the result of the time lag between condensation and 
evaporation. The rate of evaporation is determined by the nature of the 
forces operative at the surface between solid and gas. These forces are es- 
sentially chemical in nature and determined by the unsaturation of the surface 
atoms in the solid body. Furthermore, these forces are limited in range to 
distances of the order of molecular thickness. The present conception of 
atoms consisting of electrons arranged in space about a positively charged 
nucleus, giving as a whole an electrically neutral unit, leads inevitably to the 
conclusion that the field of force surrounding the neutral atom or molecule 
must decrease in intensity with a very high power of the distance from the 
center. Born and Landé have calculated that the electric force around a 
group of eight electrons arranged at the corners of a cube and surrounding a 
nucleus having an equivalent positive charge is inversely proportional to the 
tenth power of the distance between them. Debye, from another viewpoint, 
deduces that the force of attraction between molecules is inversely propor- 
tional to the eighth power of the distance between them. Such data lead 
directly to the conclusion that appreciable forces cannot be transmitted in 
space through distances much greater than molecular diameters. A surface 
covered with a layer of gas molecules should show, therefore, little tendency 
to accumulate a second layer of such a gas. In Langmuir’s view, a surface 
covered with oxygen molecules should show little more tendency to form a 
second layer than there would be for these molecules to remain in the surface 
of liquid oxygen at the same temperature. Only with saturated vapors 
should films of gas molecules ever be obtained., The evidence obtained by 
a study of oil films on water strengthens the argument for the unimolecular 
film theory and suggests also that in all cases of adsorption the possibility of 
orientation of molecules must be considered. 

The surface of a catalyst is, on this view, to be regarded as an area containing 
a definite number of elementary spaces, in which some of the spaces are vacant 
while others are covered by atoms or molecules. The activity of the surface 
is conditioned by the nature of, the arrangement and spacing of the atoms in 
the surface layer, and relatively independent of the atoms below the surface. 
The velocity of reaction on such surfaces depends on the fraction of such 
surface which is covered by adsorbed substances, and this in turn depends on 
the velocity with which the molecules strike the surface and on the rate of 
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evaporation of the molecules therefrom. This concept can be developed to 
yield a quantitative formulation of the kinetics of such catalytic gas reactions 
at solid surfaces. Langmuir initiated this development. It was extended 
experimentally and theoretically by Hinshelwood! and has recently been 
further systematized by Schwab.? We shall follow their methods of treatment 
in some detail. 

The Adsorption Isotherm: (a) Single Adsorbed Gas: As we have seen (p. 
1057) the number of gas molecules striking unit surface per second is directly 
proportional to the pressure. Hence, at constant temperature, with the 
surface covered to the fractional extent, o, the rate at which the molecules 
strike the surface is given by an expression, 


dx 
+7 = kis p+ (1-9), (1) 
where (1 — ¢) is obviously the bare surface, ki a constant including the 
accommdation coefficient, a. 
The number of molecules leaving the surface, ¢, per unit time at constant 
temperature is given by the expression, 


ey 2 
piedihhcck (2) 


The constant k, must vary exponentially with temperature, being the constant 
of a vaporization process. Hence we may write 


ky og BP, (3) 


where ) is the heat of adsorption of the gas in question. At equilibrium, (1) 
and (2) must be equal, whence 


kip 
=a 4 
ke + kip (4) 
and 
rs koe 5 
eee Teal Gi (5) 


If, in the expression (4) for o, we divide numerator and denominator by k» 
and substitute for ki/k2 the symbol b, we obtain 


eer 
7 1+ bp (6) 


It follows also that 6 must have a temperature variation corresponding to 
that of kz so that we may write 


b = ke FP, (7) 


1 Hinshelwood, Kinetics of Chemical Change, Oxford Univ. Press, 1926, 
2 Ergeb. Exakt. Naturwiss., 7, 280, 291 (1928). 
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where J is the heat of vaporization of the adsorbed gas or, in other words, the 
heat of adsorption of the gas. The constant k of this expression (7) is also 
slightly temperature sensitive (« 1/7) since the constant k of equation (1) 
includes the inverse square root of the absolute temperature. This is, how- 
ever, in general, a negligible variation compared with the exponential. 

From equation (6) we may deduce the general form of the adsorption iso- 
therm. For low adsorptions, in which case bp is very much less than unity it 
follows that 

o = bp. 


For high adsorptions, in which case bp is large compared to unity 
o¢=1, 


or the surface covered is independent of the pressure, it has become saturated. 
Between these two extreme cases of linear absorption (¢ = bp) and saturation 
(a « p°) there falls a curved portion of the adsorption isotherm the curvature 
of which is determined by the magnitudes of b and 7, for which, over a restricted 
range, the fraction, ¢, of the surface covered may be expressed by an approxi- 
mation, 

c= bp”, 


where n is a number greater than unity. 

Volmer has shown ! that an equation of the form (6) deduced by Langmuir 
from the kinetic point of view, may also be deduced thermodynamically, the 
result obtained being given by the expression, 

1 _ RTk es D 
ae ihe ani ela ite Lied ESOL 
where 7 is the surface concentration and 6 a constant expressing the surface 
required by an adsorbed molecule. It follows from this that, if Q be the 
surface area per mol (= 1/7), the expression for 7 becomes independent of 
pressure when 
1 


Q = 28, 
n 


that is, the surface is saturated when half of the surface atoms are covered 
with adsorbed molecules. This is to be attributed to the mobility of adsorbed 
molecules in two dimensions, evidence for which has already been cited in the 
work of Volmer and Estermann on condensation (p. 1064). The investiga- 
tions of Volmer and Adhikari? give direct evidence of such two dimensional 
mobility of adsorbed gases by showing such motion of benzophenone molecules 
adsorbed on glass. 

(b) Two Adsorbed Gases: Langmuir’s treatment is also applicable to the 
case of two (or more) gases competing for the same surface. Again, by con- 


1 Volmer, Z. physik. Chem., 115, 253 (1925). 
2 Volmer and Adhikari, Z. physik. Chem., 119, 46 (1926). 
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sidering the rates of evaporation and condensation of the two gases and 
equating for equilibrium conditions one obtains 


kipa(l — ¢4 — Op) = koa 
and 
k’ipp( OA oB) cae k’ oo B, 


where the subscripts refer respectively to the pressures and surfaces covered 
by the two gases A and B. From these equations it follows that, when 
b = kil/ke and b’ ae ki’ 1/k’», 


iy ppanks 9 
“1+ bpa + 0'pe 
and 
b’pB 
OB 


7 P+ bp = Bips 


From these equations it follows that the fraction of the total surface covered 
by a gas, A, at a given pressure pa is reduced when a gas, B, is simultaneously 
present. The extent of this reduction is determined by the magnitude of 
b’pzx and therefore by the pressure and degree of adsorption of the gas B. 
There are very few experimental data covering this point.!. Certain kinetic 
data to be cited subsequently are in agreement with such formulae. 

The Kinetics of Gas Reactions at Solid Surfaces: With the aid of the ad- 
sorption isotherm just discussed it is now possible to consider various types of 
gas reactions occurring at solid surfaces. We shall take first the case in which 
one molecule undergoes chemical change to yield one or more reaction products. 
There will be three cases of this type corresponding to the three portions of the 
adsorption isotherm already discussed, with weak, medium and strong adsorp- 
tion of the reactant. These three cases may be further modified by reason 
of adsorption of the reaction products, causing a change in the reaction kinetics. 
Similarly, it is possible to discuss cases involving two, or more, reactants, again 
without or with retardation by reaction products. In all cases it is assumed 
that the reaction velocity obtaining is proportional to the concentration of the 
reactant in question on the surface and is therefore determined by the fraction 
of the surface covered by the gas. This is in turn related to the gas concen- 
tration by means of the adsorption isotherm. 

Ia. Single Reactant. Weak Adsorption: Let the reaction be A= B+C 
+++. For this case it follows from the adsorption isotherm that 


a = bp, 


if we neglect the adsorption of the products, B, C, etc. Hence, the reaction 
rate is given by the expression 


— dp/dt = ko = kbp = k’p, 


1 See: Hurst and Rideal, J. Chem. Soc., 125, 694 (1924); Lorenz and Wiedbrauch, Z. anorg. 
Chem., 143, 268 (1925); Palmer, Proc, Roy. Soc., 110A, 133 (1926). 
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an expression identical with that of a unimolecular reaction. A large number 
of such reactions have been studied both in the classical period of reaction 
kinetics (van’t Hoff) and in recent times. The decomposition of AsH3 on 
glass studied by van’t Hoff,! of PH; on glass by van’t Hoff and Kooij,? of SeH, 
on selenium by Bodenstein,? of PH; on procelain 4 and on glass,® of formic acid 
on various surfaces,® of NO on gold,’ of SO.Cl; on glass,’ of HI on platinum,® 
and of CH, on carbon surfaces! all conform to this simple type with good 
approximation. 

Ib. Single Reactant: Medium Adsorption: The surface covered is given by 


wee 
Scar EcLiy. 

or, a8 an approximation, by 
o = kp”, 


The reaction velocity equation, in such case, would have the form 
— dp/dt = kp'!", 


which was actually found by Stock and Bodenstein for the decomposition of 
arsine on arsenic as already discussed on page 1070. 
Ic. Single Reactant. Strong Adsorption: The surface is saturated at the 
reaction temperature 
g=1 


ana the reaction velocity equation is 
— dp/dt = k, 


an equation of zero order. The velocity is independent of the gas pressure, 
which was found by Hinshelwood and Prichard " for hydrogen iodide decom- 
position on gold, and approximately for ammonia decomposition on tungsten 
by Hinshelwood and Burk.” 

Ila. Reactant weakly adsorbed, Product moderate.y adsorbed: The reaction 
can be generalized by the equation A= B+C+-::+. Of these A is weakly 
adsorbed and, of the products, only B is moderately adsorbed. The surface 


1 Etudes de dynamique chimique, page 83. 

2van’t Hoff and Kooij, Z. physik. Chem., 12, 155 (1893). 

3 Bodenstein, Z. physik. Chem., 29, 429 (1899). 

4Trautz and Bhandarkar, Z. anorg. Chem., 106, 95 (1919). 

5 Hinshelwood and Topley, J. Chem. Soc., 125, 393 (1924). 

6 Hinshelwood and Topley, zbid., 123, 1014 (1923). 

7 Hinshelwood and Prichard, Proc. Roy. Soc., 108A, 211 (1925). 

8 Hinshelwood and Prichard, J. Chem. Soc., 123, 2725 (1923). 

9 Hinshelwood and Burk, J. Chem. Soc., 127, 2896 (1925). 

10 Schwab and Pietsch, Z. physik. Chem., 121, 189 (1926); Z. Elektrochem., 32, 430 (1926); 
Z. physik. Chem., 126, 473 (1927). 

11 Hinshelwood and Prichard, J. Chem. Soc., 127, 1552 (1925). 

12 Hinshelwood and Burk, ibid., 127, 1105 (1925). 
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covered by B is 
Eins 
1 + b’pB 
if we may neglect bps. The surface left bare by B is, then, evidently 
—_ 1 e 
1 + b’pp 
It is this surface which A occupies proportionally to its partial pressure, since 


we are dealing with weak adsorption, 4 = bp4. Hence, the reaction velocity 
equation is 


OB 


1 —opg 


kpa 
4 ee cat + b’pp 


Expressed in terms of concentrations, this equation is 


a-@2 
1+ bz 


dx/dt = k’ 


the integrated form of which is 


The catalytic decomposition of nitrous oxide on the surface of platinum follows 
this law,! the oxyegn produced acting as the retarding agent. 

IIb. Reactant weakly adsorbed, Product strongly adsorbed: The preceding 
case changes, when the retarding agent is strongly adsorbed, to a simpler 
kinetic equation. Since, in this case, b’pg becomes large in comparison with 
unity this latter can be neglected and so 


il —-oz,z=> lite, 
b’pB 
and the reaction equation becomes 
SE Cie eam ee 
PB 
or 
dx[dt = k’ ——,, 


which, in its integrated form, becomes 

kt = alna — aln(a — x) — 2. 
This behavior is shown approximately by ammonia decomposition on platinum, 
hydrogen being the inhibiting product.? 


1 Hinshelwood and Prichard, J. Chem. Soc., 127, 327 (1925). 
? Hinshelwood and Burk, J. Chem. Soc., 127, 1114 (1925). For a more comprehensive 
study of this decomposition see Schwab and Schmidt, Z. physik. Chem., 3B, 337 (1929). 
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Concerning this and the preceding case an interesting observation may be 
made with respect to the apparent order of reaction. The time of half change, 
T, obtained by putting + = a/2 is 
(aln2 — a/2). 


T= 


Si 


The half life is directly proportional to the initial pressure, a result character- 
istic of zero order reactions. This ean be expressed otherwise by saying that 
the fractional conversion per unit time decreases with increasing initial pressure. 
The reaction is, nevertheless, a unimolecular reaction, the result obtained 
being caused by the retarding effect of the product. The same is true of Case 
IIa. A well-investigated example of this type is the decomposition of isopropyl 
alcohol on bauxite, studied by Dohse and Kalberer.!. A reaction with an 
apparently excellent unimolecular constant shows a half life proportional to 
the initial concentration. The authors show this to be due to an inhibitory 
action of the water produced. 

IIc. Reactant and Poison strongly adsorbed: With two gases strongly ad- 
sorbed, the fractional surface occupied by A is 


bpa 


1+ bps + b’pp 


If the adsorption is strong the quantity unity can be neglected and the velocity 
equation becomes 
bp A 


— dp/dt = k —————_ - 
PI bpa + b’pp 


Such a kinetic expression is obtained by Constable in the dehydrogenation of 
alcohol in the presence of water, acetone or benzol as increasingly efficient 


poisons.? 
IId. Reactant weakly adsorbed, Two products strongly adsorbed: The surface 


free of products is 


1 
1— —¢o — eS 
( oB c) Preyer 


the factor unity falling away in the denominator. The kinetic expression 
thus becomes, for linear adsorption of A, 


1 


— dp/dt=k- sa Sis leilbetbemee ty 
pI fr b’pp + bY" Dpe 


According to Schwab and Schmidt * this equation holds for ammonia decom- 
position on platinum in the pressure range 0 — 0.1 mm., both nitrogen and 
1 Dohse and Kalberer, Z. physik. Chem., 5B, 131 (1929). 
2 Constable, Proc. Camb. Philos. Soc., 23, 176, 593 (1926) ; Nature, 117, 230 (1926). 
3 Schwab and Schmidt, Z. physik. Chem., 3B, 337 (1929). 
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hydrogen acting as retarding agents. Askey! found a similar effect in the 
decomposition of hydrazine on platinum. In this case, also, the effect of the 
hydrogen was much more pronounced than that of the nitrogen. 

IIIa. Two Reactants weakly adsorbed: For the reaction A + B=C-+->::: 
it is apparent that the rate will be proportional to the product of the surfaces 
occupied by each, and since weak adsorption varies linearly with pressure 


— dp/dt = k+ pa> pp. 


This behavior is shown by hydrogen and ethylene on weakly active copper ? 
at higher temperatures and by ethylene and bromine reacting on glass surfaces. 

For two reactants, weakly adsorbed and reacting according to the equation 
mA +nB= C+ -:--, the kinetic equation becomes 


— dp/dt = k+ pa™: ps”. 


This behavior was demonstrated by Bodenstein+ for water formation on 
porcelain, the reaction being therefore termolecular. 

IIIb. Reactant A weakly, Reactant B moderately adsorbed: The surface 
covered by A is obviously (see IJa) 


1 a b’pp 
The surface covered by B is 
mye b'pp , 
i + b’pp 


The reaction velocity for A + B = C +--+ becomes, 


—dp/dt = k’ca* op=k- : > ———______» 

p| A*op=k+ pa* pp (Gb vpn 
the constants 6 and b’ being now included in the reaction velocity constant. 

This equation is obviously unimolecular with respect to A in presence of 
excess of B. It should also be noted that with a constant quantity of A the 
variation with respect to B is characterized by a maximum reaction velocity 
which obtains when pz has the value 1/b’. This behavior was realized in the 
study by Hinshelwood and Prichard ® of the water-gas reaction CO. + He 
= CO + H.0, at 1000° C. on platinum. The reaction was made irreversible 
by removing water as fast as formed. The velocity was proportional to py, 
up to 300 mm. mercury. It was proportional to carbon dioxide at low pres- 
sures Of Poo, and inversely proportional at higher pressures. The maximum 
occurred at 200 mm. The decrease in rate beyond the maximum is obviously 
due to displacement of hydrogen from the surface by carbon dioxide. 

1 Askey, J. Am. Chem. Soc., 52, 970 (1930). 

2 Grassi, Nuovo, cvm., (6) 11, 147 (1916); Pease, J. Am. Chem. Soc., 45, 1196 (1923). 

3 Stewart and Edlund, J. Am. Chem. Soc., 45, 1914 (1923). 


4 Bodenstein, Z. physik. Chem., 29, 665 (1899). 
5 Hinshelwood and Prichard, J. Chem. Soc., 127, 806 (1925). 
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IIIc. Reactant A weekly adsorbed, Reactant B strongly adsorbed: As dis- 
cussed previously for strong adsorption of B, one can neglect 1 as compared 
with b’pz. The result of this is that the reaction equation of the preceding 
case takes the form 


PA 
— dp/dt =k—- 
p/ vk 


This is a very general kinetic equation. The oxidations of hydrogen and 
carbon monoxide at low temperatures (< 700°C.) on platinum obey this 
expression according to Langmuir.!_ In each case pa refers to oxygen, hydrogen 
and carbon monoxide being the inhibiting gases. The same kinetic equation 
was found by Bodenstein and Ohlmer? for carbon monoxide oxidation on 
quartz. Pease* found the same kinetic expression for the hydrogenation of 
ethylene on copper at 0° and 20 °. with an active catalyst. In this case ethylene 
inhibited the reaction. This case is in contrast to the behavior with an inactive 
catalyst at 200° C. (Case [JIa) where the kinetic expression was strictly bi- 
molecular. Such observations give point to a definite description of the 
operating conditions and also to the definition of the catalyst. As Hinshelwood 
has pointed out, a restricted experimental study may reveal ‘ only a fragment 
of the complete picture.’ The interaction of nitrous oxide and hydrogen on 
platinum 4 also conforms to the same kinetic equation, in this case hydrogen 
being the inhibiting gas. 

IIId. Only one reactant kinetically active: The reactions of carbon monoxide 
and hydrogen with oxygen on platinum over 700° were shown by Langmuir 5 
to conform to this type. With excess oxygen gas, the velocity was propor- 
tional to the pressure of combustible gas alone. With excess combustible gas 
the pressure of the oxygen was the rate determining factor. There are several 
possible mechanisms which would yield such a result. If the surface layer 
were completely covered with the gas in excess and reaction occurred when 
a molecule of the other struck this surface with sufficient energy this kinetic 
result would obtain. It is also evident that if the two gases are both strongly 
adsorbed and compete for the surface of the platinum on approximately equal 
terms the same kinetic expression would result. Rideal ® found the same type 
of kinetic equation for the hydrogenation of ethylene on nickel. 

IVa. Two Reactant Molecules, Reaction Product as Retardant: The classical 
example of this is the Bodenstein-Fink oxidation of sulphur dioxide on plati- 
num, already discussed. Considering the effect of the sulphur trioxide as 
retarding agent the active surface is given by the expression 


1 
id? bPgo,” 


1 Langmuir, Trans. Farad. Soc., 17, 621 (1922). 

2 Bodenstein and Ohlmer, Z. physik. Chem., 53, 166 (1905). 
3 Pease, J. Am. Chem. Soc., 45, 1196 (1923). 
4Hinshelwood, Proc. Roy. Soc., 106A, 292 (1924). 

5 Langmuir, Trans. Farad. Soc., 17, 621 (1922). 

6 Rideal, J. Chem. Soc., 121, 309 (1922). 
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which assumes the approximate form ipr? soe So far as the reactants are 
concerned, the data indicate that it conforms to the case just discussed, ///d, 
proportional to oxygen in sulphur dioxide excess and to sulphur dioxide in 
presence of excess oxygen. 

The best example of such retarding action by the product is to be found 
in the recent research of Bachmann and G. B. Taylor! who restudied the 
decomposition of nitric oxide on platinum-rhodium, first investigated by Green 
and Hinshelwood?2 on platinum. Whereas these latter indicated a unimo- 
lecular reaction retarded somewhat by oxygen, Bachmann and Taylor show 
that it is strictly bimolecular, retarded by oxygen. Since this gives a kinetic 
expression of the form 


Le 2 
ee po 


of which the integral is 


it is evident that the unimolecular criterion of equal fractional conversion in 
equal times applies also to thise case, although the reaction is strictly bimo- 
lecular. In this regard it is analogous to the inbhibited unimolecular reactions 
discussed in IIb, p. 1076. 

Certain experimental data indicate that the concept of a pone type of 
activating surface is not sufficient to account for the kinetic data. We shall 
illustrate the possibilities in multiple adsorbing surfaces by examining the case 
of two activating surfaces with varied degrees of independent adsorption of the 
gases on such surfaces. 

Va. Two Surfaces: Reactant A weakly adsorbed, B moderately adsorbed: The 
two gases are adsorbed independently and so 


b’pB 
— b d ae os 
CA DA an OB 1 a b'DR 
The kinetic equation is, therefore, 
PB 
dv/dt = ke apiere: Sede 
B Pe Ach bpp 


The approximation to this would be k+ pa + pp!/?, which is indicated in the 
data of Benton and Williams * on carbon monoxide and oxygen on quartz, in 
which case A is oxygen. 

Vb. Two Surfaces: A weakly adsorbed, B strongly adsorbed: In this modi- 
fication of the previous case og = 1, independent of the surface covered by A. 
The kinetic expression is, therefore, 


dp/dt = kpa. 


1 Bachmann and Taylor, J. Phys. Chem., 33, 447 (1929). 
2 Green and Hinshelwood, J. Chem. Soc., 128, 1709 (1926). 
3 Benton and Williams, J. Phys. Chem., 30, 1487 (1926). 
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This is apparently the kinetics of carbon monoxide combustion on porcelain, 
gold, nickel, copper, nickel and copper oxides, which was found by Bone and 
his co-workers ! to be proportional to the carbon monoxide concentration. 
Ve. Two Surfaces: A weakly adsorbed, B strongly adsorbed; Reaction Product 
C displaces A: This case is similar to the previous one except that of the surface 
activating A only the fraction 
1 


7 1 a b’ De’ 


is available for reaction. Hence since og = 1 we have for the kinetic ex- 
pression 


1—o¢ 


1 
nies i opine eae 
Z aa 1+ 0"pe 
or 
k(a — x) 


dx/dt = esos 
We have already discussed this form of equation under IZTa. The present case, 
involving two reactants and a product, obtains in the hydrogen-oxygen com- 
bination on silver, where oxygen is strongly adsorbed and water vapor displaces 
hydrogen only.? 

Vd. Two Surfaces: A and B strongly adsorbed: Since in this case c4 =o = 1 
it follows that a zero order *reaction results. This was found by Pease and 
Stewart* for the ethylene-hydrogen reaction on calcium and on calcium 
hydride. 

Ve. Two Surfaces: A and B both moderately adsorbed: The kinetic expression 
becomes 

PA ‘ PB 3 
1+bps 1-+0’psz 


Two reactions of Hinshelwood and his co-workers obey this expression, namely, 


H, + CO, = CO + H.O on tungsten 4 


dp/dt = k- 


and 
HH, + N.O = Nz + H,O on gold.® 


The Temperature Coefficient and Energy of Activation of Gas Reactions 
at Solid Surfaces: These reactions conform to the Arrhenius equation 
din k/dT = E,/RT? expressing the variation of reaction velocity with temper- 
ature. A wide variation in the values of £,; which we may call the apparent 
activation energy, are obtained. So far as order of magnitude is concerned,’ 
however, they are not sensibly different from homogeneous reactions. 

1 Bone and Andrew, Proc. Roy. Soc., 109A, 459 (1925); 110A, 16 (1926); Bone and For- 
shaw, Proc. Roy. Soc., 114A, 169 (1927). 

2 Benton and Elgin, J. Am. Chem. Soc., 48, 3027 (1926). 

3 Pease and Stewart, J. Am. Chem. Soc., 47, 2763 (1925). 


4 Hinshelwood and Prichard, J. Chem. Soc., 127, 1546 (1925). 
5 Hinshelwood and Hutchinson, J. Chem. Soc., 129, 1556 (1926). 
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Since our kinetic picture presupposes adsorption of the gases during reac- 
tion it is evident that the temperature coefficient experimentally determined 
must be a composite quantity comprising not only the influence of temperature 
on the reaction process proper but also its influence on the adsorption processes. 
Only by separating this latter can the true influence of temperature on the 
reaction velocity be ascertained. We shall proceed to examine this problem 
for certain special cases of reaction kinetics. 

(a) The reaction is zero order at both temperatures: It was shown in the 
preceding pages that a zero order reaction indicated surface saturation with 
the reactant gas, ¢4 = 1. With this order of reaction at two temperatures it 
is evident that the extent of reaction surface remains unchanged, or, in other 
words, the influence of temperature on the adsorption process is zero. Under 
these circumstances, the observed activation energy, Hz, is equal to the true 
activation energy, EH; Two such cases are known, the decomposition of 
hydrogen iodide on gold! where the activation energy is 25,000 calories! and 
the decomposition of ammonia on tungsten where the corresponding quantity 
is 39,000 calories.2 It is of interest to note here that, in each case, the activa- 
tion energy of the catalytic reaction is considerably less than either the uni- 
molecular or bimolecular homogeneous reaction. For hydrogen iodide, Euni. 
is 68,000 calories and F};, is 44,000 calories. In the case of ammonia decom- 
position the corresponding quantities cannot be less than 90,000 calories. 

(b) The reactant weakly adsorbed: The reaction under these circumstances is 
unimolecular on the surface. In such case we have seen that the rate of con- 
densation may be set equal to k,(1 — o) in which the factor k, is constant at 
constant temperature but varies inversely as the square root of the absolute 
temperature. The rate of evaporation may be set equal to koo, where ky 
varies exponentially with temperature in a manner expressed by the equation 


<2 —r/RT 
hes be RT 


where 0 is a constant and ) is the heat of adsorption of the reacting substance. 
At equilibrium, the rates of evaporation and condensation may be set equal. 
Hence 

ki(1 — ¢) = b+ oeVF7, 


For weak adsorption, o is small compared to unity so that we can substitute 
unity for 1 —o. Hence 
ki y 


Sp SES Pp 
c= Gs : 
b 


The relation between the true velocity constant, k:, per unit area of reaction 
surface and the observed velocity constants kops. is given by 


Robs 
ki & =~ 


1 Hinshelwood and Prichard, J. Chem. Soc., 127, 1552 (1925). 
* Hinshelwood and Burk, J. Chem. Soc., 127, 1105 (1925). 
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Hence 


1 


k 
hors. = ke kes o = be ke 


r 
-¢ {RT 


Expressing the true velocity constant, ki, by an Arrhenius expression 
dln k./dT = E:/RT?, or ki = const. e~”/*7, we thus obtain 


—(E,;—X 
(pai — Ke (EB, Naar 


where K now includes all the various constants. Hence, also, 


dinkovs, Ht —X 
Ove WRT. 3 


Hence H; — \ must be equal to FE, the apparent heat of activation derived 
from the experimental results. Hence, 


Ei eh Ne 


The apparent heat of activation is less than the true heat of activation by the 
molar heat of adsorption of the reactant. 

In few cases are the necessary heats of adsorption of the reacting gases 
known. Hence, there is little opportunity to learn the magnitudes of the true 
heats of activation. Hinshelwood points out that, in the catalytic decom- 
position of hydrogen iodide on platinum wire where the reaction is unimolecular, 
the observed heat of activation is only 14,000 cals. as compared with 25,000 
calories in the zero order decomposition on gold. This is in part due to the 
heat of adsorption of hydrogen iodide. It is not known, however, how close 
is the true heat of activation on platinum to that observed on gold. 

(c) The reactant weakly adsorbed, a product strongly adsorbed: This case has 
been discussed kinetically in the previous section, Jb. The rate of reaction 
is determined by the pressure p,4 of the reactant and varies inversely as the 
pressure pg of the strongly adsorbed product. The reaction occurs on that 
portion of the surface free of the product B. It is apparent that this fraction 
must increase with temperature and will therefore influence the observed 
temperature coefficient. By a process of reasoning entirely analogous to that 
in the preceding case (b) it can be shown that 


Ea= E:—da + Xz, 


where as before \4 is the heat of adsorption of the reactant \z is the heat of 
adsorption of the retarding product. 

The effect of \g may be very large. Thus, in the decomposition of am- 
monia on platinum, which is inhibited by hydrogen, the apparent activation 
energy is 140,000 calories. This high value is undoubtedly due to Ag for 
hydrogen since, from the Princeton studies on heats of adsorption, this may 
amount to as much as 100,000 calories. 


1See Taylor, Proc. Roy. Soc., 113A, 77 (1926). 
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(d) Two reactant molecules weakly adsorbed; no retardation: Since the 
kinetics of this reaction is (J[Ja) 


— dp/dt= k+ pa: ps, 
it follows by reasoning given in the preceding paragraph (6) that 
Ea = E:,—da — Xp. 


Pease studied such a case in the bimolecular combination of hydrogen and 
ethylene on copper of weak catalytic activity at temperatures above 200° C. 
He found a value for ZH, = 10,000 calories. Since measurements in Princeton 
have shown that, for such inactive catalysts, the heats of adsorption of hydrogen 
and ethylene are each less than 10,000 calories, it follows that H; must be less 
than 30,000 calories. The uncatalyzed bimolecular reaction has, according to 
some unpublished data by Pease, an activation energy of about 40,000 calories. 
It is therefore true, here also, that the catalyst diminishes H; for a given reac- 
tion below that of the uncatalyzed process. A decisive case of such diminution 
is instanced in the following example. 

(e) Two reactant molecules, one weakly, one strongly adsorbed; no retardation 
by products: The low temperature catalysis of hydrogen and ethylene by copper 
is a reaction of this type. The kinetic equation (IJIc) is 


PA 
— apd = h=—- 
pl Be 


In this case A is hydrogen and B is ethylene. The relation between the true 
and apparent activation energies is given by the expression 


Ea = Hy—Xa +Xe. 


For the actual case in question Washburn has found for Ay, a value of 11 k. 
calories and for \c,y, a value of 16 k. calories. Since Pease found, at 0° C., 
an apparent activation energy of 10 k. calories it is evident that 


E;,= 10 + 11 — 16 k. cals. 
= 5 keveals: 


This is a very considerable diminution in activation energy and of the mag- 
nitude one might anticipate for reactions proceeding at ordinary temperatures. 
Comparison of the value here obtained with that in the preceding case (d) 
indicates that, the more active the catalyst, the less the true energy of activa- 
tion. This should be tested with a large number of reactions. 

Heats of Adsorption: The data of the preceding section indicate the im- 
portance of heats of adsorption in the determination of the energy of activation 
of gas reactions at surfaces. The experimental details of such measurements 
have already been discussed in the chapter on Thermochemistry (Vol. I, page 
344). The available results, though scanty, indicate that, with adsorption 
involving activation for reaction, the heats of adsorption are large, of the order 
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of the heats of mild chemical reactions, and, in every case, much larger than 
the heats of liquefaction of the gases in question. 

The heats of adsorption are not constant, independent of the extent of 
surface covered. They show, normally, higher values at the outset with low 
total adsorption and successively diminishing values as adsorption increases. 
This holds true even in cases where there can be no question of the formation 
of polymolecular layers or the filling of pores. As already discussed in Chapter 
VI certain cases have been found in which the initial values for heats of ad- 
sorption show values increasing with increasing amounts adsorbed, passing 
through a maximum and then showing the normal fall. Fryling? and Taylor 
and Kistiakowsky ? attributed this to an endothermic activation of the adsorbed 
gas but there are real theoretical objections to such an assumption.? The 
cause for the existence of such maxima is not yet clear. 

The normal diminution of the adsorption heat with increasing amount 
adsorbed is of importance in assessing the relative importance of various parts 
of the surface in respect to the rate of reaction occurring thereon. For pur- 
poses of illustration, let us choose a hypothetical reaction, a unimolecular de- 
composition of a weakly adsorbed single molecule to yield a set of reaction 
products, none of which retard the reaction. We shall assume the reaction 
rate is expressible by the equation. 


— dp/dt = 2+ e FlkT, 


where z is some function of the collisions per mol and per second, E, is the 
apparent activation energy. From the preceding section, we have learned 
that the apparent and true activation energies for such a reaction are given 
by the expression, 
Ea — i; = Xr. 
Hence, we may write 
— dp/dt = z- et NIRT 


Let us now visualize two unit areas of the surface in which the z factor is con- 
stant and in which, for simplicity, H; is also constant. Let assume that on 
these two areas the mean values for the heats of adsorption are \i and dz2 
(A1 > 2). It is evident that the rates of reaction on the two areas will be 


(1) ze Et-®v/ RT and (2) the oe Et RT 
and the relative rate ri : 72 will be given by the expression 


" Qy—Ay)/RT 


—-=e€e 


12 


This ratio may easily be a very considerable number. Thus, for two areas in 
which \, and de differ by 5000 calories and in which the reaction temperature 
1Fryling, J. Phys. Chem., 30, 818 (1927). 


2 Taylor and Kistiakowsky, Z. physik. Chem., 125, 341 (1927). 
3 Taylor, Kistiakowsky and Flosdorf, J. Am. Chem. Soc., 49, 2200 (1927). 
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is 500° K., the ratio becomes e® or 148.4. This means that the reaction rate 
on area (2) would be entirely negligible compared to that on area (1). We 
may generalize this conclusion for such a reaction in the normal case of falling 
values for heats of adsorption with amount adsorbed by pointing out that on 
the surface first covered, with highest heats of absorption, the rate of reaction 
per unit area should be greatest and that with successively diminishing heats 
of adsorption the rate per unit area should progressively decrease. 

In this hypothetical case we have assumed that H; remained constant over 
the several areas. There is evidence in paragraphs (d) and (e) of the preceding 
section that E; also increases with decreasing activity of catalyst. The effect 
of this on the ratio of reaction is given by the expression 


r3/T2 = g (Ba-Bt)— MRT 

If £ , is less than F,, it follows that the ratio is still further increased by the 
operation of such a factor.!. Both factors indicate definitely that the catalytic 
surface must be regarded as composite, with areas of widely varying catalytic 
activity. This conclusion is in best accord with many other phases of the 
problem of contact catalysis, notably those, of poisons and promoters which 
we will next discuss. It is obvious, from what has preceded, that, in actual 
experimental cases, the problem will be more complex than the simple case here 
discussed, since there may be several reactants and retarding agents each of 
which may exercise a varying effect on the temperature coefficient due to their 
varying heats of adsorption. 

Poisons: In contact catalysis the term ‘ poison’ is applied to any material 
which reduces the reaction velocity of the process. Poisons may be ‘ perma- 
nent’ or ‘transitory.’ The permanent poisons? require that the contact 
mass must be renewed before activity is regained. The transitory poisons are 
those which are only effective so long as they are present in the reacting system. 
It is now agreed that the action of poisons is to be ascribed always to the 
diminution of the active catalyst surface by the poison. The reduction may 
be permanent either mechanically or because the reaction with the poison is 
irreversible under the experimental conditions. It may be temporary, due to 
preferential adsorption of the poison on the catalytic surface; if the poison 
can establish with the surface a reversible chemical reaction, temporary 
poisoning may also result. 

The quantitative study of poisoning has led to a fuller appreciation of the 
properties of the catalyst surface. It has been known, since the time of Fara- 
day,’ that minute amounts of poisons had very material influence on reaction 
velocity; this has been an important factor in many technical develop- 
ments. Maxted* pointed out that the decrease in occlusive power of pal- 

1 For numerical examples see Taylor, Z. Elektrochem., 35, 542 (1929). 

2See Rideal and Taylor, Catalysis in Theory and Practice, 2d Edition, pp. 127-142. 
Macmillan and Company, Ltd., London, 1926. 

3 Exp. Researches in Elec. 353. 


4 Maxted, J. Chem. Soc., 115, 1050 (1919); 117, 1280, 1501 (1920); 119, 225, 1280 (1921); 
121, 1760 (1922). 
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ladium by poisons was always considerably less than the decrease in catalytic 
activity. The studies of Pease and his students on the hydrogenation of 
ethylene on copper, in presence of mercury and carbon monoxide! as poisons, 
made this observation quantitative. Pease and Stewart showed that the 
adsorption of 0.01 cc. of carbon monoxide on a copper catalyst reduced the 
reaction velocity to less than 15 per cent of the normal velocity although the 
adsorptive capacity of the sample for hydrogen and ethylene was many 
hundred-fold the volume of poison used. It is apparent that the surface cov- 
ered by the poison must in this case be responsible for the great bulk of the 
normal reaction rate and that the gas adsorbed on the residual surface must 
react relatively extremely slowly. It is evident how closely this conclusion 
agrees with that reached in the preceding section indicating a surface of very 
varied activity. By quantitative measurements on the poisoning action of 
oxygen or water vapor in ammonia synthesis on iron catalysts where the 
reversible equilibrium 


3Fe + 4H.0 = Fe304 oe 4H. 


is established, Almquist and Black * showed that in the most active prepara- 
tions only one iron atom in 200 had catalytic activity. 

If the fraction of the surface active for a given reaction is specific for that 
reaction and if this fraction varies widely from one reaction to another it is 
evident that one may expect progressive poisoning. This was realized by 
Vavon and Huson* with platinum and by Kubota and Yoshikawa? with 
nickel catalysts. With the latter and the three reactions (1) the hydrogenation 
of benzene (2) the hydrogenation of ethylene (3) the reduction of nitrocom- 
pounds, it was shown by progressive poisoning that only a small fraction of the 
nickel surface was active for (1), a greater fraction for (2) and probably the 
bulk of the nickel surface for (3). Rideal and Wright ® assume three types of 
active surface on charcoal, Fe-C-N interfaces, Fe-C interfaces, Fe-N inter- 
faces each with their own specific activities and separately sensitive to poisons. 

If a substance may decompose or react in two stages with one and the same 
catalyst, one of these stages only being sensitive to a particular poison, it 
should be possible to use such a material as a protective poison. This is the 
effect of water in the dehydrogenation of alcohol in presence of copper. The 
first stage yields acetaldehyde and hydrogen 


C.H;OH — CH3;CHO + He. 


The acetaldehyde formed may further decompose 


CH;CHO = CH, + CO 


1 Pease, J. Am. Chem. Soc., 45, 1196, 2235 (1923); Pease and Stewart, J. Am. Chem. Soc., 
47, 1235 (1925). 

2 Almquist and Black, J. Am. Chem. Soc., 48, 2814, 2820 (1926). 

3 Vavon and Huson, Compt. rend., 175, 277 (1922). 

4 Kubota and Yoshikawa, Sci. Pap. Inst. Phys. Chem. Res. Japan, 3, 223 (1925). 

5 Rideal and Wright, J. Chem. Soc., 127, 1347 (1925). 
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but water is a poison for this reaction. Hence, as was shown by Armstrong 
and Hilditch,! better yields of acetaldehyde are obtained from aqueous alcohol 
than from absolute alcohol. 

The kinetics of reactions in the presence of poisons will be similar to those 
treated in IJ and IV of the general kinetic discussion, the retarding agent now 
being a material extraneous to the reaction. The temperature coefficient of 
poisoned reactions will obviously depend on the nature of the poison, whether 
permanent or transitory. Permanent poisons will have no influence on the 
temperature coefficient since they have merely put a certain fraction of the 
surface definitely out of action. With transitory poisons a higher temperature 
coefficient than for the unpoisoned reaction will obtain, as the coefficient will 
include the influence of temperature on the desorption of the poison, leaving 
more free surface for reaction. 

Promoters: If the catalytic effect produced by a given subtsnace in a 
reaction is materially enhanced by the addition of a small amount of substance, 
itself not markedly catalytic, the catalyst is said to have been promoted and 
the substance so employed is termed the promoter. The term is usually 
restricted to cases where the amount of substance so employed is small. With 
more or less equal amounts of two materials the product is normally called a 
mixed catalyst; if the non-catalytic material is in large excess, it is usually 
termed a catalyst support. 

The phenomenon of promoter action was discovered during the technical 
development of catalytic processes of hydrogenation? and ammonia syn- 
thesis. It was a logical consequence of a research conducted by Baxter at a 
very much earlier date, for a very different purpose, on the occlusive power of 
nickel and cobalt 4 for hydrogen, when these metals were prepared by reduction 
of the oxide in hydrogen. Baxter found that cobalt of atomic weight purity 
occluded negligible amounts of hydrogen. When the ordinary minute quan- 
tities of impurities, e.g., silica, were present, marked amounts of gas were 
occluded, the metal product being less compact, sintering being prevented. 

The quantitative examination of a few promoted catalysts has been made. 
Wyckoff and Crittenden® showed by X-ray studies that iron catalysts for 
ammonia synthesis were of a smaller crystal unit when promoted with K,O- 
Al,O; than when pure, the promoter effect being in part at least, therefore, an 
extension of surface. Russell and Taylor,’ showed, however, that, in the 
synthesis of methane over nickel, an extension of surface equal to 20 per cent 
produced a ten-fold increase in reaction velocity. This indicated a qualitative 
improvement of the surface rather than a quantitative extension as the prin- 
cipal cause of the observed effect. Almquist and Black in their poisoning 

1 Armstrong and Hilditch, Proc. Roy. Soc., 97A, 262 (1920). 

2 Schering,:D. R. P. 219043/44, 1908; B.P. 7315, 1909. 

3 Badische Anilin u. Soda. Fabrik., B.P. 19249, 1910. 

4 Am. Chem. J., 22, 351 (1899). 


5 Wyckoff and Crittenden, J. Am. Chem. Soc., 47, 2866 (1926). 
§ Russell and Taylor, J. Phys. Chem., 29, 1325 (1925). 
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studies already cited! showed that whereas in ordinary iron only about one 
atom in 2000 had ammonia synthetic activity, this ratio increased to one in 
200 for the good promoted catalyst. They showed also that the surface 
capacity was varied. These evidences of enhancd activity at interfaces ig 
further strengthened by a research of Hurst and Rideal? on copper promoted 
by pallidium in which the ratio of CO : H, burned on the surface varies with 
the extent of promotion. Also the data of Rideal and Wright already cited 
(p. 1087) support this concept of interface activity. It was pointed out by 
Taylor * that the increase of crystal faces, edges and corners would increase 
the unsaturated catalyst atoms and that the enhanced activity of such 
unsaturated atoms would explain the quantitative data. An extension of this 
same idea has been more recently developed. Since Volmer‘ and his associ- 
ates ® © have shown the two-dimensional motion of adsorbed gases it is possible 
that such motion of reactant molecules will bring them to interfaces between 
erystals at which reaction will occur. Schwab and Pietsch’ provide a name 
for such a catalysis. They propose to call it adlineation. It must not be 
forgotten, however, that the extent of surface active is specific for a given 
reaction and that, in many cases, the whole surface is active, in which event, 
reaction at lines of interface must be only a part of the whole. It is obvious, 
also, that the greater the fraction of the surface which normally has activity 
in a given reaction the less will be the advantage accruing from the employment 
of promoters. Promoters will be most advantageously employed in those 
reactions which are most difficult to achieve (i.e., lesser fraction of active 
surface) with the normal unpromoted catalyst. 

Extent of Active Surface and Pressure: The extent of the surface which is 
operative in a given reaction is also determined by the pressure at which the 
process is conducted, and this in turn may affect the kinetics of the process. 
This possibility has already been indicated in the work of Schwab and Sehmidt 
on the decomposition of ammonia in contact with platinum (Cases [7b and 
IId of the section on kinetics). It is definitely confirmed by-some recent 
work of Donnelly and Hinshelwood,’ who have shown that the kinetics of the 
hydrogen-oxygen reaction on platinum at atmospheric pressure differs essen- 
tially from the results of Langmuir at very low pressures. Donnelly and 
Hinshelwood interpret these differences on the basis of ‘ Taylor’s theory ® 
that the catalytic surface possesses centers of varying activity. At low 
pressures the amount of gas may be small enough to be accommodated on the 
most active centers, which in virtue of their activity, are more likely to be 

1 Almquist and Black, J. Am. Chem. Soc., 48, 2814, 2820 (1926). 

2 Hurst and Rideal, J. Chem. Soc., 125, 685 (1924). 

3 Taylor, Proc. Roy. Soc., 108A, 105 (1925); J. Phys. Chem., 30, 145 (1926). 

4Volmer, Z. physik. Chem., 115, 253 (1925). 

5 Volmer and Adhikari, zbid., 119, 46 (1926). 

6 Helman and Adhikari, ibid., 131, 347 (1928). 

7 Schwab and Pietsch, Z. Elektrochem., 32, 430 (1926); Z. physik. Chem., 126, 473 (1927); 
Hofmann, Ber., 49, 2369 (1915); Cassel, Naturwiss., 14, 103 (1926). 


8 J. Chem. Soc., 131, 1727 (1929). 
®§ Proc. Roy. Soc., 108A, 105 (1925) 
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susceptible to poisons, and may even be poisoned by too large a pressure of the 
reacting gases. At higher pressures, where the total adsorption is much 
greater, the less active centers, being much more numerous, contribute the 
greater proportion of the total reaction.” 


REACTION VELOCITY AT A GAS-LIQUID INTERFACE 


Heterogeneous reaction velocities of this type are more rare than the types 
already discussed. They have, however, an importance in one particular 
direction, namely, in the problem of gas absorption by liquids. In this case 
the process may be the so-called physical solution or it may involve chemical 
interaction. As an example of the former, the rate of solution of oxygen or 
nitrogen in water might be cited. For the latter process, the absorption of 
carbon dioxide by caustic alkali solutions furnishes a convenient example. 
The reaction at the liquid-gas interface need not, however, be necessarily a 
solution process. Thus, the interaction of hydrogen and sulphur at a liquid 
sulphur surface would represent a reaction velocity similar in character to 
those previously treated in the case of gas-solid systems. Solution of the 
gases, especially of the hydrogen sulphide, in the molten sulphur undoubtedly 
occurs; by special experimental arrangements, however, this factor can be 
eliminated from the measurements of reaction rate. 

Early work on the reaction between hydrogen and liquid sulphur was 
carried out by Hautefeuille,! Pelabon* and Bodenstein.? The evidence ob- 
tained was uncertain and inconclusive, no agreement being reached even after 
considerable polemical discussion.4 

Pelabon states that combination between hydrogen and sulphur occurs 
down to a limiting temperature of 215°.5 Between the latter temperature and 
350° C., combination is limited, according to Pelabon, but not by the reverse 
reaction since hydrogen sulphide is not appreciably dissociated at these temper- 
atures. In other words, according to this investigator, the state of equilibrium 
obtained is different according as hydrogen sulphide or a mixture of hydrogen 
and sulphur is heated. Above 350° C. the same equilibrium is attained from 
both sides. Pelabon cited these facts as evidence for including the formation 
of hydrogen sulphide from its elements in the class of reactions showing false 
or suspended equilibrium. Bodenstein, on the other hand, having repeated 
Pelabon’s work, obtained no evidence of suspended equilibrium, the production 
of hydrogen sulphide from its elements proceeding normally according to a 
unimolecular law down to a temperature of 234° C. 

After thus summarizing the earlier work, Norrish and Rideal ¢ have recently 
studied the reaction anew, employing a different method of experimentation. 

1 Compt. rend., 64, 610 (1867). 

2 Compt. rend., 124, 686 (1897). 

3Z. physik. Chem., 29, 315 (1899). 

4 Duhem, Z. physik. Chem., 29, 711 (1899). Bodenstein, Z. physik. Chem., 30, 567 (1900). 

5 See, however, Anderson, J. Chem. Soc., 121, 153 (1922), who detects interaction of 


hydrogen and sulphur at 110° C. 
§ J. Chem. Soc., 123, 696 (1922). 
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They emphasize that the solubility of hydrogen sulphide in liquid sulphur may 
have vitiated the earlier work performed by means of a static method, since 
the gas would be liberated on solidification of the sulphur and would therefore 
be added to the equilibrium quantity of hydrogen sulphide measured after 
cooling the reaction bulbs. Furthermore, Norrish and Rideal point out, it 
is uncertain whether in the earlier work the walls of the vessel acted cata- 
lytically; also, the abnormal temperature coefficient obtained by Bodenstein, 
1.34, between 234° and 283° C. and 1.77 between 310° and 356° C. does not 
seem to be in harmony with Bodenstein’s conclusion that the reaction is homo- 
geneous and confined to the gas phase. 

Norrish and Rideal, by employing a dynamic method, have eae it 
possible to show that the combination of hydrogen and sulphur takes place 
by way of two reactions, a gaseous and a surface reaction, the former being 
predominant, under the conditions of their experiments, at 285° C. and upwards, 
the latter being the more important below this temperature. They have 
shown, also, that the temperature coefficients of the two separate reactions 
were constant but widely different in value. 

These conclusions were reached by an analysis of the reaction velocity 
measurements. They revealed that the logarithms of the total reaction 
velocity plotted against temperature did not yield straight lines. The curves 
obtained confirmed Bodenstein’s result of an increasing temperature coefficient 
with increasing temperature. From measurements at different temperatures 
with two different hydrogen pressures, p; and po, it was found that a plot of 
the logarithms of the differences of corresponding velocities for the two pressures 
against temperature gave a straight line. This fact led the authors to the 
conclusion that a surface reaction and a gas reaction were proceeding con- 
currently and that the former, assumed independent of the gas pressure and 
therefore constant, disappeared on taking the difference of the corresponding 
velocities. In other words, the straight line obtained as stated is in reality 
the graph of the gas reaction velocity occurring at pressure pi — po. As- 
suming that the gas reaction velocity was proportional to the pressure and the 
surface reaction independent of the gas pressure, the observed curve for total 
reaction was resolved into two straight line curves of logarithm of velocity 
plotted against temperature for the two reactions taken separately. From 
the slope of these lines the temperature coefficients were obtained. That for 
the surface reaction was found to be 1.48, that for the gaseous reaction was 
2.26 which, after correcting for the variation of the vapor pressure of sulphur 
with the temperature, reduced to 2.19. Corresponding to these coefficients, 
by applying the Arrhenius equation, 


d log V = A 
dT ee 


where V is the reaction velocity, the values of A, the heats of activation of the 
gaseous and surface reactions, were found to be respectively 52,400 and 26,200 
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calories. Norrish and Rideal call especial attention to the fact that these are 
in the ratio 2: 1. 

By varying the size of the reaction vessel they showed also that the surface 
reaction was directly proportional to the internal surface area of the vessel 
and independent of the quantity of sulphur in the bulb. The respective 
reaction equations would therefore be: 


Vee = ky x CH x Cz, 
Veurtace = k2 X Surface area, 


where Cy, refers to the hydrogen concentration, Cg that of the monatomic 
sulphur. 

Norrish and Rideal ! showed also that oxygen functions catalytically in the 
union of hydrogen and liquid sulphur. The phenomenon is in reality quite 
complex. With rise of temperature and increase of oxygen concentration, 
beyond 10 per cent at a temperature of 265° C. and beyond 7 per cent at 
285° C., the catalytic action becomes a poisoning action. The observed effects 
were separated into a strong poisoning effect in the gaseous reaction between 
hydrogen and sulphur at all temperatures and a catalytic effect on the surface 
reaction which only becomes observable at the lower temperatures (265° and 
285° C.) where the surface reaction is of greater relative importance. This 
surface catalytic action rises to a maximum with increase of oxygen concentra- 
tion in the hydrogen and then falls away again, finally becoming a poisoning 
action for concentrations of oxygen beyond 10 per cent. Simultaneously, 
sulphur dioxide is formed at a rate directly proportional to the oxygen con- 
centration. 

From the known velocities of the several reactions occurring, it was deduced 
that the effects observed may be quantitatively explained by postulating a 
gradual preferential adsorption of oxygen by the sulphur surface, all the 
hydrogen being displaced when the gaseous concentration of oxygen has ex- 
ceeded 10 per cent, and by ascribing to the oxygen a catalytic activity propor- 
tional to the number of molecules adsorbed per square centimeter of surface. 
From these assumptions Norrish and Rideal calculate the composition of the 
adsorbed gas films in equilibrium with a given atmosphere. It is evident rom- 
this work and that of Pease? that experimental determinations of such ad- 
sorptions from mixtures would be instructive. 

In a concluding section of the paper Norrish and Rideal consider the 
mechanism of both gaseous and surface reactions. The thermal value found 
from the temperature coefficient of the gaseous reaction, the “critical incre- 
ment” of the radiation theory, 52,400 cals., is in agreement with Budde’s 
value * for the heat of dissociation of 8: molecules into atoms, and thus corre- 
sponds to the energy required to sever two sulphur bonds. The critical incre- 
ment of the surface reaction similarly corresponds to the breaking of one sulphur 

1J. Chem. Soc., 123, 1689 (1923). 


2 J. Am. Chem. Soc., 45, 1196, 2235, 2296 (1923). 
3 Z. anorg. Chem., 58, 169 (1912). 
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bond and is equal to that required to sublime a molecule of 8, from the surface, 
which also involves the breaking of one bond. The surface reaction is con- 
sidered to take place in two stages: (1) adsorption of the molecule, involving 
the breaking of one bond and (2) removal of the molecule of hydrogen sulphide, 
involving breaking of the second bond, the critical increment measured corre- 
sponding to the slower of the two processes. The authors also assume that 
the surface contains mainly Sg molecules of which a few are opened by the 
rupture of a linkage and thus polarized. The adsorption of the hydrogen and 
the oxygen is assumed to occur at these positions. The catalytic effect of 
the oxygen is attributed to simultaneous adsorption of oxygen and hydrogen 
at the two ends of the ruptured Ss molecule. The strong attraction of the 
oxygen for the sulphur at one end of the chain will cause a weakening of the 
force by which the sulphur is held at the other end and thus lower the critical 
increment of energy necessary to remove the end sulphur atom as hydrogen 
sulphide. 

More recently the authors have reached the conclusion that the activation 
of sulphur molecules is a quantum process and that the critical increment of 
52,000 cals. corresponds to the absorption of a quantum of frequency of light 
whose wave-length is \ = 2750 A. They have shown that the gas reaction 
between hydrogen and sulphur is markedly accelerated by ultra-violet light of 
this frequency. 

The Rate of Solution of Gases in Liquids: The literature of reaction 
velocity measurements on the solution of gases in absorbing liquids is relatively 
scanty, although the problem is of importance not only theoretically but also 
as governing the design of gas scrubbing towers for a variety of purposes. 
Donnan and Irvine Masson? in a recent contribution to the theory of gas 
scrubbers have reviewed this literature. They call attention to the pioneering 
work of Hurter,? who studied in detail the important factor of the area of gas- 
liquid interface offered per unit of volume of gas per unit of time; on this basis 
Hurter discusses the relative advantages of bubbling, spraying and tower- 
packing. Renewed interest has been manifested in the subject recently, more 
especially in the direction of determining the effect of the solubilities and other 
specific properties of the gases and of the liquids which may be employed. 

Adeney and Becker have studied * the rate of solution of air, oxygen and 
nitrogen in contact with quiescent de-aérated water and when a bubble of the 
gas in question is rising through a column of such water. The saturation of a 
quiescent de-aérated water with air has been commonly assumed to occur in 
two stages: (a) a rapid process of saturation of the surface layer under the pre- 
vailing conditions and (6) a slow process of diffusion of the dissolved gases 
through the mass of the water below the surface layer. Adeney ® had already 
shown that the second stage is not a simple diffusion process, but that the dis- 

1 J, Soc. Chem. Ind., 39, 236, T (1920). 

2J. Soc. Chem. Ind., 4, 639 (1885); 6, 707 (1887); 8, 861 (1889); 12, 227, 789 (1893). 

3 Proc. Roy. Dublin Soc., 15, 385, 609 (1918); 16, 143 (1920). 


4 Ostwald, Solutions, p. 10. 
5 Trans. Roy. Dub. Soc., 1914. Phil. Mag., 9, 360 (1905). 
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solved gases are gravitationally drawn downwards through the lower layers 
of the water with comparative rapidity. Temperature and temperature 
changes, salinity of the water, humidity of the air, depth of water, and other 
factors profoundly influence the rate of the solution process by such quiescent 
layers. ; 

With moving bubbles of air in water, when the water was kept thoroughly 
mixed and the water-air surface unbroken, Adeney and Becker showed that 
the rate of solution took place in accordance with the general equation 


— =a — bu, 


in which a represents the initial rate of solution and bw the rate of escape of 
the gas from the water, b being a constant depending on the experimental 
conditions. The method of experimentation consisted in enclosing a large 
bubble of air, of known volume, in a narrow tube containing de-aérated water, 
and allowing the bubble to pass up through the water repeatedly until satura- 
tion was reached. The pressure in the bubble was measured after each double 
passage up the tube by means of a water manometer. From the observed 
pressure the absorption taking place could be calculated. 

By extending these observations to different sizes of bubbles in a given 
tube and by a study of the influence of temperature on the process, Adeney 
and Becker were able to show that the above equation could be resolved into 
terms dependent on the bubble area and volume, the gas pressure and the 
concentration of dissolved gas. The equation so derived is: 


A 


where S is the initial rate of solution per unit area, f is the coefficient of escape 
from the liquid per unit area and volume, A is the surface area, V the liquid 
volume, p the gas pressure and w the weight of gas dissolved. The significance 
of this expression is evident at the saturation state, when dw/dt is equal to 
zero. For, then 


A 
SAp = fru, 
ee 8 
or, since v7 the solute concentration, 
Sp = fe, 
or 
eae Sur 
peoay. 


Hence, S/f = k, the coefficient connecting pressure and concentration for a 
gas obeying Henry’s Law. 

One other feature of interest can be drawn from the above equation of 
Adeney and Becker. When the values of f for any gas are multiplied by the 


REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 1095 


solubilities, the product gives the initial rate of solutions, since 
= 7 Gs, 


s being the solubility. The experimental results show that S is practically a 
constant over a range of 30 degrees Centigrade for each gas. For different 
gases S varies approximately as the solubility. 

For a constant area of interface Adeney and Becker’s results may there- 
fore be expressed, as pointed out by Donnan and Masson, by an equation of 
the form 

dw 
ao ke(km — n), 
where m is the concentration of absorbable component in a gas phase, n the 
corresponding concentration in the liquid, k is the Henry’s Law coefficient 


n= km 


and k. may be termed the dissolution coefficient. The equation is in this 
form only applicable to gas-liquid systems obeying Henry’s Law and is an 
expression of the fact that the rate of solution at any moment is proportional 
to the unsaturation of the liquid at that moment. 

By studying the effect of bubble area on the rate of solution, Adeney and 
Becker established that different portions of the approximately cylindrical 
bubbles had different effective solution rates on the gas. It was deduced 
that the conditions holding for the cylindrical sides of the bubble did not hold 
for the hemispherical head. The rate at which the water streams past the 
head of the bubble is less than that at which it passes down the cylindrical 
portion of it; hence, the absorption due to the head of the bubble is greater 
than might be expected from its area. By using different bubble volumes, 
varying the ratio of cylinder area to hemispherical head, this factor could be 
corrected for and apparent effective areas employed in place of the observed 
bubble areas. This observation emphasizes the dependence of absorption 
rate on the dynamics of the gas and liquid. 

For cases in which Henry’s Law does not hold, Donnan and Masson suggest 
an equation of the form 

dw 


Wee > 


where the equilibrium isotherm has the form 
n = f(m). 


Under strictly specified conditions the dissolution coefficient, k2, will be a 
constant quantity, but, in general, its value will increase with the degree of 
relative motion of gas and liquid and the degree of turbulence in both. The 
part played by the very thin ‘“‘stagnant layer” in hindering the exchange of 
heat energy or of matter between different phases is well known to be a de- 
cisive factor in the design of heat interchangers and recuperators, furnaces, 
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dissolvers, extractors and the like, and the thickness of this layer is diminished 
by the increase of relative motion of the phases and by rupture of this layer 
due to the splashing of drops. The term k, is therefore a dynamical coefficient. 

It is apparent that the term (km — n) in the Donnan-Masson expression 
is a potential factor expressing the driving force determining the magnitude 
of the absorption. It may be expressed by a slight rearrangement in the form 


Driving potential = cy — ci, 


where c, is the concentration of the solute in the gas phase and c, the corre- 
sponding concentration in the liquid phase. In the work of W. K. Lewis? 
and his associates? another expression for this driving potential has been 
employed. Instead of the concentrations, the partial pressures of the solute 
in the two phases have been substituted, the expression becoming 


Driving potential = py — pi. 


It is evident that, for absorption at constant temperature, using a solute which 
obeys Henry’s Law, i.e., p = kc, the two formule are identical. For, under 
these conditions, 

(Dg — pi) = k'(eg — ©). 
The constant K, connecting rate of absorption with driving potential employing 


pressures would be related to that connecting rate with driving potential 
employing concentration, K,, by the expression 


since, on the several assumptions, 


ot = KylDg — pr) = Keley — 0). 
t 

Whitman * has examined the physical significance of these two expressions. 
The equation employing pressures implies a concept picturing diffusion through 
a gas film, actuated by a difference in the partial pressure of the solute at the 

, outside of the film (in the main body of the gas) and the inside of the film 
(in equilibrium with the liquid). The other concept considers diffusion through 
a liquid film on the surface of the main body of the liquid with diffusion con- 
trolled by a difference in concentration between the outside of the film (in 
equilibrium with the gas) and the interior of the liquid (the true liquid con- 
centration). 

From information obtained in a study * of humidification and de-humidifica- 
tion, Whitman has been led to the conclusion that two stationary films, gas 
and liquid, are involved in such processes and in gas-absorption processes in 

1J. Ind. Eng. Chem., 8, 825 (1916). 

2 Whitman and Keats, ibid., 14, 185 (1922). 

3 Chem. Met. Eng., 29, 146 (1923). 

4 Whitman and Keats, J. Ind. Eng. Chem., 14, 185 (1922). 
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general. He concludes from the experimental data that the relative importance 
of the two films varies with the experimental conditions. In humidification 
processes the liquid film resistance is eliminated. In certain de-humidification 
experiments it amounted to 75 per cent of the total. Furthermore, the effect 
of such variables as liquid and gas velocities on the resistances of the separate 
films differed to a considerable extent. Whitman has therefore 
examined the implications of the dual film theory in processes 


CSS SSS 


of gas absorption. PPILLLILLLLLLLLD 


He assumes a stationary gas film on the upper side and a 
stationary liquid film on the lower side of a horizontal surface 
of contact between a gas and a liquid as indicated in Fig. 4. 
He points out that diffusion through the gas film should be 
determined by a partial pressure gradient, p1 — ps, of the solute and that dif- 
fusion through the liquid film should be determined by a concentration gra- 
dient c,—-c 3. On such an assumption Whitman deduces the following 
expression for the rate of absorption; 


Fie. 4 


du 
= = kp(pi — po) = ke(c2 — ¢3), 


where k, is the coefficient of diffusion through the gas films and k, is the coeffi- 
cient of diffusion through the liquid film. The values of k, and k, will depend 
on the experimental conditions. 

The essential distinction between these equations and those previously 
developed, which, expressed on the two-film basis, become 


dw 

ed = 

7 p(P1 — Pa) 
and 

dw 

ap = K (ei — €3), 


is that in the older equations K, and K, are overall coefficients from state 1 
to state 3; they can only have broad application when the concentration is 
directly proportional to the pressure. If the deviations from Henry’s Law are 
considerable, or if the temperature range under consideration is considerable, 
overall coefficients would have little or no significance. 

Whitman attempts to test the two-film theory by experiments on the rate 
of absorption of hydrogen chloride in various strengths of aqueous solutions 
of hydrochloric acid at 30° C. Several factors governed this choice. Henry’s 
Law is not fulfilled by the system. For acid concentrations up to 250 grams 
per liter the partial pressure of hydrogen chloride is negligible. Hence, it 
follows that, with acids the surface concentrations of which are below this 
figure, the gas will be absorbed as rapidly as it reaches the surface. The 
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equation becomes 
<= Kone Dis i 
Furthermore, K, is identical with k, in this case. 

At higher concentrations of acid, however, the equilibrium pressure on the 
surface becomes relatively large ' and also changes rapidly with concentration. 
Consequently, the absorption of a small amount into the surface brings this 
into substantial equilibrium with the gas, thereby preventing further absorption 
until the absorbed acid has diffused through the liquid film into the interior. 
The available concentration gradient is slight and consequently the rate of 
diffusion is slow. This would account for the well-recognized fact that for 
the same pressure gradient the rate of absorption into the dilute towers of a 
hydrochloric acid system is far more rapid than in those towers containing 
strong acid. The data obtained by Whitman are presented in Table XVI. 


TABLE XVI 


ABSORPTION OF HyDROGEN CHLORIDE 


Pi | D3 | p C1 C3 | Cc Ik Ke 
dw 
Run — 
dt 
mm. Hg g. per liter 
dee ise 41.0 225 55 170 425 378 AT 0.24 0.87 
Did onary: 24.0 Al 0.3 40.7 368 204 164 0.59 0.146 
Suse eee Biers 24.1 Al 0.0 41.0 368 9 359 0.59 0.067 


The data show that neither KX, nor K., the overall coefficients, are constant. 
It will be noted that the second and third values for Kp are constant though 
those for K, differ more than twofold: The conditions of these runs represent 
a specific limiting case where the pressure potential alone is a sufficient con- 
sideration. It is to be noted that p; in each of these cases is very small. 
The data can be treated on the basis of the two-film theory. Thus, since 
ke _ Pi — pe Ky pi — pe 


= and == 
Nore C2 — C3 Kp [Eh Se 1083 


and assuming that Kp, = ky = 0.59 from Run 8, where the absorbing liquid 
is so dilute that the pressure p2 is practically zero, we can calculate the value 
of k, from the data of Run 1. Thus, 


Ky 0.24 225 — ps 
kee © 0.50 225 Be: 


whence, 
po = 156 mm. 


1 Dolezalek, Z. physik. Chem., 26, 334 (1898). Bates and Kirschbaum, J. Am. Chem. 
Soc., 41, 1897 (1919). 


REACTION VELOCITY IN HETEROGENEOUS SYSTEMS 1099 


The corresponding concentration c. = 412 grams per liter as calculated from 
vapor pressure data. The constant, k., beconies therefore 


It is possible to check this value for k, in the data of Run 2. Thus, 


ee. 50) uh Seg regs ca 204 
From the vapor pressure data the values for pz and c which satisfy this equa- 
tion are found to be pz = 0.6 mm. and c, = 224 grams per liter. Hence 
dw 
ae = k-(¢2 — c3) = 1.2(224 — 204) = 24 grams per hour, 
a value in good agreement with experiment. 

This experiment constitutes, as yet, the sole published evidence in support 
of the two-film theory. Further work is promised and is much to be desired. 
For, it is evident that the concept of a gas film of the nature indicated in this 
treatment is not in harmony with so much of the treatment found valid by 
Langmuir in the case of reactions at solid surfaces. On Langmuir’s method 
of treatment there should be no gas film of the nature postulated by Whitman. 
A unimolecular layer of adsorbed molecules would represent the maximum 
film which could be formed. That the application of Langmuir’s unimolecular 
hypothesis to liquids is not without experimental basis is evident from the 
recent researches of Iredale! on the adsorption of methyl acetate vapor on 
the surface of mercury droplets, the extent of adsorption being measured by 
the change in surface tension of the mercury. Iredale found a rapid change 
in surface tension as the pressure of methyl acetate increased to 62 mm. beyond 
which it remained constant until the saturation: pressure of methyl acetate, 
225 mm., at the given temperature, 26° C., was reached. At that pressure 
the surface tension changes suddenly to that of mercury in methyl acetate. 
Calculation by means of the Gibbs adsorption isotherm at the pressure of 62 
mm. showed the mercury droplets to be covered with a single layer of methyl 
acetate molecules of the same cross-sectional area as was obtained by Langmuir 
from his oil film experiments on water surfaces for the area occupied by a fatty 
ester molecule in the films. 

For all processes composite of two separate stages, as in this present case, 
it is to be remembered that the net tempo of the process aé the steady state is 
governed by that of the slower stage. Before the steady state is reached, 
however, the rate of the process will be determined by the rate of the initial 
stage in the process. In the problem under consideration it is evident that 
the initial process in the absorption is the diffusion of the absorbable gas to the 
gas-liquid interface and this, from the densities of the two media concerned, 
would certainly be more rapid than the removal of the dissolved molecules 


1 Phil. Mag., 45, 1088 (1923). 
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from the interface into the solution. One would expect, therefore, that a 
method of ascertaining the rate of absorption of a gas which could record rates 
sufficiently rapidly should reveal initial high absorption rates followed by a 
continuous fall until a steady state is reached. 

A method capable of recording rates of absorption of gases from gas bubbles 
over minute intervals of time from the moment of formation of the bubble has 
recently been employed by Ledig and Weaver.! These authors have deter- 
mined the rate of absorption of carbon dioxide from bubbles formed in water, 
in sodium hydroxide, sodium carbonate and cane sugar solutions. The method 
used is very simple in principle. A bubble of the gas is absorbed in a system 
open to the air only through a capillary tube. The resulting contraction of 
the bubble produces’ motion in the thread of solution in the capillary tube. 
A photographic method is used to obtain a time record of this motion, the 
timing being secured by a 54-cycle electrical tuning-fork which opens and 
shuts a slit, records of the openings being thus secured on one edge of the 
moving paper employed to register the motion of the thread of solution. 

The results obtained in this study can best be seen in the absorption curves 
for very dilute solutions shown in the accompanying Fig. 5. The absorption 
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Fie. 5. Absorption of Carbon dioxide by Sodium Hydroxide Solutions 


follows a three-stage cycle. The curve is begun by a very high absorption rate 
at the newly-formed liquid-gas surface, but as absorption goes on it falls again 
1J. Am. Chem. Soc., 46, 650 (1924). 
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very quickly to a rate where an equilibrium condition exists. The authors 
state that this rate is controlled by the diffusion of the reagent to the surface 
and of the reaction product away from the surface. On the view expressed 
above it is this latter factor which is operative. The third stage in the cycle 
begins, in the view of the authors of the method, when the diluting gas starts 
to slow up diffusion of the gas to the surface, though they point out that it is 
undoubtedly considerably affected by the diminished buoyancy or rate of 
rising; as the bubble becomes smaller there is, accordingly, a decrease in the 
stirring action which renews the absorbing liquid around the bubble.! 

The curves shown are rates of absorption plotted against time, though the 
initial points of the curves are arranged to show the concentration relations 
of the solutions of sodium hydroxide used. The fact that the rate does not 
rise instantaneously to the maximum can be attributed in part to three factors: 
(1) the bubble breaks out of the mercury (in which it is formed) during a 
measurable period of time rather than instantaneously; (2) the inertia of the 
liquid in the capillary tube and surface tension at the free meniscus require a 
definite pressure difference caused by absorption to produce motion; and (3) 
the viscosity of the solution itself produces a lag in the rise to the maximum. 
These factors seem sufficient to account for the time (about 0.1 sec.) required 
to reach a maximum rate in the case of the dilute solutions. The theoretical 
shape of these curves would therefore be maximum initial absorption rate 
(corresponding to gaseous diffusion and condensation on the surface) followed 
by a decrease to a steady rate, this latter corresponding to removal of solute 
from the interface into the solution. With the more concentrated solutions, 
as much as 0.75 second is required to attain the maximum rate. This must 
involve some additional factor which has not been fully explained. It is note- 
worthy that it occurs with sodium hydroxide solutions whose conductivity 
is less than the maximum conductivity given by more dilute (2 normal) solu- 
tions. Viscosity may be one of the factors contributing to this delayed 
maximum. 

The diagram already cited and that reproduced below, Fig. 6, show that 
with water as absorbent, Curve 1, no initial high values are obtained. This 
would indicate very rapid saturation of the surface when no absorbing agent 
is present, certainly within the interval (0.1 sec.) in which initial disturbances 
are present. It is to be noted from the former figure that, with increasing 
strength of sodium hydroxide solutions up to 2.0 normal, the initial rate suc- 
cessively increases. Curves 2 and 3 reproduce absorption rates with aqueous 
cane sugar solution and 2.5 normal sodium carbonate solution. The cane 
sugar solution was of such a concentration that it had the same viscosity as 
the sodium carbonate solution. It is evident that sodium carbonate depresses 
the rate of solution even more than can be accounted for on the basis of the 
viscosity of the liquid medium. The authors assume the difference to be due 

1 Even in case the carbon dioxide introduced into the solution is pure, some other gas 
(e.g., dissolved air) will diffuse into the bubble while it is still large and will become apparent 
when the size is considerably reduced. 
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probably “‘to the mass-action effect of the carbonate and bicarbonate ions in 
solution.” On the assumption that the steady state is determined by the 
diffusion process in the liquid medium, another possible explanation is forth- 
coming. In the one case the solute diffusing will be hydrogen ions and car- 
bonate ions, in the other sodium, hydrogen and carbonate ions. For reasons 
given in the earlier sections of this chapter, since the diffusion coefficient of an 
electrolyte is given (page 937) by the equation, 
D= oe RE; 
Ui V, 
the acid ions would be expected to wander into the interior of the solution 
more rapidly than the ions of the acid salt. 
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Fie. 6. Absorption of Carbon Dioxide by Water, Aqueous Cane Sugar and Sodium 
Carbonate Solutions 


Ledig and Weaver state that this is the first part of a general investigation 
of the rates of solution of gases in liquids. The study of numerous additional 
examples is especially to be desired. A study of the absorption of hydrogen 
chloride bubbles in water and aqueous hydrochloric acid solutions would be 
highly interesting, probably decisive as a test of the several points of view 
herein set forth. A knowledge of the effect of temperature would also assist 
in the understanding of the mechanism. Until such data are forthcoming 
the speculative nature of much of this present section on the rate of absorption 
of gases in liquids should be borne in mind. 


CHAPTER XVI 


QUANTUM THEORY AND ATOMIC STRUCTURE 


BY SAUL DUSHMAN, Px.D., 


Assistant Director Research Laboratory, General Electric Co., Schenectady, N. Y. 


The quantum theory presents us with an atomistic view of energy trans- 
formation that is totally at variance with the undulatory theory as formulated 
by Huygens and subsequently developed by Clerk Maxwell into the electro- 
magnetic theory of radiation. While the latter considers radiation as a wave 
phenomenon, ‘the quantum theory represents in a limited sense a return to 
Newton’s corpulscular theory and regards radiation as constituted of light- 
darts or photons, each of magnitude hv, where v is the frequency of the radiation, 
and h is a universal constant (known as Planck’s or the quantum constant). 
Until recently this dualistic conception of the nature of radiant energy pre- 
sented to the physicists a unique problem inasmuch as all atempts to devise a 
crucial experiment which should decide definitely in favor of either hypothesis 
yielded negative results. However, within the past four years it has been 
observed that corpuscles in motion exhibit certain phenomena for which the 
only logical explanation is that there exists a wave phenomenon which is 
associated with the corpuscular motion. The existence of this dualism in the 

_ behavior of both radiation and matter has found an adequate representation 

in terms of the new wave mechanics, which, as its designation implies, has 
fused certain features of the classical or Newtonian mechanics (laws of cor- 
puscular motion) with other features which are characteristic of undulatory 
motion and has led to a radically new point of view of the interaction between 
matter and energy. 

It is the object of the following chapter to present, first of all, the founda- 
tions, both theoretical and experimental, which have led to a quantum theory 
of radiation, and, secondly, the Bohr-Sommerfeld theory of atomic structure 
which has been the most important application of this point of view. The 
subsequent and more recent developments in the correlation of line spectra 
and atomic structure through the work of Hund, Pauli, Jordan and Heisenberg, 
—to mention only a few of the investigators—led to empirical relations which 
could receive an adequate explanation only by rejecting the validity of New- 
tonian dynamics as applied to atoms. We are thus led to a brief discussion 
of what results were actually achieved by classical dynamics when applied to 
atomic systems, and in what respects this method led to inconsistencies and 
difficulties. This then brings us logically to the discussion of the wave- 
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mechanics of Schroedinger and its numerous applications to problems of atomic 
and molecular structure.' 


I. QUANTUM EFFECTS IN INTERACTION OF RADIATION 
AND MATTER 


Classical Theory of Energy Radiation: To understand the nature of the 
facts which have led to the development of the quantum theory, it is necessary 
to consider briefly the fundamental observations upon which the classical or 
wave-theory of electromagnetic radiation is founded. As summarized by R. 
A. Millikan 2 these are as follows: (1) the facts of interference of light, (2) the 
fact that the speed of light is greater in air than in water, (3) the discovery of 
wireless waves, (4) the observation that the speed of light is independent of 
the velocity of the source. 

By the end of the nineteenth century this theory was apparently firmly 
entrenched. It was universally accepted that energy is propagated in space 
continuously by means of spreading wave-fronts and that this propagation is 
adequately and sufficiently represented by the electrodynamical equations of 
Maxwell. The doctrine was held that ‘‘nature takes no leaps’’—natura non 
saltus facit, and that all phenomena are governed by differential equations— 
that is, equations of continuity. 

Origin of Quantum Theory: In 1901 there appeared a paper by M. Planck * 
in which he pointed out that the observations on the law of distribution of 
energy in black body radiation could not be reconciled with the classical point 


1 The literature on this whole subject is naturally quite immense. The following list 
gives some of the outstanding works in which the reader will find a more comprehensive 
treatment, than could be given in the present connection, of the various topics discussed in 
this chapter: 


1. L. Page, Iniroduction to Theoretical Physics, D. Van Nostrand Company, (1928). 

2. F. K. Richtmyer, Introduction to Modern Physics, McGraw-Hill Book Company, 
(1928). 

3. K. K. Darrow, Introduction to Contemporary Physics, D. Van Nostrand Company, 
New York (1926). 

4, A. Sommerfeld, Atombau und Spektrallinien, 4. Auf., Friedr. Vieweg und Sohn, AG. 
Braunschweig, 1924. This deals in a comprehensive manner with the Bohr theory and its 
applications up to date of publication. 

5. A. Sommerfeld, Wellenmechanische Erginzungsband, F. Vieweg und Sohn AG., Braun- 
schweig, 1929. 

6. F. Hund, Linenspektren und Periodisches System der Elemente, Julius Springer, Berlin, 
1927. 

7. M. Born, Vorlesungen tiber Atommechanik, Julius Springer, Berlin, 1925. 

8. J. H. Van Vleck, Quantum Principles and Line Spectra, Bull. Nat. Res. Council, 10, 
Part 4, March, 1926. 

9. A. Haas, Materiewellen und Quantenmechanik, Akad. Verlagsgesell. Leipzig, 1929. 
An introduction to wave mechanics, which is very readable. 

10. E. U. Condon and P. M. Morse, Quantum Mechanics, McGraw-Hill Book Company, 
1929. A more advanced discussion of the new mechanics on the basis of Schroedinger’s 
method. 

2R,. A. Millikan: J. Frank. Inst., 184, 337 (1917). 

3M. Planck, Ann. Physik, 4, 553 (1901). 
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of view. He, therefore, formulated the hypothesis that energy may be emitted 
or absorbed discontinuously in multiples of a certain unit or quantum of magni- 
tude hv. 

The arguments upon which Planck based his conclusions and theory are 
not very easy to follow so that we shall postpone the discussion of these con- 
siderations for a subsequent section (Part II). This is made possible by the 
fact that a number of other phenomena have been observed which led to the 
quantum hypothesis in a much more direct manner. In all these phenomena 
there is an interchange of energy between radiant energy and kinetic energy 
of electrons of such a nature that the gain or loss in the latter is exactly balanced 
by the loss or gain respectively of an amount of radiant energy given by 
the product of h and a frequency, just as if the radiation consisted of units, each _ 
of magnitude hv. Thus has arisen the designation of “light darts ” or “ pho- 
tons”’ for these energy-units or quanta. That such a relation must exist 
whenever there is an exchange of energy between a corpuscle and radiation 
was first suggested by A. Einstein in 1905, and in the following sections a 
number of illustrations will be given of the validity of his conclusion. 

Photo-Electric Effect: ' When a negatively charged surface of a metal, such 
as zine or cadmiun, is illuminated by ultra-violet light, electrons are emitted. 
In the case of the alkali metals, the same effect is produced by light of longer 
wave-length, the effective range of wave-lengths extending more and more 
into the visible and infra-red as the atomic number is increased. Hence 
caesium photo-tubes are used in detecting and measuring the intensity of 
visible radiation. Now the interesting result has been observed that for each 
type of surface there exists a minimum frequency (vo) of radiation which is 
just capable of causing photo-electron emission. As the frequency of the 
incident (monochromatic) radiation is increased above this minimum value, 
the velocity of the ejected electrons increases continuously, while the number 
of electrons emitted varies directly with the intensity of the illumination. The 
velocity of the electrons is measured by the magnitude of the retarding poten- 
tial drop, V, required to decrease the velocity to zero, according to the relation 


zm? = Ve (1a) 


where v = velocity of electrons, m = mass of electrons, e = charge on electron. 
Substituting for m and e the values 9.0 X 10-8 gm. and 4.770 X 107% 
e.s.u. respectively, equation (la) may be written in the form 


1 For references on the photo-electric effect, the following are of importance: 


1, A. Ll. Hughes, Bull. Nat. Res. Council, 2, Part 2, Apr. (1921). This gives an excellent 
review up to that date. 

2. K. K. Darrow, Bell. Tech. J. 4, No. 2, April, (1925); also Contemporary Physics. 

3. R. Ladenburg, Jahrb. Rad. u. Elektronik, 17, 93 (1920). This contains a discussion 
of the various methods used for the accurate determination of h. 

4, R. A. Millikan, The Electron, Univ. of Chicago Press (1917), Chapter 10. je 

5, R. T. Birge, Phys. Rev. Supplement, 1, 1 (1929). This paper contains a critical dis- 
cussion of the accuracy of the values of h and of other general physical constants as derived 


by different investigators. 
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v = 107'X 5.94VV cm.sec.+ (1b) 


where V is expressed in volts. 

Now, as mentioned already, Einstein concluded that, on the basis of 
Planck’s theory, the energy of the ejected electrons must vary linearly with 
the frequency, v, of the incident radiation according to the relation 


amv? =) Ve Ape hyo. (2a) 


In this relation, vo represents the minimum frequency at which photo- 
emission occurs and is known as the “ photo-electric threshold.” The quan- 
tity hvo is interpreted as the amount of energy used by the electrons in passing 
through the surface and may be expressed according to the relation 


Voe — hvo 


in terms of the ‘‘ work function ”’ or contact potential difference, Vo, in volts. 

Equation (2a) thus expresses the conception that the electron takes up a 
quantum of incident radiation and uses it partly in passing through the surface, 
and the rest in the form of acquired kinetic energy. This relation has been tested 
by R. A. Millikan and his students for a number of metals over a wide range 
of frequencies. These investigations have shown that, within the limits of 
experimental errors, for any photo-electrically active surface, the maximum 
retarding potential, V, increases linearly with the frequency v of the radiation, 
and that the slope of this line is given by h/e. Table I gives value of h ob- 
tained in this manner, over a fairly wide range of radiation frequencies, by 
Millikan and his students. 

More recently P. Lukirsky and S. Prilezae * have carried out similar ob- 
servations on surfaces of Al, Zn, Sn, Ni, Cd, Cu and Pt, and from their results 
R. T. Birge* has deduced for the most probable value, h = (6.543 + 0.01) 
X 10-?7 erg. sec. 


TABLE I4 

h X 1027 
Metal Observers (erg. sec.) 
Sodium wees hs eee R. A. Millikan } 6.561 
Lith Ae Mee crates oe eee R. A. Millikan 6.584 
Magnesitim:....cecih: sae ae A. E. Henning and W. H. Kadesch > 6.45 
PATUININUIN Ae, chee. tent ete A. E. Henning and W. H. Kadesch 6.41 
TING Fate eke te, Oe Gre CRO Oe A. E. Sabine § 6.70 
@admiumaek se... aa eee A. E. Sabine 6.57 
CODDCR si ec ashe Sante nee A. E. Sabine 6.68 


1 Phys. Rev., 7, 355 (1916). 

2 Zeit. f. Phys., 49, 236 (1928). 

3 loc. cit. 

4 Values of h calculated on the basis of e = 4.774 X 1072° e.s.u. 
5 Phys. Rev., 8, 209, 221 (1916). 

6 Phys. Rev., 9, 260 (1917). 
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Electron Ejection by X-rays and Inverse Photo-electric Effect: 1 One of 
the first observations which threw doubt on the universal validity of the wave- 
theory of light concerns the ionization of atoms by X-rays. It was observed 
that when X-rays pass through a gas they ionize only about one in a thousand 
billion of the atoms or molecules which are actually in the path of the rays. 
Apparently the X-rays do not lose any energy whatever for quite a distance, 
while they pass over billions of molecules, and then, for some unknown reason, 
one molecule absorbs the energy of a whole train of X-ray waves and an electron 
is ejected (which constitutes the process of ionization). Furthermore, the 
velocity with which the electron is ejected is connected with the frequency, », 
of the (monochromatic) X-radiation by the Einstein relation 


zmv = hy*. (2b) 


Similarly, when X-rays impinge on a solid body, electrons are emitted 
with maximum velocities given by equation (2a) or (2b), while the actual 
rate of electron emission varies linearly with the intensity of the incident radi- 
ation. This effect thus represents the extension of the ordinary photo- 
electric effect from the range of frequencies of visible light to the considerably 
higher range of frequencies of X-rays. In this case, of course, the magnitude 
of the term Avo in equation (2a) becomes insignificantly small compared with 
that of hv. 

The converse of the above process also occurs. If we direct a stream of 
electrons against any solid, X-rays are obtained, and it was discovered very 
early that the ‘‘ hardness ”’ of the rays increases with the voltage applied to the 
X-ray tube. The X-radiation produced in such cases presents a continuous 
spectrum in which the intensity varies with the wave-length in a complicated 
manner, and if the voltage used exceeds a certain value which is characteristic 
of the anode material, there are also observed one or more peaks superposed 
upon this continuous spectrum, of considerably greater intensity than that of 
the general radiation. While these characteristic rays present certain inter- 
esting features from the point of view of the quantum theory, the remarkable 
feature which has been observed about the continuous spectrum is that the 
minimum wave-length (Ayin.) of maximum frequency (Ymax,) Varies with the 
applied potential difference in accordance with the Einstein relation 


Ve = Avmax, = oe (2c) 


Amin. 


A very interesting discussion of this topic, together with complete references to liter- 
ature, has been given by A. H. Compton: Phys. Rev. Supplement, 1, 74 (1929). 
* It must be observed that on the basis of the special theory of relativity, m increases 


with v according to the relation 
mo 


ONT — oye 


where ec = velocity of light, and mo = “‘rest mass.” 
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That is, “ Excitation of radiation by electrons stopped in their flight by col- 
lision with a metal occurs as if the energy of the radiation were concentrated in 
units of amount hy, and one such unit were created out of the total energy 
which each electron surrenders when it is stopped.”’ ! 

Fig. 1 2 shows the spectra obtained 
at five different voltages (below that 
required to produce the characteristic 
rays) with a Coolidge tube containing 
a tungsten anode. It will be observed 
that the intensity decreases sharply 
to zero at a certain well defined mini- 
mum wave-length, the magnitude of 
which is given by equation (2c). The 
validity of this relation has been tested 
by a large number of investigators, 
and, as A. H. Compton remarks, “‘Over 
a range of kinetic energies correspond- 
ing to a drop through potential differ- 
ences from 1 volt to 2 million volts Einstein’s photo-electric equation has thus 
been verified to within an experimental error of 1 per cent. It is thus one of 
the most adequately tested laws in the realm of physics.” ? Table II 4 gives 
values of the constant h, obtained in this manner by different investigators. 
From a consideration of these results, Birge concludes that the most probable 
value of h, based on X-ray data, is (6.550 + 0.009) X 10-?7 erg. sec. 


3 4 Ss 6 7 8 x10 °cm 
Wave Length 


Fic. 1. Variation of Intensity with Wave- 
length of X-rays 


TABLE II 
h X 1027 
Obsevers Max. V. (erg. sec.) 
Web uaneteand iil la-s Enter eee ee 40,000 6.51 
PAT gd Wes EL ULL Cees nc cote ite an 9 or eran sg Act Ae ace ae 110,000 6.59 
DLS Websterd. co aoy, chet s Shee pation eee 44,000 6.53 
Hy ©. BlakeancdsW ei Uane: cesar a anne 42,000 6.555 
AS Maillon: CSR) sitar ae ne ee eee een 28,000 6.58 
He Wagner 10092 FOso 2 See ees he ee cr eee 10,600 6.526 
W. Duane, H. H. Palmer and C. Yeh™...... 6.556 


1K. K. Darrow: loc. cit. 

2A. W. Hull, Am. J. Roentgenology, Dec. (1915). 

3 Loc. cit. 

4 The earlier data are taken from the summary by W. Duane, Bull. Nat. Res. Council, 1, 
3883 (1920). 

5 Phys. Rev., 6, 166 (1915). 

6 Phys. Rev., 7, 156 (1915). 

7 Phys. Rev., 7, 559 (1916). 

8 Phys. Rev., 10, 624 (1917). 

9 Physik. Z., 19, 489 (1918); ibid., 21, 621 (1920). 

10 Ann. Physik, 57, 401 (1918). 

1 Proc, Nat. Acad, Sct., 7, 237 (1921); J. Opt. Soc, Am., 5, 376 (1921). 
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These observations on the relation between radiant energy and kinetic 
energy of electrons are remarkable when we consider them in the light of the 
classical theory. Sir William Bragg’s remarks on this point state the con- 
tradictions involved in the phenomena in a very striking manner. 


“Tn order to realize,” he writes, “the full significance of these extraordinary results, 
let us picture the double process as it occurs whenever we use an X-ray bulb. By the impo- 
sition of great electrical forces we hurl electrons in a stream across the bulb. One of these 
electrons, let us say, starts a wave where it falls. This action is quite unaffected by the 
presence of similar actions in the neighborhood, so that we can fix our minds upon this one 
electron, and the wave which it alone causes to arise. The wave spreads away, it passes 
through the walls of the bulb, through the air outside, and somewhere or other in its path in 
one of the many atoms it passes over, an electron springs into existence, having the same speed 
as the original electron in the X-ray bulb. The equality of the two speeds is not necessary 
to the significance of this extraordinary effect; it would have been just as wonderful if one 
speed had only been one half or one quarter or any reasonable fraction of the other. The 
equality is more an indication to us of how to look for an explanation than an additional 
difficulty to be overcome. 

“Let me take an analogy. I drop a log of wood into the sea from a height, let us say, 
of 100 feet. A wave radiates away from where it falls. Here is the corpuscular radiation 
producing a wave. The wave spreads, its energy is more and more widely distributed, 
the ripples get less and less in height. At a short distance, a few hundred yards perhaps, 
the effect will apparently have disappeared. If the water were perfectly free from viscosity 
and there were no other causes to fritter away the energy of the waves, they would travel, 
let us say, 1000 miles. By which time the height of the ripples would be, as we can readily 
imagine, extremely small. Then, at some point on its circumference, the ripple encounters 
a wooden ship. It may have encountered thousands of ships before that and nothing has 
happened, but in this one particular case the unexpected happens. One of the ship’s timbers 
suddenly flies up in the air to exactly. 100 feet, that is to say, if it got clear away from the 
ship without having to crash through parts of the rigging or something else of the structure. 
The problem is, where did the energy come from that shot this plank into the air, and why 
was its velocity so exactly related to that of the plank which was dropped into the water 1000 
miles away? It is this problem that leaves us guessing.” 


According to Rayleigh, an electron over which a radiation of wave-length, 
A, is passing can collect the energy from an area round about it of magnitude 
. But, as Bragg points out, “ It is not difficult to show that when an X-ray 
bulb is started and its rays radiate out, the actual amount of energy which 
can be picked up by an atom a few feet away would not be sufficient for the 
ejected electron, though the tube were running for months; whereas we find 
the result to be instantaneous. . . . The effects are as if the energy were conveyed 
from place to place in entities, such as Newton’s old corpuscular theory of light 
provides.” 

The wave-theory thus meets with two difficulties in attempting to account 
for the ejection of electrons by X-rays and ordinary radiation. First, a wave- 
motion is defined by frequency and amplitude of vibration, while the electron 
emission is defined by the number and speed of the electrons. The relation 
between the two is very simple. The number of electrons is proportional to 
the amplitude of vibration, while the energy of ejection is proportional to the 
frequency. That the speed of the electron is independent of the intensity is 


1 Scientific Monthly, 14, 153 (1922). 
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an extraordinary result from the point of view of the wave-theory. The second 
difficulty encountered by the latter occurs when we attempt to account for 
the observation that the radiation can apparently pass over so many atoms 
and then cause ejection of an electron from some one atom at the very instant 
that the radiation strikes it. There is no time lag whatever; there is no oppor- 
tunity for the atom to store up the energy for subsequent conversion into 
kinetic energy of the electron. 

R. A. Millikan! has stated the difficulty of explaining photo-electric 
emission on the basis of a wave-theory in the following remarks: 


“When we attempt to compute on the basis of a spreading wave-theory how much energy 
a corpuscle can receive from a given source of light, we find it difficult to find anything more 
than a very minute fraction of the amount which the corpuscle actually acquires. 

“Thus, the total luminous energy falling per second from a standard candle on a square 
centimeter at a distance of 3 m. is 1 erg. Hence the amount falling per second on a body 
of the size of an atom, i.e., of cross-section 10-4 cm.?, is 10745 ergs, but the energy hv with 
which a corpuscle is ejected by light of wave-length 500 up (millionths millimeter) is4 X 107 
ergs, or 4000 times as much. Since not a third of the incident energy is in wave-lengths 
shorter than 500 up, a surface of sodium or lithium which is sensitive up to 500 uy should 
require, even if all this energy were in one wave-length, which it is not, at least 12,000 seconds 
or 4 hours of illumination by a candle 3 m. away before any of its atoms could have received, 
all told, enough energy to discharge a corpuscle. Yet the corpuscle is observed to shoot out 
the instant the light is turned on. It is true that Lord Rayleigh has recently shown that 
an atom may conceivably absorb wave-energy from a region of the order of magnitude of 
the square of a wave-length of the incident light rather than of the order of its own cross- 
section. This in no way weakens, however, the cogency of the type of argument just pre- 
sented, for it is only necessary to apply the same sort of analysis to the case of y-rays, the 
wave-length of which is of the order of magnitude of an atomic diameter (10-8 cm.), and 
the difficulty is found still more pronounced. Thus, Rutherford estimates that the total 
y-ray energy radiated per second by one gramme of radium cannot possibly be more than 
4.7 X 104 ergs. Hence at a distance of 100 meters, where the y-rays from a gramme of 
radium would be easily detectable, the total y-ray energy falling per second on a square 
millimeter of surface, the area of which is ten thousand billion times greater than that either 
of an atom or of a disc whose radius is a wave-length, would be 4.7 * 10! +4a7 X 1010 = 4 
X 10-7 ergs. This is very close to the energy with which G-rays are actually observed to 
be ejected by these y-rays, the velocity of ejection being about nine tenths that of light. 
Although, then, it should take ten thousand billion seconds for the atom to gather in this 
much energy from the y-rays, on the basis of classical theory, the B-ray is observed to be 
ejected with this energy as soon as the radium is put in place.”’ 


Magnitudes of Energy Quanta: Before passing on to the discussion of 
other phenomena in which radiation behaves as if it were made up of distinct 
units or quanta, it is well to realize more definitely the magnitudes of these 
quanta. 

As a result of a large number of determinations by different methods 
(some of which have been mentioned already), the value of h accepted at 
present is 6.55 X 10-7 erg. sec.2 On this basis we obtain values of hy for 
different types of radiation which are given in Table III. The last column 

1 The Electron, edition (1917), pp. 231-3. 

2 Int. Critical Tables, 1, p. 17 gives the value 6.554, but R. T. Birge, Phys. Rev. Supp., 1, 


p. 1 (1929), in a comprehensive review on the ‘‘Probable Values of the General Physical 
Constants,’’ deduces the value h = (6.547 + 0.008) X 10727 erg. sec. 
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gives the corresponding values of the potential drop, V, over which an electron 
would acquire the corresponding amount of kinetic energy, as calculated by 
equation (2c). Substituting the values h = 6.55 X 10-7, ¢ = 2.998 x 10%, 
e= 4.77 X 10°” e.s.u., this relation becomes 


y 
pC alles 
V 9.43 X 10-4 (volts). (2d) 
For purposes of comparison, it may be observed that the amount of energy 


corresponding to the formation of 1 molecule of water vapor from its elements 
is 3.962 X 10- ergs (= 9.47 X 10- calories). 


TABLE III 
Type of Mean Value Z 

Padistion Be hy (erg) hv (calorie) V (volts) 
Radio waves........ 106 fr =6..5 54 KX 10-22 1.566 X10-28 0.41 1078 
Infra-red waves..... 3X 103 19.66 10714 4.721 X107! 0.123 
Misiblelights <5... 1014 39.32 X107%8 9.399 * 10720 2.466 
XE TAY Sys. th. eds yerst 3 X1018 1.966 1078 4.721 X 1075 1.23 X104 
GAMMA FAVS clever s 3 X1019 1.966 X1077 4.721 X10744 123) X10° 

| 


Emission of Single Line Spectra: This conception of energy quanta finds 
another striking application in accounting for certain observations on the 
emission of single-line spectra. While these observations were originally 
suggested by the Bohr theory of the origin of spectra and will be more fully 
discussed subsequently, they furnish such a remarkable illustration of the 
aptness of the quantum theory point of view that a brief mention is essential 
in the present connection. 

If the vapor of a metal, such as sodium or mercury, is bombarded with 
electrons, it is observed that so long as the energy (measured by Ve) of these 
electrons remains below a certain value, nothing happens, but when the energy 
exceeds a certain critical value (2.09 volts in the case of sodium, 4.865 volts 
in that of mercury), a single frequency of radiation is produced, and that the 
value of this frequency corresponds to that calculated from the critical voltage 
by Einstein’s relation. Thus in the case of sodium, the D-line, \ = 5892,' 
and in that of mercury, the line \ = 2537, are emitted. As the voltage of the 
bombarding electrons is increased still further other lines appear, and the 
explanation of the mode of production of these lines is involved in the Bohr 
theory, but the main feature which it is necessary to note from the point of 
view of the quantum-hypothesis is that in the production of these single line 
spectra we have one more illustration of the unique relation between trans- 
lational energy of electrons and frequency of light emitted. In the case of an 
atomic system, observations show that it is capable of taking up the kinetic 
energy of the electron only if it is adequate in amount and then the whole 
of this energy is emitted as a quantum of radiation of magnitude hy. If, however, 

1 Unit = 1 Angstrom = 1078 cm. 
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the bombarding electron has less than the critical amount of energy, it rebounds 
from the atom according to the laws of elastic collision, and if the energy 
exceeds the critical value only slightly, the excess over that taken up by the 
atom is presumably retained by the electron as kinetic energy. 

Compton Effect: Other phenomena which have received a simple inter- 
pretation in terms of the conception that radiation has an atomistic structure 
are those connected with scattering of X-rays by free electrons (Compton 
effect) and the scattering of visible light by molecules (Raman effect). 

According to the classical theory, monochromatic light falling on a particle 
is in general scattered without change of frequency, although under certain 
special conditions, if the particle or molecule possesses vibration-frequencies 
of its own, a process analogous to modulation in radio may occur. In 1923, 
however, A. H. Compton! observed that when X-rays impinge on various 
surfaces, the scattered radiations contain not only some of the same frequency 
as the incident radiation, but also other radiation of lower frequency, the 
increase in wave-lengths varying according to a definite law with the angle 
between the primary and scattered X-rays. 4 

In accounting for these observations, Compton found it necessary to treat 
the X-radiation as constituted of light particles or photons, as he has designated 
them, possessing not only energy of 
amount hy, but also momentum of 
amount hy/c, where c is the velocity of 
light. The idea that electromagnetic 
radiation has momentum is, of course, 
not new, since light has been shown 
to exert a pressure; but the radically 
new idea suggested by Compton is 
that the momentum of the incident ra- 
diation consists of units, each of magni- 


" on tude hv/c, just as the energy consists of 
N oN units of magnitude hy. Let us then 
BS, consider on this hypothesis the collision 

2 


between a photon and electron. Ac- 
Fie. 2a. Illustrating theory of collision cording to the laws of mechanics, there 


between photon and electron (Compton . : 
‘ must exl rv 
Effect). 2b. Vector diagram for momenta exist conservation of momentum 


of photon and electron (Compton Effect) as well as of energy. In Fig. 2a? the 
results of such a collision are shown 
diagrammatically. The electron suffers a recoil in a direction which makes an 


angle @ with that of the original direction of motion of the photon, while the 


1 Phys. Rev., 21, 207, 483 (1923) ; 22, 409 (1923) and subsequent papers by A. H. Compton 
and his students. See also the following reviews by Compton of the work on this topic: 

(1) X-rays as a Branch of Optics: J. Opt. Soc., and R. S. I., 16, 71 (1928). 

(2) The Corpuscular Properties of Light: Phys. Rev. Supplement, 1, 74 (1929). 

K. K. Darrow: Bell. Tech. J., 4, No. 2, April, 1925. 
subject. 


? Fig. 2a and 2b are taken from the paper by A. H. Compton: Phys. Rev., 21, 483 (1923). 


This is an excellent review of the 
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photon is scattered in a direction given by the angle 6. Applying the law 
of conservation of momentum, as illustrated in Fig. 2b, it follows that the 
momentum of recoil of the scattering electron must equal the vector differ- 
ence between the momentum of the radiation corresponding to the incident 
quantum and that of the scattered quantum. The momentum of the electron 
is given by the expression (derived from the theory of special relativity), 


mv mBc 


Vi-v/e V1 Bg’ 


where 6 = v/c, that is, the ratio of the velocity of recoil of the electron to the 
velocity of light. Hence 


mBc 2 hyo \? hve \? hvy hve 
(Fe) (Ey + (Sy 4 2 Steve 


Similarly from the law of conservation of energy, it follows that 


if 1 | 
= No Ne ———— ee oe, 
F ieee ieee, 


where the second term on the right hand side of the equation gives the kinetic 
energy of recoil of the scattering electron, on the basis of the special theory of 
relativity. 

Solving these two equations, it is found that 


Yo = = : (3a) 
(0/2) 
or in terms of wave-length, instead of frequency, 
ghe' 
he do 1 sin? (0/2). 
me 
That is, 
h 
Ne — Ao = — (1 — cos A) (3b) 
me 


0.0242 (1 — cos 6) in Angstrom units. 


Fig. 31 shows diagrammatically the arrangement used by Compton for 
measuring the shift in wave-length produced on the X-rays proceeding from 
the molybdenum target T of the tubes by the scattering block of graphite 
located at R. Lead diaphragms prevented stray radiation from leaving the 
lead box that surrounded the X-ray tube, while the rays, after passing through 
the slits, were measured by a Bragg spectrometer in the usual manner. 


1 Fig. 3 and 4 are taken from Phys. Rev., 22, 409 (1923). 
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Fig. 41 shows the results of one series of measurements on the scattering 
of the K — aline of molybdenum. The line P corresponds in each case to the 
‘unmodified ”’ line (Ao), while the line at 7 gives the location of the modified 
line (Ag) as calculated by means of equation (30). 


Fig. 3. Arrangement used for experiments on Compton effect 


While these results are thus in splendid agreement with Compton’s theory 
of the effect, and other investigators have obtained similar results, there are 
two other observations which receive their simplest interpretation by means 
of this theory of light particles or photons. W. Bothe and H. Geiger ! demon- 
strated that in the scattering of a quantum, the recoil of the electron and that 
of the quantum occur simultaneously. Furthermore, A. H. Compton and 
A. W. Simon 2 have shown that the observed direction of recoil of the electron 
is in agreement with that calculated from the above equations. 

We thus have all the evidence for regarding the quantum as a light cor- 
puscle. According to Compton, the impact between a quantum and an 
electron is very similar to that between two elastic balls, only as Darrow has 
described it: ‘‘ What prevents the analogy from being perfect is, that when a 
moving elastic ball strikes a stationary one, it loses some of its speed but remains 
the same ball, whereas the quantum retains its speed but changes over into a 
new and smaller size.$ 

The reason the Compton effect has not been observed in the scattering of 
ordinary light by atoms while it is observed in the scattering of X-rays by 
electrons is evident from the following considerations. 

1Z, Physik, 26, 44 (1924); 32, 639 (1925). 

2 Phys. Rev., 26, 289 (1925). 

3 Loc. cit., see ref. p. 1112. 


4K. K. Darrow: Bell System Tech. J., 8, 64 (1929). This paper on “Scattering of Light 
with Change of Frequency”’ gives an excellent review of the Compton and Raman effects. 
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“Tf a swiftly moving corpuscle of relatively small mass m strikes a slowly- 
moving body of much larger mass M, the latter cannot gain much speed in the 
encounter; for it cannot acquire speed without acquiring momentum, and if 
it were to accept for that purpose more than a very small fraction of the energy 
of m, it would have to take more momentum than all that m possesses. 


““ Now relatively to an atom, a corpuscle of 
light is a body of very small mass and very swift 
flight indeed; and a quantum of frequency v can- 
not transfer to an atom of mass M, for use as 
kinetic energy of translation, more than the frac- 
tion 2hvy/Mc of its own initial energy—more 
than the quantity 2h?v?/Mc* altogether.t For a 
quantum belonging to the visible spectrum the 
fraction 2hv/Mc? is of the order of 10-8 even for 
an impact with the lightest of allatoms. The ut- 
most possible shift in frequency of the seattered 
light would bear only this proportion to the pri- 
mary frequency and would be indistinguishable. 
But the higher the frequency of the quantum, 
and the lower the mass of the scattering particle, 
the greater this maximum possible transfer of 
energy and this maximum possible frequency- 
shift become; and for a collision between an X- 
ray quantum and a free electron, it attains the 
order 10~? of the primary frequency, and is very 
appreciable.” 

While, for this reason, the frequency-shift 
occurring when X-ray quanta collide with free 
electrons was the first effect of this sort to be ob- 
served, other observations have been made still 
more recently, which are interpreted in an anal- 
ogous manner. 

In 1928, B. Davis and D. P. Mitchell? ob- 
served a fine structure in the ‘‘ unmodified ”’ 
X-rays scattered by graphite which can be inter- 
preted only by assuming that the incident quan- 
tum ejects one of the innermost or “ bound” 
electrons and retains the residue in the form of 


Molybdenum 
Ka Line 


Primary 


Scattered by 
Graphite at 


45° 


Scattered 


Fic. 4. Variation in wave- 
length with angle of incidence of 
secondary radiation in Compton 
effect 


a quantum of lower energy content. The ejected electron in these experi- 
ments was observed to have zero velocity, so that if we denote the frequencies 
of the primary and secondary beams by v and »’ respectively 


hy = hv’ + Ve 


1 The derivation of this formula, which is approximate, is given in Darrow’s Contemporary 


Physics, p. 148. 
2 Phys. Rev., 31, 1119 (1928); zbed., 331 (32, 1928). 
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where Ve corresponds to the energy required to eject the inner electron from 
the atom. 

In a more recent paper,! D. P. Mitchell has observed that in the case of 
X-rays scattered by beryllium, the frequency of the secondary rays is greater 
than that of the primary. ‘‘ Instead of the scattering electron being ejected 
from a bound position and absorbing energy Ve from the energy hy of the 
quantum being scattered, it appears that the scattering electron was free, or 
nearly free, and in scattering it (the electron) moved into a state (L level) of 
less energy, and in so doing added its loss of energy to the quantum being 
scattered, i.e., in this case hv’ = hy + Ve.” 

This is an interesting illustration of a type of energy transfer between photon 
and electron which occurs frequently in the Raman effect, and which is dis- 
cussed more fully in the next section. 

Raman Effect: ? This effect was discovered early in 1928 by C. V. Raman 
and K. 8. Krishnan 3 in the scattering of monochromatic visible or ultra-violet 
radiation by organic liquids such as benzene. In order to understand the 
interpretation which has been given of these observations, it is necessary to 
refer briefly to the theory of the mode of production of molecular or band- 
spectra. 

In a diatomic molecule the nuclei of the two atoms vibrate with a definite 
frequency in the direction of the line joining their centers. This vibrational 
energy is, however, quantized, that is, only certain amplitudes and certain 
energy values are permitted which are multiples of hy, where v, is the fre- 
quency of vibration. The absorption or emission by the atom of vibrational 
energy is observed in the form of infra-red absorption or emission bands, and 
from the wave-lengths of these bands it is possible to determine the magnitude 
of v,. In the case of poly-atomic molecules, the possible modes of vibration 
are naturally greater and the infra-red absorption spectrum is found to possess 
an even more complex band structure. 

Now what Raman observed was that when a beam of exciting monochro- 
matic light of frequency v is scattered by a medium in which the atomic nuclei 
have vibration frequencies, such as vy, the scattered light shows lines of fre- 
quencies, »’ = y+ p,. In other words, the incident quantum hv either imparts 
some of its energy to the vibrating nucler or takes wp energy from them and is then 
re-emitted as a quantum hv’ of lower or greater frequency v’. 

It is evident that observations on the Raman effect furnish a very con- 
venient and more accurate method for the determination of vibration fre- 
quencies of atomic nuclei than is possible from measurements of infra-red 
absorption spectra. For the chemist, such observations will undoubtedly 
yield important conclusions regarding the nature of the inter-atomic linkages 

1 Phys. Rev., 33, 871 (1929). 

2 See reviews by Darrow: Bell. Sys. Tech. J., 8, 64 (1929) and by P. Pringsheim: Naturwiss., 
16, 597 (1928) for more complete discussion of this phenomenon. 

3C. V. Raman: Indian J. of Physics, 2, 387 (1928). 


4C. V. Raman and K. 8. Krishnan: Nature, 121, 501, 619, 711 (1928); 122, 12, 169, 278 
(1928); Indian J. of Physics, 2, 398 (1928). 
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in molecules, and their constitution. In fact, a number of investigations have 
already revealed significant possibilities along this direction. 

In all cases so far investigated the agreement between the frequencies of 
the infra-red bands calculated from the difference between the frequencies of 
primary and scattered light and the directly observed frequencies of infra-red 
bands has been found to be very satisfactory. 

Table IV, taken from a comprehensive paper by P. Pringsheim and B. 
Rosen,’ shows a few of the results obtained by them for benzene using the 
radiation from a mercury arc. The first two columns give the wave-lengths (A) 
and wave-numbers? (v) of the exciting mercury lines; the third and fourth 
columns give similar data for the modified lines, the fifth column gives values 
of Ay, the difference in wave-numbers of exciting and modified lines, while the 
sixth column gives the corresponding values of the infra-red vibration band 
(in « = 10‘*cm.). The last column gives, for comparison, actually observed 
bands in the infra-red absorption spectrum of benzene. It will be observed 
that the agreement between the values of Ay and }, is very satisfactory. 


TABLE IV 
Exciting Line Modified Line 
d y » y Ap AR M 
A° cm.71 Xe cm.7} em. be be 
4359 22,937 4557 21,940 997 10.48 10.3 
4595 21755 1182 8.45 8.67 . 
4685 21,340 1597 6.25 6.2 
5029 19,880 3057 3.27 3.25 
4348 22,994 4545 21,997 997 10.48 - 10.3 
4645 21,521 1473 6.79 6.75 
4047 24,704 4216 Zone 997 10.48 10.3 
4250 23,520 1184 8.45 8.67 
4324 23,120 1584 6.31 a 
4328 23,100 1604 6.23 6.2 
4619 21,642 3062 3.27 3.20 


While the table shows only modified lines for which the wave-numbers are 
less than those of the corresponding exciting lines, modified lines have also 
been obtained in a large number of cases, for which the wave-numbers are 
greater than those of the corresponding exciting lines. Such lines are known 
as ‘‘ anti-Stokes ”’ lines, because they violate a law enunciated by Stokes many 
years previously that the wave-numbers of the lines produced by excitation 
of a given line (as in fluorescence) must always be lower than that of the 

1Z, Physik, 50, 741 (1928). 

2'The wave-number, » = 1/d. This method for distinguishing between wave-number and 
frequency has been used by A. E. Ruark and H. C. Urey, “Atoms, Molecules and Quanta,” 
McGraw-Hill Book Co. (1930). 
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latter. On the basis of the quantum concept, however, anti-Stokes lines are 
accounted for in a perfectly satisfactory manner. 

R. W. Wood! has greatly developed the technique of observations on the 
Raman effect by using helium discharges as source of light, as the radiation 
from this source contains fewer lines in the visible, and the modified lines can 
therefore be observed more readily. 

The Raman effect has also been observed for solids. In fact it was through 
observations on the scattering of monochrmatic radiation by quartz that G. 
Landsberg and L. Mandelstam ? were led to the discovery of the Raman effect 
independently, at about the same time as Raman. In the case of quartz the 
observed frequency-shifts correspond to infra-red lines of wave-lengths 9 yu, 
13.5, 21.5, 48m and 81y respectively. The infra-red bands or “ Rest- 
strahlen ”’ which have actually been observed are located at 8.7, 12.8 and 20.7 u 
respectively.? 

Summary: All the observations which have been discussed in this section 
lead logically to the view that radiant energy behaves in its interaction with 
corpuscles (electrons, atoms and molecules) as if it were constituted of discrete 
entities or units. The magnitude of the unit of energy is proportional to the 
frequency v and is given by hv, where h is a universal constant. These units 
are known as quanta or photons (light-darts). 

In the interaction of quanta and corpuscles, the laws of conservation of 
energy and momentum are completely valid. For the transformation of 
radiant energy into kinetic energy of electrons, or vice versa, Einstein’s law is 
a direct application of the law of conservation of energy. In those cases where 
a collision occurs of a photon and electron, atom or molecule, and the frequency 
of the secondary radiation is different from that of the incident, the difference 
(either positive or negative) in energy is always found associated with some 
transition in the state of the electron, atom or molecule. 

These facts alone would have been sufficient to show that classical or wave- 
theory of radiation is incapable of accounting for all phenomena exhibited by 
radiation. However, as mentioned previously, all these observations were 
made a number of years subsequently to the first formulation of the quantum 
theory by Planck and we shall therefore present in the next part the more 
difficult considerations which led Planck to suggest such a radically new point 
of view, and the further observations on specific heats which led Einstein, 
Nernst, Debye and others to support the new hypothesis. 

1R. W. Wood: Nature, 122, 349 (1928); 123, 279 (1929); Phil. Mag., 6, 729; tbid., 7, 858 
(1929). 

2G. Landsberg and L. Mandelstam: Naturwiss., 16, 557 (1928). 

3 Since this effect was first discovered the results of a large number of further investiga- 
tions have been published, of which the following are specially worth noting: A. Dadieu and 


k. W. F. Kohlrausch: Physik. Z., 30, 384 (1929); J. Cabannes and P. Daure: Compt. Rend., 
186, 1533 (1928). 
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IL. QUANTUM THEORY OF RADIATION !4 


Black-Body Radiation: As mentioned previously, the quantum theory was 
originally formulated by Planck in 1901 in order to account for the observations 
on the distribution of energy in the radiation from a black body. Careful 
measurements on the energy distribution had been made by O. Lummer and 
kK. Pringsheim in the previous years (1879-99), but all attempts to bring these 
observations into accord with the deductions of classical dynamics ended in 
failure. For a proper understanding of the fundamental basis of the quantum 
theory it is, therefore, necessary to review briefly the nature of the actual 
experimental data and then discuss their theoretical significance. 

The total energy radiated from any solid and 
the distribution of energy with wave-length de- 
pend in general not only upon the temperature, 
but also upon the nature of the radiating surface. 
However, at any temperature, the energy radiated 
is a maximum for a so-called black body or full 
radiator. This has the property that, for any 
monochromatic radiation of wave-length X, the 
energy emitted per unit area at any temperature 
is equal to that absorbed. Some materials, such 
as lamp black, approach the ideal surface very 
closely, while platinum and white oxides possess 
low coefficients of emissivity. (By this coefficient 
is meant the ratio between energy emitted and 
that absorbed.) As was pointed out by Kirchhoff, 
it is possible to determine the laws of black-body 
radiation from observations on the energy radi- 
ated from an enclosure that is maintained at a 
definite temperature (hohlraum). 

Such experiments were carried out during the 
years 1897-1901 by Lummer and Pringsheim. 


Their results are shown in Fig. 5. The ordinates PPE Man Seren 
correspond to the intensities or emissive powers p,, 5 eee Dieinenen 
and the abscisse are wave-lengths. (1 w= eupraTishivanny 

10-4 cm.) 


These curves show that at 723° K.,? the wave-length having the maximum 
energy is 4.08 u, but there is sufficient energy even at 0.76 yu or slightly lower 


1 References: (1) The classical treatise on the subject of radiation is, of course, M. 
Planck’s ‘‘ Theorie der Wirmestrahlung,”’ Leipzig (1913), of which an English translation 
has been published by Masius, P. Blakiston and son, Phil. (1914). (2) K. Jellinek’s 
‘“‘ Physikalische Chemie der Gasreaktionen,”’ S. Hirzel, Leipzig (1913). This contains an 
extremely comprehensive treatment of the electromagnetic theory, principle of equipartition 
and the quantum theory of radiation as developed up to 1915. (3) F. K. Richtmeyer’s 
““ Introdudtion to Modern Physics,’ chapters VII and VIII contain an excellent discussion 
of this subject, and should be read in connection with the present chapter. 

2 Absolute temperatures will be designated by ° K. (Kelvin). 
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wave-lengths to affect the eye. Thus, a body at this temperature shows a 
red color. As the temperature increases above 723° K., the position of the 
maximum is continually shifted towards shorter wave-lengths until, at 1646° K., 
it is at wave-length 1.78 u. At the same time, as the intensity of the energy 
in the shorter wave-lengths increases, the color of the radiation varies from red 
through cherry red and orange up to a bright white heat. 

Intensity of Radiation: For the proper understanding of the laws of black- 
body radiation, it is necessary to examine further the physical significance of 
the energy distribution curves shown in Fig. 5. 

Let us denote by EF the total energy radiated per unit area per unit time 
by a full body radiator. This energy is composed of radiations of wave- 
lengths varying from \ = 0 to X= ©. Furthermore, the intensity of each 
of these monochromatic radiations which constitute the total radiation is not 
the same. If we denote by Fy, the emissive power corresponding to wave- 
length \, we obtain the obvious relation 


EK= Me Edn. ‘ (1) 
0 


Thus, EF) is the differential-coeficient of E with respect to. This is the physical 
significance of the ordinates used in Fig. 5. The total energy radiated at any 
temperature is given by the area under the corresponding distribution curve 
in this figure. 

The infinitesimally small amount of energy L)dX represents the energy flux 
per unit area for a spectral region between \ and X + dd. Corresponding to 
this energy flux there exists a specific intensity of radiation of the surface, which 
we shall denote by Ky, and it follows from very simple considerations that for 
unpolarized radiations 

Ey = 27K). (2) 


Thus K, designates the ‘‘brightness” of the surface, and in fact there is a 
similar relation between HZ, and K) as exists between the terms ‘‘lumens”’ and 
“‘candle-power” used in photometry.1 The total lumens, LZ, emitted by a 
lamp having a mean hemispherical candle-power C is given by the relation 


L= 2rC, 


when we consider only the light emitted in one hemisphere. (On the other 
hand, the total lumens is 4rC, where C corresponds to the mean spherical 
candle-power.) 

1 Ky may also be defined as follows: Consider an infinitesimally small surface from which 


the energy radiated at wave-length \ is £)d\ per unit area and per unit time. Then, the 
energy passing per unit time through unit area at unit distance from the radiating surface 


“hb. Ed» : 
is evidently aaa , which corresponds to K)dy. 
T 


In this connection it should be observed that in Planck’s book the symbol E is used 
with the same significance as K) in this chapter. 
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If instead of the energy distribution curve with respect to wave-length we 
consider the distribution curve with respect to frequency, then 


f= i E, dv. 
0 


y= c/n, 


where c = velocity of light. Hence, 


But 


c 
dy = — dn (3) 
and 


E,. (4) 


Also, corresponding to equation (2), we have 
H, = 27rK,, 


where K, designates the specific intensity of unpolarized monochromatic radia- 
tion of frequency ». 

Radiation Pressure and Energy Density: Since radiant energy is propa- 
gated in space with finite velocity, it is evident that there must be, in any 
given volume, a definite amount of energy, that is, there must exist a certain 
density of radiant energy, and this radiation in space must be in thermal equi- 
librium with the walls of the enclosure. A relatively simple calculation ! shows 
that the density wu, of radiation of frequency »v is related to K, by the equation 


Uy = — K,, (5) 
Cc 


where c is the velocity of light. 

The existence of radiation density necessarily leads to the conclusion that 
radiation must exert a pressure. For, energy per unit volume has the same 
dimensions as pressure per unit area. This theoretical deduction was actually 
confirmed by the experiments of Nichols and Hull.? According to the electro- 
magnetic theory, the magnitude of the radiation pressure, p, corresponding to 
the energy density of the total radiation, u, at any temperature is given by 


1 o 
=p dp =—- 6 


Evidently the last relation may also be expressed in terms of EH, the total 
energy radiated, by the relation 


Ss 


ip biel pe SS ip (7) 
3¢ Jo 3c 


1 See Planck, Warmestrahlung, p. 21; p. 55. K. Jellinek, Gasreaktionen, pp. 206 and 267. 
2 Phys. Rev., 13, 293 (1901); 17, 26, 91 (1903). Ann. Physik, 12, 225 (1903). 
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Stefan-Boltzmann Law: About 1879, Stefan concluded! from certain 
measurements of Tyndall that E, the total energy flux from a-surface, varies 
with the fourth power of the absolute temperature. This relation is not true 
for any surface, but was subsequently deduced for black-body radiation by 
Boltzmann.2 In his derivation, the latter made use of the fact that, corre- 
sponding to any temperature of a black-body enclosure, there exists a radiation 
pressure of magnitude given by equation (7). By applying the second law of 
thermodynamics he then deduced the result 


EH = oT 
or (8) 
u= aT 
where a and o are constants. It follows from equation (7) that 
4 
a=-o. (9) 
c 


Wien’s Radiation Law: A further advance in the theoretical treatment of 
this subject was made by W. Wien * by assuming the following cycle: 

Imagine the black-body enclosure filled with radiation at a certain temper- 
ature to be provided with a movable piston. The radiation will exert a 
pressure on the piston according to equation (6). We now perform a cyclic 
process in which the radiation is expanded adiabatically and then compressed 
very slowly. Taking into account the fact that, according to Doppler’s 
principle, the color of any monochromatic radiation (that is, the frequency) 
is altered by reflection from a moving surface, and applying the second law of 
thermodynamics, it follows that 


ps v 
aE (3): (10) 


where the form of the function F still remains undetermined. 

It was also deduced that, as the temperature increases, the frequency (vm) 
at which K, has the maximum value varies directly as the absolute temper- 
ature. That is, 

Ym = const. X T (11a) 
or 


Xm = =) (116) 


where A is a constant (Wien’s Displacement Law). 
The constant A has the observed value 0.288 em. deg. (approx.). Hence, 
for Am = 0.55 w (the wave-length for which the human eye is most sensitive), 
1 Wren. Sitz. Ber., '79, 391 (1879). 
2 Wied. Ann., 22, 33, 291, 616 (1884); Planck, Warmestrahlung, p. 62. 


3 Wied. Ann., 52, 132 (1894). M. Planck, Warmestrahlung, Chapter III. K. Jellinek, 
Gasreaktionen, p. 280. 
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T = 5240° K. approximately. This would, therefore, be the temperature at 
which a blackbody radiator would emit light of the same distribution as is 
actually emitted by the sun at a somewhat higher temperature (about 6000° K.). 

By making use of equation (3), equation (10) may evidently be expressed 


in the form 
Ce c 
Te Ree 
= 55 (5) (12) 


Combining this relation with equation (11b) and differentiating, it follows that 
Ky = B.S. (13) 


That is, the maximum intensity of a black-body radiator varies as the fifth 
power of the absolute temperature. 

The next problem that presented itself was the determination of the func- 
tion F. In order to accomplish this, Wien introduced two additional assump- 
tions of a questionable nature regarding the mechanism of radiation and 
deduced the relation 


3 
K,= ety (14) 


where a and # are constants. Expressed in terms of wave-lengths, this relation 
’ becomes 


Ky = (=) oi ask (15) 


re 


This form of Wien’s Radiation Law is the one most generally used and c; and cz 
are referred to as the constants in Wien’s equation.! 

A comparison of this equation with the measurements of Lummer and 
Pringsheim showed, however, that there is agreement only for low values of AT’. 
Thus Wien’s equation is perfectly satisfactory for frequencies in the visible 
and ultra-violet regions, even at the highest temperature, but fails completely 
when applied to heat waves and radiations of longer wave-length. 

On the other hand, Lord Rayleigh and Jeans, basing their arguments on 
the classical theory, derived a distribution law which has been found to be in 
agreement with the observations for high values of AT’ (that is, longer wave- 
lengths) .but breaks down completely when applied to the spectral region in 
which Wien’s equation is valid. Since the Rayleigh-Jeans equation involves 
no additional assumptions except that of the validity of Newtonian dynamics 
when applied to radiation, it is necessary to discuss the fundamental principle 
on which this equation was based. This is all the more essential because the 
quantum theory represents a complete severance from this apparently well- 
founded principle which is known as that of the equipartition of energy. 

1A complete discussion of Wien’s equation and a comparison with the data of Lummer 
and Pringsheim are given by W. Wien and O. Lummer in Rapports du Congres International 
de Physique, 2, 23-99 (1900). 
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Principle of Equipartition of Energy: According to the kinetic theory of 
gases, the average kinetic energy K of the molecules of a gas at any temperature 
T is given as 


where N = number of molecules per mole = 6.061 X 103, k = Boltzmann’s 
gas constant= 1.372 X 10 erg/deg., and R = 8.315 X 107 erg/deg. per mole, 
= 1.987 cal./deg per mole. 

The direction of the motion corresponding to this translational energy can 
dx dy 
dt ’ dt 
velocity-components along three rectangular codrdinates, the average kinetic 
energy of motion is given by the relation 


LING Gp NE OPN: 
3 = 1lyy2 — 1 = soe mes 5 
si ae ml) +(Z) agli | 


where »v is the velocity along the direction of motion, and m is the mass of the 
molecule. It is evident that, in a mass of gas, the average kinetic energy along 
each of the three coérdinates must be the same. Thus, we arrive at the con- 
clusion that the average kinetic energy of a molecule is $47 for each of the 
three directions in which it can move. 

This conclusion represents a special application of a very general principle, 
due to the theretical work of Boltzmann and Maxwell, which is known as the 
Principle of Equipartition of Energy, and which may be stated in the following 
manner. 

Let qi, G2, *** Git** Gn denote the minimum number (n) of coordinates 
(such as 2, y, 2, in the previous illustration) required to represent the state of 
an atom, or molecule at any instant, and let pi, po -+* pi++* Pn denote the 
corresponding momenta, where p; is a generalized momentum of the same 
nature as m(dx/dt) in ordinary translational motion in one direction. If the 
total energy, which is the sum of kinetic and potential, can be represented as 
the sum of a series of quadratic terms of coordinates and momenta of the form: 


; : dz 
be represented by three space-coérdinates, and if , and a represents the 


n n 
ire Bade as 2 Bip? 
(potential) (kinetic) 


then the average value of the total energy of the system will be given by 
E = nkT, or kT/2 for each term in the above expression. Hence, if n denote 
the total number of degrees of freedom, that is, independent terms or param- 
eters required to describe the total kinetic energy of the system, then the 
average value of the kinetic energy will be k7'/2 for each degree of freedom. 

1A comprehensive discussion of the theoretical consideration on which this Principle is 


based will be found in Jeans’ Dynamical Theory of Gases, Chapter V; Tolman’s Statistical 
Mechanics, Chapter 6; and Page’s Introduction to Theoretical Physics, Chapter 8. 
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Furthermore for every term in the expression for the potential energy which 
can be represented in the form 4a,q,2 (as for instance is the case when qi is a 
displacement with an elastic force which obeys Hooke’s law) the average 
potential energy for each such term will also be k7'/2. 

Now let us consider the bearing of this conclusion on the problem of specific 
heat of gases. If in the case of a monatomic gas we assume that the only 
effect of an increase in the temperature of a mass of the gas maintained at 
constant volume is to increase the kinetic energy of agitation of the molecules, 
then the heat capacity per mole at constant volume (C’,) ought to be 3Nk = 3R, 
that is, 2.98 calories. Furthermore, in the case of any ‘‘perfect’”’ gas, the 
energy absorbed per mole in expanding at constant pressure is R calories per 
degree. Consequently the specific heat at constant pressure (C,) for a mona- 
tomic gas ought to be }R. These deductions have actually been found to be 
valid and the conclusion is therefore drawn that any rotational energy which 
the molecules of a monatomic gas may possess is of no importance in regard 
to the heat capacity. 

In the case of diatomic gases, Boltzmann considered the molecule as having 
a dumbbell sort of structure, with fixed distance between the atoms. On 
collisions with other molecules it is assumed that the atoms are set in rotation 
about an axis passing through the center of the line joining them. To describe 
this rotation requires two coérdinates, viz., the inclination of the axis of the 
dumbbeli to that of rotation and the angular velocity about the axis of rotation. 
Hence, a diatomic molecule should possess altogether five degrees of freedom, 
three to describe the translational motion of the molecule as a whole and two 
to correspond to the rotation of the atoms, and the heat capacity per gram- 
molecule of a diatomic gas, at constant volume, ought to be $R. This de- 
duction was again found to be in agreement with experimental data, at least 
at ordinary temperatures. 

But not only was Boltzmann able in this manner to calculate the specific 
heats of gases, he also applied the same considerations to solids and thus 
arrived at an explanation of the Dulong and Petit law. According to this law 
the product of specific heat and atomic weight in the case of elements in the 
solid state is a constant which has a value of about 6 calories. This law was 
derived empirically at the beginning of the nineteenth century; but until 
Boltzmann enunciated his theory, there appeared to be no reasonable explana- 
tion of such a relation. His argument was to this effect:! 

Consider an elementary substance in the solid state in equilibrium with its 
vapor. Assume for the sake of simplicity that the vapor is monatomic. We 
know that this is actually true in the case of metals like mercury, zine and 
cadmium, whose densities in the vapor state have been measured. Now the 
energy of the atom in the solid state must depend upon the vibration of this 
atom about a position of equilibrium. It also follows from the principles of 
dynamics that, in the case of any such source of periodic vibrations, an oscil- 
lator, the average kinetic energy is equal to the average potential energy. But 


1See also K. Jellinek, Gasreaktionen, p. 368. 
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it is evident that the only conditions under which thermal equilibrium can 
exist between the atoms in the solid phase and those in the gaseous is that the 
average kinetic energy of the atom in each state should be the same, and, 
since the average energy of an atom in the gas is 3kT, it follows that the total 
energy per atom in the solid is 83k7, or 3RT per gram atom. Consequently the 
atomic heat must be 8R, that is, 5.96 calories. 

Rayleigh-Jeans Relation for Distribution Law: As mentioned already, the 
Principle of Equipartition was applied by Rayleigh and Jeans to derive a 
relation for the distribution of energy in black-body radiation. Let us con- 
sider, as Planck does, that the radiation is produced by means of linear oscil- 
lators, of the Hertzian type. The equations of electro-dynamics lead to the 
following relation between the energy U, of the oscillator of frequency v and the 
specific intensity K, of the unpolarized radiation emitted (or absorbed) by it: 


U, = —K,,. (16) 
y 


In the case of an enclosure surrounded by absolutely opaque walls and 
containing black-body radiation corresponding to the temperature J’, the 
radiation emitted by the oscillators is in thermal equilibrium with the walls 
of the enclosure and any bodies contained in the latter. According to the 
principle of equipartition of energy, the average energy of each oscillator must 
be the same, that is, independent of the frequency, and equal to kT, since for a 
linear oscillator, the average kinetic energy is equal to the average potential 
energy and each is equal to k7'/2. 

Consequently, 

U, = kT. (17) 


Combining (16) with (17), it follows that 


p2 
K, = kT (18) 
and 
DY 2 
i, = oi kT (19) 


or, expressing the latter relation in terms of wave-length, 


_ 2rckT : 


Ey vi 


(20) 

Thus, the principle of equipartition leads to the conclusion that the in- 
tensity of the radiation at any temperature must increase with the square of 
the frequency, and must therefore become infinitely great for very large frequencies. 
This is evidently not in accord with the experimental results of Lummer and 
Pringsheim as shown in Fig. 5. Actually the Rayleigh-Jeans equation agrees 
fairly well with the observations only for low values of v (such as the infra-red 
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and heat radiations), while as the value of v is increased, E, passes through a 
maximum and then decreases with further increase in frequency. 

The fact that equation (19) or (20) cannot be valid may also be proved by 
the following considerations. The total energy emitted by a black-body 
radiator at temperature 7’, according to the Stefan-Boltzmann law, is 


a i E,dv = oT. (8) 
0 


But according to the Rayleigh-Jeans theory, it is evident, since E, increases 
with v, that E ought to be infinitely great. 

The question therefore arises: Why does the principle of equipartition lead 
to an obviously erroneous conclusion in the case of black-body radiation? 

Planck’s Distribution Law. Quantum Hypothesis: The failure of both the 
Rayleigh and Wien equations to account for experimental data showed con- 
clusively that ordinary methods were not applicable in attacking this problem. 
Since, however, the method of reasoning adopted in arriving at the Rayleigh 
equation was perfectly logical, the only conclusion to be drawn was that the 
fundamental principles upon which the argument was based are not of as 
general validity as supposed. 

Now for a number of years a gradually increasing number of facts had led 
many physicists to question the general validity of the principle of equi- 
partition of energy. For one thing, while the law of Dulong and Petit is 
pretty generally true, the number of exceptions to it had been accumulating 
during the past century. Thus, it was known that carbon, boron, and silicon 
have atomic heats lower than 6; but it was also observed that the atomic heats 
of these elements increase with temperature, and at high enough temperatures 
they behave ‘‘normally.”” Furthermore, the molecular heats of some diatomic 
gases like chlorine and bromine are nearly a calorie too high even at ordinary 
temperatures, and they become even greater at higher temperatures. 

To explain these facts it would be necessary to assume that the number of 
degrees of freedom of a carbon atom or chlorine molecule increases gradually 
with the temperature. But, the Boltzmann concept leaves no room for such 
a transition stage. An atom or molecule must possess a certain integral 
number of degrees of freedom; a degree of movability in any definite manner 
is either absent or present. There can be no gradual acquisition by any body 
of a degree of freedom. The conception of integral degrees of freedom thus 
presents many difficulties. Furthermore, it has been shown above that, in 
the realm of radiant phenomena, similar difficulties are present. The principle 
of equipartition of energy cannot, therefore, be of as general validity as hitherto 
assumed. But this principle was deduced from the fundamental laws of 
dynamics, and is, therefore, just as valid as the latter. Here then was a 
Gordian knot that appeared as difficult to untie as the one of classical fame. 
It remained for Planck to apply to this case a similar remedy. 

Planck starts out with a denial of the general validity of the principle of equi- 
partition but makes use of the fundamental electro-dynamical equations in 
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deducing his radiation formula. Doubt may be cast upon the theory, there- 
fore, because of its assumptions; but that the conclusions from his assumptions 
are in excellent accord with experiment is undeniable. 

However, as will be shown below, both Einstein and Bose have derived 
Planck’s relation on the basis of considerations which are not subject to the 
same criticism. 

Planck’s theory of black-body radiation contains three groups of assump- 
tions: Firstly, he assumes that there exists in the enclosure linear oscillators 
similar to those used in the production of Hertzian waves but of molecular 
dimensions, so that the frequencies of the harmonic vibrations emitted by 
them are of the order of magnitude of those present in the radiation from a 
black body. As in the previous section, the relation between K,, the intensity 
of the radiation of frequency v and the mean energy of the oscillator U, is given 
by the relation. 


U, = — K,. (16) 


If there are present in the enclosure N oscillators of frequency v, each 
having a mean energy U,, the total energy is NU,. 

Now, as we have seen above, the principle of equi-partition of energy would 
demand for each oscillator an average energy of kT (cf. equation (17)), and the 
combination of this with equation (16) leads to the Rayleigh equation. This 
equation would ascribe to each oscillator an average energy greater than that 
found experimentally. The fact, however, that the Rayleigh equation holds 
for large values of 7 shows that the average energy approximates more and 
more to kT as the temperature is increased. 

This circumstance leads Planck to make the second of his assumptions: 
that an oscillator cannot take wp energy continuously, but discontinuously in 
multiples of a unit quantum 6. As the temperature increases, the value of 
this multiple, nd, approximates more and more nearly to kT. The problem 
therefore to be solved is this: What is the average energy of an oscillator if 


it can take up or give out only a definite fraction, 7 , of this at any instant? 
The theory of probability leads to the relation 
6 


KT A 
eo) 


U, = (21) 


Combining this with equation (16), 


oe 6 
ary aor ee) 
For 6 = 0 this equation becomes the same as the Rayleigh equation, as 
we would expect, since the theory of Planck differs from that of Rayleigh in 
the fact that the former assumes a discontinuous variation of energy in an 


oscillator, while Rayleigh assumes the variation to be continuous. 
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The similarity of equation (22) with Wien’s formula leads to the third and 
last assumption made by Planck. He assumes that the unit quantum which 
the oscillator can emit or absorb is proportional to its frequency, v, that is, 


6 = hy, (23) 
where A is a universal constant. 


Substitution of hv for 6 in equation (22) leads to the Planck equation which 
may be written in the form 


E, = ae are : (24) 
or 
2h )\—5 
ee e» 
and 
is wa ci Te Srhyv3 : (26) 
Mune Uc (efe cal) 


The obvious weakness in this argument is the fact that while Planck denies 
the validity of: the principle of equi-partition of energy and, consequently, 
of the fundamental dynamical equations upon which this principle is based, he 
yet assumes the validity of the electro-dynamical equations, which are also 
deduced from these fundamental equations. 

In deriving the radiation formule of Rayleigh and Planck it has been 
assumed so far that the radiation is due to linear oscillators each vibrating 
with a definite frequency v and emitting or absorbing radiation of the corre- 
sponding frequency. As this assumption may appear to be quite arbitrary, 
it is of interest to show that the same results are obtained if we confine our 
attention to the radiation alone and apply to this the principle of equi-partition. 

For this purpose it is necessary to assign to the radiation itself degrees 
of freedom, and as J. Rice 1 has expressed it: ‘‘ Such applications are certainly 
rather easier to apprehend ‘ physically’ in the case of molecules than in that 
of constituent wave-trains of radiation; there is more ‘substantiality ’ about 
a molecule than a wave-train.” 

To understand the manner in which it has been found possible to apply 
the conception of degrees of freedom to radiation, we shall quote further from 
the same author: 


“Tf such ideas are to be generalized and extended to the ether of an enclosure, a definite 
notion as to the structure of the ether is imperative before any headway can be made in cal- 
culating its degrees of freedom. At the outset it is fairly evident that the usual conception 
of the ether as a perfectly continuous medium indivisible into an enumerable number of discrete 
parts, should lead to an infinite number of degrees of freedom, with the resulting conclusion 
that in a state of equilibrium the ether in the enclosure should contain all the energy and the 
walls none. The well-known illustration of the gradual loss of vibratory energy from the 


1J. Rice, An Elementary Account of the Quantum Theory, Trans. Farad. Soc., 11, Part 1, 
el C1915). 
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particles of a sounding body to the surrounding air may serve to make this point clearer. 
This conclusion is in fact reached by the Rayleigh-Jeans analysis, and is very much at variance 
with the facts as we know them. The formula arrived at, however, is a close approximation 
to the truth for long wave-lengths, and the calculation of the number of degrees of freedom 
has proved of signal service in itself It is impossible to reproduce the analysis here, but an 
analogy from sound waves may serve to show the principles on which it is based. It is well 
known that an organ pipe will resound only to notes of definite frequencies, the fundamental 
and its overtones. This is due to the fact that any state of ‘‘stationary’’ wave-motion which 
will persist in the air of the pipe has to satisfy certain end conditions—e.g. at a closed end there 
can be no vibratory motion of the air particles, at an open end no change of pressure. Any 
textbook on sound shows that from these conditions there can exist in a very narrow pipe, 


21 21 21 

closed at both ends or open at both ends, only waves whose wave-lengths are 21, 3 3 coe - 
v v v v 

etc., where Jis the length of the pipe. The frequencies are, of course, or 2 ar Sie I RSC 


v 
etc., where v is the velocity of sound. Now if we write v for n or we see that the number of 


21 
possible modes of vibration whose frequencies are not greater than v is n = a -p. Re- 


membering that this is the result for a narrow pipe in which the wave-motion is parallel to 
one direction, let us extend the method to a flat shallow box, enclosed between two square 
ends so that the wave-motion takes place in any direction lying in one of the ends. The 
number of modes of vibration having v as the upper limit of their frequeneies would now be 


21 2 
proportional to ( a : 24 , a result not difficult to apprehend, since we can in a rough sort of 


way suppose that with any one type of wave-motion parallel to one edge of the flat ends 
we can compound any of the types which can exist parallel to the rectangular edges so as to 
obtain a possible wave-train travelling obliquely round and round the box, reflected continu- 
ously from the narrow long faces which also bound the box. If we still further extend these 
considerations to a cubical box, the number of possible modes come out to be proportional to 
21 3 i 
(2 : a) , Le. to 8 3 + v3, where t is the volume of the box. A differentiation shows that 
the number of possible modes which lie between narrow limits of frequenty v and v + 6p, 


- 
is 24 po v6v. Asamatter of fact a complete analysis shows that the numerical factor should 


be 47 and not 24. Now the point of this analogy lies in the fact that whatever be the nature 
of a beam of radiant energy, a certain definite condition has to be obeyed at a perfectly 
reflecting surface—on the electromagnetic theory the tangential component of the electric 
intensity in the wave must be zero thete—and this condition limits the number of types of 
radiation wave-trains which can persist unchanged as stationary waves in an enclosure with 
reflecting walls. Consequently, if we introduce a small portion of perfectly absorbing matter 
into a cube with perfectly reflecting walls, we can assert that, despite the fact that the matter 
can radiate and absorb any type of radiation, only those types will exist in the final state 
of equilibrium which satisfy the boundary conditions referred to above, just as our box organ- 
pipe would not resound to every small whistle introduced into it, but only to a whistle having 
one of a definite series of pitches. These types of radiation will constitute complete radiation 
at the temperature, since experiment has certainly justified Kirchhoff’s conclusion that the 
frequencies and energies of the constituents of radiation in a temperature enclosure are 
independent of the size or nature or shape of the walls, so long as there is present a portion of 
non-perfectly reflecting matter. The number of types of radiation, therefore, which exist in 
full radiation, having frequencies between the narrow limits vy and vy + dv. would appear to be 


a 
Ar a - »°6v, where c is the velocity of light; but, as a matter of fact, this number has to be 
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doubled, since radiation waves are transverse to the direction of propagation (not longitudinal 
to it, as in the case of sound waves), and therefore any particular wave has to be regarded ag 
due to the composition of two waves of the same period and phase, each polarized in one of 


two definite rectangular planes. So the final result for the number eo - voy. This 
c 


means that in order to specify the electromagnetic condition (electric and magnetic inten- 
sities) at any assigned point in the ether of the box, at any assigned instant, expressions in- 


2 Sar 
volving a mumbera5- - »°dv of terms each varying harmonically with the time would be 


required to designate that part of the effect due to waves of frequencies in the range pv, v + dv. 


This number is in fact the number of independent coordinates or degrees of freedom for such 
qualities of radiation.” 


Applying the principle of equi-partition, we must ascribe to each degree of 
freedom a kinetic energy kT and since the average kinetic energy is equal to 
the average potential energy, the total energy density per unit volume must be 


8 
u,dy = = - kTy*dy ergs per cm.?, 
c 


From equation (5) it follows that 


K, = —kT. (18) 


That is, we obtain the Rayleigh-Jeans equation, and as has been shown 
already, this leads to the conclusion that the total radiant energy per unit 
volume in equilibrium with matter should be infinite, whereas actually we 
know it to be finite. 

It is this phenomenon that leads to the discarding of Newtonian mechanics 
as applied to radiation. 


“Assuming for the moment,’’ Jeans states,! ‘‘the truth of this as an experimental fact, 
we may try to illustrate its physical bearings. To make the question as definite and as 
simple as possible, let us fix our attention on an enclosure with perfectly reflecting walls in 
which there is a mass of, say, iron at 0° C., and let us suppose that there is a state of equi- 
librium inside this enclosure. The iron is continually radiating energy out from its surface 
into the surrounding ether inside the enclosure, and is also absorbing energy from the ether. 
From the condition of equilibrium, the rates of exchange must just balance. If we assume, 
for additiona! simplicity, that the iron is coated with a perfectly absorbing paint, then in 
point of fact each square centimeter of surface emits 3 X 10° ergs of radiation per second 
into the ether; and also absorbs 3 X 10° ergs per second of radiation falling on to it from 
the ether. The energy in the ether is of density 4 X 10-* ergs per cubic centimeter; the 
heat energy in the iron is of the order of 8 X 10° ergs per cubic centimeter. The heat energy 
of the iron resides in the oscillations of its atoms, each atom moving with an average velocity 
of about 20,000 cms. per second. 

“A very little consideration will show that this state of things is different from what 
might be expected by analogy from other systems which are known to obey the ordinary 
dynamical laws. Consider, for instance, a tank of water (to represent the ether) in which 
is floated a system of corks (to represent atoms of matter) connected by light springs or 
elastics so that they can oscillate relatively to one another. Suppose that initially the 
surface of the water is at rest. Let the system of corks be set into violent oscillation and 


1 Report on Radiation and the Quantum Theory; London, 1914. 
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placed on the surface of the water. The motion of the corks will set up waves in the water, 
and these waves will spread all over the surface of the water, undergoing reflection 
when they meet the walls of the tank. We know that ultimately the corks will be reduced 
to rest; the energy of their motion will be transformed first into the energy of waves and 
ripples on the surface of the water, and then, owing to the viscosity of the water, into heat 
energy in the water, A final state in which the corks continue to oscillate with extreme 
vigor while the water has almost no energy is unthinkable; we expect a final state in which 
practically all the energy has found its way into the water.” 

In a similar manner we find that ‘‘in all known media there is a tendency for the energy 
of any systems moving in the medium to be transferred to the medium and ultimately to 
be found, when a steady state has been reached, in the shortest vibrations of which the 
medium is capable. This tendency can be shown to be a direct consequence of the Newtonian 
laws. This tendency is not observed in the crucial phenomenon of radiation; the inference 
is that the radiation phenomenon is determined by laws other than the Newtonian laws.” 


If now we assume with Planck, that the average total energy per degree 
of freedom is not k7' but the quantity, hy/(e’”"” — 1) we obtain for the total 
energy corresponding to radiation between the frequencies v and v + dp, the 
relation 


8r = hv dv 


udv = Ge brer _ 1 eres per em.® (26) 


and for H, the same relation as in equation (24). 

Einstein’s Derivation of Planck’s Radiation Law: Summarizing the deriva- 
tion of the radiation law as given in the previous sections, it is seen that the 
method used consists in treating the hohlraum (black body enclosure) “as 
containing modes of electromagnetic vibration of different frequencies and then 
assigning to each mode of vibration the energy that it should have on the 
basis of the Maxwell-Boltzmann distribution law as modified to take account 
of quantum phenomena.”’ ! 

“The above method of derivation gave us, however,” as Tolman points 
out, “no insight into the mechanism by which the continual absorption and 
emission of radiation by the walls of the container actually does maintain the 
equilibrium distribution of energy among the different frequencies. In addi- 
tion the increasingly apparent possibility that radiational energy is actually 
corpuscular in nature makes the treatment of the hohlraum as a system of 
modes of electromagnetic vibration seem somewhat artificial. For these 
reasons, a derivation of the Planck radiation law, by a method which is based 
on considerations of the probability of the absorption and emission of atoms of 
radiation of different frequencies, would contain elements of superiority.” 

This derivation was given by Einstein? in 1916, and involves two con- 
ceptions of extreme importance. The first one of these is known as Boltz- 
mann’s principle and was formulated during the development of the kinetic 
point of view in the nineteenth century. The second conception is that first 
enunciated by Bohr, according to which absorption or emission of radiant 

1 Tolman: Statistical Mechanics, Chap. 16. The passages quoted in this section are taken 
from the same source. 

2 Ber. deut. phys. Ges., 18, 318 (1916); also Phys. Z., 18, 121 (1917). 
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energy is accompanied by transitions between different “ stationary ”’ states 
of atoms or molecules. Therefore Einstein’s derivation is also of importance 
since it permits ‘a calculation of the mean life of atoms or molecules in 
different quantum states from a knowledge of the intensities of spectral lines.” 

As a first stage towards the understanding of this method of deriving the 
radiation law, it is therefore necessary to refer briefly to the first of these con- 
cepts, Boltzmann’s principle. Suppose we have an atomic or molecular 
system of which the individual atoms or molecules are capable of existing 
in a number of different states, Z1, Zo, °°* Zm°e°* Zn. Let Ei, Eo, 

- Em+:++ H, denote the corresponding energies of the molecules in these 
states. By this quantity, H, must be understood the potential energy of the 
molecule in any one state. When a molecule passes from any state Zm to any 
other state Z,, the energy difference involved is given by Em — En. Ac- 
cording to Boltzmann’s principle, if N denote the number of molecules havy- 
ing zero energy, the number of molecules N»,, which are present at any instant 
in state Z, at temperature 7’, is given by the relation 


SS = Dp 


Nm ere (27) 
N 


where k = Boltzmann’s gas constant, and p» denotes a constant which is 
characteristic of the state Z and independent of 7. 

It has appeared to the writer that this relation may be derived in a relatively 
simple manner by combining the deductions of the kinetic theory with those 
of the second law of thermodynamics. 

Let us consider a reaction of the type 


Lip Lin 
The velocity of the reaction Z; > Z:2 is given by 
v1, = kL Z,], 


where [Z|] = concentration of molecules Z;. Similarly, the velocity of the 


reaction Z;— Z, is given by 
ds = kh Ze |: 


The constants k’ and k’’ have the dimensions of a frequency and denote the 
fraction of Z; or Zz which is undergoing a transition per unit time. 
At equilibrium, the velocities of the opposing reactions are equal and 


hence 
[Zo] _ ue ae 
[Zi] k’ 


where K denotes the equilibrium constant of the reaction. 
According to the second law of thermodynamics, we have the relation 
dinK _ AE 
dT Hes be 
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where AEF is the total energy change in the reaction per molecule of Z; or Z2, and 
in denotes the natural logarithms. 

Assuming AF to be independent of the temperature, the last relation may 
also be expressed in the form 


Integrating this equation, we obtain the relation 
Tom Kho a 


where Ko is an integration constant. 
Hence, 
k’ 
Wm Kaeo HitD) 
hk!’ 0 " 


If we denote the energy of the molecule in state Z, by Fi: ae. in state Z2 
by E2, so that HE, — H, = AE, we can evidently write 


k’ Mee fe [Z.] 
Consequently 
[Zo = Die ay a 
and 
[a] = pe”, 
where p2/pi = Ko. 

We may now return to the discussion of Hinstein’s derivation of Planck’s 
law. 

Let us consider a gas whose molecules are in equilibrium with radiation at 
a certain temperature. According to classical theory, the energy per molecule 
can vary continuously from zero to infinity in accordance with the Maxwell- 
Boltzmann distribution law. However, we must postulate as the fundamental 
assumption of the quantum theory that such a continuous variation in energy 
content is impossible. Hach molecule is capable of existing only in a series of 
discrete states Z1, Zo, *** Zme** Zn, for which the corresponding energies are 
Fi, E,, etc. 

Every energy change in such a system including the emission or absorption 
of radiant energy occurs because of the transition of molecules from one of 
these states to some other. Bohr, to whom we owe the introduction of this 
postulate into the quantum theory, has designated Z1, Zo, °** Zm, °** Zn as 
“stationary ’”’ states of the system. 

The relative number of the molecules which are present at any instant in 
any given state Z, will evidently be given by Boltzmann’s equation (27). 

We shall assume that the energy HZ» — E, is emitted when the molecule 
passes from state Z, to state Z,. Hence the same amount of energy is ab- 
sorbed when the reverse reaction occurs. A molecule can pass from state Zm 
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to Z, in two ways. Firstly, there may be a spontaneous transition, such as 
is undergone by radioactive elements. 

The rate at which this reaction occurs is given by 

dNm A 
7H sci Nan, (28) 
where A,,” is a constant characteristic of this reaction, and which may be 
designated as the probability of spontaneous emission. It is evident that 
1/Am” corresponds to the so-called average life of the atom Zm under these 
conditions where only spontaneous transitions can occur. 

Since, however, the molecule is present in an environment which is filled 
with radiation corresponding to the temperature 7’, the reaction Zn —. Zn is 
also influenced by this radiation. Let u, denote the density of the radiation 
corresponding to frequency v. We assume that the reaction Z,— Zn occurs 
with simultaneous emission of monochromatic radiation of frequency v, and 
that the reverse reaction occurs with absorption of radiation of the same 
frequency. The rate of the reaction in either direction depends upon the 
value of u, Consequently, 

dN, 


—— "= Bayt, 
dt 
and (29) 
wails = BN ay. 
dt 


Again, the constants B,,” and B,” are of the same nature as the constant Am”. 

It is important to realize fully the significance of the assumption involved 
in equations (29). Itis assumed that the molecule Z,, or Z, may be stimulated 
by radiation of frequency v which is characteristic of the reaction Zm, = Zn, and 
while it is relatively easy to understand how the reaction Z, > Zm can occur 
by absorption of energy from the environment and is therefore governed by the 
density of the radiation of frequency », it is not so evident that the reverse 
reaction must also depend upon the density of the radiation. 

However, it must be remembered that, “on the basis of classical theory, 
the rate of energy emission of an isolated atom is different from the rate of 
emission of an atom whose moving electrons are interacting with the varying 
electromagnetic field present in a radiation field. Hence, to obtain the total 
probability of emission we must include a term depending on the density of 
radiation.”’1 Thus this total probability is given by 


ATK + Ba”: Uy 


and B,” is designated as the coefficient of induced emission. 
Now, at equilibrium, the velocities of the two reactions Zm — Zp are equal, 


Consequently 
Am™Nm + Bn™Nmty = Ba™N nt. (30) 


1 Tolman, Statistical Mechanics, p. 169. 
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Substituting from equation (27), it follows that 


(A; + Bin™Uy) Dme ome? = Ba™pnuye in, 
that is, 
An pa Uy( Ba” Dre en mer — Bn™Dm). (31) 


At infinitely high temperatures the exponential factor obviously tends 
towards unity. Also u, increases to infinitely large values at the same time. 
Since, however, Am”Dm is a finite quantity independent of 7’, it follows that 


Ba" Pn at Bn Dm (32) 


and, if we denote the ratio Am"/Bm" by amn, We can replace (31) by the equation 


Fae ip eel sie (33) 


cing En) BENS 


In order to derive Planck’s law from equation (83), it is necessary to com- 
pare the latter with the deductions arrived at by Wien and also by Rayleigh 
and Jeans. 

As shown by Wien, it follows from the application of the second law of 
thermodynamics that 


ie oe (=)- (34) 
ce T 
Hence 
Onn = av? (35) 
and 
Em — EH, = hy, (36) 


where hf and a are constants. 

On the other hand, we know that the equi-partition law and the Rayleigh- 
Jeans relation deduced on the basis of this law are valid at very large values 
of? 

Under these conditions, 

Srv? 


(ou 


Uy = 


kT (37) 


But, from equation (33), it is also evident that for extremely high values of 
Em — E 


i re is a very small fraction and consequently the equation may be 
written in the form 
av- kT 
Uy —— 
(Lim a En) 
3.7 
_ oP ; (38) 
hp 


1See equations (5) p. 1121 and (10) p. 1122. 
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Comparing (38) with (37), we obtain the relation 


and hence the final expression for the radiation law may be written in the 
form 


_ 8rhy* 1 
CT) 7 (26) 


Equation (36) which has been derived above by introducing Wien’s dis- 
placement law was first postulated by N. Bohr in connection with his theory 
of atomic structure in the following form: If we assume an atomic system such 
as that discussed already, in which the molecules or atoms can exist only in 
a series of “‘stationary”’ states, then the radiant energy emitted or absorbed in 
any transition is monochromatic and the frequency v is determined by the 
condition 

En — E, = h, 
that is, equation (36). 

These two postulates, viz., that of the existence of stationary states and 
that governing the transitions between the different states, form the most 
important guiding principles for the application of the quantum theory to 
chemical and physical phenomena. 

It will be observed that in Einstein’s derivation of the radiation law use 
is made of Wien’s displacement law on the one hand and of the validity, on the 
other hand, of the Rayleigh-Jeans relation for very long wave-lengths. Bose? 
has therefore suggested a derivation of the radiation law which eliminates the 
support based on classical dynamics involved in these two assumptions. 

By making use of the experimentally verified conclusions that the energy of 
radiation may be treated as constituted of quanta, each having momentum 
hy/c, and applying to these quanta the laws of statistical mechanics, he has 
shown that actually the radiation law may be derived without any appeal 
whatever to classical dynamics. 

Still more recently G. N. Lewis? has given an extremely interesting deri- 
vation of Planck’s law by a ‘‘kinetic mode of treatment ”’ which does not in- 
volve Einstein’s theory of induced emission. It should be observed, however, 
that the experiments of R. Ladenburg # and H. Kopfermann and R. Ladenburg * 
on anomalous dispersion in electrical discharges in neon apparently require 
such a theory for a satisfactory interpretation of the results obtained. 


1Z, Physik, 26, 178 (1924). 

2 Phys. Rev., 35, 1533 (1930). 

3 Zeits. f. Phys., 48, 15 (1928). 

4 Zeits. f. Phys., 48, 26 (1928); Zeits. f. physikal. Chem., Haber, Vol., p. 375 (1928). 
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Radiation Constants: Using the value h = 6.554 X 10-7,it is possible to 
derive the values of the radiation constants involved in the equations given in 
the preceding sections. 

The factor 27c?h in equation (25) is usually designated as C or often as C,,? 
while ch/k is denoted by C2. 

Substituting in these factors the values 


Co 2,9986R<10L cin seca 
and 

sles (Zee lOm oer esdecrm: 
we obtain the values 


Ci = 2nc’h = 3.703 X 10-* erg cm. deg.t, 
C. = ch/k = 1.483 cm. deg. 


If we differentiate equation (25) with respect to \ and equate the result 
to zero, we obtain the value of the wave-length \», at which F) is a maximum, 
The resulting equation may readily be reduced to the following form: 


= ch 
en) og on 


HEN T ab 


This equation may be solved graphically and leads to the result 


ch e214 965i, 
LON 
that is, 
ch 
Am T = ——— = 0.2885 cm. deg. 
4.9651k 


The value of #, corresponding to Am is given by the relation 
_ 2rk*(4.9651)5T% 
mo c3hA(e4-9651 — J) 


= 1.301 X 10°*T® erg Cie s CCrme 


Ey 


To calculate the constant o in the Stefan-Boltzmann relation, it is necessary 
to perform the integration corresponding to the relation 


co} 
E= if E,d\ = o( Tt — To). 


0 


1 The values given here are those adopted in the International Critical Tables. These are 
slightly different from those given by Birge, Phys. Rev. Supplement, 1, 1 (1929). 

? Unfortunately many writers, when referring to Planck’s and Wien’s equations, use the 
expression for Ky and Kj; others use the relations for Hy and Ey. Consequently the values 
of C1 differ by the factor 27 according as one or the other form is used. 
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The integration leads to the following value for o:1 


127 X 1.0823k4 
eh 


5.709 X 10-5 erg cm.~ sec. deg.~4, 


I 


This value of o is in good agreement with the most recent experimental de- 
terminations.” 

Finally, corresponding to equation (8) for u, the total radiation density, 
we have according to equation (9) 


4 
a=-—o = 7.616 X 10" erg. cm. deg. 
c 


Specific Heats of Solids: Mention has already been made of the conclusion 
based on the principle of equipartition of energy that for a monatomic solid 
the specific heat per gram atom at constant volume, C,, must be equal to 
3k = 5.96 cal. This conclusion, deduced empirically by Dulong and Petit, 
was actually found to be in satisfactory agreement with observed values at 
higher temperatures, but when measurements were carried out at low tem- 
peratures it was observed that the atomic heat decreases, and becomes ab- 
normally low for all substances at temperatures below those of liquid air. 

While this topic is more adequately discussed in connection with the third 
law of thermodynamics, it may be mentioned briefly in the present connection 
that the explanation of these observations was obtained by applying similar 
considerations to the degrees of freedom of the atoms in the solid as had been 
applied to the case of oscillators in a hohlraum by Planck. Such an argument 
was first applied by A. Einstein in 1907.* 

Assuming that the energy of a linear oscillator may be an integral multiple 
of the frequency of vibration, that is, 


H = nhv = n6 


where 1 = 0, 1, 2, etc., so that there are a number of oscillators with zero 
energy, a number with one quantum each, a number with two quanta each, 
and so on, it follows that the average energy will be of the form shown in 
equation (21), where 6 = hy is the unit quantum of vibrational energy. From 
this, by differentiating with respect to 7, Einstein derived an equation for C, 
which was found to be in fairly good agreement with observed values. 

1¥or complete details regarding the mathematical methods used in carrying out this 
integration and also the differentiation in connection with the evaluation of \,,7’, the reader 
may consult K. Jellinek, Physikalische Chemie der Gasreaktionen, pp. 351-356. 

2W. W. Coblentz, Scientific Papers, Bur. Stand. No. 405 (1921). This contains a com- 
plete bibliography of the previous investigations. 

3 See the Chapter by W. H. Rodebush, also F. K. Richtmeyer’s Introduction to Modern 
Physics, Chapter 8. 

4 Ann. Physik, (4), 22, 180 (1907). 
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Subsequently Nernst and Lindemann ! suggested a purely empirical equa- 
tion which was a modification of Einstein’s equation and was found to represent 
the observations more closely. However, it remained for P. Debye to derive 
a much more satisfactory relation by considering a solid as a homogeneous 
isotropic elastic medium in which the heat energy is distributed among a large 
number of vibrations, in much the same manner as the energy in a hohlraum 
has been assumed to be distributed among different modes of vibration of the 
ether. The relation derived on this basis gives a law for the variation of the 
atomic heat as the absolute zero is approached, which is in excellent agreement 
with experimental data and is also in satisfactory accord with the third law of 
thermodynamics. 


III. SPECTROSCOPIG ENERGY LEVELS AND ELECTRON 
CONFIGURATION IN ATOMS 


Nuclear Theory of Atomic Structure and Atomic Number: Our present 
views on atomic structure originated from a series of experiments carried out 
by several investigators in the Cavendish laboratory during the period 1909- 
1913. The electron theory had already been developed by J. J. Thomson, 
H. A. Lorentz and others, while Rutherford and Soddy formulated their theory 
of the disintegration of radioactive elements. It was known that during the 
process of disintegration these elements emit high velocity charged particles 
which are known as a- and £-rays respectively. It was shown that a-particles 
are identical in mass with helium atoms, but differ from the latter in carrying 
two units of positive electricity. On the other hand, the 6-particles are ex- 
tremely high-spped electrons with velocities ranging from one-tenth to nine- 
tenths that of light. 

Observations by C. T. R. Wilson showed that when a- and 8-particles are 
shot out from a radioactive element through a gas they travel in straight lines 
for fairly large distances—so large, in fact, that they must, according to all 
our notions based on the kinetic theory of gases, collide with an extremely 
large number of molecules on the way. The paths of the a- and 8-particles 
have been photographed by C. T. R. Wilson and other observers by a very 
ingenious method and these photographs led to the conclusion that 6-particles 
must pass right through the atoms in their path until they come near enough 
to an electron in some atom to detach it and thus produce anion. Similarly 
the a-particles traverse a large number of atoms before they are deflected, 
and from the observations on the directions and distribution of the paths of 
the deflected particles it has been shown that the cause of the deflection must 
be a strong field of force produced by a positive charge, which is situated with- 
in the atom, but is yet so small that the chance of being struck by an a-particle 
is extremely low, even though there are millions of atoms in the path of the 
particle. 

These observations led to the view that the electrons and positive con- 


1Z, Hlektrochem., 17, 817 (1911). 
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stituent or constituents of the atoms must occupy an extremely small fraction 
of the total volume of the atom. Practically the whole of the space occupied 
by an atom must be empty to an a- or 6-particle. 

More quantitative results regarding the actual dimensions of the positive 
and negative constituents of the atom were obtained as a result of experiments 
carried out by Geiger and Marsden in 1909-11. They observed that when 
a-rays are allowed to fall on a thin film of gold the majority of the particles pass 
through with little absorption, but occasionally, approximately in one case out 
of 20,000, a single particle is thrown back through an angle of more than a 
right angle. ‘‘Taking into consideration,” Rutherford writes,! “the great 
energy of motion of the a-particle, such a result is as surprising as it would be 
to a gunner if an occasional shot at a light target was deflected back towards 
the gun. It was found that these large deflections must result from an en- 
counter with a single atom. If the forces causing the deflection were electrical, 
it was at once evident that the electrical field within the atom must be exceed- 
ingly intense. The distribution of positive electricity assumed in the Thomson 
atom * was much too diffuse to produce the intense fields required. To over- 
come this difficulty the writer inverted the réle of positive electricity. Instead 
of being distributed through a sphere comparable in size with a sphere of 
action of the atom, positive electricity is supposed to be concentrated in 
a very minute volume or nucleus, and the greater part of the mass of the atom 
is supposed to be resident in this nucleus. The latter is supposed to be sur- 
rounded by a distribution of negative electrons extending over a distance com- 
parable with the diameter of the atom as ordinarily understood. On this 
point of view the a-particle is the minute nucleus of the helium atom, which 
has lost its two external electrons. In this type of atom the large deviations of 
the a-particle take place when it passes through the intense electric field close 
to the nucleus of the colliding atom. The nearer it passes to the nucleus, the 
greater the deflection of the particle. Assuming that the forces between the 
a-particle and the nucleus of the colliding atom are mainly electrical and vary 
according to an inverse square law, the a-particle describes a hyperbolic orbit 
around the nucleus, and the relative number of a-particles deflected through 
different angles can be simply calculated.”’ 

Rutherford thus assumes that the scattering is due to a positive charge of 
magnitude Ne (where e is the unit charge of positive electricity and N is the 
number of these present on the nucleus) situated at the center of the atom; 
and that this nucleus is surrounded by N electrons uniformly distributed within 
a sphere of atomic radius. Furthermore, assuming the validity of the inverse 
square law, as mentioned already, it is possible to calculate not only the relative 
distribution of the a-particles for the different angles at which they are de- 


1 The Constitution of Matter and the Evolution of the Elements, Smithsonian Report 
for 1915, pp. 167-202. 

2 According to the theory developed by J. J. Thomson some years previously, the atom 
was considered as consisting of a uniform sphere of positive electrification throughout which 
the electrons were distributed uniformly. 
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flected, but also the minimum distance, 6, corresponding to the sum of the radii 
of the a-particle and the colliding atom. 

Geiger and Marsden showed that the actually observed distribution is in 
accordance with the conclusion based on the assumption of the inverse square 
law. Also, from their results, it may readily be shown that the radius of the 
nucleus of the gold atom cannot exceed 3 X 107? em.—which is about one 
ten-thousandth part of the diameter of the atom. In the case of the scattering 
of a-particles by hydrogen, where the mass of the nucleus is only one fourth 
that of the a-particle, we would expect to find, from ordinary dynamical con- 
siderations, that some of the hydrogen atoms could be made to recoil four 
times as far as the penetrating distance (or range) of the a-particle. Marsden 
showed that this actually occurs, and it can be calculated that, in this case, 
the centers of the nuclei must approach to within 10-% cm. of each other. 
This is a smaller distance than even the diameter of the electron, which, if 
we assume its whole mass to be electromagnetic, is 1.88 X 1078 cm. 

Thus the nucleus, which contains practically the whole mass of the atom, 
is nevertheless infinitesimally small as compared with the diameter of the 
atom. From the observations on the disintegration of the radioactive ele- 
ments during the course of which both a-particles and extremely high speed 
electrons are ejected, we are driven to the further conclusion that the nucleus 
itself is an extremely complex structure constituted of negative electrons and 
positive units of electricity. The simplest hypothesis and one which is in 
accord with all our observations is that the ultimate unit of positive electricity 
is the hydrogen nucleus itself, which has been designated in recent literature 
as the proton. 

According to this view of atomic structure each element has a different 
nuclear charge and therefore a different number of electrons external to this 
nucleus, since the charge on the nucleus must be equal to the total charge on the 
electrons. The scattering experiments led to the conclusion that the nuclear 
charge N (measured with the electronic charge as unit) is about half the 
atomic weight for the lighter elements, and rather less than half for the 
heavier. Earlier observations of C. G. Barkla on the scattering of X-rays 
were also found to be in accord with this conclusion. In 1913, van den Broek 
suggested that N probably represents also the ordinal number which determines 
the position of the element in the periodic table, while in 1914 Rydberg pointed 
out that the properties of the elements are determined not by the atomic 
weight but by the position of the element in the periodic table. We shall, 
however, postpone for a subsequent section the discussion of the significance 
of the periodic table from the point of view of atomic structure. 

It remained for Moseley (1913-14) to point out a method by which 
N, the nuclear charge could be determined. As the voltage over an 
X-ray tube is raised above a certain definite value, the anti-cathode is observed 
to emit an X-radiation which is characteristic of the material of the target 
and which is much more intense than the continuous radiation. For each 
element it is thus possible to obtain a series of monochromatic X-radiations. 
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These rays as shown in Fig. 6, which is a typical spectrum, are classified 
according to their wave-lengths into K, L, M, etc. Moseley carried out an 
investigation in which he measured the wave-lengths of the lines in the K and 
L series for most of the elements. He found that the spectra of the different 
elements, beginning with that of aluminum, and ending with that of gold, 
could be arranged in the same order 
as in the periodic table, and that 
under these conditions the wave- 
length of any one characteristic line 
of the K or L series decreased regu- 
larly with increase in the ordinal 
number of the element in the table. Bigs Ce IROL, Series 
Furthermore, Moseley found that ; 

if he assigned to each element a number, N, corresponding to its place in the 
periodic table (Al = 13, Si = 14, ete., asfar as Au = 79), there exists for each 
type of radiation a simple relation of the form 


Vv = a(N — Nd), 


PES OPEN OS EEL 7 «108m 
a 


where v is the frequency, and a and WN, are constants. 

These measurements have been repeated and extended by de Broglie, 
M. Siegbahn and others! Fig. 7 shows the K series for some of the 
elements between As and Rh as photographed by Siegbahn. The dark line 
on the extreme left hand corresponds to zero wave-length. On closer examina- 
tion the first line in each spectrum is found to consist of two lines very 
close together. These are known as the az and qj lines of the K series. The 
darker lines to the right may also be separated into two lines, known as the 
81 and Bz lines of the K series. Now the significance of Moseley’s law is this: 
If we plot the square roots of the frequency, or (what amounts to the same 
thing) the values of Vipy for any one of these lines, as ordinates against the 
ordinal number N, we obtain a straight line for each of these characteristic 
radiations, as shown in Fig. 8. The figure actually shows values of V5/R 
where F# is the spectroscopic constant known as the Rydberg constant. The 
reasons for using this value instead of Vp = Vi/d are discussed in a subsequent 
section. The value of N thus determined is known as the atomic number. That 
this number also corresponds to the charge on the nucleus has been proved 
definitely as a result of J. Chadwick’s investigations in Rutherford’s laboratory,? 
in which N was determined directly from careful observations on the scattering 
of a-particles by different substances. 

Atomic Numbers and the Periodic Arrangement of the Elements: The fact 
that such a relation exists which enables us to determine the atomic number, 
N, for each element and that this atomic number coincides in all cases with 

1M. Siegbahn has reviewed the observations on X-ray spectra and their relation to 


Moseley’s law in Jahrb. Rad. Elektronik, 13, 296 (1916). 
2 J. Chadwick, Phil. Mag., 40, 734 (1920). 
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the order in which the element must be placed in the periodic table in ac- 
cordance with its physical and chemical properties, must be regarded as one 
of the most important discoveries in the history of science. 


33 As 


34 Se 


37 Rb 


38 Sr 


41 Nb 


Fic. 7. K Series for Elements As-Rh 


To the chemist, the periodic arrangement which was first expressed clearly by Mendelejeff 
has been the most important guiding principle in all speculations upon atomic structure. 
No matter what property is considered, whether it be atomic volume, compressibility, melting 
point, valency, or electro-positivity (and electro-negativity), we observe a periodic variation 
in this function as we pass from the elements of lowest atomic weight to those of highest.1 

That, however, the position of any element in the periodic table is not governed primarily 
by the atomic weight was a belief that gained greater and greater credence as the number 
of exceptions to the rule increased. Thus the relative positions of argon and potassium 
tellurium and iodine, cobalt and nickel as determined by their chemical and physical properties 
are in the inverse order of their atomic weights. Furthermore, the discovery of isotopes 
by Aston and others has also served to emphasize the relative unimportance of atomic weight 
as compared with atomic number. As is well known, it was first shown in the case of radio- 


1 See especially the paper by W. D. Harkins and R. E. Hall: J. Am. Chem. Soc., 38, 169 
(1916). ve 


QUANTUM THEORY AND ATOMIC STRUCTURE 1145 


active elements and subsequently found to be true also for a number of other elements that 
we may have elements of the same atomic number but different atomic weights. Such 
elements, since they occupy the same place in the periodic arrangement, are known as “isotopes. 
In all their chemical properties and all physical properties (except these which depend upon 
mass and radioactive properties), the isotopes corresponding to any given atomic number are 
identical, yet the atomic masses are different. 

These facts lead to the conclusion that the charge on the nucleus, or atomic number, 
governs all the physical and chemical properties of the atom (except, of course, the radioactive 
and gravitational properties which depend upon the structure and mass of the nucleus itself). 


K-Series. 
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Fia. 8. Relation between Atomic Number and Frequency 


Furthermore, in order to account for chemical combination and periodic 
properties, we must assume that the electrons arranged around the nucleus 
possess different functions according as they belong to the outer or inner set. 
The outer electrons are active in chemical combination and conduction of 
electricity through metals. They also must give rise to the ordinary emission 
spectra which we know are similar for elements of the same group in the 
periodic arrangement. The number of electrons in this outer set must undergo 
periodic change in distribution and number as N increases. 

On the other hand, the inner electrons are unaffected by ordinary chemical 
operations, but high velocity electrons (such as cathode rays) may stimulate 
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them and thus produce the high-frequency spectra observed by Moseley and 
others. As pointed out by Kossel,! the fact that for any one type of mono- 
chromatic X-radiation (such as the Kay line) the frequency varies in a regular 
manner from elements of low atomic number to those of highest shows that 
the periodicity observed in the outer electrons does not extend to the innermost. 

Quantum Theory of Atomic Structure:? Although Bohr’s theory of the 
origin of spectra was formulated in 1913, the earlier hypothesis of electron 
configuration based on this theory did not prove very convincing especially 
from the chemist’s point of view. On the other hand, in 1916, G. N. Lewis * 
suggested “‘ what may be called the theory of the cubical atom,” in which, 
by means of static electrons, an attempt was made to account for the known 
observations on valency of atoms. These conceptions were subsequently 
extended by I. Langmuir ‘ in his theory of “ octets.” 

While the suggestions postulated by both Lewis and Langmuir have proved 
to be of extreme importance from the point of view of accounting for valence 
and chemical reactions of atoms, they suggest no mechanism of the forces 
acting between electrons and nuclei in atoms, nor do they consider the quantum 
phenomena which are so characteristic of the interactions between atoms and 
both radiation and electrons. On the other hand, the Bohr theory as modified 
by Sommerfeld, Pauli and others has achieved a great deal of success in these 
directions. While the new theory of wave mechanics may lead to the dis- 
carding of the actual atom model which we have learned to associate with the 
Bohr theory, it is impossible to understand these more recent views without 
discussing fully the theory of atomic structure as it existed previous to 1925. 
Science has always advanced by retaining those features in the older theories 
which are in conformity with experimental facts, while modifying them to 
harmonize with added knowledge. Thus the theory of wave-mechanics has 
retained a number of the conceptions and conclusions which were involved in 
the Bohr theory, while discarding and modifying certain other features which 
it was found were either unnecessary or in contradiction with more recent 
experimental discoveries. 

Spectral Series Relations: The Bohr theory was primarily suggested as an 
explanation of the origin of spectral lines. It is therefore necessary before 
considering the theory itself to discuss briefly some of the more essential ob- 
servations about spectral lines which had been accumulated before 1913. 

In discussing the derivation of the radiation laws, it was pointed out that all 
solid bodies emit a continuous spectrum when in the incandescent state. In 
the case of gases and vapors, we observe that the spectrum is not continuous 
but consists either of sharply defined lines (line-spectra), or bands which extend 

1 Ann. Physik, 49, 229 (1916). 

2 For review of earlier theories of atomic structure and reference to these see the paper 
by S. Dushman: Gen. Elec. Rev., 186, 397, (1917). 

3G. N. Lewis: J. Am. Chem. Soc., 38, 762 (1916). The ideas contained in this paper have 
since been expanded by Professor Lewis in his book on ‘‘ Valence and the Structure of Atoms 
and Molecules,’’ The Chemical Catalog Co., 1923. 

4T, Langmuir: J. Am. Chem, Soc., 41, 868 (1919) and subsequent papers. 
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over certain ranges of wave-lengths (band-spectra). The latter are charac- 
teristic of molecules, while the former are due to atoms. Both these types of 
spectra are observed in a Geissler tube containing hydrogen, the band spectrum 
being due to hydrogen molecules, while the line spectrum is due to atoms. 
Now, while the band spectra form an extremely interesting topic and are 
of extreme theoretical importance because of the information which they give 
us about the arrangement and relative distances between the atoms constituting 
the molecule, and the heats of dissociation, it is the line spectra which are of fun- 
damental importance in the study of atomic structure. Since the time of 
Kirchhoff and Bunsen it has been recognized that each element possesses a 
characteristic line spectrum, and, as is well known, the applications of this fact 
in the field of spectroscopy have been extremely numerous and important. 
The very existence of line spectra led physicists to conclude that the struc- 
ture of the atom must be quite complex in order to give rise to such spectra 
It was only, however, with the discovery of the existence of certain interesting 
relations among the lines of any one element that the foundations were laid 
for our present views on atomic structure. In 1885 Balmer pointed out that 
in the case of the ordinary spectrum of hydrogen there exists an interesting 
relation between the different lines. This spectrum (see Fig. 9) consists 
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Fie. 9. Spectrum of Balmer Series 


of a series of lines known as Ha, Hg, H,, Hs, etc., extending from the red into 
the ultra-violet region. R. W. Wood! has been able to obtain photographs 
of this spectrum as far as the 20th line, while in photographs of nebular clusters 
the series have been obtained as far as the 33d line. Balmer observed that 
the wave-length of each of the lines of the series (then known) could be repre- 
sented satisfactorily by the formula 

n? 


d 
n—A4 


N= A> (1) 


where \ denotes the wave-length, n has the values 3, 4, 5, 6, for Ha, Hg, Hy, Hs 
respectively, and A is a constant. 
The formula is more usually written in the form 


Ppilon if 1 


where R = 109,677.69, n = 3, 4, 5, 6, etc., and vis known as the wave-number.? 


1R. W. Wood: Proc. Roy. Soc., A 97, 455 (1920). 
2 See footnote, p. 1117. 
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This may also be written in the form 


y= ne(E-4). (2b) 
r 22 ne 


It will be observed, especially from equations (2a) and (2b), that Balmer’s for- 
mula expresses the frequency as the difference between a constant term and a variable 
term. Putting n = ©, we obtain the limiting frequency or head of the series, 
corresponding to y = R/4. This is represented in Fig. 9 by the line on the ex- 
treme right. 

The next great discovery in regard to spectral series was made by Rydberg 
(1890) who showed that, for a number of elements (alkalis and alkaline earths), 
the lines could be arranged in definite series for each of which there exists a 
relation similar to Balmer’s formula and involving the same constant R (known 
as Rydberg’s constant).! Furthermore, it was shown by Rydberg and sub- 
sequently also by Ritz that different series for the same element are connected 
by a relation which is known as the Principle of Combination. 'The significance 
of this principle may be illustrated as follows: If in the case of hydrogen, we 
have the lines corresponding to 


and 


a Een 
y= Re ( & =) (3) 


Actually Paschen (1909) succeeded in finding such a series in the infra-red 
region of the hydrogen spectrum. Also Lyman (1904, 1906) observed a series 
in the ultra-violet regions corresponding to 


y= Fe( = 4). (4) 


More recently F. S. Brackett * discovered a series still further in the infra-red 


1 As a matter of fact, this ‘‘constant”’ is not exactly the same for all elements, but the 
differences are very small. The explanation for the existence of this variation in the value 
of & was first given by Bohr in connection with his theory of the origin of spectra. 

2F.S. Brackett: Astrophys. J., 56, 154 (1922). 
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= ee 
a Re (7 =) (5) 


and Pfund+ observed two members of the series whose limit is Rc 5.1 
Each of these series may be expressed by an equation of the type 


tote Soe fs 
m n 


in which m is a constant for each series, while n (which must be greater than 
m), increases by 1 for successive members of the same series. 

Fig. 10 shows graphs for the series in which the value of the wave-number 
v for each line is plotted against the corresponding value of n. The limit 


corresponding to 


—~—2x jo? 


“0 Boer? genre 20 10 fo} 
/ —— 
a 3 
| 3 
n 
6 
LYMAN SERIES 7 a 
BALMER 
= RL iis 
VaR jo fz) 8 SERIES pepe da! 
l= Lief, 
9 y. R Be 772. y= R Cz, et ) 
1000 1250 re = 2000 4009 3 el. 
—> A (Anesreoms) 
ULTRA- VIOLET ~<— VISIBLE | \|\-» IVFRA-RED 
Zz B P 


Fia. 10. Series spectra of hydrogen, showing wave numbers corresponding to 
‘ different values of n 


for each series (v for n = ©) is represented by the shaded line to the left of 


each curve. 
If we multiply each side in equation (6) by Planck’s constant h, we obtain 


the relation 
hy = Ren( 4-2). (7) 
m 


Since hy corresponds, according to Planck’s theory, to a quantum of energy 
of frequency », the inference is obvious that each of the terms on the right-hand 
side of equation (7) must also correspond to a quantity of energy, so that we 
may write 

hy = E, — En, (8) 


1A. H. Pfund, Journal of Opt. Soc. America, 9, 193 (1924). 
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where EH, and Em correspond to the energy of the system before and after 
the emission of the energy quantum hy. Furthermore, it follows that, apart 
from an additive arbitrary constant, 


Lge erie (9) 


It is upon these considerations that Bohr developed his theory of atomic 
structure. 

Fundamental Assumptions of Bohr’s Theory: According to Planck’s 
original theory the energy quantum is emitted or absorbed by an oscillator 
having the same frequency of vibration as that of the radiation. That is, », 
the frequency of the latter is equal to w, the frequency of vibration of the oscil- 
lator. The energy, Hn, of the oscillator in any state is given by 


En = nho, 


and the energy change is determined by the frequency of the oscillator.in accordance 
with the relation 


AE = hw = hv. 


This is in accordance with the classical theory that the frequency of electro- 
magnetic radiation emitted by an oscillator must be identical with the frequency of 
vibration, or a simple harmonic of this frequency, and is best illustrated by the 
methods used for the production of radio waves. 

This point of view was completely discarded by Bohr, and instead he 
postulated the relation 


y = AB/h, 


that is, the frequency of radiation emitted or absorbed is determined only by the 
magnitude of the change in total energy. 

“Tf this law is assumed,” Bohr states,! ‘‘the spectra do not give us informa- 
tion about the motion of the particles in the atom as is supposed in the usual 
theory of radiation, but only a knowledge of the energy changes in the various 
processes which can occur in the atom. From this point of view the spectra 
show the existence of certain definite energy values corresponding to certain 
distinctive states of the atoms. These states will be called the stationary states 
of the atoms, since we shall assume that the atom can remain a finite time in 
each state, and can leave this state only by a process of transition to another 
stationary state.” 

Bohr’s assumptions on which he bases his theory of spectral series have been 
stated by him in the following form.? 

Postulate A. ‘An atomic system can, and can only, exist permanently 
in a certain series of states corresponding to a discontinuous series of values 

1N. Bohr: The Theory of Spectra and Atomic Constitution, p. 23, Cambridge Univ. Press, 
1922. 

2N. Bohr: On the Quantum Theory of Line Spectra (Copenhagen (1918)), part I, p. 5. 


QUANTUM THEORY AND ATOMIC STRUCTURE 1151 


for its energy, and consequently any change of the energy of the system, 
including emission and absorption of electromagnetic radiation, must take 
place by a complete transition between two such states. These states will be 
denoted as the ‘stationary states’ of the system.” 

Postulate B. That the radiation absorbed or emitted during a transition 
between two stationary states is monochromatic and p ossesses a frequency », 
given by the relation 

hy = EH, — En. (8) 


As mentioned already, this leads to the conclusion that 


Rech 


n2 


Ey = -=2, (9) 
where & is the Rydberg constant. 

Derivation of Rydberg Constant: Now let us consider the application of 
these postulates to the simplest atomic system known, that of hydrogen, 
which consists of a nucleus of unit positive charge and anelectron. According 
to Postulate A this system can exist in a series of stationary states, and while 
the transitions between these states are governed by Postulate B, it is assumed 
that in any stationary state the laws of ordinary (or Newtonian) mechanics 
may be applied. 

In view of the existence of a force of attraction between electron and nucleus, 
it is necessary to postulate some balancing force, if the atom is to remain stable. 
The analogy between Coulomb’s law of attraction and the force of gravity in 
celestial systems suggests that the electron in the hydrogen atom must describe 
a closed elliptical orbit with the nucleus at one of the foci. Under these condi- 
tions the force of attraction is balanced by the centrifugal force on the electron, 
and it is therefore assumed by Bohr that this is what occurs to make the sta- 
tionary states of the hydrogen remain stable. 

In order to simplify the problem in one respect and at the same time make 
the result applicable to atoms of larger atomic number, we shall consider an 
electron of charge e rotating in a circular orbit about a nucleus of charge Ze, 
where Z represents the number of units of positive charge on the nucleus. 

Let v = velocity of electron in orbit, 2a = diameter of orbit, w = frequency 
of revolution. Then 


v = 27a. 
; ; Ze 
Force of attraction = oor a (10) 
a 
é mov 
Centrifugal foree = — = ma(27w)?, (11) 
a 


where m = the mass of the electron. 
Since the force of attraction must be equal to the centrifugal force, it 


follows from (10) and (11) that 
fi ee (12) 
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Now the total energy, E, of the system is made up of the kinetic energy 
(E;,) and potential energy (Z,) of the electron in the orbit. 


But 
Le? 
E, = 4mv* = 4m(2rwa)? = oa (13) 
Also 
* Ze Le? 
E,= aaa ae (14) 
where r is the distance between nucleus and electron. 
Hence 
E=E,+E8 ue (15) 
= H 1) ap A eee 
k + i) a 


It will be observed that the potential energy is negative and equal to twice 
the total energy. That is 


E, = —1£,= —E=W, 


where W is the total amount of energy required to remove the electron to infinite 
distance. These conclusions may be shown to be true for any Coulomb field 
of force, and therefore for the case of elliptic as well as circular orbits. In the 
former case, 2a denotes the major axis of the ellipse. 

The reason for the negative value of H, is evident when it is considered that 
the force acting on the electron at infinite distance is zero and increases as 71, 
the distance between electron and nucleus, is decreased. Hence, if the potential 
energy is put equal to zero at r = ©, it must be made more and more negative 
as r is decreased. 

Now let us write 


aoa itaZe 

pays Gb gy? 
that is, 

syed Ze? 

ae i (16) 

Then it follows from equations (12) and (16) that 
3 
me'mZ? 
These relations give the diameter of the orbit and frequency of revolution 

of the electron in its orbit in terms of the total energy W = — LE. 


So far no assumptions have been made regarding the manner in which the 
discrete stationary states are determined. According to classical electro- 
dynamics, the electron revolving in an orbit with frequency w would emit 
radiation of the same frequency, which in turn would cause the orbital diameter 
to decrease and the value of w to increase continuously until finally the electron 
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would fall into the nucleus. But the atom is a stable system, and according 
to Postulate B emission of radiation occurs only as the atomic system passes 
from one particular state of energy, Z,, to another of energy, EZ», and then 
the radiation emitted is monochromatic and of frequency 


E, — En 
dite h i 
It is therefore necessary to introduce some quantum condition by which 
the different possible values of H shall be determined for the different states. 
Accordingly Bohr postulated in his very first paper that the various orbits 
are defined by the condition that for any one of them the angular momentum of 
the electron in its orbit must be an integral value of h/27, that is 


nh 
Pn = M7rAn = 2 


rae le (18) 


where p, = angular momentum of electron in n-th orbit, a, = radius of nth 
orbit, and 7 is known as the quantum number. 

The deeper significance of this assumption will be discussed below. For 
the present let us consider the consequences of introducing the quantizing 
condition defined by equation (18). 

From equations (13) and (18) it follows that 


207 Tis Whe Wale 


I 
| 


Man = mv? > 


Hence 


o= : (19) 


Eliminating w between equations (17) and (19) it follows that 


27°e*mZ 
Wr= cc (20) 
From this it follows that in the transition from a state of higher energy 
level W, = — E, to that of lower energy level, W, = — H,, the frequency of 
radiation emitted is given by 


_ En — Ex Wi- Wn 


hg h 
Qre'mZ? | 1 1 
= he | 2 —— 2 | o 0-00 (21) 


Also, in the transition of the system in the reverse direction the frequency of 
radiation absorbed is given by the same relation. 
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It is evident that equation (21) may be written in the form 


: 1 il 
Di Pelee ee (22) 
where 
27e4m 
Lo (23) 


hs 


Substituting for e, m, h and c the corresponding values, and putting Z = 1, 
we obtain the following values for the very important spectroscopic constants: 
R = 1.0930 X 10®'cm., and Re = 3.2775 X 10" sec.-1. 

The remarkable agreement between this calculated value and that obtained 
from observations on spectral series constituted a great achievement and 
immediately attracted wide spread attention among scientific investigators. 

Simple Theory of the Hydrogen Atom. Energy Level Diagram: We can 
now represent, on the basis of the theory already outlined, Bohr’s model of 
the hydrogen atom and the manner in which the different line spectra are 
produced. 

In this case Z = 1, and hence the energy corresponding to an orbit of | 
principal! quantum number n is given by equation (20), that is, 
27?e4m Rech 


whe sn 


ee (24) 


In the normal state the electron revolves in a circular orbit of principal 
quantum number n = 1, while the so-called ‘ excited states’ (produced by 
absorption of energy) correspond to circular orbits of higher quantum numbers. 
From equations (14) and (15) it folllws that the diameter of the nth orbit is 
given by 


ie (25) 


and that consequently, as shown in Figure 11, the different orbits are repre- 
sented by co-planar circles whose radii vary as n?. 
Substituting the corresponding values for the constants in equation (25) 
we obtain the result 
2an = 1.061 XX 1078n? (cm.) 


This gives for the radius of the normal orbit (n = 1), the value 
a; = 0.58 XK 1078 cm. 
As the electron returns from one of the outer orbits (quantum number n) 


to the normal, or to some intermediate orbit of quantum number k, mono- 


1 This designation is used because as shown in subsequent sections, it has been found 
necessary in discussing more complex observations on spectra to introduce additional quantum 
numbers. 
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chromatic radiation is emitted of which the frequency, v, is given by equation 
(22). Corresponding to any fixed value of k, a definite series is obtained as n 
is varied from n = k+ 1 tohigher values. The following table gives the values 
of k for the different series of hydrogen. 


Ultraviolet 
Lyman Series 


Balmer Series 


Infra-red 
Paschen Series 


Ia. 11. Stationary States in Hydrogen Atom 


Series k n 
WAVINAU2 aerse-|eteteeo Rhett BLN oe > avd esd ere egaeks 1 2, 3, ete. 
ALCL cyt enchants pag okie Mere te hace antec sats acehou shore 2 3, 4, etc. 
PP ASCH P RES caters nO ieee oe he eo suaes oyaie 3 4, 5, ete. 
STACK OLE tortere se sie orice tte, Sine Gee a ers eCee LOT 4 5, 6, ete. 


The complete ejection of the electron from the atom must evidently require 
the amount of energy given by 


The atom is then said to be tonized and if this ionization is produced by collision 
of the atom with an electron of velocity v, we must have the relation 


2Q7*me4 
5 , (26) 


amv = Ve= 


where V; is the difference of potential through which the electron has been 
- accelerated in order to acquire the velocity v. Vis known as the tonization 
potential of atomic hydrogen and it is evident that its value ought to correspond 
to the limiting frequency of the Lyman series (that is, the value of vy for k = 1 


andn = ©), 
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The wave-length corresponding to the limiting frequency is given by the 
relation 


ey ee gals 5 (27) 


Using the values h = 6.554 X 107?” erg sec., e = 4.774 X 107 e.s.u.; 
2 4 
m = 9.00 X 1078; ae = 2.148 X 10 ergs = 13.50 volts; and A, (the 


12,345 gy _ 
V 


limiting wave-length) = 914.4 A. Thus, the ionization potential 


of the hydrogen atom should be 13.50 volts. 

The energy in volts required to remove the electron from its normal orbit 
(n = 1) to the next orbit (n = 2) is known as the first resonance potential. 
In accordance with Bohr’s theory, this is given by the relation 


2. 4 
Vee ee (+ = =) = 13.50 X 2 = 10.12 volts. 
() 


Actually values in agreement with these calculated values have been ob- 
served by several investigators.’ 

A convenient method of representing the various stationary states of an 
atomic system is that illustrated in Fig. 12 which shows the energy levels (as 
they are designated) for the hydrogen atom.* 

“Tn this case the total energy of the atom is a minimum when the electron 
is in the inmost orbit, quantum number 1. When the electron is displaced to 
infinity, or just outside of the sphere of influence of the core, which practically 
is a very small distance, the total energy is all potential and is a maximum. 
Between these two positions we have many orbits where the electron assumes 
intermediate values of the total energy corresponding to the quantum numbers 
n = 2,8, 4, etc. In general, it is more convenient to consider, instead of the 
total energy of the electron, the amount of work required to displace it from 
an inner to an outer orbit. Hence to the inmost orbit is ascribed the largest 
numerical value of the work, this being the work necessary to displace the elec- 
tron to infinity. Such a diagram is shown in Fig. 12. The first orbit, n = 1, 
corresponds to 215.6 X 107 ergs; 4 the second to 53.9; the third to 23.95, etc. 
That is, it requires 215.6 X 10-“ ergs to remove completely the electron from its 
inmost stable position in the hydrogen atom, and 53.9 X 10-¥ ergs to remove it 
from the second orbit, etc. The various series lines of hydrogen are shown in 


1A = Angstrom is a convenient unit of wave-length and has the value 1 X 10-8 cm. 

2K. T. Compton and P. S. Olmstead, Phys. Rev., 17, 45 (1921). O. S. Duffendack, 
Phys. Rev., 20, 665 (1922). 

3P. D. Foote and F. L. Mohler, The Origin of Spectra, p. 51. The Chemical Catalog 
Co., (1922). 

4 The values used by Foote and Mohler are based on slightly different values of the 
fundamental constants from those given above. 
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this diagram. For example, H, represents a transition from orbit 3 to orbit 2. 
Referring to the energy scale on the right, we accordingly find that this repre- 
sents an energy change of 3 X 10“ ergs. (This value is obtained by taking 
the difference between the energy values corresponding to the head and tail 
of the arrow marked a. Note that logarithms of energy are plotted on the 
left in order to obtain an open scale.) ”’ 
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Fig. 12. Energy Diagram for Hydrogen 


The aptness of the designation “ energy level”’ is evident from the fore- 
going considerations. As a matter of fact, the energy levels are usually 
plotted in terms of either wave-numbers or volts rather than ergs as in Fig. 12, 
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For spectroscopic measurements give \, the wave-length of a line, and from 
the identification of the series limit, the relation is obtained, 


where 7, denotes the limit of the series and y, varies for each member of 
the series. This relation corresponds to the Bohr relation 


he 
hy = Roe Wri- Wa; 


where Wz, and W, are expressed in energy-units. The conversion factors 
from wave-numbers into volts or ergs are given by the relations 


hyve = W = Ve 
or 
p 
Y= 3106 (volts) (28) 
and 


W = 1.963 X 10—*p (ergs): 


Spectral Series of Ionized Helium: In the case of singly ionized helium 
(Het) one of the two electrons has been removed and there is therefore left 
an atomic system in which a single electron revolves around a nucleus of charge 
Z= 2. 

From equations (20) and (23) it follows that the energy of the system for 
the electron in orbit of principal quantum number n is given by 


2?*Rch 


n? 


EL, = 


and that the frequency of any line in the spectrum of ionized helium is given by 


ne ( Uf sane ) i 1 
f “Vie ne) Re | (k/2)2 (n/2)2 

Accordingly for even values of k and n, lines in this spectrum ought to 
coincide with those observed in the case of hydrogen, and to a first approxima- 
tion this is actually found to be the case. 

A closer inspection shows, however, that there is a slight difference between 
the frequencies of corresponding lines in the two series, and the fact that Bohr 
was able to account for this difference must be regarded as another of the 
important achievements of his theory. 

In the preceding arguments the implicit assumption has been made that 
the mass of the nucleus is infinite as compared with that of the electron. 
Consequently we have considered only the motion of the electron about the 
nucleus. As a matter of fact, since the nucleus is not of infinite mass, both it 
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and the electron move in circles about their common center of gravity... There- 
fore, the energy differences for the different stationary states are slightly 
different from those calculated previously. If we denote the nuclear mass by 
M, it is found that in equation (23) the constant Rc is given by the more exact 


i 27? me! 4 Ieexe 
m m \’ (29) 
Bi 1+— a 
°( aa) ( a) 


relation (29) where R,, denotes the value derived in equation (23). Thus the 
observed value of the Rydberg constant depends on the ratio of the mass of the 
electron to that of the nucleus. 

From the differences in wave-lengths of the lines in the spectra of Het 
and H, Paschen derived the value e/m = 1.768 X 107 e.m.u. A more recent 
investigation by W. V. Houston,? results of which have been discussed in detail 
by R. T. Birge,’ has led to the values for the Rydberg constants, 


Rye = 109722.403 + 0.004 em.+, 
Ry = 109677.759 + 0.008 em. 


If we introduce these values into equations (23) and (29) we obtain the 


values 
Myz/m = 1840; e/m = 1.7608 + 0.0008. 


The last result is in excellent agreement with that derived from the Zeeman 
effect. (This is discussed in a subsequent section.) 
Finally from these values for the Rydberg constant it follows that 4 


Re = 109737.42 + 0.06 cm.+ 


Principle of Correspondence: Let us now consider in the case of the hydrogen 
atom the transition between two orbits of quantum numbers n and n + An 
where n is a very large number and An represents a very small integral incre- 
ment. The frequency of radiation emitted or absorbed in this transition is 
given by 


nae 1 
Rare Sale aie An)? 
2° An 


ne 


——e Ga ? (30) 


for n very large compared with An. 


1See A. Sommerfeld: Atombau, p. 14 for details of the calculation. 

2 Phys. Rev., 30, 608 (1927). 

3 Phys. Rev. Supplement, 1, 1 (1929). 

4 This is the value deduced by Birge as a result of critical examination of all the data 
available. 


1160 A TREATISE ON PHYSICAL CHEMISTRY 


But from equation (19), it is seen that the frequency of revolution of the 
electron in the n-th orbit, 


PN DARE 
tial Bh oy) ak, 31 
een | ni oe 
Therefore, 
y=a-An. (32) 


Hence, it follows that in the limit, for very large quantum numbers, and 
therefore for very low frequencies of revolution of the electron in its orbit, the 
frequency of radiation emitted or absorbed in a transition for which An = 1, 
is equal to the frequency of revolution of the electron in its orbit, while for 
An = 2, the spectroscopic frequency is twice the frequency of revolution, and 
so forth for An = 8, etc. 

Table V1 gives numerical illustrations of the relationship between the 
spectroscopic frequency, vs, and frequencies of revolution in initial and final 
states for different values of n. 


TABLE V 
Initial Final Initial Spectroscopic Final 
Quantum | Quantum Frequency Frequency Frequency 
No. No. of Revolution vy of Revol’n 
n+An n a’ wl! 
2 1 0.82 X10 sec. 1 2.47 X1015 6.58 X10 
10 9 6.58 K 1012 7.72 X10” 9.02 1012 
30 29 2.44 X10" 2.56 X10" 2.70 X10 
30 28 5.41 X10" 
11 
2.44 X10 {pe een its 3.00 X10 
1000 999 6.58 X108 6.59 X108 6.60 X108 


“Tt is to be observed’? Van Vleck remarks, “ that in a one quantum 
transition, the spectroscopic frequency is to be compared with the fundamental 
revolution frequencies, while in a two quantum leap (illustrated in the next 
to the last row) the comparison must be made with the octaves or first har- 
monics 2m’ and 2w’’. In a three quantum transition, we would have 
38w’ <v < 3w”, etc.” 

The relations between w and py illustrated numerically in Table V may 
also be represented graphically as emphasized by H. A. Lorentz. Since 
W, = Rch/n?, it follows from equation (31) that 


yp = = 5 ee (33) 


If Z, for the hydrogen atom is plotted against n as abscissa, the points 
representing the different stationary states are found to lie on a curve such as 


1J., H. Van Vleck: Quantum Principles and Line Spectra, p. 25. 
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that shown in Fig. 13.1. Two adjacent levels are represented by E’ and es 
and the frequencies of revolution in the corresponding orbits are denoted by 
w’ and w’’. According to equation (33), 
the slope of the curve at each point, 


dE/dn = he, 


and hence is proportional to the correspond- 
ing frequency of revolution. 

For An = 1, vy is obtained from the re- 
lation 


y 6 
AE = HE’ — E” = hy, Re ft ae i Pp Ot 6h? 
TOTAL QUANTUM NUMBER [2 

that is, from the slope of the line joining ee HS: a elation ica ee 
the two points, as shown in the figure. It Re ee ae 
: Z radiation (v,), illustrating Correspond- 
is evident that for very large values of n the ence Principle 
slope of the secant approaches asymptot- 


ically the value of the slope at either point, that is, 


vp = ow =", 

Now according to classical theory, as has been stated previously, any 
periodic motion of an electron or oscillator should give rise to radiation having 
the same frequency or a combination of this frequency and simple harmonics. 
Therefore an electron rotating about a nucleus with given frequency w should 
radiate energy of the same frequency, and no other. If the motion of the 
electron is multiply periodic, that is, may be represented as a combination of 
different frequencies w1, we, etc., then the emitted radiation should also contain 
these frequencies. 

The longer wave-lengths of radiation are emitted according to Bohr’s 
theory because of transitions between adjacent orbits of large quantum 
numbers, that is, orbits in which the frequency of revolution of the electron is 
low. Hence the observation that for such transitions the frequency of radi- 
ation emitted approximates more and more to the frequency of revolution of 
the electron shows that under these conditions the Bohr theory and classical 
theory tend to give the same results. This is analogous to the observation 
made in a previous section that for longer wave-lengths in black body radiation 
the Jeans-Rayleigh equation, which is based on classical theory, yields practic- 
ally the same results as the quantum theoretical expression derived by Planck. 

Bohr has stated this conclusion in the form of a generalization which he has 
designated as the Principle of Correspondence. It is merely a statement of the 
assumption that in the limit, for very low frequencies of radiation, the results 
obtained by the quantum theory must be in quantitative agreement with those 
obtained on the basis of classical theory. The principal application of this 
principle by Bohr has been the determination of the correct form of quantum 


1P. D. Foote: J. Franklin Inst., 198, 344, 517 (1924). 
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theoretical conclusion for a given problem by comparison with the expectation 
based on classical theory. In other words, given the answer in terms of the 
classical theory for the case of low frequencies, the form of the quantum 
theoretical solution is also obtained, since the two solutions must be in agree- 
ment in the region of large quantum numbers. 

While various applications of this principle will be mentioned in subsequent 
sections, it is of interest to indicate one such application, viz., to the problem 
of the hydrogen atom. 

As shown in the foregoing section, classical mechanics leads to the relation 


[20,3 
On N etm Ce 
Now the observations on spectral series lead to the Ritz-Rydberg law, 


1 1 
y= Re a aera | (6) 


and in terms of Bohr’s theory this signifies that the energy of the system in 
the n-th state is given by 


— Ey, = Wa = Reh/n’. (9) 


For a transition between two adjacent states of very large quantum 
numbers, n and n + 1, 


WANG 
yp = 2Re/n3 = i ie . 


(35) 


But, applying the Principle of Correspondence, we have w, = v and con- 
sequently from equations (9) and (35) 
_ 2he  2Wa 


Titties Dota bach yk o 


Hence from (34) and (36) it follows that 


2re'm Rech 


W.= (24) 


nh? n> 


The same result can also be obtained more directly by applying the relation 


(33) 


Hence 


Integrating this equation, and putting the integration constant equal to 
zero (which is implied in Bohr’s postulates), we obtain equation (24). 
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By comparing this with the spectroscopic term, W, = Rch/n2, the same 
conclusions follow as have been derived above. 

These results were obtained in the previous section by introducing a quan- 
tizing condition for the angular momentum in order to determine the discrete 
values of W. In the above derivation, as will be observed, this assumption is 
not introduced, but in its place application is made firstly of the observations 
on the form of spectral series, interpreted by Bohr’s postulate of energy levels, 
and secondly of the Principle of Correspondence. 

Significance of Quantum Condition. Phase Integral: The assumption 
introduced by Bohr that the angular momentum of the electron must vary by 
integral values of h/2m for the different discrete 


: re : esx =— 
states of the atomic system is, in reality, another Oo 
method of expressing Planck’s assumption that the ee os ha 
energy of a linear oscillator is always an integral Fie. 14. Instantaneous 
multiple of hv. and maximum amplitudes 


of vibration for linear har- 


“ : 1 ° : 
In Fig. 141 let a particle of mass m vibrate RRA ae 


with simple harmonic (linear) motion about a center 
O with an amplitude A and a frequency v. The displacement x at any in- 
stant is given by 

z= A Sin 2rvt, (37) 


where ¢ is the time measured from an instant when the particle is at the center O. 
The energy F of the system oscillates between all kinetic at O and all potential 
at maximum displacement. Planck’s assumption was that the oscillator could 
have energy only in multiples of hy, i.e., that 


E = nh, (38) 
where n is an integer. 
“The total energy of the system is obtained by computing the kinetic 
energy EH = $(mv%max.) at mid-position. Since 


dx 


) = — — 2rVA cos 2rvt 
dt (39) 
and 
ne, == Pane, 
Therefore 
E = 4mvnax. = 27°v? Am. (40) 


‘“‘ Ag the particle oscillates, its momentum pz changes from zero at maximum 
displacement P to a maximum at midpoint O. The momentum at any point 
in the path is given by 


d 
D2 = me = 2rvAm Cos 2rvt. (41) 


1 This discussion and Figs. 14 and 15 are taken from F.. K. Richtmeyer’s ‘‘ Introduction 
to Modern Physies,”’ pp. 347-348. 
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“ Now, plot a curve (Fig. 15) with p, as ordinates and the displacement x 
as abscissae. The figure can readily be shown to be an ellipse. The area, S, 
of the figure is obviously given by 


S= fi pa2, (42) 
(ian ease ; taken over the complete cycle. Since 


dx = 2rvA(Cos 2rvt)dé, (48) 


y=) 


i uations (41) and (42 
Fig. 15. Relation between we have, using equations (41) (42) 


momentum and displacement t=1/p 
for linear oscillator AeA? if Cos?(2rvt)dt. (44) 
t=0 
Therefore 
S = 2nvmA?. (45.4) 


If we write equation (45A) in the form 


Q7?v?m A 


Vv 


Re (45B) 


and combine with equations (40) and (38), we can write the last equation in 
the form 


Sie PNP aaa Its (46) 


where £ means ‘ integration over a complete cycle.’ 

“That is to say: On the basis of Planck’s hypothesis, as given by equation 
(38), the integral [p,dz, taken over a complete cycle, can take on only a series of 
values obtained by multiplying the universal constant h by the integers 0, 1, 2,3.+°°. 
In terms of Fig. 15, this means that out of an infinite number of ellipses 
geometrically possible, we have a limited number; one ellipse for n = 1, another 
for n = 2, another for n = 3, etc. The area between successive ellipses is 
numerically equal to h. The integral in equation (46) is spoken of as the 
phase integral. We may assume, however, in accordance with the heuristic 
methods of applying the quantum conditions, that an equation of the type of 
equation (46) is generally applicable wherever with any coérdinate q (corre- 
sponding to x) there is associated a momentum 7 (corresponding to pz), so that, 
in general, we may apply to the coérdinate g and the corresponding momentum 
p the integral 


SF pag = nh.” (47) 


In fact, this very important conclusion which was derived independently 
by Wilson and Sommerfeld, may be derived from the Principle of Least Action 
in ordinary mechanics, which states that for any (conservative) dynamical 
system, with constant energy, the value of /pdq taken between the initial 
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and final points on the path is a minimum (and therefore eonstant). The 
integral defines the “ change in action”. Hence, for a periodic type of motion, 
SF pdq should also be a constant; and therefore the assumption made in the 
quantum theory is that this integral has the value nh, since h also has the 
same dimensions as the product, pq. 

From equation (44) above it also follows that this integral can be expressed 
in the form 


1/p 
ij 2Tdt = nh, (48) 
0 


where T is the kinetic energy at any instant. This equation also follows from 
the more general relations, 


1/p 1/p 
i 2Tdt = if mv: vdt = £p- dq. (49) 
0 0 


For an electron revolving in a circular orbit, the kinetic energy is constant, 
since the orbital velocity is constant. Hence, in accordance with Planck’s 


condition 
1» w 
ff 2 — nh 
0 
That is, 
mv * v/a = nh 
But 
v = 27raw 
Therefore 
nh 
moa =o, 


which is Bohr’s statement of the quantum condition for this case. 

The quantizing condition expressed in (46) may be extended to systems 
possessing more than one frequency of motion (or degree of freedom), and if 
these frequencies are independent (conditionally periodic systems), then it is 
postulated that for each of these types of motion, we must have 


Ff pidqi = nih, (50) 


where n; may be a different integer (not necessarily so) for each of the different 
types of motion. 

Spectral Series: While in the case of atomic hydrogen and ionized helium 
the different spectral terms may be designated (to a satisfactory degree of 
approximation) by integral values of a single quantum number n, this is no 
longer possible in the case of other elements. In fact, in order to account for 
the spectral structures observed for the latter and also for the behavior of the 
spectral lines in magnetic and electrostatic fields, it has been found necessary 
to introduce three other quantum numbers (hence the designation of principal 
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quantum number for n) by which each spectroscopic term or corresponding 
energy level in the atomic system is defined. 

As a typical spectrum we may consider that of sodium, for which it has 
been found that the spectral lines can be classified into four different series. 
For each series the wave-number (designated here by v) of any member can be 
represented by a formula which is very similar to that derived by Balmer for 
hydrogen, that is, as the difference between a term (L) which is constant for 
all lines in the same series and a variable term. The formula derived by 
Rydberg is of the form 


(51) 


where RF is the Rydberg constant, while m is an integer * whose value increases 
from 1 or 2 by unity for each successive member of the series as we proceed 
from those of longest wave-length (lowest wave-number) to those of higher 
wave-number. JL evidently represents the ‘‘ limit ”’ of the series, corres pond- 
ing to m = ©, and a is (approximately) constant for the different members 
of the same series. 

The four series of lines are distinguished by the differences in values of L 
and a, and are designated as follows: 


Principal Series: -= R | — ar | ; m = 2, 3, ete. 

Sharp Series: ae R leo — | . m =-2, 3, ete. 
nN (2+ p)? (m+s) ; 

Diffuse Series: us R | — a | m = 8, 4, ete. 
nN (2+p)? (m+d)? }’ we 

Fundamental ! Series: - R Fes, - | m = 4, 5, ete. 
» (Biss) erect J) ali aes 


s, p, d, and f designate the particular values of the constant a of equation (51) 
for each series of terms. 

It will be observed that the diffuse and sharp series have the same limit 
L = R/(2+ p)*, which is the first member of the p-series of terms. The 
limit of the principal series is the first member of the s-series of terms, while 
the limit of the fundamental series is the first member of the d-series of terms. 

Table VI gives the values of \, v and m for a few of the lines of the 
principal series. The column under mp gives the values of the corresponding 
terms, obtained as the difference between the wave number of the line and the 
limit of the series. 

R R 1 


(m+ py (A +s)2 X 


* This use of the letter m should not be confused with the symbol for mass of electron. 
1 Also known as Bergmann series. 


(mp) = 
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The column under n gives the values of the principal quantum numbers for 
these terms as determined from considerations based on the electronic con- 
figuration of the sodium atom; mem is the value of the effective quantum 
number, derived from the relation 


R 
Ne = ee VEX 


while a; = n — Meg, and is known as the “quantum defect.” The sig- 
nificance of the values in the last two columns is discussed in a subsequent 
section. 


WAVE -NUMBERS OF LINES OF PRINCIPAL 
SERIES(/F — 17%) iN SODIUM 


2, 
SPECTRAL NOTATION: 35—2 iy ys 


LUT OF SERIES, ¥S= 4/449.00 om 


a 28 32 


oe: 


Fie. 16. Wave numbers of lines of principal series in sodium 


TABLE VI} 

oN p m (mp) n Nett Qk 
5890 16973 2 24476 3 2127 0.873 
3302 30271 3 SIL 4 3.148 0.852 
2853 35043 4 6406 5) 4.158 .842 
2680 37298 6 A161 6 5.164 .836 
2464 40565 il 883 12 11.19 81 
2426 41203 21 245 22 21.25 AD 
2418 41342 32 106 33 
2413 41449 oo 0 

| 


1 This table really gives only the mpi lines and terms of the series. Furthermore, although 
the values of \, 7, etc., have been determined to a much higher degree of accuracy, the 
nearest integral values only are givenin the table. For further details on the accurate values 
of the terms and wave-numbers of lines, the reader is referred to the following publications: 

A. Fowler: Report on Series in Line Spectra, London (1922) and F. Paschen and R. Gétze, 
Seriengesetze der Linienspektren, Berlin (1922). 
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Fig. 16 gives a plot of the values of » versus m, and shows graphically the 
existence of the limit of the series, » = 41448.59. 

The formulae given on p. 1166 for the different series are usually written by 
spectroscopists in much briefer form as follows: 


1 

Principal series: c= (1s) — (mp). 
; 1 

Sharp series: i (2p) — (ms). 
, . 1 

Diffuse Series: nes (2p) — (md). 
: 1 

Fundamental series: ce (3d) — (mf). 


In the older spectroscopic notation, Greek letters were used for the series in the 
alkali metals, while upper and lower case ordinary letters were used for similar 
series in the alkaline earth group. At the present time, as will be explained 
subsequently, this notation has been replaced by a much more rational system, 
of which the “ spectral notation ” for the principal series as given in Fig. 16 
is an illustration. 

As mentioned already, the value of the “ constant ”’ a varies slightly for 
different members of the same series. Thus, in Table VI, if a were actually 
constant for the different members of the series, a, would be a constant for 
all of them. Consequently, the simple Rydberg formula may be regarded as 
only a first approximation, and other more accurate formulae have been used. 
Thus, the equation developed by Ritz for spectral terms is of the form 


(as 


a R 
"fm + + f(m, a)}? 


where f (m, a) denotes a small correction term whose value is a function of both 
manda. Hicks has used a modification of this expression of the form 


R 


a 27 
mt+a+(*) 
m 


The spectroscopic lines observed for sodium are thus derived as differences 
between terms, each of which falls into one of the four series known as the 
s, p, d, and f terms respectively. In accordance with Bohr’s point of view, 
these must correspond to four different sets of energy levels in the atomic 
system, and Fig. 17 shows these levels arranged in columns with the transitions 
(indicated by diagonal lines) between them which give rise to the observed 
spectral lines. The wave-lengths and wave-numbers of the first lines in the 


yz 
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principal, diffuse and fundamental series are indicated. The integer attached 
to each term gives the value of n as determined from the electronic configura- 
tion of the atom; the extreme left hand column gives values of v, while the 
next column gives the corresponding 
value of the energy level in volts. 
Thus, the ionizing potential or en- 
ergy required to remove the valence 
electron of sodium from its normal 
orbit (8s) to infinite distance is 5.13 
volts, while the resonance potential, 
or energy required to transfer the 
valence electron from its normal or- 
bit to the first orbit in the excited 
Statcmn (37) MmSmrOs! Omi. ()l——s2 a1 
volts. 

It will be observed that as the 
series are arranged, transitions occur 
only between terms in adjacent col- 
umns. This we will find is of extreme 
significance in the determination of 
a second or so-called azimuthal quan- 
tum number (k or 1= k — 1), the 
value of which is indicated at the 
top of each column and which will 
be discussed below. 

In accordance with the present 
spectral notation, capital letters S, Lae ee 
P, D and F will be used in the fol- Pia nee 
lowing discussion to indicate the . =D : QFFUSE 
terms (or levels) which have been re- 
ferred to previously by small letters. ae 

In the case of all the alkalies, the Fie. 17. Energy levels and transitions in 

j : spectrum of sodium 

spectral lines emitted are of the same 

four types asfor sodium. Furthermore, more careful spectroscopic observations 
have shown that what appear to be single lines under low dispersion are actu- 
ally constituted of two lines very close together. The most famous example 
of this doublet structure is furnished by the two D-lines of sodium (A = 5889.63 
and \ = 5895.93 A). These are really due to transitions between the normal 
or lowest S level, and two levels of nearly the same wave-number belonging 
to the P series. It has thus been found necessary to assign doublet structure 
to the P, D and F terms. Assuming the validity of Bohr’s theory regarding 
the origin of the various lines, it is therefore necessary to assume that P, D 
and F levels occur in pairs, with the two members of each pair having nearly 
the same energy value. 

In still more complex spectra we have not only doublets, but multiplets of 
higher orders, extending to the order eight in elements of the manganese group. 


ksi ele ke!3 Azg 
4-0 on/ Lie 2. 


Sd 
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It is thus evident that the simple theory of energy levels designated by 
one quantum number, n, developed for the hydrogen atom, can not account 
adequately for these observations on the spectra of other atoms. The atom- 
model which gradually developed during the period 1916-1925 and which was 
based largely on the suggestions of Sommerfeld, Landé, Hund and others, 
offered a fairly satisfactory qualitative representation of the spectroscopic 
facts and served an extremely useful purpose in correlating an immense number 
of observations. However, the model finally became rather “‘ top-heavy,” 
as it were; it could not be brought into agreement with the laws of ordinary 
mechanics, and inconsistencies developed. Hence arose the necessity for a 
fundamentally new point of view and the consequent evolution of a new 
mechanics of atomic structure. 

Elliptic Orbits. Azimuthal Quantum Number: In the theory of the 
simple hydrogen atom discussed above, the electronic orbits were regarded as 
circular. However, in the general 
case of motion under the action of a 
central force varying inversely as 
the square of the distance, the path 
is an ellipse with the central (much 
larger) body at one of the foci. 
While the complete discussion of the 
motion is reserved for a subsequent 
section, only those conclusions will 
be mentioned which are of import- 

Fig. 18. Illustrating elliptic orbit of electron @NCe in the interpretation of spec- 
troscopic terms. 

In Fig. 18 let the path of the electron be the ellipse of semi-major axis, a, 
and minor axis, 6. The eccentricity, ¢, is defined as the ratio c/a, where c is 
the distance from center of ellipse to one of the foci. The motion is best 
described in terms of the polar coérdinates: the radius vector, 7, and @¢, the 
angle described by the radius vector. The tangential velocity v at any point 
has as components: the radial velocity dr/dt = 7, and a component at right 
angles to this, equal to rd¢/dt= rd. The corresponding components of 
momentum are 


Pr = mr, (52) 


Po = mrd. (53) 
where m = mass of electrons. 
From Kepler’s second law of motion (radius vector describes equal areas in 
equal intervals of time) it follows that pg = constant. 
Now Sommerfeld applies to each of these momenta the quantum condition 
for the phase integral, equation (50), so that 


SF psd = kh, 
SF pdr ca nh, 
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where kis an angular or azimuthal quantum number, and n, is a radial quantum 
number. 

The state of the atom is defined by a total quantum number, n=k+n,, 
the number n being identical with the quantum number previously used for 
defining the state of the atom with circular orbits. 

Now, writing the equation for the ellipse in terms of r and 4, it is possible 
to calculate the values of the two phase integrals,! and it can be shown that 


1 - & = /n’, (54) 
and 
Le? 
E= — one (55) 
hh 27?mZ*e4 27?mZ7e4 
~ We eon,)? 7 Bere 
RchZ? 
ert ne” (56) 


while the frequency of revolution is given by 


(57) 


This is merely a statement of Kepler’s third law of motion that the square of 
the period of revolution varies as the cube of the major axis of the elliptic 
orbit. From (55) and (56) it follows that 


Do iy? ia 58 
han 27*Zerm ) 
and from (54) it may be deduced that 
eae 59 
pea (59) 


Equation (55) shows that the energy of the atom is dependent only upon 
the value of the major axis and therefore independent of the eccentricity, and 
from (56) it follows that, as in the case of the circular orbit, the energy is 
expressed in terms of a single quantum number, n. Apparently there is no 
gain in introducing a second quantum number, k. 

However, this conclusion is only valid if the electron revolves in a simple 
Coulomb field. If, on the other hand, the attractive force acting on the 
electron is not constant for different points on its orbit, the motion can no 
longer be described as a simple elliptic orbit, but becomes more complex. This 
is the case when the number of electrons in the atomic system is greater than 
one. For then we must take into account the fact that the particular electron 
whose transitions we are considering is acted upon not only by the nucleus, 


1See Sommerfeld’s Atombau, p. 122, et seq. 
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but also by all the other electrons external to the nucleus. This electron, 
which is effective in producing the radiation, corresponds ordinarily to one of 
the valence electrons, and it has been designated by German writers as the 
** Leuchtelektron.” 

Now, in the normal state, this electron as it travels in its orbit will pass 
very close to the nucleus at one point on its path (perihelion position) and 
will there be acted upon by an effective charge Z, which is the difference between 
the charge on the nucleus, N, and the negative charge on the electrons which 
are located between the leuchtelektron and the nucleus. On the other hand, 
if the orbit is very eccentric, then the effective charge acting on this electron 
when it is farthest from the nucleus (aphelion position) will be practically 
Z = 1, since all the other electrons 
will act as a screen between nu- 
cleus and leuchtelektron. 

Under these conditions the force 
acting on the electron may be re- 
garded as constituted of a Coulomb 
field of force wpon which is super- 
imposed a perturbing central force. 
In consequence of this, the orbit 
will no longer be simply periodic, 
that is, characterized by one fre- 
quency, w:. Owing to the perturb- 
ing action of the extra field there 
will occur, as may be deduced from 
dynamical considerations, a uni- 
form precession in the orbital 
Fig. 19. Rosette showing precession of elliptic plane, the precessional frequency 

orbit being represented by w2, and the 

path of the electron will have the 

form of a rosette as shown in Fig. 19. The value of w: will obviously vary 

with the eccentricity of the ellipse and therefore it will be expected that dif- 

ferent elliptic orbits having the same value of the major axis, and therefore 

the same quantum number n, will necessarily possess different values of the 
total energy because of the different frequencies of precession. 

On the basis of the Corresponcence Principle, it follows that the frequencies 
w; and w» will be related to the total energy by relations of the form 


ad 


loz 

oR LE FOO (60) 
10E 

hak ey) 


That is, # is a function of both n and k, and therefore the frequency of light 
produced will be given by a relation of the form 
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hy = E(m, ki) — E(no, ky) (62) 


where E(n, k) denotes the energy in each state as dependent upon the values 
of n and k. 

According to equations (54) and (59), the eccentricity and ratio of minor 
to major axis of the elliptic orbits can assume only those values which are given 
by integral values of k and n. Furthermore, it is evident that the minimum 
value of k is 1 (for an orbit of large eccentricity), while the maximum value is 
k = n (a circular orbit). Thus, corresponding to different values of n, there 
will be the following possible values of k (or 1 = k — 1). 


Value of n k U1 Major Axis Minor Axis 
il 1 0 a a 
2 1 4a 4a 
1 10) 2a 
3 3 2 9a 9a 
2 ul 6a 
1 0 3a 
4 4 3 16a 16a 
3 2 12a 
2 1 8a 
1 0 4a 


The different orbits are illustrated in Fig. 20, a; designating the radius of 
the normal orbit in the H atom. Actually these orbits will be situated with 
respect to the nucleus as shown in Fig. 21, where it should be noted that the 
scale for 6 is one quarter that for a, and for c, one ningth, and so forth as 7 is 


@ b Cc d a b GC d 
i~ FAX WR 
Gay Ee 
ao, YE 7 SZ 
“ay 4g 54 164, Me n=2 ne2 71-4 
Fie. 20. Circular and elliptic orbits for Fig. 21. Orbits for different values of n 
different values of total quantum number (7) with nucleus at focus of ellipse 


increased. From this it follows that the smaller the value of & for given values 
of n, the nearer the electron will approach the nucleus at perihelion. It would 
therefore be expected that the perturbing effect of electrons revolving in orbits 
very close to the nucleus will be greatest for orbits for which k = 1, and least 
for orbits for which k = n. 

We thus arrive at a distinction pointed out by Bohr between non-penetrating 
or hydrogen-like, and penetrating orbits. As an illustration of the application 
of these ideas, we shall consider the normal orbit of the valence electron in 
sodium for which, as will be shown below, n = 3, k = 1. The atom has a 


1 This has replaced k in the new mechanics. 
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nuclear charge N = 11, and therefore has 11 electrons revolving around the 
nucleus. If we consider the structure of the ionized atom (Na*) the electron 
configuration resembles that of neon, which has ten electrons. ‘ As shown 
by X-ray data, two of these electrons are bound closely to the nucleus, in a 
configuration resembling helium, and the other eight revolve in larger orbits. 
Data from many sources suggest that these eight outer electrons pair off 
symmetrically as far as their effects a short distance from the atom are con- 
cerned, so that the field just outside the neutral neon atom decreases inversely 
as a high power of the distance. Accordingly the field just outside the sodium 
ion is practically equivalent to that of unit nuclear charge (Z = 1). For 
purposes of rough computation we may therefore represent the sodium atom 
with the valence electron in its normal orbit in the following manner. The 
two innermost electrons partially neutralize the nuclear charge, leaving a net 
nuclear charge of + 9. This is surrounded 
by a rigid shell of negative charge repre- 
senting the eight outer electrons of the 
kernel (residue of atom after removal of 
valence electron). The normal orbit pene- 
trates this shell as illustrated in Fig. 22. 
Outside the shell the valence electron is 
acted upon by unit positive charge, and 
the field is strictly of the Coulomb or 
hydrogen type. After the electron pene- 
trates the shell, it is subjected to a Coulomb field due to a positive charge of 
nine units. Such orbits are mathematically calculable and have the general 
form illustrated. The complete orbit consists of a series of outer and inner 
loops, each loop being elliptical. Precession of the orbit occurs entirely within 
the uniform shell of charge.” ! 

It is evident that for the same value of n, the value of W will increase with 
decrease in k, owing to increase in the effective value of Z, and the increased 
binding of the electron. It is therefore on the basis of such considerations 
that the different series in sodium and allied elements have been assigned 
different values of k, or (1), as shown in the following table: 


Fig. 22. Penetration of inner 
“ shell’’ of electrons by valence elec- 
tron in sodium 


Series of Terms Designation k l 
Sharp ss ch)oosscdct hoo e eee ee S 1 0 
IBTinGi pal wena. teat te Sica eer eee ere P. 2 1 
MDI USE hy. hcec ene ashe sie ce eR ee ne ne ee 7D) 3 2) 
Bundamen tal’ wo 25 2a) ns eke ee F 4 3 


The last column of the table gives the value of 1 = k — 1, the subsidiary 
quantum number which is used in the new mechanics, instead of k. We may 


1This quotation and Fig. 22 are taken from the paper by P. D. Foote; J. Frank. Inst., 
198, 344, 517 (1924). 
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now proceed to show that this assignment of k- (or J-) values to the different 
types of terms is in accord with deductions from the actual values of the terms. 

In a previous section, mention has been made of the Rydberg formula, 
R/(m + a)’, for terms in are spectra. The values of m assigned in accordance 
with this relation by spectroscopists are less than the values of the principal 
quantum number, m, which it has been found necessary to assign to these 
terms in accordance with the conclusions on the electronic configurations in 
atoms (as is observed from Table II). The reason for this is evident from the 
following considerations: 

Let n denote the real quantum number and Z.r;, the effective value of the 
charge acting on the electron. Then, to a first approximation 


RechZ os. 
Watts Taper 
n 
or (v) = RZ*.4;./n?. It is, however, much more convenient to consider that 
for both types of orbits Z = 1 when we are dealing with are spectra. Hence, 
since W or (v) has a perfectly definite value, we must write 


OW nal aaah SRT eae (63) 


That is, a calculation of ner, from the value of (v) gives a value which is 
less than » by the amount agz, the latter being known as the “ quantum 
defect.” 

If now we calculate the values of nere.. and a; for the lowest terms in the 
four spectral series of the alkali metals, and compare these values with those 
of as derived from considerations of electronic distribution, we obtain the 
results shown in Table VIL. The values of ness. were derived from the spectro- 
scopically measured wave-numbers of the terms by the relation 


nett, = V109,722/9. 


It will be observed that the values of the quantum defects decrease as we 
pass from S to F terms, i.e., as & (or 1) increases. Now from the foregoing 
considerations it is evident that a d-term (k = 3) will occur for the first time 
for a term having n = 3. This will correspond to an approximately circular 
orbit, of the non-penetrating type. We would therefore expect that for such 
an orbit the value of ner, would be approximately the same as that of n. 
Similarly the first F-term will appear for n = 4, and this will correspond to a 
non-penetrating orbit, so that for this term ‘nes. is practically equal to n. 
On the other hand, for a term having the quantum numbers n = 4, k = 1, 
corresponding to a penetrating orbit of high eccentricity, the value of ay 
should be very large, as is seen from a comparison of the values for S and F 


terms for potassium. 
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TABLE VII 

Atom S ite D FP 
H n 1.00 2.00 3.00 4.00 
n 2.00 2.00 3.00 4.00 
Li Neff 1.59 1.96 3.00 4.00 
ak 0.41 0.04 0.00 0.00 
n 3.00 3.00 3.00 4.00 
Na Neff 1.63 2.12 2.99 4.00 
ak Asie 0.88 0.01 0.00 
n 4.00 4.00 3.00 4.00 
Kk Neff see 2.23 2.85 3.99 
ak 22205 evaee 0.15 0.01 
n 5.00 5.00 3.00 4.00 
Rb | Neff 1.80 2.28 ORE 3.99 
ak 3.20 Dh 0.23 0.01 
n 6.00 6.00 3.00 4.00 
Cs Neff 1.87 2.33 2200) 3.98 
(oan 4.13 3.67 0.45 0.02 


It was such observations, in fact, on the values of a, for different terms, 
which led Bohr to the correlation of orbital type and value of k. Fig. 23 taken 


Fie. 23. Energy levels in spectra of alkali metals compared with those of hydrogen 


from Hund’s book shows graphically the various terms (expressed in wave- 
numbers) in the spectra of the alkali metals compared with those for H. The 
numbers attached to each term give the corresponding value of n, while the 
value of nets, may be obtained from that value of n for H which corresponds to 
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the same value of the wave-number, 7.!_ The value for the lowest term in 
H (% = 109,678) is not shown on the diagram, but indicated by the arrow.’ 

The values of n for the normal orbit of the valence electron (lowest energy 
level) increase by unity as we pass from the elements of low atomic number to 
those of higher. The reasons for assigning these value to the particular atoms 
are based partly on spectroscopic data such as those discussed above, but to 
an even greater extent on X-ray data, which will be discussed in a subsequent 
section. 

Selection Principle: According to the Bohr theory, every line in a spectrum 
originates as a transition between two energy levels. Is the reverse true? 
That is, given two different levels, is a transition between these levels always 
possible? The answer is given by observations such as those on the spectral 
series in sodium. There it is observed that only those transitions occur for 
which the change in k, Ak = + 1, while there is no limitation whatsoever as 
far as changes in the value of m are concerned. Thus we have the transitions 
corresponding to SP; PS; DOP, FD, that is, between levels in 
adjacent columns, but no transition between levels in the same column or 
between say S and F levels, or F and P levels (except under certain special 
conditions). 

As an example, let us consider the case of two stationary states for which 
the principal quantum numbers are n; = 3, m2 = 4 respectively. Corre- 
sponding to ni = 3 there are three levels with 


the values k = 1, 2 or 3, and similarly for kn 
m2 = 4 there are four levels. From the theory es 
of combinations we would expect 12 transi- - a 


tions. Actually only those five transitions oc- 
cur which are indicated by arrows in the dia- 
gram, Fig. 24. 3 

Thus we obtain a rule or Selection Principle }s 
AAO RAs AIC i Og : ; Fia. 24. Application of selec- 

The only transitions which are ordinarily 45, a riieiblade arnt ialnaae 
observed in spectra are those for which k changes tum numbers 
by unity, t.e.. Ak = +1. 

It is the existence of this selection principle that leads to the possibility 
of sorting out spectral terms into adjacent columns such as those shown in Fig. 
17 for sodium and Fig. 23 for the alkali metals. Since the values of & for 
adjacent columns differ by unity, only those lines occur which correspond to 
transitions between levels in adjacent columns. 

Thus the selection principle in combination with the Ritz-Rydberg com- 
bination law enables us to derive the various spectral lines from the values of 
the energy levels or spectroscopic terms. 

1 The diagram also shows the doublet p and d levels which are discussed in a subsequent 


section. 
2 These relations between n and ner¢ were first presented, in a slightly different form from 


that shown in Fig. 23, by N. Bohr: Ann. Physik, 71, 228 (1923). This paper is a noteworthy 
contribution on the subject. 
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In the new wave-mechanics, as mentioned already, the quantum number & 
is replaced by 1 = k — 1, and the’selection principle, which now takes the form 
Al = +1 is derived in a very obvious manner as a necessary mathematical 
condition for the solution of a wave equation representing the revolution of 
an electron about a nucleus. But, in the original formulation of the theory 
of the origin of spectral lines by Bohr, this principle was deduced by him as a 
consequence of the application of the Principle of Correspondence. While this 
method of deriving the selection principle may be regarded now as largely of 
historical interest only, it is of importance because it illustrates once more the 
analogy between deductions based on classical electro-dynamics and the actual 
quantum phenomena for low frequencies of radiation. 

In deriving the value of the Rydberg constant in a previous section, use 
was made of the fundamental idea in Bohr’s Correspondence Principle that, 
for the case of transitions between orbits of large quantum numbers, the 
frequency of radiation emitted approaches asymptotically the same value as 
the frequency of revolution of the electron, or is a simple harmonic of this 
frequency. (See equation 32.) It was furthermore mentioned that this is in 
accordance with deductions based on the electro-magnetic theory of light, and 
hence Bohr was led to formulate a principle which makes use of this analogy 
between the results obtained from the application of classical theory and those 
actually observable as quantum phenomena when the frequency of radiation 
becomes extremely low. We shall now proceed to discuss this analogy in 
further detail, and for this purpose we shall follow to a great extent the dis- 
cussion of this topic by J. H. Van Vleck in his ‘‘ Quantum Principles and Line 
Spectra.” ? 


“* According to the Maxwell field equations, an electron continually radiates energy 
in the form of electromagnetic waves whenever it undergoes an acceleration. These waves 
will produce a spectrum when incident upon a prism or grating. If the motion is of a hap- 
hazard, irregular character, the resulting spectrum will in general be continuous rather than 
composed of sharp lines. In order to account for line spectra it is therefore necessary to 
assume that the movements of the electron exhibit a certain amount of periodicity and 
regularity. The simplest possible illustration of such a motion is one which is composed of 
three simple harmonic components mutually at right angles and having the same frequency w. 
Each component is then described by an equation of the form 


x =Acos (Q7wt + y), (64) 


and the radiated light will consist of simple harmonic waves whose (optical) frequency v is 
identical with the actual mechanical frequency w with which the electron oscillates back 
and forth. 

“If the motion of the electron is periodic, but, because of the presence of overtones, not 
simply harmonic, it can be described by Fourier series of the form 


x = Ao + Ai Cos (27wt + y1) + Az cos (4rwt + y2) + + +s, 
y = Bo + Bi cos (27wt + 61)'+ Bo cos (4r7at + 52) + +--, (65) 
2 =Co + Ci cos (27wt + €1) + C2 cos (4m7ut + €2) + -::, 


where ¢ is the time and w is the vibration frequency (i.e., the reciprocal of the period with 


1 The discussion in the present section is a summary of his remarks on pp. 9-12; 23-27; 
and pp. 128-133. 
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which the motion repeats itself). The coefficients A, B, C are fixed amplitudes which do not 
vary with the time, while the vy, 6, and ¢ are phase angles also independent of the time. It 
can be shown that according to the classical theory such a radiating electron will give rise to 
a spectrum which consists not only of the fundamental frequency w, but also of other lines of 
frequencies 2, 3w, etc., corresponding to the various harmonics or overtones in the actual 
motion of the electron. 

“In many dynamical systems, especially those encountered in atomic structure, the 
motion of the electron is not simply periodic, and hence cannot be described by the ordinary 
Fourier series given in (65).’”” Thus, in the case of a doubly periodic motion, the motion has 
to be specified by an expression of the form 


z= ZA;,,7, cos [2r(riwi + T202)t + Yer, ], (66) 


where w: and w: are two frequencies which are not connected by any algebraic type of relation 
whatsoever, and A and y are amplitude and phase angles respectively, the values of which 
vary with the values of the integers 71 and rz. The summation is taken over all possible 
values of these integers from — © to + ©. ‘‘ The expansions of the type given in (66) are 
usually called multiple Fourier series, while the corresponding motions of the particles are 
ordinarily referred to as ‘‘ multiply ”’ or ‘‘ conditionally ”’ periodic. The physical significance 
of such a motion is, perhaps, more apparent if it is characterized as a sort of interaction and 
combination of r(r = 2 for doubly periodic motion) harmonic motions or modes of vibration 
having different frequencies, each being complicated by an infinite number of overtones 
corresponding to the various possible values of the integers 71, 72, etc.” 


It is only to orbits of this type that the Wilson-Sommerfeld quantizing 
conditions can be applied. Hence they are of importance in the Bohr theory 
of energy levels. In accordance with electromagnetic theory, an electron 
moving according to (66) will radiate a line spectrum in which the observed 
frequencies should be the fundamental vibration frequencies 1, w2, etc., of 
the actual motion of the electron or any combination of their various har- 
monics, and should therefore be given by the relation 


P= Twp 4 Toee 4 (67) 


But, “the spectroscopic frequencies are associated with discontinuous 
transitions between orbits, and are proportional to the differences in energy 
between two stationary states. Consequently optical frequencies are not in 
general equal to actual frequencies of motion.” However, as pointed out 
already, for a singly periodic motion we have 


Cae (33) 


and vy = w: An for orbits of very large quantum numbers. Similarly if the 
motion is doubly periodic with frequencies w; and w», the energy, £, is a function 
of two quantum numbers mi and m2, and we have the relations 


10H 
=- 60 
Wy h an ( ) 
EH 
Pa (61) 
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while the spectroscopic frequency will be given for very large values of n by 


vy = (ni — ni)or + (ne! — n2"’)we 
= Anw: + Anz &, ) 


where nj’ and ny” are the values of 7, for initial and final states respectively, 
and similarly for no’ and n”’. The integers An; and Anz correspond to the 
integers 7; and 72 in equation (67). There is thus established a correspondence 
between the frequency of light emitted and the various possible combinations 
of w; and w, and their harmonics as determined from the Fourier analysis of 
the motion of the electron in its orbit. Of course, as Bohr points out, there 
exists a signal difference in the mechanism of the radiation in the classical and 
quantum theory. While, according to the former, all the harmonics appear 
simultaneously, the quantum theory postulates that these harmonics appear 
as the result of transitions between different orbits not in the same atom and 
therefore independent of each other. 

Now Bohr considers that this correspondence or coincidence in the values 
of the frequency of radiation as calculated from the two points of view cannot 
be accidental; the coincidence must also extend to amplitude and polarization of 
the light emitted. If we consider again the resolution of the frequency v into 
harmonic components by the method of Fourier series, it is known that the 
coefficients in this series represent the amplitudes of the corresponding com- 
ponents and therefore their intensities. Hence, the intensity of the radiation 
corresponding to any particular frequency v ought to be given by the corre- 
sponding coefficient in the Fourier series for the orbital frequency of the 
electron. This means that the prodability of the existence of a certain value of 
v in the frequency of the light emitted is given by the value of the coefficient 
of the corresponding harmonic component in the Fourier expansion.* Thus, 
we obtain a criterion for determining the probability of a given transition between 
two stationary states. If the harmonic corresponding to certain values of 
(nz — m1) is absent in the Fourier series for the rotational frequency of the 
electron, then it must be concluded that the transition corresponding to the 
difference (nz — 71) cannot occur, and the corresponding lines will therefore 
be absent in the spectrum. 

This analogy must also extend to the polarization of the light emitted, 
since any single harmonic orbit must on the ordinary classical theory radiate 
circularly polarized light. Furthermore, Bohr holds that this analogy in 
polarization and intensity holds valid not only for low frequencies of orbital 
rotation, that is, low frequencies of radiation emitted, but also applies to 
higher frequencies. 

We thus obtain a rule by which we can calculate the possible frequencies 
of radiation emitted in any given case by one or more electrons rotating in any 
orbits whatever round a nucleus. Firstly, we study the orbit from the point 

* As will be pointed out in a subsequent section, the intensity of the radiation and 


therefore the probability of the corresponding transition is actually measured by the value 
of the square of the Fourier coefficient. 
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of view of ordinary electro-dynamics, and thus obtain a relation between 
orbital frequency of rotation of any electron and the various forces to which 
this electron is subjected. This orbital frequency is capable of resolution into 
harmonics, and from the nature of the coefficients it is possible to determine 
the relative intensities and polarization of the different frequencies that will 
appear as radiation. Since this calculation also gives the energy in any orbit 
as a function of the rotational frequency, we then apply the quantum theory 
relation 


hy = W; — Wy 


in order to calculate the corresponding spectral series. 

Let us now consider from this point of view a simple hydrogen atom with 
an electron rotating in a circular orbit around a nucleus. If the diameters of 
the orbits corresponding to two stationary states are taken sufficiently large, 
we obtain the relation 

a (ne = N)a@ (32) 


which connects the frequency of light emitted with the frequency of rotation. 
But, for a circular orbit, there is no possibility of any harmonic component; 
that is, m2 — m1 can only assume the values +1. The value np — m1 = Ois 
obviously excluded. Consequently An can assume only the values + 1. 

In the case of an elliptic orbit, the quantum number & gives the number of 
units of angular momentum and consequently the frequency of rotation is 
1 0F 
h ok ° 
tum number & (or 2) a selection principle must exist according to which only 
those transitions can occur for which 


Ak=Al= +1. 


given by w = Hence it follows from equation (32) that for the quan- 


In the case of a doubly periodic motion, such as it is necessary to assume 
for the orbits in atoms of higher atomic number, the second quantum number, 
n,, in our notation, gives the value of the phase integral for the radial motion. 
To express the value of r as a function of ¢ requires a Fourier series similar to 
equation (65) in which all possible harmonics of the fundamental frequency 
can occur. Hence no selection principle can apply to An, and consequently 
since the total quantum number, n = n, + k, no limitation exists for values 
of An. 

A selection principle for azimuthal quantum number was first derived by 
Rubinowicz! on the basis of classical theory. Rubinowicz argues that in the 
emission of radiation during the transition of an electron from one stationary 
state to another there must be equivalence, firstly, between the amount of 
energy emitted by the atomic system and that taken up by the ether as electro- 
magnetic energy (this, of course, follows from the Law of Conservation of 


1 Ann. Physik, 19, 441, 465 (1918): See also S. Dushman: J. Opt. Soc. & R.S.I., 6, 235 
(1922). 
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Energy); secondly, between the decrease in angular momentum of the electron 
and the increase in electromagnetic moment of momentum which can be 
ascribed to the spherical wave system produced in the ether. That is, 
Rubinowicz postulates the laws of conservation with respect to both energy 
and electromagnetic momentum. Calculating the electromagnetic moment of 
momentum of the spherical wave by the method of classical electro-dynamics, 
he arrives at the conclusion that only those transitions between stationary 
states are possible for which the change in azimuthal quantum number (or 
first subordinate number, k) does not exceed unity. Thus if k; and ke denote 
the subordinate quantum meee ae for two Ee! orbits, there are three 
possibilities and only three, viz. 


ki —ke= +1, 
lie fie OL 


Furthermore, Rubinowicz finds that for Ak = +1 the light emitted is 
circularly polarized. For the case Ak = 0, he concludes that the radiation is 
linearly polarized, or else there is no emission at all. As has been shown by 
Bohr, however, the case Ak = 0 is not permissible. 

Thoidantally it follows from this that if in the hydrogen atom only circular 
orbits occurred, then the only permissible transitions would be those between 
orbits of quantum number nandn-+ 1. Since this is not the case, it furnishes 
another argument for the assumption of elliptic as well as circular orbits, and 
for the conclusion that the spectrum of hydrogen is essentially similar to that 
of the alkalies, with this’ difference that the values of the total energy of the 
atom for constant value of n are practically the same for the S, P, D and F 
terms. 

Fine Structure of Hydrogen Lines: A closer investigation shows, however, 
that the hydrogen lines possess a fine structure. Thus the line H,, which is 
the first line in the Balmer series, corresponding to the transition, n = 3 to 
n = 2, is made up of three lines. These appear as a doublet, one component 
of which has a satellite. Similarly the other lines of the series are found, under 
higher spectroscopic dispersion, to consist of two or three components. As in 
the case of the alkali metals, it is necessary to assume, in explanation of these 
observations, the existence of a perturbing field superimposed upon the Coulomb 
field, with a consequent precession of the elliptic orbits. Since the atomic 
system consists of only electron and nucleus, the perturbing field must be 
ascribed to another cause than the presence of inner electrons close to the 
nucleus. 

Relativity Theory of Fine Structure Hydrogen Lines: Sommerfeld sug- 
gested that the cause of the perturbation is the variation in mass of the electron 
at different points in its elliptic orbit. According to the theory of relativity 
the mass of an electron moving with velocity v is given by the relation 


mo 


nema 
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where 6? = »*/c?; v = velocity of electron, c = velocity of light, and my 
= “rest”? mass of electron. In an elliptic orbit the velocity of the electron 
decreases considerably as it passes from the perihelion to aphelion position, 
- Le., from the point where the radius vector is a minimum to the point where it 
isa maximum. Hence the mass varies from point to point and a detailed cal- 
culation shows that the orbit is no longer a simple ellipse, but has the form of a 
rosette, such as shown in Fig. 19. The motion of the electron is now doubly 
periodic and the energy is a function of two quantum numbers; n, the total or 
principal number, and k (or /), the azimuthal numbers. The difference, how- 
ever, in the values of EH, for the two orbits having the same value of n, but 
different values of k, in much less than in the case of similar orbits in the atoms 
of the alkali metals. 

The relation actually derived by Sommerfeld! on the basis of these con- 
siderations was of the form: 


E * 21? Ze4m i eZ? (1 33 
i Pee OY: i in aes ) (69) 


where a = 2z7e?/he is known as the “‘ fine-structure’ constant, while Z = ef- 
fective nuclear charge. Hence, the difference in wave number for two terms 
having the same principal quantum number n, but different values of azimuthal 
numbers, & and k + 1 should be given by the relation: 


Dy eet Nom ae aie 
ki ke) = nbk(k +-1)’ 


7 (70) 

where F is the Rydberg constant. 

For n = 2, the only possible values of k are 1 and 2 respectively. Hence 
RZ 1 


(2) 1) = 2,2)\= AF = = +, = 0.365.24 oma. (70a) 


For n = 3, three values of k are possible, and the values of Ay are found 
to be as follows: 


Ro2Z* 1 ? 
(3, 1) — 3, 2) = B+ 5 = 0.108 Ztom.>, (70b) 
Rez! 1 
(209) G3) = = == 0.036 Zt em (70¢) 


Similarly for n = 4, the difference in wave-numbers for the terms k = 1 
and k = 2 is given by 

(4,1) — (4, 2) = 0.0456 Z4 cm... (70d) 

For H(Z = 1), the predicted separation of the two levels, n = 2, is 0.365 

cm.~!, and actually the observed separation of the H,, doublet-lines was found 


1 Details of the calculation and more complete discussion of this topic are given hv 
Sommerfeld in Atombau (1924), chapter 6, section 2, 
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by McLennan to be in agreement with this calculated value. Furthermore 
the separation for similar levels should vary with Z‘, and therefore the value 
of Ad for lines in ionized helium (Z = 2) should be 16 times greater than for 
corresponding lines in hydrogen. ‘This conclusion was confirmed by Paschen 
in 1916.? 

However, this interpretation of the fine structure of hydrogen and ionized 
helium, while apparently very successful, led subsequently to certain incon- 
sistencies in the interpretation of multiplet levels in X-ray and optical spectra, 
which will be discussed in a subsequent section. Then it was shown by Jordan 
and Heisenberg that equation (70) could be derived by taking into account 
electron spin, and that in this manner the inconsistencies previously met with 
were eliminated. Consequently, the Sommerfeld theory of the origin of the 
fine-structure must now be regarded as of merely historical interest. 

Multiplet Levels and Inner Quantum Number: A closer examination of the 
spectrum of sodium and other alkali metals shows that the P, D and F terms 
are really of a doublet nature. The term indicated as 3P in the diagram 
(Fig. 17) consists actually of two terms, which were designated in the older 
spectroscopic notation as 3p; and 3p2 or 371 and 372, respectively. Fig. 25 
shows the lower energy levels in sodium as observed from the spectroscopic 
data, with their wave-numbers, and the wave-lengths of the lines (in Ang- 
stréms) which are due to transitions between these levels. The two D-lines 
5895.93 and 5889.96 are observed as transitions between the lowest pair of P 
levels and the normal (S) level. It is seen that for each pair of values of 
and 1 we have two terms (except for 1 = 0) with a difference in wave-numbers, 
Av, which varies with n and / in accordance with the following rules: 

(1) For any one type of spectral term (J = constant), Av decreases as n 
increases. 

(2) For given value of n, Ay decreases as | increases. 

Comparing doublet terms having the same values of 7 and 1 in the different 
alkali spectra, it is observed that Ay increases with N, the atomic number. 
Hence, while in the case of Li and Na only doublet P-levels are observed, the 
D-levels begin to exhibit doublet structures with larger and larger values of 
Ay as we proceed from K to Rb and Cs, while Av for the two F-levels is so 
small that the doublet structure is practically unresolvable for even Cs. 

As is also evident from Fig. 25 the transitions between these doublet levels 
are governed by a selection principle similar to that observed for the S, P, D 
and F levels. Thus, instead of the expected four lines as a result of transitions 
between two doublet D- and P-levels, only three are observed. 

In the case of calcium, mercury, and other metals of Group II in the 
Periodic Table, it has been found that the spectral lines belong to two separate 
systems of S, P, D and F levels. In one system these levels are all singlets, 
while in the other the P, D and F levels are triplets. Spectral lines are observed 
which correspond not only to transitions between levels within one system, but 


1 Presidential address, Section A, Brit. Assn., 1923. 
2 Ann. Physik, 50, 901 (1916). 
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also to transitions between a level in one system and another in the second 
system (‘‘intercombination ” lines). Fig. 26 shows the lower levels and a 
number of the lines in the triplet and singlet systems for calcium, and here 
also it is observed that a selection principle governs the possible transitions 
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Fria. 25. Doublet energy levels in spectrum of sodium 


between the one set of levels belonging to a given pair of values of n and 2 
and the other levels belonging to another pair of values of n andl. Denoting 
the wave-number differences between the three component levels for given 
values of n and 1 by Aj, and Aj, it is observed that each of these varies with 
nm and 1 in a manner similar to that observed in the case of the alkali doublet 


levels. 
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Fia. 26. Singlet and triplet systems of energy levels in spectrum of calcium 


As we proceed in the periodic table from Group I to Group VIII it is ob- 
served that the spectral terms exhibit periodic variations in regard to maximum 
number of multiplet components as shown in Table VIII for the elements from 
K(N = 19) to Ni(N = 28). The most striking feature exhibited in this 
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table is that the multiplicity alternates between even and odd as we pass from K 
to Ni. Furthermore, the complexity increases to a maximum in the case of 
Mn and then decreases. It is the presence of these multiplet levels and the 
resultant possibilities of transitions in each systems as well as between systems 
that give rise to the extremely complex nature of a large number of spectra, 
such as those of Ti, Cr, Mn, Fe and other elements. In fact, it was only after 
the Bohr theory of energy levels had been postulated and the more simple 
types of spectra had been interpreted from this point of view that any progress 
could be attained in unravelling these more complicated spectra, so that it is 
only within the past few years that it has been found possible to formulate 
energy level diagrams for these cases.!_ As an illustration of such an investiga- 
tion the work of H. N. Russell on the spectrum of titanium may be mentioned. 
This spectrum has been found by him to consist of seventeen series divided 
between singlet, triplet and quintet systems. 

Formally the existence of these multiplets may be correlated with the 
assignment of a third, or so-called inner quantum number, j, which differs for 
each component of the multiplet term. Physically this new quantum number 
has been interpreted as designating the nwmber of units of angular momentum 
(in terms of h/27) of the atom as a whole about an axis of symmetry. According 
to the older theory it was furthermore assumed that this angular momentum 
is to be regarded as the (vectorial) resultant of the angular momentum of the 
orbital motion of the electron and that of the rest of the atom (or kernel). 
This led to difficulties in the interpretation not only of the effect of magnetic 
fields on spectral lines, but also of multiplet terms with more than two com- 
ponents. 

G. E. Uhlenbeck and 8. Goudsmit ? found, however, that by introducing the 
hypothesis of the spinning electron, all these difficulties are eliminated and the 
interpretation of multiplet levels is considerably simplified. According to this 
hypothesis, each electron in an atomic system possesses an angular momentum, 
due to the spin, of magnitude $(h/27). To the electron is therefore assigned a 
quantum number s = 4, giving the number of units of angular momentum of 
spin. Now an angular momentum may be represented by a vector and hence 
the momenta corresponding to two or more different rotations in an atomic 
system will combine, according to the laws of combination of vectors, to form 
a vector which will represent the resultant rotation of the atom as a whole 
about an axis of symmetry. Thus the vector j represents the resultant of the 
combination of spin momenta of the various electrons (s units for each electron) 
and the angular momenta in the orbits (/ for any one electron). The resultant 
angular momentum is j-h/(27). Since this resultant vector j has only discrete 
values, it indicates that the rotation of the atom as a whole about an axis of 
symmetry can occur only in certain preferred orientations (spacial quantization). 


1 The presence of multiple terms of higher complexity than three was first observed by 
Catalan in 1923 and with this discovery progress began to be made in determining energy 
levels for the more complex spectra. 

2 Naturwiss. 13, 953, (1925): Nature 117, 264 (1926). 
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In the case of the alkali atoms where only one electron is present in the 
“valence shell,” the vector j is the resultant of the vector, s, for the electron, 
and a vector J for the electron in its orbit. Since s = 4, 7 can have only the 
two values 1 + 3 andl — 4. Now in the S-state of the alkali atoms only one 
level is present. Hence / for this level cannot be equal to 1, since this would 
give rise to two values, 7 = + #andj = +4. But if we assign to this level 
the value / = 0, then there can be only the one value for j, viz., j = +3, 
since negative values are meaningless. Having assigned the value J = 0 to 
the S level, the values / = 1, 2, and 3 follow from the Selection Principle (and 
observed variation in the value of the energy of the system) for the P, D and 
F levels respectively. 

On this basis, the j-values assigned to the different component levels in the 
spectra of the alkali metals are those given in the corresponding column of Fig. 
24. 

The lack of occurrence of certain transitions between doublet levels, men- 
tioned already, is accounted for by assuming that a selection principle also 
governs in these cases. Not only must we have Al = + 1, but also 


Aj=+1, or QO, 


with the added condition that no transition can occur from 7 = 0 toj = 0. 

Denoting the components by the corresponding j-values as subscripts, we 
obtain the following transitions in the case of a doublet spectral system (such 
as that of one of the alkali metals): 


Pyj2 > S123 P3)2— Sipe two lines. 
Ds j2 > P 3/23 D3/2—> P3)23 D3). > Prijs three lines. 
Frj2 Ds)2; F'5)2 > Ds/2; Fsj2 > D3/2 three lines. 


The D-lines in sodium correspond to the two P—S transitions. Since 
the energy levels corresponding to Ds5/2 and D3/2 are much closer than those 
corresponding to P3/2 and P1/2, the two lines ending on the P3/2 level are prac- 
tically merged into one, so that the resulting spectral lines appear as a doublet. 
Similarly the two transitions from F levels to Ds5/2 appear as a single line, while 
the transition F’5/2 3 Ds/2 forms the other component of what appears to be a 
doublet structure. The designation doublet system thus refers to the energy 
levels or spectroscopic terms and not to the resulting spectral lines. 

The method, indicated above, of designating the component levels in a 
doublet (or any type of multiplet structure) by means of the corresponding 
values of j as a subscript at the right of the letter which denotes the spectral 
type has become standard now and has replaced the older notation of spectro- 
scopists. It will be noted that the terms in alkali spectra designated as mp1 
and mp2 in the older notation are now designated as nP3/2 and nPij2, where 
n is the total quantum number; similarly the levels designated formerly as 
mdz and md; are now denoted by nD3/2 and nDs5/2 respectively. Thus the 
order of j-value is just the reverse of the order in the subscripts used formerly. 
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It is also possible on this basis of assignment of j-values to deduce the 
relative energy values of the components in any pair of doublet levels. Let us 
consider the significance of combining the vector 1 = 1 (P-term) with s = 3. 
The result of adding these vectors is 7 = $, and physically it may be interpreted 
as indicating that the direction of rotation of the electron is in the same direction 
as that of the electron in its orbit. On the other hand, if the resultant vector is 
j= 1-4 = 43, the interpretation is that the two directions of rotation are 
opposed to each other. But, since each angular momentum also carries with 
it a magnetic field (owing to the rotating charge), it follows that the two mag- 
netic fields will exert an attractive force on each other in the case of opposing 
rotational directions (j = 4) and that therefore it will require more energy to 
remove the electron when the atomic system is in the state 7 = 4, than when 
the two directions of rotation are similar and the atomic system is in the state 
j= 3. Consequently, the levels designated as Pij2 and D3,2. will be lower 
in the energy diagram than the levels P3/2 and Ds,2 respectively. 

For singlet systems and higher degrees of multiplicity than two, the values 
of j for the various component terms are those given in Table IX. As these 
terms are due to the interaction of two or more electrons the reasons for assigning 
to them the particular values of 7 are best discussed in connection with Hund’s 
theory of the formation of spectral terms. In the present connection, the 
following empirical relations which may be deduced from Table LX are worth 
noting: 

(1) The S-level is always single. Denoting the degree of multiplicity by 
r (r = 1 for singlets, r = 2 for doublets, etc.,) and the value of 7 for this level 
by js) 

r— I 
ak 


ie 
(2) For other levels the possible values of 7 are given by the series 


jstl jg tl—1--- [js -1| 


where |j; —1| indicates the absolute difference between the two values. In 
other words, the values of j are the resultants of l and jg treated as vectors. It 
will also be observed that for odd degrees of multiplicity, 7 assumes the integral 
values, 0, 1, 2, etc., whereas for even degrees of multiplicity, 7 assumes the 
values 3, $, etc. This is illustrated by comparing the values of the inner 
quantum number for the doublet levels in Na (Fig. 25) with those for the 
singlet and triplet levels in Ca (Fig. 26). 

Spectral Terms and Electronic Levels: It is essential before proceeding 
farther to emphasize the difference between spectral terms and electronic 
levels. In the case of the alkali metals where we are dealing with transitions 
of a single electron between different orbits, the quantum numbers n, l, 7 for 
the orbits are the same as those of the spectral terms. But when there are two 
or more electrons present in the valence shell (as in case of Be, B, C, etc.) the 
observed spectral term is the resultant of interactions between the different 
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electrons, each of which is in a different orbit or level. Thus, the interactions 
of two electrons similar to the valence electron in the alkali metals give rise 
to singlet and triplet terms in the spectra of the alkaline earth metals. Ina 
similar manner the higher degrees of multiplets arise from the interaction of 
several electrons. 

The spectral notation adopted in accordance with these ideas is that first 
suggested by H. N. Russell and F. A. Saunders,! and recommended in a recent 
report issued by Russell, Shenstone and Turner. 

The type of term (series to which it belongs) is denoted by the capital 
letters S, P, D, F, H, I to correspond to the subordinate quantum number L, 
the capital letter being used to distinguish it from the quantum number, J, 
for each electron. The system is denoted by an index at the upper left hand, 
giving the multiplicity, r, and the component of a multiple term by a subscript 
at the right, giving the inner quantum number j. In the case of terms due to a 
single electron or where the several electrons all have the same total quantum 
number, the latter is denoted by an integer prefixed to the main symbol. 

For example, in the Na spectrum the 3p; component (older designation) of 
the doublet level is designated on the new basis as 3?P3;2. However, in order 
to avoid writing fractional subscripts it has been the practice to write the 
symbol as 3?P2, thus writing 7 + 4 instead of j in the case of doublets, quartets, 
sextets, octets, etc. The procedure recommended in the report on spectral 
notation is to use integral or fractional subscripts, according as the multiplicity 
is odd or even. Similarly, in the case of Hg, the lowest level as shown in Fig. 
27 is a singlet (So, y = 84181.5). The next higher level is a triplet P level, 
and the three component levels are designated as *Po, »v = 40138, *Pi, 
p = 44769 and *Po, » = 46536. The well known line in the ultra violet, A, 
2536.52, originates in a transition from the *P; level to the 1S and is therefore 
designated as 4S 9 — 3P;. The lines shown in Fig. 27 illustrate the application 
of the selection principle governing transitions between different levels. Thus 
there is only one line between the 1S and the three P levels, since the other two 
lines, if they occurred would violate the rule that no transitions can occur 
between levels for which j = 0, while the other line would correspond to a 
transition with Aj = 2. On the other hand, the existence of the transition *P. 
— 8D» is in accord with the selection principle. 

The line 4S) — *P; represents a transition between levels in two different 
systems and is therefore known as an “ inter-combination ” line. While these 
lines are not very intense in most spectra, this particular line in the case of 
mercury is very strong. 

The second column in Fig. 27 gives the older spectroscopic notation for the 
singlet and triplet levels, and here also, as in the case of sodium, the reversal 
in order of subscripts between the two kinds of notation should be noted. 

Following Hund’s suggestion, the individual electrons in an atom are defined 
by the two quantum number n and / (or k), the latter being expressed by use 


1 Astrophys. J., 61, 38 (1925). 
2 Phys. Rev., 33, 900 (1929). 
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of the lower case letters, s, p, d, etc., corresponding to the values of / mentioned 
already. For instance, the valence electron in the atom of Cs is characterized 
as a 6s electron, 6 being the total quantum number, and s denoting that 2 = 0. 
In the case of aluminum it will be shown that two of the valence electrons are 
characterized as 3s, while the third is described as 3p, (J = 1) and this is denoted 
by the symbol 3s?p for the electron configuration in the valence shell, the 
exponent being used to indicate the number of electrons of a given type. 
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Fig. 27. Lower energy levels in spectrum of mercury 


In the older spectroscopic notation the order of the spectral term was 
denoted by an integer, for which the symbol m was used, and to the lowest 
term was usually assigned the value m = 1. (This notation is shown in Fig. 
16 and 27.) On the basis of the Bohr theory it appeared more logical to replace 
m by the total quantum number, n, as shown in Fig. 23. However, this is 
possible only for the case of elements of groups I and II, where only a single 
valence electron is involved in the transitions between levels. In the case of 
more complex spectra, where a spectral line may originate as a result of the 
simultaneous transitions between different orbits of two or more electrons, 
other methods of designating the order of spectral terms have to be used. 
These are discussed in the report, referred to previously, by Russel, Shenstone 
and Turner. 

It is, however, essential to note that for the behavior of spectral terms in 
respect to transitions under normal conditions as well as in presence of magnetic 
fields (Zeeman effect) or strong electrostatic fields (Stark effect) the determi- 
nation of the principal quantum numbers of the electrons involved, is of no 
significance whatever. It is only the values of J, 7 and another quantum 
number, m (discussed in the following section) which actually govern the 
behavior of the spectral terms in the above mentioned respects. 


QUANTUM THEORY AND ATOMIC STRUCTURE 1193 


Zeeman Effect:1 The following description of this effect is taken from 
F. K. Richtmeyer’s “ Introduction to Modern Physics.” 2 


“In 1896 Zeeman discovered that spectral lines are split up into components when the 
source emitting the lines is placed in a very strong magnetic field, and, further, that these 
components are polarized. The simplest case is shown in Fig. 28 where a represents a line 
before the magnetic field is turned on. If the field be turned on and the line be viewed at 
right angles (R) to the direction of the field, the line is seen to be triple with components 
o1, 7 and oz. The central line 7 has the same wave-length as the original line a but is plane 
polarized in a plane at right angles to the magnetic field H, the direction of polarization being 
indicated by the double arrow above the line. The other two components, a1 (left, shorter 
wave length) and o2 (right, longer wave length) are plane polarized in a direction parallel to 
the magnetic field. 

“Tf the pole pieces of the electromagnet be drilled through longitudinally so that one 
may view the flame in a direction parallel to the magnetic field, only two components are seen, 
as shown at P. These two lines have the same respective wave-lengths as the outside com- 
ponents in the previous case, but they are circularly polarized in opposite directions, as shown 
by the arrows above the lines. (The magnetic field, in this latter case, is directed toward the 
reader.) ”’ 


Since the direction of vibration of the electric vector is at right angles to the 
plane of polarization, the 7-component corresponds to vibration in a direction 
parallel to that of the field, (hence the symbol z, for “ parallel ’”’) and the 
o-components correspond to vibrations of the electric vector in a direction at 
right angles to that of the field (the symbol o for ‘‘ senkrecht,” that is “ at 
right angles ”’). 

It was observed that the change in frequency, Avn, of each outside component 
is given by the relation 


@ Ik 
Sa eer era val 
a 2m 27 aD 
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where e/mo = ratio of charge to mass of electron in e.m.u. 
H = intensity of field in gauss. 


The change in wave-number is given by 
Ava 
Ain = —* = 4.674 X 10H. (72) 


The resolution into three components with separation given by the above 
equation could be accounted for by Zeeman on the basis of the classical electro- 
magnetic theory by applying Lorentz’s electron theory of matter.2 Indeed 
the Zeeman effect was used to obtain very accurate determinations of e/mo. 


1 This topic is dealt with very comprehensively in the treatise, ‘‘ Zeemaneffekt und Mule 
tiplett—Struktur der Spektral Linien by E. Back and A. Landé; Julius Springer, Berlin, 1925. 


2 Page 143. 
3 For this explanation the reader is referred to Richtmeyer’s book. 
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However, it was found that only relatively few of the spectral lines show this 
type of resolution in magnetic fields, and that most spectral lines exhibit a 
much more complex resolution. Instead of three components in a transverse 
magnetic field, there are observed a larger 
number, some having the same state of polari- 


|2 zation as the 7 component (class 7) in Fig. 28, 

pin in and others similar to the « components, the 

© | |z l2z R number of each class varying with the spec- 
spputes - tral type of the line. 

St ae EN Joe Consequently the designation of normal 

| P effect was applied to those cases in which the 


Fig. 28. Effect of magnetic fields 
on spectral lines (Zeeman Effect) 


observed displacement is given by equation 
(71) or (72), while the designation of anomalous 
Zeeman effect came into use for more complex 


types of resolution. 
Further investigation of the behavior of different spectral lines in magnetic 
fields led to the deduction by spectroscopists of several important empirical 


generalizations, as follows: 

(1) The spectral lines be- 
longing to any given type of 
series (such as the principal or 
diffuse series in the alkali and 
alkaline earth groups) exhibit 
the same type of resolution in 
a magnetic field. (Obviously 
this rule could then be used as 
a guide for determining the spec- 
tral type of an unclassified line 
from its behavior in magnetic 
fields.) 

(2) The lines corresponding 
to the difference between terms 
of a series A and another series 
B exhibit the same pattern as 
those corresponding to the dif- 
ference between terms of series 
B and those of series A. 

(3) The components pro- 
duced byresolution in amagnetic 
field are located symmetrically 
(with respect to changes in 
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Fig. 29. Zeeman patterns for different spectral lines 


frequency or wave-number) about the original line. 

(4) The value of Av, the change in frequency (or Aj, the change in wave- 
number) for any one component is always a rational multiple (not necessarily 
integral) of the value Ay, (or Av) calculated from (71) or (72). 
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As an example, we may consider the resolution in a magnetic field of lines 
of a principal series in the alkali metals, for instance the D-lines of sodium 
(A 5890 and A 5896). This is diagrammatically represented in Fig. 29 (a) in 
which the z and o components are distinguished by short vertical lines above 
and below the horizontal line respectively. The relative intensities of the 
components are indicated quantitatively by the length of the vertical lines in 
the diagram, while the relative separation of the components (that is, the value 
of Av) is also indicated quantitatively by comparison with the pattern for the 
normal Zeeman effect shown at the top in Fig. 29. 

Lines of the diffuse series of the alkali metals (e.g., 18185 and \8196, Fig. 
25) exhibit a Zeeman pattern of the type shown in Fig. 29 (6), while for the 
transitions S-P and P-—D in the triplet series the Zeeman patterns are of the 
types shown in (c) and (d) respectively. Illustrations of these transitions are 
found in the energy level diagrams for calcium (Fig. 26) and mercury (Fig. 27). 

To understand the significance of the numerical values given in the right- 
hand side of Fig. 29, it is necessary to discuss briefly the quantum theory of 
the Zeeman effect.! 

Quantum Theory of the Zeeman Effect: In accordance with Bohr’s theory, 
we must look for the observed resolution of any given line as due to the effect 
of a magnetic field on the initial and final states of the atomic system which 
are involved in the production of the line. The quantum explanation given 
by Bohr rests upon a theorem deduced by Larmor together with an applica- 
tion of the method of the perturbations used in astronomical calculations. 

If for the moment we consider an electronic orbit of angular momentum 1 
(in units of h/2), this possesses a magnetic moment whose magnitude is 
<e . = - 1, where e/mo is measured ine.m.u. According to Larmor’s theorem 

0 
the effect on this magnetic moment of a field of intensity H is to impose upon the 
electronic motion in its orbit a precession of the orbit about the direction of 
H, of frequency, 


On == COS ae (73) 


where 0 is the angle between the plane of the orbit and the direction of the 
magnetic field, m = l cos 6, and 
ee 


oO = 
4rrmo 


= Ay, 


1In addition to the references already given, the discussion of the anomalous Zeeman 
effect given by A. Landé in Ergebnisse der exakten Naturwiss., 2, 147 (1923) should be con- 
sulted. Fig. 29 is taken from this source. It should be noted, however, that the spectral 
notation and assignment of j-values have been changed since that date, The same remarks 
also apply to the discussion in Sommerfeld’s Atombau, Chapter 8. 
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of equation (71). This ‘‘ Larmor ” precession is illustrated in the diagram in 
Fig. 30.1 
The theory of perturbations leads to the conclusion that for wy small in 
comparison with w the frequency of rotation of the electron in its orbit, the 
change in energy due to the presence of the field 
is given by 
AE = hay = hm: a. (74) 


where obviously AZ may be positive or negative 
in consequence of the presence of the factor cos 0 
in (73). 

We now introduce the assumption that the 
orbit can orient itself in a magnetic field only 
in certain definite directions such that cos @ and 
consequently 2 cos 0= m is an integral value. 
That is, the only possible values of J cos @ are 
the integral values 


SAR atoloakos So aeeiDe paameal: 


Fie. 30. Larmor precession 


of electronic orbit in magnetic : 
Paes i ais We have thus introduced a fourth or mag- 


netic quantum number, m, whose magnitude gives 
the number of units of magnetic moment of the orbit resolved in a direction 
parallel to that of the field. 


That is, the energy of the orbit in a field is given by 
E+AE=E+hoe-m. (75) 


where # is the energy of the undisturbed orbit. 


According to the principle of correspondence, this frequency must appear 
in the radiation emitted, in the form 


y= An-w+Am-a, (76) 
where An represents the change in total quantum number, and Am the change 
in magnetic quantum number. 

But since m is a measure of angular momentum about an axis of symmetry 


the same principle of selection must apply as for the inner quantum number j, 
that is, only those transitions can occur for which 


Am= +1, or 0. 
Hence we must have 

y=v+to or Vo. (77) 
where vo is the frequency in absence of magnetic field, and v is the frequency 
in presence of a field. 


This theory thus leads to the conclusion that every line should be resolved 
into triplets in a magnetic field (normal Zeeman effect). In order to account 


1 Taken from “ Das Korrespondenzprinzip”’ by E. Buchwald. 
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for the an omalous effect, it is necessary to bring in an additional hypothesis. 
This has been supplied by the theory of the spinning electron of Uhlenbeck and 
Goudsmit, with the additional assumption that for the spinning electron the 
magnetic moment must be double that required by Larmor’s theorem, that is, 23, 


; ‘ts of eé h 
in af 
units o Del, De 


Furthermore, as has been pointed out previously, the angular momentum 
corresponding to any energy level in the spectrum of an alkali metal is not given 
by the value of J, but by that of j, which is the vectorial resultant of l and s. 
If it were not for the existence of the anomalous relationship between angular 
momentum and magnetic moment in the case of the spinning electron, the 
change in energy in a magnetic field would be given by equation (75), that is, 


AE=h:a:m 


where m = j,j cattle: Canad €] ae 1); ls 
But in consequence of the factor 2, referred to above, in the case of the 
spinning electron, the value of AZ is actually observed to be given by a relation 
of the form 
AE = ho - mq, (78) 


where g is Landé’s ‘ splitting-up ” factor. This factor is a constant whose 
value depends upon those of J and 7 for the energy level in accordance with 
Landé’s formula which is as follows: 


38 @tDO-1) Wt) 
2 RG ED = BGT’ 
where r denotes the degree of multiplicity (r = 2 for alkali metals). 
The fact that g is determined by the values of 7 and / evidently accounts 
for the empirical generalizations deduced from observations on the Zeeman 


effect, which have been mentioned previously. 
The change in wave-number in presence of a magnetic field is given by 


(79) 


a: mg 


Ap = 
c 


eH 
me 4rmoc 


= mg Ain, (80) 


where Ay, is the normal displacement according to equation (72). Since m 
is an integer, while g is a rational number, it follows that the change in wave- 
number of any line must always be a rational value of the normal value, 
Ain,—a generalization which had been observed by Runge before the advent 
of the Bohr theory. 

From these considerations it follows that an energy level having the inner 
quantum number j exhibits in a magnetic field 27 + 1 levels with displace- 
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ments in wave-number given by equation (80). Table X gives values of m, 
g and mg for different doublet terms (such as are observed in the alkali metals). 


TABLE X 
Term l 4) g m mg 
291 0 1/2 2 +1/2 +1 
2P, 1 1/2 2/3 +1/2 +1/3 
2P 2 1 3/2 4/3 +3/2; +1/2 +6/3; +2/3 
2De 2, 3/2 4/5 +3/2; +1/2 +6/5; 42/5 
2Ds 2 3/2 6/5 +5/2; +3/2; +1/2 +15/5; +9/5; +3/5 


Thus in a magnetic field, there are two?S levels; stz?P levels and ten?D 
levels, or more generally, the total number of possible states of an atomic system 
with single valence electron, for given value of l, in a weak magnetic field, is equal 
to 2(21 4-11). 

Since the values of 7 for different levels are obtained as a result of the 
interaction of the vector for the angular momentum of the electron, / in units 
of h/27, and the vector s(= 4 in the same units), the conclusion already given 
may be restated in the following form which is of extreme importance: 

For an electron of quantum number, l, the total number of orbits in a magnetic 
field is given by 2(20 + 1). 

By means of the values of mg given in Table X, the effect of weak magnetic 
fields on different lines may be calculated. As an illustration we shall consider 
the doublet D lines in Na which correspond to the transitions *Si/2 — ?Pi/2 
and 2Sij2 — 2P 3). 


For Ay 
2S 1/2 ys =mg= + 1 
Ap 1 
2P ile oe =m = + 3 . 


Ay 4 2 2 

Hence for ?Si/. — alae = BIS3 ua 3 eee 

In the case of #Si/. — ?P3/. the only transitions in accord with the selection 
principle are those indicated in the following diagram. 


(See Fig. 29a.) 


Values of m 


ee Rae 


Consequently the possible values of Av/Av, = mg are given by + 3, st 3 
and + 4%. (See also Fig. 29a.) 
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It should be observed that it can be shown theoretically that Am = 0 
yields 7-components, and Am = + 1, o components in the Zeeman pattern. 
Thus the components for which mg = + 2/3 in the first case, and the com- 
ponents for which mg = + 1/3 in the second case are + components. 

These values of mg are indicated conventionally by the notation shown 


ai, : 2) ,4 
in Fig. 29 on the right-hand side. Thus the fraction = for the line SPi/, 


: : 4 
is used to designate the values mg = +-, +3. Furthermore the 7 com- 


ponents are indicated by the brackets around the corresponding value of mg. 
While Table X gives values of m and mg for doublet terms, tables of values 
for other types of spectral terms are given in the more detailed publications 
to which reference has been made already. 
Paschen-Back Effect: In weak magnetic fields the number of orientations 
is determined by first obtaining the resultant momentum, j, (in units h/27) 
of the momenta / and s and then assigning to the vector j all the possible integral 
values ranging from j to — 7. 
This procedure is logical only when the magnetic field is so weak that it 
‘does not affect the constraining forces between the valence or “ optical ” 
electron (that is, the electron which is passing from one orbit to another) and 
the rest of the atom (‘‘ Rumpf”’). But in stronger magnetic fields these con- 
straining forces are loosened, and finally, in very strong fields, the vectors 1 
and s will no longer influence each other. The stationary states of the atomic 
system will then correspond to states of the model in which / and s are oriented 
separately, so that the component ms of s is either parallel or antiparallel with 
the field, while the component m; of J will orient itself so that mz = 1, 1 — 1, 
+++ —(1—1), —l. Taking into account that the magnetic moment due to 
s, the angular momentum of spin of the electron, is equal to 2s, while that due 


e h 
Sie 2), the mag- 
netic quantum number for very strong fields is given by m’ = mz + 2ms. 
This is the explanation of the phenomenon observed by Paschen and Back 4 
that in strong magnetic fields both the number and spacing of the components 
of a given term are different from those obtained in weak magnetic fields. 
Stark Effect: In presence of a strong electric field, the spectral lines are 
resolved into components in a manner which is analogous to that observed in 
magnetic fields. The following description of the conditions under which this 
phenomenon is observed is quoted from F’, K. Richtmeyer’s book, ” 


to l is mi, both moments being measured in units ( 


“An effect of an electric field, somewhat analogous to the Zeeman effect, was discovered 
by Stark, in 1913, and is known as the ‘Stark effect.’ It is observed in the well-known ‘canal 
rays,’ when these are moving in an electric field of several thousand volts per centimeter. 


1 Ann. Physik, 39, 897 (1912): ibid., 40, 960 (1913). Also see treatise by Back and 


Landé. 
2 Introduction to Modern Physics, p. 325. 
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The arrangement for producing the Stark effect is shown diagrammatically in Fig. 31. A and 
C are, respectively, the anode and cathode in a glass tube, the gas in which may be maintained 
at such a pressure that the Crookes’ dark space in front of C is several centimeters long. 
C is perforated with small holes through which pass in cylin- 
TO SPECTROMETER drical bundles luminous streams of atoms of the gas which 
have acquired a positive charge immediately in front of C. 
These streams of atoms are the canal rays. A third termi- 
nal S is placed immediately behind C, at a distance of a few 
millimeters, and an electric field of several thousand (20,000 
and up) volts per centimeter is maintained between S and C. 
Fic. 31. Arrangement for For the ‘transverse’ Stark effect, light from the canal rays 
observing Stark effect enters the spectroscope in the direction of the arrow. Stark 
observed that the lines in the spectrum emitted by the canal 
rays when no field exists between S and C, are split up, when the field is applied, into numer- 
ous components somewhat after the manner of the Zeeman effect, the lines being polarized, 
some of them parallel to the field (7 components), others perpendicular (¢ components).” 


' 
= 7O PUMP 


Illustrations of the resolution of the Balmer lines in the Stark effect are 
given by J. 8. Foster.1 While classical theory fails to account for this phe- 
nomenon, a quantitative explanation based on the Bohr-Sommerfeld theory 
has been given by P. Epstein,? and K, Schwarzschild. Bohr 4 has shown that 
the problem of the effect of electrostatic fields on radiating atoms may be dealt 
with rather simply on the basis of the Correspondence Principle. 

The following discussion of this subject is taken from Van Vleck’s book on 
“Quantum Principles.” > 

While in weak electrostatic fields, the separation of the components for.a 
hydrogenic atom is relatively small and varies as F?, where F denotes the field 
strength, the separation becomes proportional to the first power of F in strong 
fields. Under these conditions, it is found that the energy levels are given by 


ZL’Rch  3h?nnp 


as n 81?Zem : 


(81) 


“ Here n is the principal quantum number, and ny is a second quantum 
number introduced by the addition of the field. It may be proved that 
np/n is approximately equal to ¢ Cos 6, where ¢ is the eccentricity and 0 
is the angle between the semi-major axis and the direction of the field. Both 
e and @ execute large slow or ‘ secular’ oscillations, but their product remains 
very approximately constant. The new frequency introduced by the field is 
given by 

1 OF 3hnF 


7h One 8x2Zem’ 8 


and it can be proved that this is the frequency with which the ‘ electrical 


1 Phys. Rev., 23, 667 (1924). 

2 Ann. Physik, 50, 489 (1916). 

3 Szber. preuss. Akad., April (1916). 

4 Phys. Soc. London, 35, 275 (1923). See also L. Page, Nat. Res. Council Bulletin, 2, 
part 6, 357 (1921). 

5 Pages 62-66. 
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center’ describes an elliptical harmonic motion in a plane perpendicular to 
the axis of the field.”’ 

The “‘ electrical center ”’ is a point situated midway between the focus (at 
which the nucleus is located) and the center of the elliptic orbit. The pre- 
cession of the orbit is illustrated in Fig. 32.1. In this figure the original position 
of the orbit is indicated as ori- 
ented at a certain angle with re- y ELECTRIC FIELO 
spect to the XY plane which is or ORBITS CECO 
perpendicular to the direction of 
the electric field. Application of 
this field causes the orbit to pre- 
cess around the nucleus K in such KE 
a manner that the electrical cen- 2 ae XY- PLANE 
ter, M, describes an orbit in a “4 
plane parallel to that of XY, as wy. 32. Precession of electronic orbit in strong 
shown in the diagram. electric field (Stark Effect) 

Application of the Corre- 
spondence Principle te this motion shows that the frequency of the radiation 
emitted is given, for small values of both w (the frequency of revolution in 
the orbit) and o, by the approximate relation 


y= (n” — n’)o + (nr”’ — nr’)o, (83) 


where n’’ — n’ and ny’’ — nr’ are each small compared to the quantum 
numbers involved. 

Since there are no limitations on the values of npr’? — np’, the radiation 
emitted contains both the fundamental frequencies w +o as well as their 
harmonics. The number of components is consequently quite large when 
compared with that obtained in the Zeeman effect. 

Stoner’s and Main Smith’s Scheme of Electron Distribution: As stated 
previously the total number of orbits in a magnetic field for an electron of 
serial quantum number IJ is given by 2(2/ + 1). Now corresponding to any 
given value of n, values of | may range from n — 1to 9. Hence the number of 
orbits (or levels) for any given value of n will also be limited in accordance 
with the following scheme (table XJ) which may be extended for larger values 
of n. 

Thus the maximum number of levels for a 1s, 2s, 3s or ns electron are 2, 
while for an nf electron (where n denotes the total quantum number and f 
the particular series type) the maximum number of levels is 14. 

Now according to E. C. Stoner ? and J. D. Main-Smith * the numbers given 
in the last column of table XI must also represent the maximum number of 
electrons of that spectral type which an atomic system can possess. AS will be 
shown in a subsequent section a real basis for this hypothesis is furnished by 

1 Buchwald: ‘‘ Das Korrespondenzprinzip.” 


2 Phil. Mag., 48, 719 (1924). 
8 Chemistry and Atomic Structure, D. Van Nostrand Co., New York (1924). 
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Pauli’s principle. However, it is possible, even without discussing this prin- 
ciple, to follow up the logical consequences of the hypothesis in its application 
to the problem of electron distribution in atoms. 


TABLE XI 
. . Number of Levels in 
1 Des t 

n Value of 1 Spectral Designation Macieae guele 
il 0 ls 2 
2 0 2s 2 

1 2p 6 
3 3s 2 

1 3p 6 

2 3d 10 
4 0 As 2 

il 4p 6 

2 4d 10 

3 4f 14 


The electron in the atom of H isin an orbit of type 1s. To form the atom of 
He we add a second electron (and, of course, increase the charge on the nucleus 
by one unit of positive electricity). Since two electrons of type 1s may exist 
in an atom, the second electron is also of this type. Table XII shows the type 
of orbit formed by each electron as it is added in succession to build up the 
atoms of higher atomic number. 

With the addition of a third electron we enter upon the second period 
(Li-Ne), and the first 2 electrons belong to the 2s group. Since this represents 
the maximum number for a 2s group the third electron will be of type 2p, 
and this last group will be filled with the eighth electron (Ne = 10). 

The eleventh electron, corresponding to Na (N = 11) and the twelfth 
(Mg, N = 12) form the 3s group, while A (N = 18) completes the 3p group, 
and thus resembles Ne in the configuration of the external group of eight elec- 
trons. 

When we come to K (N = 19) the analogy with Na and Li leads to the 
conclusion that the added electron must enter a 4s group. Much more 
important, however, in the case of this and the other atoms is a criterion which 
points definitely to the same conclusion and which may be stated as follows: 
During the process of formation of the atoms by addition of successive electrons 
the last bound electron always assumes that orbit for which the energy of the atomic 
system is a minimum. Thus in the case of K the spectrum shows that an elec- 
tron in a 3d orbit has a higher energy value than ina 4s. The same holds true 
for Ca, but in the case of Sc (N = 21), the energy in a 3d is lower than that in 
a 4p level (since the 4s level is already filled). Consequently we begin, with 
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this element, to fill up the 3d group, which can contain 10 electrons as a maxi- 
mum. As shown in table XII this group is completed in Cu, and the 4p group 
is completed in Kr. 


TABLE XII 
K L M N 
ST a a Ee een ———. Normal Term Vi 
ment 
ls | 2s | 2p | 8s | 3p | 3d | 4s | 4p 
H 284 13.54 
He | 2] 2 180 24.48 
Li 3 2 1 281 5.3870 
Bie |] 180 9.29 
B 5 Za 2 1 2Py 8.28 
Cc Oi) 2 ee | 3Py Qe 
N th 2 Pe 3 4S 14.50 
O coh ae |r) 8P» 13.56 
F 9 2 2 5 2P» 18.6 
Ne 10 2; 2 6 1S 21.46 
Na 11 1 28 ele 
Mg } 12 2, 180 7.61 
Al 13 Neon a i 2Py 5.96 
Si 14 “Shell” 2. | 2 3Po 8.14 
12 115) 2 3 48> 13:3 
Ss 16 2 4 3P2 10.31 
Cl 176 Be 5 2P»2 13.0 
A 18 2 6 189 15.68 
K 19 1 281 4.32 
Ca 20 2 189 6.09 
Se 21 1 2 2Deo 6.57 
aby Pape 2 2 3F'o 6.80 
V 23 Argon 3 2 4Pe 6.76 
Cr 24 “Shell” On pel 783 6.74 
Mn | 25 5 2 6S3 7.40 
Fe 26 6 2 5D4 7.83 
Co Pau 1 2 4Ps 7.81 
Ni 28 Salle 3F'4 7.64 
Cu | 29 10 1 281 7.69 
Zn 30 LOM 2 180 9.35 
Ga | 31 LO” |Z 1 2Py 5.97 
Ge | 32 Argon WO: |b B 2 3Po 7.85 
As 33 “Shell’”’ 10) 2 3 4S (10.) 
Se 34 10 2 4 3P2 9.48 
Br 35 LOR: 5 2P» 11.64 
Kr 36 10 2 6 181 13.94 
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TABLE XII (Cont’d) 


El Number Q ty 
e- in Taner = Normal Term Vi 
ment 
Shells | 4@'| af | 5s | 5p | 5a (6s 

Rib "37 1 281 4.16 
Sr 38 2 189 5.67 
¥ 39 1 2 2D 2 6.5 
Zr 40 PA 2) 3F', 

Cb | 41 | Kryp- 4 1 6D 

Mo | 42 ton 5 1 783 1280 
Ma | 43 Shell 6 1 SDs 

Ru | 44 2 1 SF's Tall 
Rh | 45 8 it 4Ps Toth 
Pd 46 10 180 8.28 
Ag | 47 1 281 7.54 
Cd | 48 2 180 8.95 
In 49 2 1 2Py 5.76 
Sn 50 | Palladium 9 2 3Po aos 
Sb | 51 “Shell” 2 3 4S» 8.35 
PEN 52 my |) 3P» [8.7] 
I 53 2 5 2P2 [10.2] 
Xe | 54 2 6 189 12.08 
Cs | 55 1 281 3.88 
Ba | 56 2 180 5.19 
La | 57 | (1s-4d (5s—5p 1 2 2De 5.5 
Ce | 58 =46) 1 =8) 1 2 3H 4 6.9 
Pr 59 2 1 2 1Ke6 5.8 
Nd | 60 3 i 2 5Le 6.3 
Il 61 4 1 2 6Lis 

Sa 62 5 1 2 Ks 6.6 
Eu | 63 6 1 2 8H» 

Gd | 64 i 1 2 9Do 6.7 
Tb | 65 8 il 2 8H 9 6.7 
Dy | 66 9 1 2 TK 10 6.8 
Ho | 67 10 1 2 6Lii0 

Er 68 11 1 2 5Di0 

Tu | 69 12 1 2 4Kg 

Yb | 70 13 1 2 3H. hal 
Lu 7a 14 1 2 2Do 
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TABLE XII (Cont'd) 


Ble- Number O P Q 
iment in Inner |——_ |__| —_ Normal Term Vi 
Shells : 
5d | 5f | 6s | 6p | 6d | 7s 
bh Pe 2 2 3F', 
Ade |) 733 3 2 4F', 
W 74 | (1s—5p 4 2 5Do 8.1 
=68) 
Re 1455 5 2 6S3 
6 it 6D5 
Os | 76 6 2 5D, 
7 1 5Ps 
Ir Urb 7 2 4F's 
8 1 40s, 
Pt 78 8 2 3F'4 9.2 
9 1 3D3 
10 189 
Aw | v9 il 281 9.20 
Hg | 80 | (1s—dd 2 180 10.39 
=78) 
Tl 81 2 1 2Py 6.08 
Pb | 82 2. 2 8Po 7.39 
Bi | 83 213 4S2 7.25 
Po | 84 a || Pa 
85 2 5 2P 
Rn | 86 2 | 6 So 
87 281 
Ra | 88 | (1s—5d (6s-6p 2 So 
=78) =8) 
Ac | 89 1 2 2De 
Th | 90 1 1 2 3H 4 
2 2 3F', 
Ux 91 2 ib 2 41K6 
Be 49 
Ur | 92 3 1 2 Le 
A || 5Do 


Proceeding to still larger values of N we find that there is a constant 
tendency for electrons tu shift between levels such as 4d and 5s, 4f, 5d and 
6s, etc. To understand the reasons for adopting the particular distribution 
assigned to each element it has been necessary to investigate not only the 
ordinary or optical spectra, but also the X-ray spectra. We must therefore 
digress in this connection to a discussion of the important deductions which 
have been derived from investigations of spectra of this class. 

X-ray Spectra and Levels: In contradistinction to the ordinary or visible 
spectra, the X-ray spectra exhibit a simplicity which is very striking. Mention 
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has been made in a previous section of Moseley’s law for the K, lines, which 
may be written in the form 


1 
basen —w{e-5} (84) 
where N is the atomic number. Although this relation does not fit all the 
observed data exactly, it is nevertheless valid to a first approximation and is 
remarkable because of the similarity in form to the relation for the Lyman 
series for hydrogen. 

Reasoning on the basis of this analogy we would conclude that the K, 
line is due to the transition of an electron from an orbit of quantum number 2 
to one of quantum number 1 for a nuclear charge of N — 1. This shows that 
these radiations come from the inner part of the atom where the electrons obey 
relatively simple laws. 

When we come to the L- and M-series, the relations between frequency 
and nuclear charge become more complex, and while the K-series in the case 
of elements of high atomic number consists of 4 lines,! the L- and M- series 
each consists of a much larger number of lines. In the case of elements of 
very high atomic number, we also find a group known as N-rays. 

The simple theory: of the origin of K, rays is based upon the formal re- 
semblance between (84) and the relation for the Lyman series. In the case of 
an element of atomic number JN, if we assume all the electrons removed except 
one, then the orbits described by the remaining electron will be governed by 
the same simple laws as in the case of the hydrogen electron. The frequencies 
of the lines emitted will be given by an equation such as (21). 

Even for N = 1, the limit of the series is in the ultra-violet region, and as 
N increases, the frequencies of the lines pass over into the X-ray region. 
Thus we conclude that ‘ the electron which produces the Ka line behaves in the 
main as tf it confronted the nucleus alone. The spectral formula of the Ka line 
is essentially of the simplest type, that of hydrogen.” ? 

In fact it has been shown by Millikan that the limiting frequency in the 
Lyman series forms an extension of the curve connecting the frequency of the 
Kea line and atomic number. Thus we conclude that this radiation is due to 
the transfer of an electron from the second orbit to the first or that nearest to 
the nucleus. 

The theory of the origin of the different X-radiations has been gradually 
modified during the past few years in regard to specific details, but in order to 
understand the new developments it is perhaps better to present the much 
simpler theory as developed by Kossel ? in 1916. 

The theory of atomic structure postulated by Kossel resembles to a certain 
extent that suggested by Langmuir. The electrons are assumed to be arranged 
around the nucleus in different shells or rings, each ring corresponding to the 

1A. Sommerfeld: Atombau, p. 260. ‘ 


2A. Sommerfeld: loc. cit., p. 262. 
3 Verh. deut. physik. Ges., 16, 899, 953 (1914); 18, 339 (1916). 
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completion of a period in the periodic system of the elements. Thus the first 
shell consists of 2 electrons, the next shell of 8, the third of 8,and soon. The 
first or innermost shell is known as the K-, and counting from this outwards 
we have the L-, M- and N-shell. 

The K-radiation is produced by the transfer of an electron from the outer 
shells to the K-shell. Since these shells are occupied in the normal atom by 
electrons, it is necessary in order to produce the radiation to remove an electron 
from the K-shell. This is accomplished by allowing high velocity electrons 
(cathode rays) to strike the atom. The energy required is again given by the 
quantum relation Ve = hy, so that to produce any given characteristic radi- 
ation, it is necessary to work with a voltage in excess of a definite minimum 
value. 

The L-radiation is produced in a similar manner by the transfer of electrons 
from the M- and N-shells to the L-shell. Since the L-shell is further out from 
the nucleus, the amount of energy required to remove an electron from this 
shell and thus produce the condition which leads to the production of L-rays 
is necessarily less than that for K-rays. Consequently the frequencies of the 
[-radiations are lower than those of the K-radiations and the voltages required 
to produce the L-rays are lower. 

Fig. 33 illustrates the process by which the different radiations are pro- 
duced.! The process of excitation is represented diagrammatically by the 
arrows that point from within outwards. They bear the signs K-Gr (K-limit) 
and L-Gr (L-limit), and similar arrows could be drawn for the M- and N-series. 


Fic. 33. Schematic repre- 
sentation of origin of differ- -00 
ent types of X-rays Fia. 34. Energy levels for excitation of X-rays 


Fig. 34 ? gives us a still more schematic illustration of the process of emission 
of Roentgen rays. “ This diagram has an advantage in that it takes more 
account of the quantitative aspect of the phenomenon. In it we visualize the 


1A. Sommerfeld, p. 248. 
2A. Sommerfeld, Atombau, p. 250, Atomic Structure, p. 146. 
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various shells not by their relative positions in the atom, but by their relative 
energy-differences. Thus we draw a succession of energy-steps such that the 
difference in height between two steps gives the energy that is liberated when 
an electron drops from the higher to the lower step (orbit). The lowest step 
bears the sign K, the next L, and so forth. The energy level of the nucleus 
is to be considered at — ©. The highest dotted limit of the steps corre- 
sponds to the periphery of the atom. The quantitative drawing of the 
picture leads us to assign to the successive steps K, L, M, N,. . . the series 
of integral ‘ quantum numbers’ 1, 2, 3, 4. . . in such a way that the position 
of each step below the highest level is, at least to a certain degree of approxi- 
mation, proportional to 

ley, eeelet dt 

ye? ge? ga? ge? 


Accordingly, we make the height of the steps in the figure decrease, from the 
bottom upwards, in the manner indicated by the differences in height 1, 1/4, 
1/9, +++ written at the side (on the right). Moreover, we again draw the 
arrows K,, Kg, +: L,*:+ that correspond to the various possibilities of 
energy-emission, and the arrows K-Gr, L-Gr, which correspond to the various 
kinds of energy absorption.”’ These arrows thus indicate the limits of the 
K and L series. 

The frequencies vx, vz, etc., which correspond to the limit of the K-, 
Iy-series, etc. (in the same manner as the series limits for visible spectra) 
have an important physical significance. If we wish to obtain say the line 
Ka (the lowest frequency of the K-series) from a given anticathode material 
and apply the voltage given by the quantum relation 

hve 


a € ? 


we do not obtain the desired line. Rather we must increase the voltage on the 
X-ray tube to the value V x (corresponding to vx) at which all the lines of the 
K-series then appear simultaneously... The obvious explanation is that in 
order to obtain any K-radiation at all an electron must be completely removed 
from the K-shell and then electrons can move into this shell from the outer 
shells. 

Similarly, to excite any line of the L-series, it is necessary to apply a voltage 
greater than that corresponding to vz. As a matter of fact, there are three 
L-levels and the same statement holds true for each level, so that by carefully 
regulating the voltage we can produce rays of the Ly-series, but not those of 
the L»-series (vz, > vz,). Thus, in the case of tungsten the three excitation 
limits are: 

L,-limit, V = 10.2 kilovolts 
Lge V = 11.6 
D3- “ V = 12.0 es 

1D. L. Webster: Phys. Rev., 7, 599 (1916); Proc. Nat. Acad. Sci., 2, 90 (1916). See also 

L. Page: Bull. Nat. Res. Council, 2, part 6, page 356 (1921). 
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The phenomena observed in the absorption of X-rays are also accounted 
for in the same manner. As will be mentioned in the discussion of resonance 
potentials, absorption of a given frequency in the visible region by an atom 
occurs if the energy hy corresponding to this frequency is equal to the energy 
required to shift an outer electron from the normal orbit to the next one further 
out. It is evident that in the case of X-rays the energy absorbed must be 
sufficient to remove an electron from one of the inner shells to the periphery 
of the atom. ‘ Thus the excitation limits become marked in the continuous 
X-ray absorption as absorption limits. For frequencies below the limiting 
frequency, for, say, K-radiation from a given material, the absorption of the 
material comes into play and this absorption then persists for higher frequencies. 

““ These observations are all in agreement with the view that in the normal 
atom the electrons are distributed in shells and that absorption cannot occur 
until sufficient energy has been supplied by the incident radiation to remove an 
electron from one of these shells to the periphery of the atom. 

“There is one deduction which follows from these considerations and which 
was derived by Kossel. Let vx be the absorption frequency corresponding 
to the removal of an electron from the K-ring, to the surface of the atom, and 
vz the corresponding quantity for the L-ring. Then, assuming the second 
postulate of the Bohr theory to apply to absorption as well as to emission, we 
should have 


vy +VKe — YK = 0 


(where vx, is the frequency of the Kaz line), a relation which has been well 
confirmed by experiment.” ! 

It will be recognized that Kossel’s relation is analogous to the Ritz combina- 
tion principle for visible spectra ? and in the classification of X-ray spectra this 
principle has been found invaluable. 

Since the absorption limits correspond to energy levels, it is obvious that, 
from the observation of these, it is possible to determine quantitatively the 
various energy levels in any atom. From the values of these energy levels, 
certain conclusions may be drawn regarding the quantum numbers of the 
orbits. Thus, from equation (84) which respresents Moseley’s law, we have, 
for the energy level of the K-shell, the value 


1 
hye = Wx= — Rch(N — »(%), (85) 
and for that in the L-shell, the value 
1 
hyp = Wr io Rch(N = »(&): (86) 


In each case es 
ae (N — 1) 
Re Meme 
1L. Page, loc. cit., p. 381. 


2D. Coster, Z. Physik, 5, 139 (1921); 6, 185 (1921). 
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where n is the quantum number of the orbit. If, for the same characteristic 


line, we plot Vv/Rc against N, we obtain, as a first approximation, a straight 
line whose slope is 1/n, that is, the reciprocal of the quantum number correspond- 
ing to the particular level. In this manner we obtain, for the K-shell, n = 1, 
for the L-shells, m = 2, and so forth. 

However, this presents the actual observations only approximately. 
There is an apparent arbitrariness in Moseley’s relation in the use of N — 1 
instead of N, and in general it has been found necessary, in order to obtain 
agreement with a relation of the type of equation (85) or (86) to replace N by 
N —o, where o is a “screening ”’ constant, and N — a is the effective nuclear 
charge. 

Thus Moseley’s law may be written in terms of wave-numbers, in the well- 
known form. 


Vo SING 


R jie 


(87) 


From these considerations it follows that X-ray spectra are to.be considered 
as indicating the process by which an atomic system undergoes reorganization 
after a disturbance in the electrons situated in the kernel, just as optical spectra 
represent the reorganization process after a disturbance in the valence shell. 

A detailed study of X-ray spectra from the point of view of the Bohr theory 
has thus led to the identification of a number of cifferent sets of levels which 
are listed in Table XIII, together with the corresponding values of n, d, and j. 
The last line gives the analogous levels in the optical sepctra of the alkali 
metals. 

In the elements of higher atomic number, there are also present seven N 
levels (n = 4,1 = 0, 1, 2, 3), and five O levels (n = 5,1 = 0, 1, 2). 

Fig. 35 taken from the paper by Bohr and Coster! shows the Mosely dia- 
grams for the different levels. By applying to these plots equation (87) the 
values of n given in Table XIII have been derived. 


TABLE XIII 


CLASSIFICATION OF X-RAY LEVELS 


Level K L M 

Sub-level Ly | Ly | Lor | My | My | Myr | Mi | My 
1 ne Ae PO, acy CRMC CRS RE 1 2 ” 2 3 3 3 3 3 

LL AN GERA Ct Ret acne ei teen Dea 0 0 1 1 0 1 1 2 2 

Uikep or dtectenoske ast eon 1/2 12 1? 3/2 17/2 W2 3/2 3/2 5/2 
Optical analog.......... 18 2S | 2P1j2| 2P3j2\| 3S 8Pij2 | 3P3/2| 3Ds/2 | 3De/2 


1Z, Physik, 12, 342 (1923). 
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Fig. 36 also taken from the same paper shows the energy levels for the rare 
gas Niton (N = 86), as deduced from X-ray absorption data for elements of 


higher atomic number. The notation on the extreme right-hand side, K 


38 


? 


br2c.1) 
Ly2(2.') 
Lm2(2,2) 


Ki(1) 


M13(m) 
Mp 3(2)) 
Mm 3(2.2) 
Mr 3(3,2) 
My 3(3,3) 


Ni 4(i,1) 
N34 (2,1) 


(Om5(3,2) 
Ovy5(3,3) 


S2 65344 763 


Jaiten iets. V>/R against N (Moseley plot) 


Ly, Ly, etc., is that suggested by Bohr and Coster, while the figures give values 


of n(k, j + 3). 


Thus the symbol 3(2, 1) for the M,,; level indicates n = 3, 


k= 2 (l= 1) andj =. The older nomenclature is given on the left. The 


1212 A TREATISE ON PHYSICAL CHEMISTRY 


arrows indicate possible transitions and correspond therefore to observed 
X-ray lines. For elements of lower atomic number, the number of levels is 
obviously less. Fig. 87 taken from a paper by K. Chamberlain and G. A. 


Old New 
Symbol Symbol 
K4b Seth nn enna nk 
Korth pyBr Be 200 
(Ly 
v3 a, LUST reel 
he ae AS nasi 
LAuPs% % 17 A, OB,Pcle Pov Bre Bale 
Ms b 3,0 My 
pe San YN EME OCED 3¢2iIMy 
Meee D1 Tae aA T/T See 3¢22)My 
eca see en eeses 33,2My 
Siete js ae a asa 
. Ma,a,By 6 € an 
b (a) 
al se ames ea a a a 
- SEIT TER A22Nq 
Nad Fa ep a 
Ns pase eae er 
ne ip osteo tg 
ae Lae er LG 
Os (b= ie. 
Auuk te PSSA oe ee Peony ee CML 
‘ iii aT 
03 (a 5@.2)0n 
ood ye cos S| ee 
01536 pL Si3.a10y 
P3 6u.0 Py 
pi a E 6(2.0Py 
P\ 620 3 62.2)Pq 


Fia. 36. X-ray energy levels for Niton 


Lindsay 1 shows the X-ray levels for Sb (NV = 51) and the two following ele- 
ments Te and J. In this case, as shown in Table XII, the valence electrons 
are 1n O, (5s) and Oy;-4;; (5p) levels, the latter being incompletely filled. The 
optical spectra are produced by transitions between the last mentioned levels 


1 Phys. Rev., 30, 369 (1927). 
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and virtual levels, while the X-ray spectra are produced by transitions to K 
and L, levels as shown in the diagram. 

Table XIII also gives the values of 1 and j which have been assigned to the 
different X-ray levels... The reasons which have led to the choice of these 
values will be mentioned in connection 
with the general discussion of the 
subject of multiplet levels. Before, 
however, considering this topic, it is 
necessary to describe certain observa- 
tions which led to the present theory 
of the interaction of electrons to form 
spectroscopic levels. o, 

Anomalous Terms: In a previous 4 On ar INCOMPLETELY 
section the origin of doublet levelsin the ~geG;on or FILLEO VALENCY 
spectra of the alkali metals was ac- a ee, 
counted for by assuming an interaction ia. 37. X-ray energy levels for Sb, Te 
between the angular momentum of the and I 
spin of the electron (s = 4) and the 
angular momentum / of the electronic orbit. In this manner the values of j, 
the resultant momentum, given in Table 1X, were obtained. Evidently the 
assumption that the spectral terms are due to changes in the nature of the orbit 
of a single electron is not adequate to account for higher multiplet levels than 
those of the doublet type. In other words, transitions of a single valence or 
“ optical ”’ electron between different levels do not explain the mode of formation 
of more complex spectra. Although Heisenberg, Landé and others had formally 
derived certain rules by which they could calculate the nature of the multiplet 
levels formed by successive addition of electrons, there existed, as mentioned 
previously, certain theoretical difficulties in the whole scheme. While the 
conception of the spinning electron has served to remove some of these dif- 
ficulties, the evidence brought forward by Russell and Saunders for the simul- 
taneous transition of two electrons has helped materially in clarifying the 
whole problem of complex spectra. 

It was known for some time that in the spectrum of Ca there exist not only 
the two systems of singlet and triplet levels mentioned already, but also an 
anomalous group of levels for which the limiting terms (corresponding to the 
ionizing potential in the normal spectra of the alkali and alkaline earth metals 
have negative values. Figure 38 which gives the energy diagram for Ca illus- 
trates what is meant by negative terms. The !S, *S and other normal terms 
converge to the term marked O which corresponds to the lonizing potential. 
On the other hand, Russell and Saunders found that there exists a group of 
terms such as *P’, *P’’, etc., which converge to a higher term than that cor- 
responding to the ionizing potential, so that some of the terms are negative 


‘; 


REGION OF 
FILLED ELECTRON 
GROUPS 


1 The quantum numbers given on the right hand side of Figs. 35 and 36 are those used in 


the former notation (Bohr-Coster). 
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(with reference to the convergence limit for the normal terms.) Similar 
negative terms had also been observed by Wentzel.' 


(yy 
v 
o 
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Fig. 38. ‘‘ Anomalous ’”’ terms in spectrum of calcium 


As. A. E. Ruark 2 has stated the case: “‘ If we retain tie convention that wave numbers 
increase as the energy of the atom decreases, and that the state of zero energy is that in which 
the valence electron is at infinity, all others being on their normal levels, then the initial energy 
level involved in the emission of these lines has a negative wave number. When the atom is 
ready to emit them it has a greater amount of energy than that corresponding to the first 
ionization potential.’’ 


The clue to the nature of this phenomenon is afforded by the observation 
that the difference between the limit of the normal term and that of the 
anomalous terms is equal to the difference between the lowest and the next 
highest terms in the spectrum of ionized Ca (Ca* or Call). The latter 
spectrum resembles that of potassium, since the atom has the same total 
number of electrons external to the nucleus in both cases. Thus the anomalous 
terms must obviously be due to simultaneous transitions of one of the two 
valence electrons from the 4s to a 3d level and of the other electron from the 4s 
to any other level since as shown by the spectrum of Sc (the element following 
Ca in the periodic arrangement) the 3d level corresponds to a slightly higher 
energy value than the 4s level. When both electrons return to lower levels a 
monochromatic radiation is emitted just as in the case of the transitions of a 
single electron. 

Formally, the observed phenomena may be accounted for on the following 
basis, which forms an extension of the vector-model used in interpreting the 
relations between / and s for the terms in the spectra of the alkalies. 

1 Physik. Z., 25, 182 (1924). 

2 J. Opt. Soc. and R.S.I., 11, 199 (1925). 
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The /-vectors of the two electrons interact to form a resultant L-vector, 
similarly the s-vectors combine to form an S-vector, and the resultant of L 
and S gives rise to a j vector for the particular term. As an illustration of the 
application of this method of procedure, let us consider the case where 1, = 0, 
and J; = 2 (as in that of Ca, where one of the electrons is in a 4s and the other 
may be in a 3d level). The resultant level has L = 2 (D term) while S = 1 
or 0, corresponding to a singlet or triplet level. Thus we obtain 1D’ and 3D’ 
terms. Similarly when J; = 1 and l, = 2, it may be shown that the resultant 
terms are °F’, *D’, 1D’ and 18’. The dashes on the upper right hand side of 
the letters indicate that these terms are ‘‘anomalous.” 

It will be observed from Fig. 88 that these anomalous terms, while having 
the same values of L and j as ordinary terms combine in a different way with 
the latter. Thus we have transitions from the *P’ and *P”’ levels to the *P 
levels, and similarly transitions from the *D’ and #D” levels to the *D levels, 
also transitions from *P”’ levels to the 1S and 38 levels. Apparently the ordinary 
selection principle according to which Al = + 1 does not apply in these cases. 
O. Laporte + has suggested a classification of terms on this basis, that is, that 
those terms should be regarded as “‘normal”’ which comprise the lowest energy 
level and all terms which combine with this (or with terms combining with it) 
in accordance with the rule Al = + 1, while terms which combine with normal 
terms so that Al= 0 or +2 should be designated as ‘‘anomalous” or 
“accented” (“‘gestrichen”’ or “‘verschoben”’). 

Russell and Saunders found similar anomalous terms in the spectra of Ba 
and Sr. Similar terms have also been observed in the spectrum of Mg by 
Ruark,? in the spectra of Zn, Cd, and Hg by R. A. Sawyer * and in a number 
of enhanced spectra by R. A. Millikan and I. 8. Bowen.? 

From the point of view of the classical Bohr theory, the existence of anom- 
alous terms is obviously difficult to comprehend. As Bowen and Millikan 
have remarked in a paper on the PP’ group of lines in the spectra of a number 
of multiply-ionized (stripped) atoms: ® 


“The significance of the foregoing discovery in the PP’ group lies in the proof that two 
electrons, both of which are in unstable quantum states, may simultaneously perform two 
definite quantum jumps and integrate these combined jumps into a single monochromatic 


radiation.” 


Thus the presence of anomalous terms in spectra is one more item of 
evidence which shows that no simple mechanical theory of atomic structure 
can be satisfactory. In the following sections other facts will be mentioned 
which have led to the same conclusion. It is because of these observations 
that physicists have been forced to adopt the radically new point of view which 
has been suggested by Heisenberg and Schroedinger. 

1Z. Physik, 23, 166 (1923). 

2 Loe. cit. 

3 J. Opt. Soc. and R.S.I., 13, 431 (1926). 

4 Phys. Rev., 24, 209 (1924); 25, 884 (1925); 26, 150, 282, 310 (1925). 

5 Phys. Rev., 26, 150 (1925). 
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Derivation of Terms in Complex Spectra: On the basis of these consider- 
ations it is now possible to discuss briefly the method developed by F. Hund,':? 
for deriving the types of spectral terms which may result from the interaction 
of more than one electronin an atom. Before proceeding with this it is well to 
summarize briefly the discussion in the previous sections regarding quantum 
numbers. Following Russell’s notation we distinguish the state of a single 
electron in an atom from the state of the atomic system which corresponds to a 
definite spectral term 

1. The state of a single electron is ordinarily designated by four quantum 
numbers: (a) n, the principal or total quantum number, which determines to a 
first approximation the energy of the state; (b) J, the “ serial’? quantum 
number, since it serves to designate the system to which the state belongs 
(s, p, d, f, etc.); (c) mi, the magnetic quantum number which designates the 
orientation of the orbit in a magnetic field; (d) ms, the magnetic quantum 
number which designates the direction of spin in a magnetic field. 

The quantum numbers m; and ms indicate that the projection of the 
moment of momenta given by / and s in the direction of a magnetic field are 
quantized in space, that is, only certain orientations of the orbit and of the direction 
of spin are possible. 

Tt is to be observed, furthermore, that 


lT=n—1, n—2, -::0 
m= bL—1, +° —@—1), =! 
Ms = +3. 


Thus there are but two possible directions of spin of the electron, 180° apart. 
Finally 
m= m+ Ms 
in weak magnetic fields. 
2. The state of an atomic system is defined by three numbers: (a) the 
“ serial? quantum number, L, which is the resultant of the /-vectors for the 
individual electrons, and which designates the type of system (S, P, D, F, etc.); 
(b) the spin quantum number S which corresponds to the resultant of the spin 
vectors of the individual electrons, and (c) the inner quantum number, j, 
which represents the total number of units of angular momentum of the atomic 
system for the given state, and which is the resultant (vectorially) of L and S. 
The value of S determines the multiplicity, r, of the system which is given 
by the relation 
r= 28S +1. 


Hence r = 1 (singlets) for S = 0; r = 2 (doublets) for S = 3, and so forth. 

As mentioned previously, the multiplicity is indicated by an index at the 
upper left hand corner of the symbol for the series; while the value of 7 is shown 
by an index at the lower right hand corner. 

1B, Hund: Linienspektren und periodisches System der Elemente, Julius Springer, Berlin 
(1927). 

*¥F, Hund: Z. Physik, 33, 345 (1925). 
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According to the method used by Hund, the values of L, S and j for the 
different possible terms resulting from the interaction of two or more electrons 
are determined as follows: Forming the sums of the different combinations of 
values of m; for the individual electrons, we obtain values of Sm; = ML; 
similarly values of 2m; = mg are obtained for each different combination. 
From these the values of m = mz + mg are derived and these, in turn, are 
used to deduce the possible values of j, since corresponding to a given value of 
the latter in a spectral term, the magnetic quantum numbers, m, are given by 
the series of values j,j — 1,--- —j. Similarly corresponding to a given value 
of L in the spectral terms, the values of mz are given by L, L —1,-+-- — L, 
and corresponding to given value of S, the values of ms are given by S, S — 1, 
Peis 

Hund furthermore assumes that of all the possible spectral terms thus 
obtained, the normal term, or term corresponding to the lowest energy state of 
the atomic system is determined in accordance with the following two rules: 

(1) The normal term corresponds to the highest value of the multiplicity, r. 

(2) For regular multiplets the lowest value, 7 = L — S, and for inverted 
multiplets the highest value, 7 = L + S, is chosen. 

In connection with the second rule it is necessary to explain the distinction 
between regular and inverted multiplets. As was mentioned in connection 
with the energy diagrams for Na and Ca, the lowest component level of a 
doublet or triplet term is that which has the lowest value of 7. Such multiplets 
are known as regular. They occur in those atoms in which the valence shell 
contains less than half the total number of electrons required to complete 
the particular level. On the other hand, when the latter is over half filled, it 
is observed that the lowest energy level has the highest value of 7, while the 
next higher energy level has the next lower value of 7, and so forth. Such 
multiplets are then designated as belonging to the inverted type. 

From table X it follows that in case of levels which contain their maximum 
number of electrons, 2m = 0. Consequently 7 = 0, and the interaction of all 
these electrons in the completed level must lead to a term having the designation 
189. In table XII the second last column gives the lowest or normal term in 
the spectrum of the element, and it will be observed that the 'S» term is char- 
acteristic of all those elements in which a level becomes completely filled, such 
as Ne, Mg, Pd and analogous elements. 

The method of determining the spectral terms which may result from the 
interaction of two or more electrons may be illustrated by considering a case, 
such as that of Ti, in which two (3d) electrons are added to the two (4s) elec- 
trons already present in the shell external to that of argon. Since the two 
(4s) electrons represent a completed level, 7 = m = 0 for these and therefore 
they contribute zero angular momentum to the resultant angular momentum 
of the two (3d) electrons. Designating one of the latter electrons by sub- 
script 1 and the other by subscript 2, we obtain the values of n, J, mz, ms given 
in table XIV. 
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TABLE XIV 


ne = n1 ae Thi lg = 2 


My Mig Ms, Msy mL ms m 
2 2 $ —4 4 0 4 
1 +4 +3 3 100-1 4332 
0 +3 +4 2 100-1 3221 
zl a +} 1 100-1 2110 
—2 +} +3 0 100-1 100-1 
1 1 a —4 Y 0 2 
0 +4 +3 1 100-1 2110 
—1 +4 +4 0 100-1 100-1 
—2 +4 +} -1 100-1 0-1-1-2 
0 0 4 —4 0 0 0 
0 -1 D +35 -1 100-1 0-1-1-2 
0 —2 +3 +3 —2 100-1 —1-2-2-3 
=i —1 3 =z —2 0 =) 
—1 —2 +5 +3 —3 100-1 —2-3-3-4 
—2 —2 +3 —4} —4 0 —4 


The values of m = mz + mg given in the last column may now be arranged 
in horizontal rows as shown in table XV. Corresponding to each series of 
values of m in any row, we now have the value of 7 given in the second column, 
so that there are two terms, 7 = 4; one term, 7 = 3; three terms, 7 = 2; one 
term j = 1, and two terms j = 0—nine terms in all. The values ms = 0 
indicate singlet terms, while mg = 1, 0, — 1 correspond to triplet terms. 
Also, since the maximum value of mz is 4, we may expect terms of type G, F, 
D,Pand 8. A consideration of the values of 7 for different multiplet terms, as 
tabulated in Table IX, leads to the conclusion that the only possible distribution 
of terms is that shown in the last column of Table XV. In accordance with 


TABLE XV 
Corresponding Spectral 
Values of m (Table XTV) Value of 7 Term 
4 A302: EON HPN es 1 ee ee 4 1G, 
4. 0-8 a DT LOL eee a a ne 4 3F4 
Hy Paes Rey Etec tipi Sie eee A ee TS 3 3P, 
me Uma Veen ees aca RN re! CON ers ie ee waa br C3 2 3, 
pains isl 0 Via 9) Wa i ny rah A tte EE ork, Ue fans 2 1D» 
2°L Oe HTP 28 0) Pe ee Sere eaters 2 3P» 
1. 0 s=35) Pe yl ee ESA ie ees 1 3Py 
Oo Pe ee 8 a Da en ore 0 3Po 
0 Re I TT OE Maer ny ee Ne OE a eS ocd 0 189 


the rules given by Hund, the normal or lowest level must be of type °F», the 
lowest value of 7 being used since the number of electrons is less than half that 
corresponding to a completed (3d) level. 
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It will be observed that for the cases m,, = mi, only the values ms, = 4 
and ms, = — % have been used. The reason for excluding other combinations 
of ms is based on a rule which is known as “ Pauli’s Principle of Restriction of 
Quantum Numbers,” and which may be enunciated as follows: 

In any one atom there cannot exist two electrons having the four quantum 
numbers, (n, l, ms and m;) respectively the same in both. 

That is, if for two electrons mi = no; 1, = 1:3 mz, = mi, then ms, cannot 
be equal to ms, Furthermore it is obvious that in the case illustrated above, 
my, = 2, m, = 1 is identical with m;, = 1 and m,, = 2, and so forth. 

It will be recognized that Pauli’s principle is essentially the real justification 
for Stoner’s theory of electron distribution in levels; since, for instance, putting 
more than 6 electrons in a p level would be in contradiction with this principle. 

On the basis of these considerations it is possible to derive, as has been shown 
by Hund, the different spectral terms which may be obtained from the inter- 
action of two or more electrons having the same values of n and 1 respectively. 
The results of these calculations are given in table XVI for the case 1 = 1 
(p-electrons).! 


TABLE XVI 
TERMS FOR EQUIVALENT p-ELECTRONS 
Number of Electrons Terms Lowest Multiplet 
Dissent Met tee Lote MRS ats aoe aes 2P 2P i/2 
PASM 2 See a9 A Aenea thas UR 189 1D. 8P 3Po 
aie: Roe als rte Ait ee en re ee YE DT NS 483/2 
AL ety Fe eat: LENE cy ARRAN AEM PROD Ss. 11a. Sk 3P» 
Se NS OER EL fe ete: 3 2P 2P3/2 
(Cy ele By eet 0 Se th ahs cai ie ee 180 18o 


Since 2m, = Zms = Xm = O for all the electrons in a completed level, 
two interesting conclusions follow: 

(1) Every completely symmetrical electronic configuration must have a 
zero value of its resultant magnetic moment. This accords with the observa- 
tion that helium and all the rare gases, also mercury and other two valence 
atoms in their normal states, are all diamagnetic. 

(2) That if Z denote the maximum number of electrons for any one level 
(see Table XI) then the spectral term for Z — n electrons must be the same 
as that for n electrons. 

Thus, as is shown in Table XVI, 4 equivalent p-electrons give the same 
spectral term as 2, and 5 the same as 1. The only difference occurs in the 
order of multiplet levels with respect to the value of the energy. While in the 
case of the first three p-electrons the lowest multiplet level corresponds to the 
least value of 7 (regular multiplets), the order is reversed in the case of the 
last three (inverted multiplets), as is evident from the last column in Table 
XVI which gives the “ normal” or lowest level in the atomic system. 

1 Further discussion of the methods for calculating spectroscopic terms from electronic 


configurations will be found in the following papers: H. N. Russell; Phys. Rev., 29, 782 (1927); 
R. C. Gibbs, D. T. Wilber and H. E. White, ibid., 29, 790 (1927); J. E. Mack, ibid., 34, 17 


(1929). 
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It will be observed that in this table the multiplicity r = 2 for one electron 
changes to r + 1 and r — 1 on addition of a second electron, and the same 
result is reproduced on addition of a third electron. Then the multiplicities 
decrease in reverse order as the last three electrons are added. In table VIII 
a similar set of observations were shown for the elements of the first long 
period. A given multiplicity r in any one atom becomes altered to r + 1 
and + — 1 in the succeeding atom in the periodic arrangement (Heisenberg’s 
“branching” rule). This leads to increasing complexity in the degree of 
multiplicity until the number of electrons added corresponds to half of the 
maximum number possible for the given level, and then the complexity de- 
creases in reverse order. Thus in the 3d level the complexity reaches a maxi- 
mum with Cr. In all cases the maximum occurs in that case for which the 
number of added p or d electrons is one half the maximum possible number for 
the completed shell. 

On the basis of Hund’s theory this phenomenon is accounted for readily 
since for every added electron, the value of S, the resultant spin vector is 
decreased or increased by 1/2, and consequently the multiplicity must be 
decreased or increased by 1. Furthermore, the occurrence of maximum 
complexity in the middle of the series corresponding to a given level is due to 
the same cause as the repetition of spectral terms in the second half of the series 
which has been mentioned above, 1.e., Pauli’s exclusion principle. 

Periodic Variations in Nature of Normal Term: Table XII gives the 
normal term for each of the 92 elements.1_ In certain cases (such as Cr, Cu, Ni 
and Pd) the nature of the normal terms as derived from the Zeeman effect has 
led to the conclusion that the electron distribution must be that given in the 
table. In other cases, such as the rare earth group and a large number of the 
elements of higher atomic number, detailed investigation of the spectra still 
remains to be carried out before a final decision can be reached regarding the 
exact electron distribution. However, Hund’s theory of the relation between 
spectral terms and electron arrangement as outlined above, has been so 
singularly confirmed in such a large number of cases that no doubt exists in 
regard to its validity. 

The periodic variation in spectral terms with increasing atomic number is 
evident from table XII. Atoms which have a similar arrangement of electrons 
in the “ valence” or outer levels, have identical spectral terms. The table 
also shows further applications of the rule mentioned above regarding the 
similarity of spectral terms for Z — n and n electrons in a level for which Z 
is the maximum number possible of electrons. 

Thus Ti with (3d)? electrons and Ni with (3d)8 electrons exhibit °F terms, 
V with (3d)* and Co with (3d)’ have 4F terms, and similarly for other elements 
in the group, Sc to Ni. The only exception is Cu for which the expected 
electron distribution (3d)° (4s)? does not possess apparently as low an energy 
content as that corresponding to (3d)!° (4s). Hence the latter yields a normal 
term which is different from that for Se. 


1J.S. McLennan, A. B. McLay and H. G. Smith: Proc. Roy. Soc., London (A), 112, 76 
(1926); F. Hund: Z. Physik, 33, 765 (1925). 


QUANTUM THEORY AND ATOMIC STRUCTURE 1221 


The rare earth group is an illustration of the case for which the completed 
4f level should contain 14 electrons, and it will be observed that the normal 
term for 14-n electrons is of the same nature (except as regards the particular 
value of 7) as that for n electrons (n = 1 to 6). The spectral terms given in 
Table XII are derived on the assumption that the electron configuration cor- 
responds to (4f)"(5d) (6s)? where n is the number of electrons in 4f level. On 
the other hand, Hund has suggested the alternative possibility (4f)"(5d)2(6s) 
in which case the normal terms would be of still higher degree of complexity. 
Thus for Gd (N = 64) the normal term would be of type 'F instead of 9D as 
given in the table, and for all the other atoms of the group the normal level 
would be altered to that corresponding to the next higher value of L with an 
increase in degree of multiplicity by 2. 

In the case of Os, Ir, Pt and some of the other elements, more than one 
distribution is possible and the normal terms have been given for each of 
these, as calculated by McLennan, McLay and Smith. A. C. Hausmann? 
has, however, reached the conclusion, from an examination of the Zeeman 
effect on the terms in the are spectrum of Pt, that the normal term is of type 
5D3 corresponding to the configuration d°s. Also J. E. Mack has discussed 
the problem of the relationship between the electronic configuration and 
spectral terms for atoms such as those of Ni, Pd and Pt. 

Enhanced Spectra: We shall now consider types of spectra which are of 
considerable importance inasmuch as they furnish experimental evidence for 
Bohr’s general conception of the building up of atoms by addition of successive 
electrons. It has already been stated that according to Bohr’s theory the 
energy of an atomic system consisting of a nucleus of charge Ne and a single 
electron is given by 

RchN? 
(eae (88) 


nv 


where E£, denotes the energy for the state corresponding to total quantum 
number n. 

As a consequence of this relation it was shown by Bohr that certain lines 
previously ascribed to hydrogen really belong to ionized helium, since in this 
case N = 2. It is evident that for an ionized atom, the number of electrons 
is one less (NV — 1) than the charge on the nucleus, and, therefore, for orbits 
of large quantum number the force between the “ optical” electron and 
the rest of the atom will approximate that of a nucleus for which N = 2, 
acting on a single electron. Thus the spectra of singly ionized atoms will 
possess terms in which the Rydberg constant, R, obtained in ordinary spec- 
tra, is to be replaced by 4k. Now such spectra had been observed and 
were known as “ spark spectra” in contradistinction to the more usual “ arc 
spectra.” 

1 Loc. cit. 

2 A.C. Hausmann: Astrophys. J., 66, 333 (1927). 

3 Phys. Rev., 34, 17 (1929). 
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Bohr’s theory, however, led to the conclusion that it should also be possible 
to observe spectra due to atoms in which two or more electrons have been 
removed, and for these “‘ enhanced ” spectra the value of the Rydberg constant 
would have to be replaced by 4R, 9R or p?R according as one, two or (p — 1) 
electrons have been removed from the neutral atom. It has become con- 
ventional to designate such a “ stripped ” atom by the symbol of the element 
to which is attached at the lower right hand corner a Roman numeral whose 
value is equal to that of p. Thus we speak of the spectrum of Fy; and signify 
by this symbol the spectrum emitted by a fluorine atom which has been stripped 
of siz external electrons and therefore actually has the same number of electrons 
as the Liatom. 

As animportant corollary from the remarks made in connection with Hund’s 
theory of the formation of spectral terms it follows that the first spark spectrum 
of any element ought to exhibit the same multiplet structures as the arc 
spectrum of the element preceding it in the periodic table. (Kossel-Sommer- 
feld’s displacement law.) Furthermore, the enhanced spectrum of an element 
of atomic number N from which =: electrons have been removed should re- 
semble the ordinary spectrum of an element of atomic number N — p. (But, 

of course, the coefficient of the 


The D'Lines of Nal Mel, ALM, Si W Rydberg constant in the case of 
60000 40000 20000 
Nat (Na) the enhanced terms would be 
TI (ig + 

one WEES (p + 1)?). 

Si I (Si*") A very interesting illustra- 
Xr 1394 1855 ne228 (‘5890 ‘ : 6 ; 

{i202 {iee3 B03 5696 tion of these considerations is 
av 460 238 OS 22 furnished by the spectra of the 
Fig. 39.‘ D” Lines in enhanced spectra of sodium- Series Na, Moy, Alyy, Stzy, 
like atoms which have been investigated by 


Paschen, Foote and Fowler,! and 
Py, Syz, and Cly;; investigated by Millikan and Bowen.? All these spectra ex- 
hibit doublet levels, but owing to the effect of increasing net nuclear charge, 
the wave-lengths of similar lines (i.e., corresponding to transitions between 
levels of same spectral designation) become shorter as the number of electrons 
removed from the atom increase. Thus figure 39 !* shows the ‘ D” lines in 
the spectra of the first four atoms. 

Table XVII (from the paper by Fowler) gives a comparison of the lowest 
series terms for these spectra. In accordance with equation (88) the observed 
values of » have been divided by p? where p — 1 designates the number of 
electrons removed from the neutral atom. The values of # for the correspond- 
ing levelsin H are given at the top. Here again it is observed that the values 
for D and F levels are approximately the same as those for similar levels in H, 
(thus indicating that the corresponding orbits are completely external to the rest 
of the atom) while owing to the deeper penetration of the s and p orbits the cor- 

1A. Fowler, Proc. Roy. Soc., London [A ], 103, 722 (1923). 


2J.S. Bowen and R. A. Millikan, Phys. Rev., 25, 295 (1925). 
3A. Fowler, Nature, 113, 217 (1924). 
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responding energy values (as measured by the values of v) are greater. Conse- 
quently the quantum defect (ax = n — Neg.) decreases as we pass from Na, to 
Sor 

TABLE XVII 


CoMPARISON OF WAVE-NUMBERS OF SERIES TERMS FOR STRIPPED ATOMS Nay To Syz 


3S 3P 3D 4F 
lily otelalniog aoleeere woe 12192.8 12192.8 12192.8 6858.4 
ING WAIN ae Sirtan eeee reas 41449.0 24475.7 12276.2 6860.4 
NT VAT eiebecieisi oon 30316.9 21376.6 12444.3 6866.8 
DERE sie. care Of Aen 25494.9 19504.0 12611.0 6871.3 
ISH /ALGiecrerc reewcney eisai 22756.8 18272.6 12733.7 6874.2 
1D OANG oe Onn ee 20979.7 17401.9 12811.8 6876.4 
SHA Deas GOA Cry ot ea 19729.6 16753.6 12856.6 6878.1 


Millikan and Bowen have also obtained the spectra of the series Li, to 
Fy, and these show variation in the frequencies of series terms similar to those 
observed for the series Na, to Clyyy. 

While these spectra all resemble those of the alkali metal group in exhibiting 
doublet levels, Millikan and Bowen have also found spectra of stripped atoms 
which resemble the metals of Group II in exhibiting singlet and triplet levels. 
Such are the series: 


Bex, By, Cun Nyy, Oy, Fyz 
Mg, Alyy, Siqy, Pry, Sy, Clyz 


In fact the spectra of all these atoms have been obtained in all the various 
states of enhancement. Thus, series, such as P; to Py; Siz to Sizy; Ny to Ny, 
have been observed spectroscopically and in each case the expectations based 
on Hund’s theory have been signally confirmed.' Similar results have been 
obtained by Russell for the enhanced spectra of Ti,? and by Gibbs and 
White for the enhanced spectra of atoms resembling K, Rb and Cs.’ 

Doublet Levels in X-ray and Optical Spectra: In a preceding section 
mention has been made of Sommerfeld’s explanation of the fine structure of 


1 Further references to papers by Millikan and Bowen are as follows: 
(1) Phys. Rev., 23, 1 (1924). Gives the original data on extreme ultra-violet spectra 
of a number of elements. 
(2) Phys. Rev., 26, 310 (1925). Series spectra of two valence electrons of boron and 
carbon. 
(3) Phys. Rev., 27, 144 (1926). Stripped Oxygen, Oyy, the pp! Group in Oy. 
(4) Phys. Rev., 28, 256 (1926). Series spectra of Bex and Beyy. 
(5) Phys. Rev., 29, 231 (1927). Series spectra of B, C, N, O and F. 
(6) Phys. Rev., 29, 510 (1927). Series spectra of Ionized Phosphorus, Py. 
2H. N. Russell, Astrophys. J., 66, 347 (1927). 
3R. C. Gibbs and H. E. White, Proc. Nat. Acad. Sci., 12, 448 (1926) ; zbid., 12, 551 (1926). 
R. C. Gibbs and H. E. White, Proc. Nat. Acad. Sct., 13, 525 (1927). 
4 Further details on this and related topics are given in “‘ The Structure of Line Spectra,” 
by L. Pauling and 8. Goudsmit, Chapter IV (McGraw-Hill Book Co., 1930). 
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lines in hydrogen and ionized helium. According to equation (70) the dif- 
ference in wave-numbers between two levels having the same values of n 
but different values of & should vary with the fourth power of the effective 
nuclear charge. Applying this theory to the inner electrons in atoms of higher 
atomic number, it follows that the L level (n = 2) should consist of two sub- 
levels, and only two (since only two values of k are possible) with a wave-number 
difference given by the relation 


Avy, = 0.3865(N — o)* em. (70A) 


where WN is the atomic number and o the “ screening ”’ constant. 

Fig. 35 shows that the value of Av for the Ly and Ly; levels increases with 
atomic number, and actually it was found that for these two levels equation 
(70A) applies fairly satisfactorily. Hence it was concluded that these levels 
are the exact analogue of the 2; and 22 levels in hydrogen, and accordingly 
they were assigned azimuthal quantum numbers as follows: Ly, k = 1; 
Lyy, k = 2. Similarly the value of Av for the My, and My, levels (n = 3) 
was found to be in agreement with the relation 


Ajy = 0.108 (N — o)4 cm. (70B) 


and consequently they were assigned the k-values 1 and 2 respectively. These 
pairs of levels thus formed the so-called “ relativity ” or “‘ regular ”’ doublets. 

On the other hand, the levels L;Ly,;; M,My, form the so-called “ irregular ”’ 
or “screening ”’ doublets. For these levels, as was shown by G. Hertz,! the 
values of the differences, Vir — Virn and Via _ Voorn increase only 
slightly with increase in N, as shown in Fig. 35. According to Hertz, this 
relation indicates that the difference between the values of o for the Ly (or 2s) 
and Ly, (or 271) levels is practically constant for all the atoms. 

Now in the case of the alkali metals the difference between the s and p 
levels was accounted for by Bohr as due to a difference in orbital shape and the 
consequent difference in penetration of the two orbits, while the much smaller 
difference between the two p-levels was interpreted as due to different orien- 
tations of the orbits. On the basis of Sommerfeld’s theory, the s and p; levels 
ought to form a relativity doublet. But the actual difference between these 
terms is considerably greater than can be accounted for on the basis of equa- 
tion (70). Thus there existed two different explanations: one for the fine 
structure of H, He* and X-ray regular doublets, the other for optical doublets 
in the alkali metals. 

In 1924 Bowen and Millikan ? showed, however, that for stripped atoms of 
Li- and Na- like electronic configurations the difference in energy between the 
pi and p, terms (older spectroscopic notation) varied with the atomic number 
is precisely the same manner as the regular doublet difference in X-ray spectra. 
Table XVIII shows how well their results agree with the values of Av calculated 

1 Z. Physik, 3, 19 (1920). 

2 Phys. Rev., 24, 209 (1924). 
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by means of equations (70A) and (70B). The notation of spectral terms used 
is that recommended by Russell (except that in agreement with many writers 
the subscripts give the values of 7 + } in the case of even degrees of multi- 
plicity). The data in the right-hand column show the application of the 
irregular doublet law to the S and P, levels (81/2 and P1;. in the more rigorous 
notation). 

TABLE XVIII 


2P1—2P, 28 —2P1 
Ap NAY/.365 o Ap Vis—vVop, 
Yo ac, See ee 0.34 0.981 2.019 14903.8 39.470 
Dn ee 6.61 2.063 1.937 31927.6 44,297 
Bet ce hon aie 34.4 3.116 1.884 48358.7 45.594 
(a, See ORG eR 107.4 4,142 1.858 64481.2 46.068 
Ae tie nee 259.1 5.162 1.939 80455.1 46.276 
CFE Se. HE 533.8 6.184 1.816 96367.8 
38P1—3P2 3S —3P1 
Ay N¥/-108 ° as | Vis—Vip, 
jie oe Rel aes 17.18 3.550 7.450 16956.17 47.09 
je en ee 91.55 5.394 6.606 35669.42 55.67 
LEE oe Se 234.00 6.820 6.180 53681.53 59.76 
Siete a) Nee a. 461.84 8.084 5.916 71285.49 62.28 
ja, RE eee 794.82 9.259 5.741 88649.42 64.12 
eae eee a 1267.10 10.404 5.596 105866.04 65.52 
Claes fea ae 1889.5 11.496 5.504 123001.23 


It was thus established that the levels 2P. and 2P; are analogous to Ly 
and Ly; respectively, 3P2 and 3P; to My and M,,, respectively, while 2S and 
3S are analogous to Li and M1 respectively. The analogy has been found to 
extend over the whole range of X-ray and optical levels as shown in Table XIX. 

Irregular doublet levels are shown bracketed on the left-hand side, while 
regular doublet levels are bracketed on the right. 

These investigations therefore showed that the following three laws of 
X-ray spectra could be extended into the field of optical spectroscopy: 

(1) The Sommerfeld law ! of regular or relativistic doublets: 


oad o’R(N — cr)! 
oe cee ae 


where cr is a screening constant, and the smallest value of /(= k — 1) is 1. 


1See also A. Landé, Z. Physik, 25, 46 (1925). He showed that this law applied to the 
successive doublet levels in the series for the normal alkali spectra. 
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TABLE XIX 


AnaLocous LEVELS 


X-ray Level Optical Level X-ray Level Optical Level 

K 18 ee 48 
{ hig 28 Nua } 4P1 
Ly } 2Pi JS Nur 4P2 
Lin 2P2 Weer 4D» 
My, 3S Ny 4D3 
My \ 3Pi al 4F; 
Myr 38P2 Nyqy 4F 4 

ae 3D. Oy 5S 
My 3D3 O7; 5Pi 
Oxrt } 5P2 


(2) The irregular or screening doublet law of Hertz: 


A(¥?) is independent of N. 
(3) The Moseley law 
v < (N = om) 


R n (87) 


where oy is a screening constant which does not necessarily have the same 
value as or. 

The application of these laws is best illustrated by the Moseley diagram for 
sodium-like atoms shown in Fig. 40 which is taken from a paper by Bowen and 


Fie. 40. Moseley plot for sodium-like atoms 
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Millikan.t| The Moseley law is exhibited in the linearity of the different plots, 
and the irregular doublet law in the parallelism between 3s, 3p and 3d lines. 
The regular doublet law is not illustrated because the separation between two 
p- or d- levels is so small that it cannot be shown on the scale used in the 
diagram. 

As is shown in Table XVIII the value of the screening constant derived by 
application of (89) is approximately 2 for the Li, series, which corresponds to 
the number of electrons in the helium or K-shell, and therefore represents the 
residual number of electrons after removal of the L electrons. In the case of 
the Nay; series, the value of o is approximately 6, instead of the expected value 
10, which is interpreted as due to a penetration of the 3p orbit within the L 
shell, and indeed when ¢ is calculated from the doublet separations 8D.-3D, 
and 4F;-4F,, or from the Moseley plots for these levels the value obtained is 
close to 10. 

These results led Millikan and Bowen? to point out the evident incon- 
sistency in assignment of azimuthal quantum numbers to the Ly, and Ly; 
levels as compared with the values used for the Pz and P, levels, and the 
following quotation from their paper is of special interest in view of the solution 
which was finally arrived at and which has provided a satisfactory interpreta- 
tion of the observations. 


““ The only way,’ they remark, ‘‘ in which it appears to be possible to avoid the foregoing 
serious difficulties is to throw overboard altogether the relativity explanation of the ‘ rela- 
tivity doublet’ and to assume that the amazing success of this relativity formula in predicting 
the correct numerical values of ¢ is not due at all to differences in the shapes of elliptical and 
circular orbits, as postulated by the relativity theory of doublet separations,.but that there is 
some other cause which by mere chance leads exactly to this relativity formula without actually 
necessitating relativity conceptions.”’ 


It is one of the most striking incidents in the history of physics that within 
a little over a year after these remarks were published ‘‘ Uhlenbeck and 
Goudsmit found in the assumption of the spinning electron another cause of the 
fine structure which followed exactly the same law in all respects as the re- 
lativity cause.’ 3 

On the basis of the new mechanics, W. Heisenberg and P. Jordan ‘ derived 
a relation for the energy of a doublet level of the form: 


RchZ? a RchZ4 I 3 
— En,i, 5 = Wni7= Ta 


n n3 1+4 ~ An 
@RchZ4 {% +1) —10+ 1) — s(s + 1) 


210 + 2)(1 + 1) oO 


n3 

1 Phys. Rev., 25, 295 (1925). 

2 Phys. Rev., 24, 223 (1924). 
3R. A. Millikan, Proc. Am. Philos. Soc., 66, 211 (1927). This paper entitled “* Recent 
Developments in Spectroscopy ”’ contains an excellent review of the subject matter of this 


section. 
4Z. Physik, 37, 263 (1926). See also W. Grotrian, Spektren von Atomen, p. 29 for a very 


comprehensive discussion of this subject. 
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where n, l, j are the quantum numbers for the state, and Z is the effective 
nuclear charge. (Z = N —o, where o is a “screening constant.”) The 
second term on the right-hand side of (90) gives the correction due to relativity, 
and the last term that due to electron spin. From this equation the following 
consequences are readily deduced: 

(1) For two states having the same values of Z and j, but values of 
differing by 1 (as e.g., Siy2 and Pi,2 or P3/2 and Ds;2), the value of the energy ts 
exactly the same, and is given by the relation 
RchZ?  a?RchZ 1 3 

F +3 4n 

In this case, as is evident from Table IX, the values of / for the two levels 
arel, = 7 +4;l,=j —%. Asa matter of fact, the value of Z is constant for 
two such levels only in the case of H and Het. For all other atoms, owing to 
differences in penetration of the orbits, the values of Z vary with 1. If we 
denote the screening constants corresponding to /; and lz; by o1 and a2 respect- 
ively, it follows from equation (91) that to a first approximation, 


PONE? 7 erat) (92) 


Hence, for two levels arising from a single electron, and having the same 
value of j, but values of / differing by 1, the zrregular doublet law must be valid. 
Furthermore, it also follows from (91) that for two such levels 

2N(o2 — 01) oe (o2 i oe") 


n2 


— En,t,7 = Wa, 7 = (91) 


ne n3 


(93) 


That is, the difference in wave- 
numbers for similar pairs of levels 
must vary linearly with the nuclear 
charge. This represents another 
method of stating the relation for 
irregular doublets, and may be il- 
lustrated by referring to the data 
in Table XVIII for the 2S — 2Pij. 
and 3S — 3P,,2lines in lithium-like 
and sodium-like stripped atoms. 
The validity of the linear re- 
lation between the values of Az 
for each of these pairs of levels 
and WN in the sodium series is ex- 
hibited in Fig. 41. 
Nal Moll ALM SiV PY SuUClWw (2) On the other hand, if we 
compare two levels in the same 
Fie. 41. First members of principal series for 


ee ; atomic system, havi 
sodium-like atoms (illustrating irregular doublet y ; ving the same 
law) value of J, and consequently the 
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same value of o, but with the values 7; = 1+ 4, andj, =1—4, the energy 
values of the levels are given by 


W _ RchZ? oe? RchZ' 1 3 
We Us goa n a a j n 1 re ve (94) 
where 7 denotes either j; or jo. 
For 7: = 1 + 3, this relation becomes 
Vv = RchZ ni oeRchZ 1 3 
Ra Seater ni E+1. 4n a) 


which is identical with Sommerfeld’s relation, equation (69), derived on the 
basis of the theory of relativity alone, with k = 1+ 1. 

For the difference in energy between two doublet levels having the inner 
quantum numbers, j; = 1 + 3 and jz = 1 — 3, it readily follows that 


aeRchZ 


E. —— a _ = —— 
»l, Jo En, 1, nh nl(L + 1) 


(96) 
which is identical with equations (70) and (89), since 1 = 1 is the lowest value 
of 1 for which two different values of 7 can occur. Hence (96) expresses the 
law for regular doublets, and as shown already, this relation may be used to 
calculate the value of the screening constant. 

From these deductions, it follows that the LZ; level must be of the same type 
as Siy2, while Ly, and Ly; must be analogous to Pi;2. and P3/2 respectively, 
as shown in Table XIX. Thus the same explanation is found to apply to the 
two types of doublets in optical and X-ray spectra. The resemblance is ac- 
counted for by the fact that while doublets in optical spectra are due to the 
presence of a single valence-electron outside a completed “shell,” X-ray 
spectra are due to the removal of a single electron from a completed shell 
nearer to the nucleus. According to the Pauli-Hund theory, the type of spectral 
terms should be the same in both cases, as pointed out already in connection 
with Tables XII and XVI. 

In view of equations (89) and (87) it also follows that in equations (91) and 
(94), the value of Z to be used in the term involving Z? is not necessarily the 
same as that used in the term involving Z*. Apparently the screening con- 
stants derived from the Moseley law and regular doublet law need not be the 
same. 

Similarly by removal of two electrons from an inner shell, X-ray terms are 
obtained which resemble those of the Ca-group. G. Wentzel+ has designated 
these as X-ray spark spectra. Further details with regard to spectra of this 
nature have also been published by L. A. Turner.” 

Results similar to those obtained by Millikan and Bowen for Li- and Na- 
like stripped atoms of the first two periods, given in Table XIX, have been ob- 

1 Z. Physik, 31, 441 (1925). 

2 Phys. Rev., 26, 143 (1925). 
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tained by Gibbs and White for doublets of stripped atoms of the potassium,! 
and rubidium and caesium ? types. 

R. A. Sawyer and C. J. Humphreys ? have also observed the same relations 
for the series Cul, ZnII, GallI, GelV, AsV and SeVI. 


————— ie 
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Fic. 42. Energy levels of hydrogen atom as related to energy levels of alkali atoms 


Doublet Levels in Hydrogen: In a previous section, Sommerfeld’s inter- 
pretation of the fine structure of hydrogen on the basis of the theory of rela- 
tivity was discussed. As has been pointed out in the preceding section, the 

1 Proc. Nat. Acad. Sci., 12, 448 (1926). 


2 Proc. Nat. Acad. Sci., 12, 551 (1926). 
3 Phys. Rev., 32, 583 (1928). 
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Heisenberg-Jordan relation leads quantitatively to the same results, but the 
assignment of / and j values to the spectral terms is different from that used by 
Sommerfeld. The application of the same considerations to the fine structure 
terms in hydrogen is illustrated in Fig. 42. 

The Sommerfeld notation of n and k& values for the levels is given on the 
left-hand side, while the values of J and 7 which must be assigned to these 
levels on the basis of the Heisenberg-Jordan relation are given on the right- 
hand side. The S and P;! levels, Pz and D, levels are shown slightly separated, 
although they actually coincide, since the effective nuclear charge is the same 
in all cases (Z = 1). That is, the irregular doublet separation is not present, 
and consequently each group of transitions which is indicated by a bracket 
located across the vertical lines refers to the same spectral line. The cor- 
responding transitions in spectra of the alkali metals are indicated by the 
notation (pd), (sp), (df), etc., while the values of Aj calculated by either equa- 
tion (94) or (70) are indicated for the different doublet levels. 

The diagram thus exhibits the resemblance between the spectrum of 
hydrogen and the spectra of other atoms with a single valence electron on the 
one hand, and X-ray spectra on the other. 

Multiplet Levels in Optical Spectra: For the case of multiplets arising from 
configurations of two or more electrons, the separation of the components has 
been derived by S. Goudsmit,? and 8. Goudsmit and C. J. Humphreys? by 
assuming that the separation is due in the first place to the interaction between 
the spin of each electron and its own orbital momentum, and then adding all 
these to give the total interaction energy. The resulting formula is a modified 
form of Sommerfeld’s relation for regular doublets, and gives a theoretical 
basis for a formula which A. Lande had previously derived for multiplet separ- 
ations in the Paschen-Back effect.! 

By the application of these relations for doublet and multiplet separation 
in general, it has been possible to classify a large number of optical spectra and 
as a result our knowledge of the manner in which atoms are built up by suc- 
cessive addition of electrons has been considerably extended. 

Thus R. C. Gibbs and H. E. White have investigated the relationships 
among multiplets and multiplet levels for enhanced spectra of the first and 
second long periods. Fig. 43 taken from their paper shows the regular dis- 
placement of multiplets for the normal and stripped atoms in these periods. 
Vertical lines represent atoms having the same electronic configuration. Gibbs 
and White designate these as ‘“ iso-electronic ”’ systems,—a very apt term. 
The ordinates give the values of 7, the wave-numbers, for the spectral lines 
indicated in the center of the figure, e.g., the first vertical column gives values of 
wave-numbers for the line 42S, — 4?P, (first line of the principal series) for the 


1 The subscripts correspond to values of 7 + 1/2. 
2 Phys. Rev., 31, 946 (1928). 

3 Phys. Rev., 31, 960 (1928). 

4Z. Physik, 19, 112 (1923). 

5 Proc. Nat. Acad. Sci., 13, 525 (1927). 
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atoms K, to Cry; and Rb, to Zryy. The second vertical line gives wave-num- 
bers for the line*D3 — °/', for the Ca- and Sr-like atoms, which are two-electron 


p ds-dp d’s-d’p d’s-d’p d‘s-d‘p d%-d’p d%-d’p c's-d’p d3-d°p d3-d’p d3-d'p 
Pe AD hy Tg Oa Fe) SOE TSS Peg h ig Oo) eg OLED oat 


————— 
SECOND LONG PERIOD 


RADIATED 
FREQUENCIES 


IC NUMBER 


Fic. 43. Regular displacement of multiplets in spectra of atoms of first two long periods 


systems. This line corresponds to the transition from the term °F, (due to one 
electron in a p level and the other in a d level) to the term *D; (which is the 
resultant of one electron in an s level and the other in a d level). Above the 
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spectral designation of each line are given the combinations of electrons which 
give rise to the two terms. 

The figure illustrates splendidly the application of Hund’s theory to the 
derivation of spectral terms. Thus it will be seen that the multiplicity alter- 
nates between even and odd as we pass from left to right, and also that the 
degree of this multiplicity passes through a maximum (seven) for atoms iso- 
electronic with Cr;. The figure also illustrates once more the Kossel-Som- 
merfeld displacement law. 

Fig. 44 taken from a paper by H. E. White! shows Moseley energy level 
plots for the different iso-electronic systems. The electron configuration cor- 


ENERGY LEVELS 


AND THE 


MOSELEY LAW 


Fic. 44. Moseley plots for different iso-electronic systems of first long period 


responding to each set of four heavy diagonal lines is given below each sequence 
in the order in which they appear for the last elements. It will be observed in 
the case of the K; to Vy series that while the order of increase in 7 values is 4d, 
3d, 4p, 4s for Ky, this order is altered in the case of the subsequent elements, 
so that in Vy the 3d level has the highest value of 7, ‘‘ which indicates an 
increased binding of a 3d electron over a 4p and a 4s electron,” as the nuclear 
charge is increased. In the series Ca; to Cry a similar occurrence is observed. 
The lowest term for Ca, is the resultant of one electron in a 3d, and the other in 
a 4s orbit, but in Cry the corresponding term is formed by two electrons each of 
which is in a 3d orbit. 

The limits for each sequence are indicated at the top of the figure. Thus 
the limit for the K; sequence is the lowest term in Ky, (iso-electronic with 


1 Phys. Rev., 33, 914 (1929), Fig. 9. 


1234 A TREATISE ON PHYSICAL CHEMISTRY 


Argon) which is of type So (see Table XII). Similarly the limit of the Ca; 
sequence is a 2D; term corresponding to the removal of one of the 4s electrons 
and the binding of the residual electron in a 3d orbit. In fact, ‘‘ the increased 
binding of the electron configuration 3d” over the electron configurations 
3d"—14s, 3d"—4p, and 3d”—4d (where n = 1, 2, 3, 4 for the first, second, third 
and fourth sequences respectively) appears to be almost identical for each 
sequence. In going from one sequence to the next (from left to right) the 
heavy diagonal line 3d” gradually shifts down with respect to the other three 
parallel diagonals.” 

Another interesting feature brought out by the diagram is the parallelism 
existing between the lines 4s, 4p and 4d in the K,; sequence and between similar 
lines in the other sequences, a regularity which is a result of the zrregular 
doublet law. Fig. 45 and the following remarks on this figure taken from the 
same paper by H. E. White emphasize the manner in which this law has been 
applied in the determination of electron configurations from spectral terms. 


ELECTRON TRANSITIONS 
3d4p-3d'4d 


5G'-5y’ 


38 x 102Cm™ 


58 x 107 cm-! 
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Fie. 45. Regular displacement of frequencies for transitions between similar levels 


“ The irregular doublet law, wherever applicable, proves to be the most powerful method 
of attack in attempting to analyze the spectra arising from ionized atoms. The irregular 
doublet law is applicable to those radiated lines arising from electron transitions involving no 
change in total quantum number. For sequences of iso-electronic systems involving only one 
valence electron (i.e., Ky, Cayz, etc.) an electron transition gives rise to only two or three 
radiated lines. In the sequence starting with Ti, however, where four valence electrons are 
involved, electron transition may give rise to over a hundred radiated lines.t In this report on 
the latter sequence of iso-electronic systems only a few of the strongest lines have been traced 
through five elements. For the electron transition 3d?4p to 3d?4s about forty lines, and for 


1 The italics are the present writer’s. 
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the electron transition 3d%4d to 3d%4p about twelve lines, have been traced through the first 
three elements, Tiz, Vyzz, and Cryyq.’’ 


The figure shows the regular displacement of frequencies and increasing 
width of separation of the lines corresponding to these transitions. 

Spectra of systems iso-electronic with Ni,, viz., Cuzz, Znyy, Gazy and Gey 
have been discussed in a similar manner by J. E. Mack, O. Laporte and R. J. 
Lang.t Corresponding to the different possible configurations of the 10 
electrons in 3d and 4s levels (see table XII) we may have the following types 
of terms: 


Configuration Terms 
3d10 1s 
3d%4s 3D 1D 
3d%4p SS eS PU et) erly 
3d94d LES SY SID VE IS GES AY BE A DT ey ot Se 


As a further illustration, it is of interest to refer briefly to the various 
spectra of Ti which have been investigated in detail by H. N. Russell 2? and H. N 
Russell and R. J. Lang. The systems of terms present in the successive spark 
spectra have been found by them to be as follows: 


Tix Tir Tin Tity 
Quintets Quartets 
Systems present in spectrum...... Triplets Doublets Triplets Doublets 
Singlets Singlets 
Electron configurations.......... (3d)2(4s)2 (3d)2 (48) (3d)? (3d) 


Intensity and Interval Rules for Multiplets: 4 It was noticed by spectro- 
scopists that for the two D lines of sodium, i.e., the lines *Sij2 — ?P1j2 and 
21/2 — P32, the intensities of the two components are in the ratio 1:2 
respectively. A similar relation was observed for the other doublets in the 
same series. That is, the relative intensities are independent of n, the total 
quantum number. 

For triplets in the alkaline earth series and in spectra of Zn and Cd, the in- 
tensities of the three components *8; — *Po, 381 — *Pi, *S: — *P2 are in the 
ratio 1: 3 : 5 respectively. 

From these observations, Ornstein and Dorgelo deduced the rule that the 
intensities are in the ratio of the values of 27 + 1 for the upper levels. For 
combinations between P_and D terms, the relative intensities are derived from 
an extension of the same rule which is discussed fully in both Sommerfeld’s 
and Hund’s books. 

1 Phys. Rev., 31, 748 (1928). 

2 Astrophys. J., 66, 283, 347 (1927). 

3 Tbid., 66, 13 (1927). 

4 Sommerfeld, Atombau, pp. 649-658, 
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On the basis of the vector relations between J, s and j, Lande ! showed that 
for a multiplet term for which the values of 7 for the separate component terms 
arej,j + 1,7 + 2,j +3, etc., the intervals Av between successive components 
are in the ratio 7 + 1,7 +2, 7+ 3, ete. Thus for the components of the 
quintet D term for which the values of j are 0, 1, 2, 3, and 4, the values of Av 
are in the ratio 1:2:3:4 respectively. Similarly for the quartet F term, 
the values of j are 3/2, 5/2, 7/2, and 9/2. Hence the values of Av are in the 
ratio 5/2 : 7/2 : 9/2. 

An illustration of this rule is given by Table XX? for the terms *P — *D 
in the diffuse subordinate series of calcium. 


TABLE XX 
5Py sP; 3P 


3D 19310.3 (19}6.5) 19506.8 (41]0.5) 19917.3 
(54.2) (53.0) 

5D» 19452.6 (41}1.7) 19864.3 
(87.2) 

8Ds 19777.1 


The wave-numbers are given for each line, as well as both the horizontal 
and vertical differences. Thus 19310.3 is the wave-number for the line 
3P) —%D,, and the difference in wave-number for this line and the line 
§P; —*D, is 196.5. For lines terminating on the same D level, the values of 
Ay should be in the ratio 1 : 2 according to the rule, while the actually observed 
values are 196.5 and 410.5. For lines terminating on the same P level, the 
values of Av according to the rule are in the ratio 2:3, while the observed 
values are 53.0 and 87.2. 

Magnetic Properties of Atoms in Relation to Spectral Type: In view of the 
effect of magnetic fields on spectral terms it is natural to look for some relation 
between magnetic properties of atoms and the corresponding electron dis- 
tribution. While it is not intended in the present connection to discuss this 
topic at great length, there are certain special points which may be mentioned 
briefly since they bear a direct relation to the conclusions based on investiga- 
tions of spectral terms. 

The fact that 2m = 0 for all the electrons in a completed level is obviously 
in agreement with the observed diamagnetic properties of the rare gas elements. 
Also the experiments of Gerlach and Stern on the deflections of atomic beams 
in magnetic fields have served to throw additional light on the values of m 
for the atoms tested in their experiments. Finally Sommerfeld, Hund and 
Bose have attempted to develop theories of ionic paramagnetism on the basis 
of the electronic distributions assigned to the atoms in table XII. 


1Z. Physik, 15, 189 (1923); Sommerfeld, Atombau, pp. 659-661; Hund, Linienspektren, 
p. 102. 


2 Hund, Linienspektren, p. 80. 
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In order to understand these theoretical considerations it is necessary, 
however, to refer briefly to the discussion of the Zeeman effect given previously. 
According to Larmor’s theory, the magnetic moment due to an angular 


aE h 
momentum of quantum number 1 is given by ->—t. The unit mag- 
2moc 27 
: eh : 
netic moment, dnmoc > HBr 38 known as a Bohr magneton and corresponds 
0 


to a magnetic moment per gram atom of Mz = 6.06 X 108+ wz = 5584 
gauss. For an atomic system of quantum number, j, the magnetic moment, 
, is given by wu = we: jg where g is Landé’s factor. As mentioned previously, 
g gives the difference in energy between the different orientations in a magnetic 
field, and depends upon the values of L and j for the particular atomic state. 
Thus for a 7S; term in a weak magnetic field, g = 2, and hence gj = 1. Con- 
sequently the atoms of group I in the normal state possess one Bohr magneton. 

Confirmation of this conclusion regarding the magnetic moments of the al- 
kali atoms has been obtained by Gerlach and Stern in experiments which they 
have carried out at Frankfurt since 1921. Stoner has described this work as 
follows: 1 


In these investigations possible magnetic moments of atoms in the field direction are 
determined; the beauty of the experiments themselves, and the theoretical significance of 
the results, combine to make the research one of outstanding interest and fundamental 
importance. 

In the experiments the element under investigation is heated in a small oven, and the 
evaporating atoms escape through an aperture; by means of a suitable system of slits a narrow 
unidirectional stream of atoms is produced, the velocity of the atoms depending on the oven 
temperature. The stream passes through a region in which a non-homogeneous (magnetic) 
field may be applied, the field and its gradient being at right angles to the stream, and the 
atoms impinge on a glass plate, forming a thin deposit, which can be rendered visible; from 
the traces obtained (giving the cross-section of the stream) with and without field the deviation 
produced by the field may be determined. 


In the case of an atom for which the magnetic moment is one magneton two 
spots should be obtained in a magnetic field at equal distances from the zero 
position, corresponding to the two possible orientations of the magneton in a 
magnetic field, and actually this result was obtained for Cu, Ag and Au for 
each of which as shown in table XII the normal terms is 2S}. 

No effect was observed for the vapors of Zn, Cd and Hg, which again is in 
accordance with the predictions based on the type of the normal term (So), 
since for 7 = 0, the atom possesses no magnetic moment. Similar results 
were obtained for Sn and Pb for which j = 0. In the case of Ni and Fe, the 
results obtained by Gerlach and Stern are not so readily interpreted but indi- 
cate magnetic moments which are not those expected from the j-values for 
the normal terms. 

Paramagnetism of Ions in Relation to Spectral Type: For an ionized atom 
the number of Bohr magnetons may be calculated from the electron distribution 
in the same manner as for the neutral atoms, that is, by the relation u=usg/ 


1 Magnetism and Atomic Structure, E. P. Dutton & Co., New York (1926). 
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where j is the inner quantum number for the normal term in the ionized atom. 
Thus for Cat and Sc+*+ the magnetic moment is one magneton, the same as for 
K. In the case of other elements of the second long period the first stage in 
the process of ionization consists in the removal of the two 4s electrons. Hence 
the normal terms for Tit+ and Fe++ are *F, and *D, respectively, while for 
Fe+++, for which the electron configuration is (3d)*, the normal term is °Ss. 

Assuming that the same electron configurations are valid for the ions in 
solution it should be possible as was first pointed out by Sommerfeld,! to cal- 
culate the magnetic moments from the j-values of the corresponding spectral 
terms. Hund? has applied these considerations to the calculation of the 
magnetic moments of the trivalent ions of the rare earths in solution and 
finds that the theoretical results are in very good agreement with the experi- 
mentally observed magnetic susceptibilities. 

On the other hand, in the case of divalent and trivalent ions of the series 
Sc-Zn, the agreement is not so good. In explanation it has been suggested 
by Hund that for these ions the different terms corresponding to any given 
electron configuration have energy values that are so near each other that 
probably the discrepancy is due to lack of knowledge of the particular value 
of 7 which should be used in the calculation of uw. It is true that Sommerfeld 
obtained good agreement by assuming that the ions are in an S state, for which, 
independently of the value of r, the number of magnetons is 1. However, this 
assumption cannot be justified on the basis of spectral terms. 

In a subsequent paper, D. M. Bose? has brought forward the suggestion 
that in the case of the paramagnetic ions of the iron group only the magnetic 
moment due to the spin of the electrons is effective. This, is, at first glance, 
the same hypothesis as that of Sommerfeld’s since it corresponds to the as- 
sumption that the spectral term is of type L = 0 (that is, an S term). Ac- 
cording to Bose, however, the difference between the two points of view is as 
follows: 


According to Sommerfeld the magnetic moment of an atom or ion is an unalterable mag- 
nitude, uw = ”.up (where n = number of Bohr magnetons) and in a magnetic field the atom 
can orient itself as a whole along certain discrete directions with respect to the field. ... 
According to the view here presented (Bose’s), uw is no longer a fixed magnitude and there is 
no definite orientation for the atom as a whole in a magnetic field. The magnetic moment is 
made up of the algebraic sum of the spin moments of the individual electrons in an uncom- 
pleted shell, some of which are oriented parallel and the rest anti-parallel to the direction of 
the field. 


The agreement between the calculated values based on this theory and 
experimental observations is found to be satisfactory for trivalent and divalent 
ions of the elements Tito Cu. But when the same theory is applied by Bose 
to the case of the trivalent ions of the rare earths, no agreement at all is found, 
whereas Hund’s calculations, as mentioned previously, led to concordant 
results. 

1Z. Physik, 19, 221 (1921); also Atombau, pp. 630-48. 


2Z. Physik, 33, 855 (1925); also Linienspektren, p. 179. 
3 Z. Physik, 43, 864 (1927). 
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On the whole, therefore, we must regard this problem of correlation between 
magnetic moments and electron configurations as still in a developmental 
stage, and further investigations of a theoretical nature are necessary before all 
the observed phenomena can be accounted for satisfactorily. 

Ionizing Potentials of Normal and Stripped Atoms: In describing the energy 
level diagrams for H and Na (see Fig. 17) the ionizing potential has been defined 
as the energy required to remove the valence electron completely from the 
normal (?S;) level, while the first resonance potential is defined as the energy 
required to transfer the valence electron from the normal to the next higher 
level ?Pij2). From the wave number of the normal (lowest) level the ionizing 
potential (V;) in volts may be calculated from the relation ! 


v 


—23100" 


Ve (97) 


Similarly the resonance potential in volts can be calculated by dividing the 
difference in wave-numbers of the two levels by 8100. The second resonance 
potential in the case cf Na corresponds to the energy required to transfer the 
valence electron from the 7S; to ?P3/2 level. 

For two electron systems, such as Ca, Hg, etc., the ionizing and resonance 
potentials may be calculated in a similar manner from the wave-numbers, 
respectively, of the normal terms and of the lines corresponding to transitions 
between the lowest and next higher levels. As an illustration, we may con- 
sider the energy level diagram for mercury, shown in Fig. 46, which is more 
complete than that already given in Fig. 27. The lowest (or normal) term 
(So) has the wave-number, » = 84178, corresponding to the calculated value 
V; = 10.39. The first resonance lines are \ 2537 (1So — °Pi) and 1849 
(4S) —1P1), for which the corresponding potentials are V, = 4.87 volts and 
V, = 6.67 volts respectively. Incidentally the diagram also shows the two 
separate systems of lines and some of the important intercombination lines. 

While these critical potentials, as they are designated, have been determined 
by direct measurements by methods to be described in a subsequent section, 
they are determined most accurately from measurements of the different 
energy levels spectroscopically. In the present section, the determination 
of ionizing potentials by the latter method will be discussed. 

In the case of one electron and two electron systems, where the atom can 
be ionized ordinarily only by removal of an s-electron, the ionizing potentials 
have perfectly definite values, but in the case of more complex electronic 
configurations there exist more than one ionizing potential, corresponding to 
different processes for the removal of the electron, as pointed out by Millikan 
and Bowen,? and even more emphatically by H. N. Russell. 


1 The value of the constant derived by R. T. Birge (loc. cit.) is 8106.43. For most 
purposes the value 8100 is a sufficiently accurate approximation. 

2 Proc. Nat. Acad. Sct., 13, 531 (1927). 

3 Astrophys. J., 66, 233 (1927). 
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“In considering ionization potentials,” Millikan and Bowen remark, ‘‘it should not be 
overlooked that, unless there has been careful definition, the term ionizing potential has no meaning 
at all. Thus the normal oxygen atom has two electrons in s-orbits and four in p orbits, and 
this configuration is therefore designated as the s?p4 configuration; but this configuration has 
triplet P, singlet D and singlet S terms, which correspond to five different orientations of the 
orbits and the spins of the four p electrons. When one of these p electrons is removed, the 


TRIPLET SYSTEM S/NGLET SYSTEM 


Fia. 46. Energy levelsi n spectrum of mercury 


atom, now an ion, having left two s and three p electrons, may in its turn exist in any one of 
five different states, namely a quartet S, a doublet P, and a doublet D, so that the atom can be 
ionized in twenty-five different ways, each of which requires a slightly different energy and hence 
represents a different ionization potential from all the others. * Ionization potential,’ therefore, 
has no definite significance, unless it is defined, for example, as the energy corresponding to 
the passage from the most stable state of the atom to the most stable state of the ion.’’ 
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It is this definition which has been used by Millikan and Bowen and 
practically all other investigators in this field, so that it is the one adopted in 
the present section. 

H. N. Russell has discussed in considerable detail the ionization potentials 
of elements of the second long period (K to Ni). If we designate the number of 
electrons outside the “argon shell” by n, the normal state of the atom cor- 
responds to the configuration s in the case of K and d"-? s? in all the other 
cases (except Cr for which the normal configuration is d’s). 

Now, as is evident from table VIII the degree of multiplicity, 7, changes by 
+ 1 or — 1 as we pass from one element to the next in the periodic arrange- 
ment (Heisenberg’s ‘‘ branching” rule). Therefore, in the removal of one 
of the 4s electrons from the configuration d”~s the resulting ion may have a 
greater or less multiplicity than the neutral atom. Corresponding to these 
two possibilities we have two different ionizing potentials: 


A: d”~s* to d”~s (greater multiplicity) 
B: ds? to ds (smaller multiplicity) 


Thus in the case of Ca the normal level is of type 14S». On ionization there 
results a potassium-like ion, in which the lowest term is of greater multiplicity, 
i.e., of type 2S; On the other hand, the ionization may be accompanied by 
the simultaneous transition of the second electron from the 4s to the 3d level, 
and again the multiplicity may be either increased or decreased, with the 
corresponding two possible ionizing potentials: 


C: ds? to d” (greater multiplicity) 
D: ds? to d"™ (smaller multiplicity) 


Russell therefore defines the principal ionizing potential as that which 
represents the difference in energy between the normal states of the atom and that 
of the ion. He furthermore accounts for the difference between the four 
ionizing potentials A, B, C and D as follows: 

The differences between the ionization potentials A and B, or C and D 
admit of a simple explanation: The reverse process for the transition C and D, 
whether in the arc or the spark, consists of adding a 4s electron to a partially 
completed shell of 3d electrons. In case C, the multiplicity is increased, that 
is, the added electron is spinning in the same direction as the resultant spin of 
those already present. In case D, it is spinningin the opposite direction. Now, 
as Hund has pointed out, the magnetic interaction produces attraction in the 
first case, and repulsion in the second, so that the energy of binding is greater 
for C than for D. 

In the case of the ionized atom there may exist three ionizing potentials 
corresponding to the following processes: 

C: ds (greater multiplicity) to d”~, 
D: d”~s (smaller multiplicity) to d”~, 
ea 0.0, 
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Table XXI (from the same source) gives the various ionization potentials 
of the atoms K to Ni and of the corresponding ionized atoms, classified accord- 
ing to the transitions mentioned above. The last column in each half of the 
table gives the principal ionization potential. 


TABLE XXI 


TIoNIZATION PoTENTIALS oF ATOMS AND SinGuty Jonizep Atoms or First Lone 
Prriop (RUSSELL) 


Neutral Atom Ionized Atom 
Element A B C D Principal C D E Principal 
Gs aa 4.30 4.32 
Career ar 6.21 5.39 5.22 6.09 11.83 10.13 11.82 
Sees 6.57 6.88 5.74 5.33 6.57 12.80 12.49 12.19 12.80 
ieee 6.79 7.39 6.10 5.48 6.80 13.60 12.99 13.45 | 13.60 
Wiest ers oe 7.04 7.84 6.46 5.68 6.76 14.4 13.5 14.7 14.7 
Crees 7.28 8.21 6.70 5.76 6.74 iat 14.1 16.6 16.6 
Weis oc.a|}  Coeeate: 8.55 7.06 6.28 7.40 eds 14.5 13.8 a5 76 
A Roene ese 7.83 8.81 7.20 6.58 7.83 16.5 15.4 16.3 16.5 
Comer 8.25 9.0 7.38 6.90 7.81 16.8 16.0 17.2 17.2 
ING es 8.65 9.30 7.62 7.22 7.64 Wee 16.5 18.2 18.2 
Gal eee 8.95 9.48 7.63 7.69 17.62 | 17:09 | 20.34 20.34 
Lene 9.40 9.36 17.98 17.89 


The values in heavy type are derived from longer series and are therefore 
preferred by Russell. It will be seen from this table that the principal poten- 
tials for Ca, Sc, Ti, Mn, Fe and Zn correspond to a transition of type A; while 
those for K, Cr and Cu correspond to a transition of type B. For V, Co and 
Ni the transition involving the least energy change is of type C. 

As a result of a large number of investigations on the interpretation of 
spectroscopic terms from the point of view of Hund’s theory, reliable values 
are now available of the ionizing potentials for a considerable number of the 
elements in the neutral states as well as different stages of ionization. The 
data on this subject have been summarized by A. A. Noyes and A. O. Beck- 
man ! and also by H. N. Russell,? and the last column of table XII gives values, 
based largely upon these reviews, of the ionizing potentials for the neutral 
atoms. As far as possible, the value given for each element is that of the 
principal ionizing potential as defined by Russell.* 


1 Chem. Rev., 5, 85 (1928). 

2 Astrophys. J., 70, 11 (1929). 

3 In cases where the values of V4 given in the two papers differ markedly, preference has 
usually been given to the more recently published value, although certain exceptions will be 
observed to this statement. Moreover, in a few cases, values for V; have been taken from 
other sources, such as those mentioned in the following list which contains some of the more 
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It is of interest to observe that helium has the highest and caesium the 
lowest value for the ionizing potential. This is in accordance with the chemical 
behavior of these two elements. Ina general way it may be stated that the 
ionizing potential tends to increase as the number of electrons in any given 
level is increased and reaches a maximum value when the particular level is 
completely filled. Thus the elements of Group O have the highest ionizing 
potentials, and it will be found that the ionizing potential increases as we pass 
from Li to Be, Na to Mg, K to Ca and Cu to Zn (corresponding to completion 
of the S-group). On the other hand, the presence of a single electron in a new 
“shell” leads to a decrease in the value of V; as compared with those for 
elements either immediately preceding or following. This is well illustrated 
in the case of the alkali metals for which the values of V; are lower than those 
of the other elements, and also in the case of the triads, Be, B, C; Mg, Al, Si; 
Zn, Ga, Ge; Cd, In, Sn; Hg, Tl, Pb, in each of which the value of V; is a mini- 
mum in the middle of the group, (corresponding to the presence of one p- 
electron). 

In contrast with this is the observation that in each of the series Ca-Ni, 
Sr-Pd, and Ce-Hf, the values of V; exhibit no striking variation with increase 
in atomic number. This is obviously in agreement with the conclusion (stated 
in Table XII) that in each of these series increase in nuclear charge is accom- 
panied by addition of an electron to a shell which is within an already completed 
shell. This applies especially to the rare earth group, and here the values of 
V;, as far as they have been observed, show the least variation. 

Next in interest to the problem of ionization potentials of the normal 
atoms themselves comes that of the ionization potentials of the atoms which 
are singly, and, more generally, multiply ionized. In previous sections, the 
results of investigations on enhanced spectra have been discussed at length. 
In the present connection we shall consider the relations which have been 
observed for the ionizing potentials of iso-electronic systems and also the man- 
ner in which the ionizing potential varies as successive electrons are removed 
from the same atom. 

The investigations on this subject have been reviewed very comprehensively 
by A. A. Noyes and A. O. Beckman.!' Table XXII taken with slight modi- 
fications from their publications, gives the relative values of the energy of 
ionization for the normal and stripped atoms of the first two series and part 
of the third in the periodic arrangement. The energy is given in terms of 
»/R, where ? denotes the wave-number of the lowest level for the given atomic 
system, and is therefore expressed as a multiple of that required to ionize the 
important recent publications on this subject (in addition to the twc mentioned already): 

1. K. T. Compton and F. L. Mohler, ‘ Critical Potentials,’ Bull. Nat. Res. Council, 9, 


Part 2 (1924). 

2. H. Dingle, Proc. Roy. Soc., A 117, 407 (1927). Value for F. 

3. CG. C. Kiess and T. L. de Bruin, Bur. Stand. J. Res., 2, 1117 (1929). Value for Cl. 

4. J. J. Livingood, Phys. Rev., 34, 185 (1929). Value for Pt. 

5. W. F. Meggers, T. L. de Bruin and C. J. Humphreys, Bur. Stand. J. Res., 3, 129 (1929). 
Value for Kr. 

1 Proc. Nat. Acad. Sci. 13 737 (1927); Chem. Rev., 5, 85 (1928). 
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H atom, i.e., 13.54 volts (= 109,678 cm.-!; = 312,368 calories per gram 


atom). 
TABLE XXII 


Ionizing Enrercy or SrripPpED AToms ! 


Electron Energy of Removal of Outer Electron Form 
Distribu- 
Element N tion in 
Valence M Mt M2t+ M3t+ M‘4t+ M5t+ Mé&t+ 
Shell 
1s eae 1 8 1.00 20 
Pewee cn a s? 1.80 4.00 °o 
Ties 3 8 0.40 5.60 9.00 0 
Berens: 4 32 0.70 1.34 [11.4 
Be. 5 sp 0.62 1.79 | 2.79 [19.3 
CONS 6 s°p? 0.83 1.79 3.36 
NYS ore 7 s2p3 1.07 2.18 3.49 
Oe ever 8 s2pt 1.00 2.58 4.05 
aaa 9 s2ps 1.25 2.39 4.62 13.60 
iNew 10 s2ps 1.59 3.03 
Wisoacch ali 8 0.38 3.47 
Mena) 42 8? 0.56 1.11 5.98 
ANG oc. 13 sp 0.44 1.34 2.09 
ST ie, 9 14 sp? 0.76 1.20 2.34 
Pane 15 s°p3 0.98 1.46 2.22 
Sees 16 ps 0.76 1.74 2.37 
Cie 17 s°p? 0.96 1.66 2.93 8.40 
eee 18 sp? 1.16 2.05 3 
oe 19 8 0.32 | 2.34 
Cares 20 8? 0.45 0.87 3.76 
Sen eae it fa 0.49 0.95 1.82 5.33 
ieee | 22 std? 0.50 | 1.00 | 2.04 3.30 |__7.07 


1The energy is expressed as a multiple of 13.54 V (=312,368 cal. per gram atom; 
= 109,678 cm7}). 

2 Values obtained by interpolation on log-log plot. The values 7.56 for F and 3.50 for 
Cl are apparently low. 

3 The value for A* is from a paper by Compton, Russell and Boyce, Phys. Rev., 32, 179 
(1928). 


In this table a stair-like line has been drawn to the right of those values 
which correspond to the complete removal of the electrons in the valence shell. 
Thus in the case of Be it requires 0.70 units to remove the first s electron, 1.34 
more units to remove the second (total = 2.04 to remove both valence elec- 
trons), but as the third electron belongs to the He “shell,” the energy re- 
quired to remove this one is considerably greater (11.4 units) and to remove the 
fourth one requires 16.0 units more. A better conception of the actual amounts 
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of energy required for these various processes is obtained by converting these 
results into gram calories per gram atom. 


Enercy 1n Kem. Catorres Per Gram Atom ror RemovaL or Evectrons In Bz 


Electrons Removed Energy Total Energy 
Day ercuak aa Reet Sheng Re etre rae Ey hetens la 218.7 218.7 
PAPAS C5 AC ERE sth Ae EL 418.6 637.3 
GUSTER ci 0-0 Sraidite EER no tect Ree 3561 4198 
Cah Diake Gb Sc, Oe SER ee aOR 4998 9198 


The last column gives the total energy required for the removal of 1, 2, 3 or 
4 electrons respectively. Comparing with these values the chemical energy of 
formation of BeCl:, 155 kgm. cal. per gram mol, it is seen that in general the 
energy of removal of one electron from the valence shell is of the same order of 
magnitude as chemical heats of formation, while that required for the removal 
of two or more electrons is usually larger than any chemical energy of forma- 
tion. But the energy required to remove electrons from the rare gas shells 
underneath the valence shells is of a much different order of magnitude. 

Moseley’s Law for Ionizing Potentials: The most striking feature about 
these data is the observation that if we plot the square roots (that is, Y/R 
or VV;) of the values corresponding to stripped atoms which are iso-electronic, 
against N, approximately straight lines are obtained. Figure 47 shows a series 
of such lines plotted for the series Li to F in all the states of ionization. 
Values for Oy; and Fy;; have been obtained from published data by Millikan 
and Bowen. The regularity of the lines furnishes a beautiful illustration of 
the validity of Moseley’s law for isoelectronic systems. As a matter of fact, 
the Moseley diagram in figure 40 for the 3s level in the series Na, to Sy; 
represents a plot of the same data, since in the case of these one-electron systems 
this level is the lowest, and therefore corresponds to the ionizing energy. 


RIL 
Furthermore, a comparison with the slope of the line for which AN = 4, 


is evidence, as in the case of the K levels for elements of high atomic number, 
that the total quantum number for these levels is equal to 2. 

It will also be observed that the Moseley line shown in figure 47 for the 
series He,, Liz, Bey, Byy, and Cy (in all of which the electron removed belongs 
to the He shell) has a slope which is exactly twice that for the series Li to Oyr. 
(In the diagram the slopes actually appear the same because the values of (3) 
Vv/R have been plotted.) This again is in agreement with the conclusion that 
in these atoms the electrons are in the 1s level. 

Passing to the series Na-Cl., we find relations between the different ionizing 
energies similar to those observed for the first series. The Moseley diagrams 
for iso-electronic systems are shown in figure 48. The slope is not as well 
defined, but is approximately 1/3, and here it is also observed that the values 
for the series Ne, to Al;y (which is analogous to the series He; to Cy) shows the 
slope 4, indicating that the electrons in these systems are in levels for which 
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the total quantum number is 2, while in the systems Na; — Clyy, ete., the 
electrons are in 3s levels. 
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Fie. 47. Moseley diagram for ionization potentials of ‘‘ stripped ’’’ atoms of series Li to F 


For any one atomic system the value of the total energy for the removal of 
n electrons varies approximately linearly with n? (at least for larger values of 
n). Thus in the case of Ti, the values of n? and the corresponding values of 
the total energy (in the units used in table XXII) are as follows: 


n* 1 | 4 9 16 


TLotal Gner gy spa ecco ek ee Ce ne See 0.50 1.50 3.54 6.72 
‘TotaliEnereyi/n ore, 2109). See eee ee ae 0.50 0.38 0.39 0.42 


From a study of energy levels and ionization potentials as determined from 
spark spectra of the different elements, it is possible to derive conclusions 
regarding the processes by which atoms are formed by the addition of suc- 
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cessive electrons. In fact, we perceive in the spectra of the ionized atoms a 
process which is the exact reverse of that observed in X-ray spectra. Thus, 
the two lines of investigations serve as checks on the conclusions dervied fore 
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Fig. 48. Moseley diagram for ionization potentials of ‘‘ stripped ’’ atoms of series Na to Cl 


either method. During recent years, the number of papers published in this 
field has increased considerably and only certain typical results have been 
presented in the above discussion. For further details the reader is referred to 
publications by A. G. Shenstone,' J. E. Mack, O. Laporte and R. J. Lang, 
L. A. Turner® and J. C. McLennan and his associates, as well as to the 
original papers to which reference has been made previously. 

Critical Potentials: So far as we have discussed the spectroscopic evidence 
for electronic configuration in atoms. The spectral terms correspond to the 


1 Phys. Rev., 30, 255 (1927); 31, 317 (1928) ; 32, 30 (1928). 
2 Phys. Rev., 31, 748 (1928). 

3 Phys. Rev., 32, 727 (1928). 

4 Trans. Roy. Soc. Can., 22, 1, 103, 241, 247 (1928). 
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energy levels and from the behavior of the terms in magnetic fields and the 
laws of combination of the terms it has been found possible to deduce the cor- 
responding electronic configuration by applying the Hund-Pauli theory. 

In the following section we shall discuss other experimental lines of investi- 
gations which have not only served to confirm the conclusions based on spectro- 
scopic data, but have also led to a deeper insight regarding the characteristics 
of different types of energy-levels and the conditions which govern transitions 
between them. 

Soon after the publication by Bohr of his first paper on the spectrum of 
hydrogen, Franck and Hertz observed that by bombarding mercury vapor with 
electrons having a velocity corresponding to the mercury line 1S)—*P1 (1S —2p»2 
in the older spectroscopic notation), i.e., 4.86 volts, this line, which is the strong 
ultra-violet line \ 2536, is emitted.t. The explanation of this phenomenon is 
evidently that the bombarding electrons on collision with mercury atoms 
excite them to the ?P, state and the monochromatic radiation is then emitted 
as the atom returns from the excited to the normal state. This is illustrated 
in the energy level diagram for Hg shown in Fig. 46. 

Similar observations have since been made for other metallic vapors, such 
as those of Mg, Cd'and Zn. It was shown that, as the voltage of the bom- 
barding electrons is increased from zero, the collisions are at first quite elastic, 
that is, the energy lost by the electrons is that which is calculated from the 
laws of impact of elastic bodies. However, at a certain definite voltage, ine- 
lastic collisions occur and the electron loses the whole of its kinetic energy, this 
energy corresponding then to that required to raise the atom from its normal 
state to the first excited state. As the voltage is increased still further, other 
points are observed at which the number of inelastic collisions reaches maximum 
values until, finally, ionization occurs. These points are known as critical 
potentials and have been found to correspond quantitatively to the potentials 
required to raise the atom from the normal or lowest energy level to some state of 
higher energy value, in accordance with the equation 


Wr—-Wn= Ve 
or 
pees s (98) 
St0d = 


where vz is the wave-number and Wy, the energy respectively of the normal 
level and 7, and W, refer to the excited level, while V, denotes the critical 
potential. 

Different methods have been used for determining these critical potentials. 
These are fully described in the report on “ Critical Potentials”? by K. T. 
Compton and F. L. Mohler, and also in a recent work by J. Frank and P. 
Jordan,’ from both of which a great deal of the material in the present section 
has been obtained. 

1 Verh. Deut. Physik. Ges., 16, 10 (1914). 

2 Loc. cit. 

3 Anregung von Quantenspriingen durch Stésse. Julius Springer (1926). 
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Another series of observations which it is of equal importance to describe 
in this connection is that on the nature of the absorption spectra of metallic 
vapors. Wood and Fortrat! examined the absorption spectrum of a long 
column of sodium vapor and found that the only absorption lines appearing 
belonged to the principal series 2S—?P. Similarly in the case of other alkali 
metals the lines of the principal series are the only ones capable of being ab- 
sorbed. Wood also showed that the mercury line 1S) —5P, is strongly absorbed 
by a column of mercury vapor. In fact all these lines are apt to appear as 
reversed lines in emission spectra because of their absorption by the metallic 
vapor. 

The interpretation of these observations is evident on the basis of Bohr’s 
theory. By absorption of a quantum of radiation of frequency corresponding 
to the line 1S)—*P, one of the valence electrons in the mercury atom is raised 
to the *P; orbit, and as the electron returns spontaneously to the normal orbit, 
the absorbed energy is re-radiated in the form of monochromatic radiation. 
The normal or unexcited atom absorbs only those frequencies of radiation 
which correspond to possible transitions from the lowest level to some higher 
level in the energy diagram. We have here another illustration of the behavior 
of radiation as if it consisted of light quanta or photons, and the phenomena are 
perfectly analogous to those observed in the photo-electric effect. 

It is because of this phenomenon that the lowest critical potentials are also 
known as resonance potentials. The atomic system appears to emit radiation 
in resonance with the frequency of the incident radiation. 

We thus have three different methods by which energy levels may be 
determined independently of emission spectra. 

(1) Measurements of critical potentials directly by varying the velocity of 
bombarding electrons. 

(2) Determination of absorption lines and resonance lines. 

(3) Observations on the potentials at which various spectral lines appear 
as the voltage of the bombarding electrons is increased. (This is discussed 
below.) 

All three methods have been used not only to verify conclusions obtained 
from spectroscopic observations, but also to predict hitherto unobserved 
spectral lines and terms. This has been true especially in the case of the rare 
gases where the resonance lines lie so far in the ultra-violet that it was only 
after a great deal of investigation that it was found possible to determine the 
lowest levels at all accurately from spectroscopic data. But, by the use of the 
first method, that is, the critical potential method, both resonance and ioniza- 
tion potentials had been determined for these gases considerably earlier. 

From the Bohr theory it would be expected that as the velocity of the 
bombarding electrons is increased beyond that corresponding to the first or 
lowest resonance potentials, other lines would begin to appear, until finally, at 

1 Astrophys. J., 43, 73 (1916); also in Foote and Mohler’s “‘ The Origin of Spectra,”’ 


Chap. 4. This book is well worth while consulting for a description and discussion of the 
earlier investigations on the applications of the Bohr theory. 


1250 A TREATISE ON PHYSICAL CHEMISTRY 


the ionization potential, the whole arc spectrum would appear. Careful 
experiments have yielded results in agreement with this conclusion. Fig. 49 
shows the mercury spectrum at 8.7 and 9.7 volts respectively as photographed 
by J. A. Eldridge,! and the helium spectrum at 23.6 and 24.4 volts as observed 
by G. Hertz.2 In each case the quantum-theoretical value of V, corresponding 
to the frequency of the given line is indicated beside the wave-length of the 
line. 

As a more recent application of the same method may also be cited the work 
of K. T. Compton and J. C. Boyce * on the excitation of the spark spectra of 
He and Ne by “ controlled electron impacts.” By photographing the spectra 
produced at different voltages of the bombarding electron they were able to 
separate arc and spark lines and also to determine in what order they appear, 
thus providing a guide for ultimately determining the energy levels of the 
ionized atoms. 

A number of investigators (Foote and Mohler, McLennan, Davis and 
Goucher, Horton and Davies, Hughes, Franck and Hertz, K. T. Compton and 
others) have determined critical potentials for a large number of gases and 
vapors by one or more of the methods mentioned above. While the actual 
results will be found in the references mentioned previously, it is only necessary 
to state here that in all cases excellent agreement has been observed with the expec- 
tations based on the spectroscopically determined energy diagrams as predicted by 
the Bohr theory. 

A number of other observations which have been made during the course of 
investigations on critical potentials and absorption spectra of gases and vapors 
or as a result of these investigations, have also proved of great importance, and 
will now be discussed in the following paragraphs. 

Cumulative Ionization. Life of Excited States: By further absorption of 
energy from radiation of the proper frequency, an atom in the excited state 
may be raised to a still higher energy level and as the atom returns spon- 
taneously from this latter state to the normal, lines may be emitted which are 
of much greater frequency than any of the lines in the incident radiation. On 
the basis of the quantum theory this merely means that 


hrrz + hres = hvs1 


where yi2 and v23 denote the frequencies of radiation absorbed in bringing the 
atomic system from state 1 to 2 and state 2 to 3 respectively, while v3; is that 
reemitted when the atom returns from state 3 to state 1. R. W. Wood has 
carried out some very beautiful experiments with Hg vapor which illustrate 
the occurrence of this phenomenon. By exposing mercury vapor in a reso- 

1 Phys. Rev., 23, 685 (1924). 

2Z. Physik, 22, 18 (1924). These two spectrograms are taken from the Nobel address 
by G. Hertz, Stockholm (1927). 

3 J. Franklin Inst., 205, 497 (1928). 

4 Proc. Roy. Soc., A, 106, 679 (1924). For the recent theoretical development of this 
field, see Gaviola and Wood, Phil. Mag., 6, 1154, 1167, 1191 (1928). 
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nance tube to the light from two separate mercury arcs operated under different 
conditions, the mercury atoms in the tube could be excited in succession first 
by \ 2537 and then by \ 3125 and 3131 (see Fig. 46) thus giving rise to the 
lines 2967, 3655 and 3663. These lines could not be produced if either source 
of light was used alone. 

The excited atom may also receive further energy by electron impact. 
This accounts for the production of ares in gases at voltages below the ionizing 
potential, as observed by K. T. Compton and others. This process of ioniza- 
tion by electron impacts in successive stages is known as cumulative tonization.! 

This phenonenon as well as that of energy transfer by radiation depends 
upon the fact that while the life of an excited atom is very short, it is yet of 
measurable duration. The first experiments on the determination of the life 
of excited atoms (indicated in the following discussion by 7) were carried out 
by W. Wien.2. By measuring the rate of decay of luminosity in the canal rays 
passing out behind the cathode of a discharge tube, he concluded that the life 
for both the B- and y-lines of hydrogen is tr = 2.3 X 10-8 sec., while A. J. 
Dempster obtained tr = 5 X 10-8 for the line? More recently F. G. Slack 4 
has determined the life by a direct electrical method and finds r = 1.2 & 107% 
sec. 

R. W. Wood® and L. A. Turner ® have been led to conclude that in the 
case of the Hg line \ 2537, 7 = 1077 sec. approximately. 

According to C. Fiichtbauer,’ the chance per unit time, P12, that an atom will 
be activated from state 1 to state 2 under the action of monochromatic radi- 
ation of unit intensity, may be determined from the intensity of the corre- 
sponding absorption line. R. C. Tolman & has combined this suggestion with 
Einstein’s views as to the mechanism of light absorption and emission by atoms 
in a hohbraum, and shown that on this basis it is possible to calculate the 
values of 7 for excited states. 

In Einstein’s derivation of the Planck radiation law, as discussed in Part 
II, there were introduced certain coefficients corresponding to the probability 
of absorption and emission of energy. These were as follows: Bi, the prob- 
ability that a molecule in state 1 will absorb energy of the proper frequency 
v, to bring it to state 2; Bs, the probability that the molecule will return from 
state 2 to state 1 in presence of radiation of frequency v (‘‘ negative absorp- 
tion”), and A», the probability for spontenaous emission of energy when 
molecule returns from state 2 to state 1. The latter is really “ the specific 
reaction rate”’ for the monomolecular decay of molecules in state 2 in the 


1See K. T. Compton, Phys. Rev., 20, 283 (1922); also Foote and Mohler, Origin of 
Spectra, Chapt. vi. 

2 Ann. Physik, 60, 597 (1919); 66, 229 (1921). 

3 Phys. Rev., 15, 138 (1920). 

4 Phys. Rev., 28, 1 (1926). 

’ Proc. Roy. Soc., A, 99, 362 (1921). 

6 Phys. Rev., 23, 464 (1924). 

7 Physik. Z., 21, 322 (1920). 

8 Phys. Rev., 23, 693 (1924). See also Tolman’s “ Statistical Mechanics,” chap. 16. 


QUANTUM THEORY AND ATOMIC STRUCTURE 1253 


absence of radiation. Hence, the “life,” 7, is given by the reciprocal of this 
coefficient. That is, 7 = 1/A2, and the “life” of an excited state is defined 
as the time required for the number of atoms or molecules in that state to decrease to 
1/eth of their original value. 

Now Tolman has shown that the value of 7, as well as that of the coefficient 
Bix, may be calculated from the values of Pi: as determined by Fiichtbauer’s 
method. Hence it is possible from line absorption measurements to calculate 
the life of an atom in an excited state! In this manner Tolman finds values of 
7 given in Table XXIII for a number of absorption lines, in the spectra of 
mercury, sodium and caesium.? 


TABLE XXIII 


“Lire”’ or Atoms in Excirep States CorRESPONDING TO ABSORPTION LinEes GIVEN IN 
THE SECOND COLUMN 
Element Line r Tt X107 (sec.) 

Higa Say een te Soy. 118-23P; 2537 A 1.0 

Nigm tees Oo ere eet 1S-2P2 5890 ili 
1S-2P1 5896 1.0 

(ORS tig eeiaens Seater e 1S-3P2 4555 5.8 
1S-3P1 4593 0.9 
1S—4P2 3877 28.0 
1S—5 P2 3612 80.0 
1S-5 Pi 3617 210 


As pointed out by Franck and Jordan, it must not be concluded from the 
values of 7 in this table that the life of the nP state in Cs increases with n. 
Rather the significance of 7 is that this would be the “ life ” of the state if no 
other transitions from that state could occur. 

Einstein’s method of deriving Planck’s radiation law has also been applied 
by E. A. Milne? to calculate 7 for an excited Ca* atom in the P state from 
the observed intensity of certain lines in the solar chromosphere, and the result 
obtained is given as 7 = 0.6 X 10-8 sec. 

It may therefore be accepted as a general conclusion from these and other 
investigations 4 that the value of 7 for ordinary excited states in atoms is 
between 10~7 and 10-8 seconds. 

Collisions of the Second Kind: Klein and Rosseland* pointed out that 
while electrons may transfer their kinetic energy to normal atoms and thus put 
them into the excited state, it is also to be expected that collisions exist which 


1 See also J. C. Slater, Phys. Rev., 25, 783 (1925). 

2 This table is actually taken from the book by Franck and Jordan (p. 204) and gives 
values of 7 as corrected for the statistical weight of the initial state. 

3 Monthly Notice, R.A.S., 84, 354 (1924). 

4 Discussed more fully in Anregung, pp. 199-210. 

5 Z. Physik, 4, 46 (1921). The theory is also discussed by Tolman, Statistical M: echanics, 
chap. 17, 
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involve exactly the reverse type of energy transfer. In such collisions, known 
as those of the second kind in contradistinction to those of the first kind, the 
excited atom transfers its energy to an electron thereby causing the latter to 
acquire a higher velocity, while the atom returns to the normal state without 
radiating energy (radiationless transition). 


“The principal argument,” writes K. T. Compton,! in summarizing Klein and Rosse- 
land’s views, ‘‘ for collisions of the second kind is based on an extension of Einstein’s theory 
of statistical equilibrium of radiation and atoms in an enclosure to include also electrons. 
Imagine an enclosure containing atoms, free electrons and radiation in thermal equilibrium. 
The presence of collisions of the first kind would upset this equilibrium, giving too many 
slow electrons and too much resonance frequency radiation, were the effect of such collisions 
not balanced in the reverse process,—collisions of the second kind. Thus, the formation and 
disappearance of excited atoms by absorption and re-emission of the kinetic energy of colliding 
electrons is a reversible process just as truly as is their formation and disappearance by ab- 
sorption and re-emission of radiant energy.” 

Franck has extended Klein and Rossland’s ideas to include also collisions of the first and 
second kind between atoms or molecules.2. Quoting from Compton’s review, ‘‘ It is known 
that radiation may be produced by molecular and atomic impacts, and hence that atoms or 
molecules may be put in the excited state by impacts of other atoms or molecules whose 
kinetic energy exceeds the difference between the energies of the excited and normal states. 
There must, therefore, exist collisions of the second kind in which excited atoms give up their 
internal energy to normal atoms, leaving the former in the normal state and increasing the 
kinetic energy of the latter.’ 


Experiments by G. Cario* on the quenching of the fluorescence of mercury 
vapor (excited by \ 2537) by foreign gases mixed with the vapor have demon- 
strated the existence of such collisions between atoms. He also showed that 
excited Hg atoms may transfer their resonance energy (4.9 volts) to thallium 
atoms and excite the latter to emit those lines for which the upper energy 
levels are below 4.9 volts. Furthermore Franck and Cario 4 have shown that 
mercury atoms excited by the line \ 2537 are able to transfer their energy to 
hydrogen molecules and thus bring about the dissociation of the latter (which 
requires 4 volts approximately) by collisions of the second kind. 

Such radiationless transfers of energy explain the effect of increased pressure 
in decreasing the intensity of resonance fluorescence in sodium or mercury 
vapor. To obtain optimum effects in these vapors the pressure must be 
maintained at less than 10-* mm., since, as the pressure is increased, collisions 
of the second kind occur more and more frequently before the excited atom 
has an opportunity to radiate its energy, that is, the interval between collision 
becomes equal to or less than 7, the life of the excited atom. 

In the production of radiation by electrical discharges in gases, the problems 
of efficiency of excitation and ionization by electron impact, and of efficiency 
of energy transfer by collisions of the second part, become extremely important. 
While a considerable number of investigations have been carried out in this 


1J. Opt. Soc. and R. S. I., 7, 955 (1928). 
2Z. Physik, 9, 259 (1922). 

3 Z. Physik, 10, 185 (1922). 

4Z. Physik, 11, 161 (1922), 
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field, a discussion of the results obtained must necessarily be omitted in the 
present connection. 

Metastable States in Mercury, Helium, and Other Gases: In Fig. 46 it is 
observed that while there are transitions to the 4S» (normal) level from the 
next higher *P; and !P, levels (corresponding to the lines \ 2537 and \ 1849 
respectively) and these lines are therefore strongly absorbed by mercury vapor, 
there are no transitions between the *Po or *P2 level and the 'Sy level. These 
transitions are forbidden by the selection principle for inner quantum number, 
j, according to which only those transitions can occur for which Aj = + 1 
or 0 and also the transition 7 = 0 to 7 = 0 is forbidden. 

Now it is possible by giving the bombarding electrons just the right velocity 
(corresponding to the difference in energy-levels) to raise the mercury atom 
from the normal to either the *P» or 3P2 state, and once the atom has been 
excited to this state, it cannot, according to the selection principles, spontan- 
eously return to the normal by emission of radiation. This state is therefore 
designated as a metastable state of the atomic system. There are three ways 
in which the excited atom, once in such a metastable state, can change from 
that state. 

(1) It may receive an impact from a bombarding electron (cumulative 
ionization) and thus be raised to a still higher energy state, as, for example, 
in the case of Hg, to the level 2°S or 3°D, from which transitions are possible 
by emission of radiation as shown in Fig. 46. 

(2) While in the metastable state the atom may receive radiation of just 
the right frequency to be absorbed and raise it to one of the next higher levels. 
Thus, in the case of the metastable state 2'P) in mercury, energy may be 
absorbed from the line \ 4047 which will raise it to the 2°S; level, which is not 
metastable. Indeed, the observations on intensity of absorption of light of a 
certain frequency by a gas such as neon or helium made to glow under the 
action of an electric discharge, serve as a measure of the concentration of meta- 
stable atoms in the discharge, and this method has actually been used by Dorgelo 
and Washington,! Meissner and Graffunder 2 and others for the determination 
of the life of metastable atoms in the rare gases. 

(3) Lastly, the metastable state may be destroyed by collisions of the 
second kind. For instance, it is possible for a mercury atom in either the 
3P, or *Po state to lose or gain energy respectively, by collision with other atoms, 
in sufficient amount to bring it into the adjacent *P; state. The amount of 
kinetic energy which can be transferred in this manner is obviously consider- 
ably smaller than that available by either of the first two methods. 

The problem of the life of metastable atoms has been the subject of a 
number of investigations. The principal gases in which such metastable 
states have been studied are the members of the rare gas group and mercury. 

Meissner and Graffunder* have reviewed the different experimental 
methods used for the determination of the life of metastable atoms and have 


1 Roy. Acad. Sci., Amsterdam, 35, 1009 (1926). 
2 Ann. Physik, 84, 1009 (1927). 
3 Loc. cit. 
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devised a method of their own which they consider as most reliable. This 
method may be described by referring to the energy diagram for mercury, 
Fig. 46, and the more detailed portion in Fig. 27. A discharge is passed 
through the vapor for a while, and then cut off. After a definite interval of 
time, the absorption of the mercury is measured for the line \ 4047 ending on 
the 2°P» level or the line \ 5461 ending on 2?P»2. The absorption decreases 
exponentially with time and it is assumed that the intensity of absorption is 
proportional to the number of atoms in the metastable state. From the 
observed rate of decay it is thus possible to calculate 7, which in these cases is 
taken to be the time required for the number of metastable atoms to decrease 
to one-half their original value. As shown by Meissner and Graffunder and 
by Zemansky,! who has also carefully considered the theory of this method, the 
actual observations must be corrected for diffusion of metastable atoms to the 
walls and for collisions of the second kind. 

In the case of mercury, as mentioned previously, and as shown in the 
energy diagrams, there are two metastable states, viz., 2?P») and 2°P;. Ac- 
cording to Asada, Ladenburg and Tietze,? the life of the *Po» state, under most 
favorable conditions is t= 15 X 10-4 sec. The persistence of radiation 
d 2537 observed by Webb and Messenger ? is explained by Zemansky 4 on the 
basis of this result as due to collisions between metastable *P» atoms with 
excited mercury atoms, by which the former are raised to the *P; state, from 
which the line \ 2537 is produced. 

The metastable states in neon are shown in the energy level diagram, Fig. 
50.5 These states have been designated by Paschen as 2s3 and 2s; and are of 
type *P, and *P»2 respectively. By an examination of the neon spectrum in 
the far ultra-violet, Dorgelo and Abbink ® found that no lines were observed 
corresponding to transitions between these and the normal (1So) level. Meiss- 
ner 7 showed that the lines \ 6402 and \ 6148 are absorbed by neon in a discharge 
tube, and from the measurements of the rate of decrease in intensity of absorp- 
tion he concluded for the life of the *P: state (ss) the value + < 0.01 sec. 
From similar observations, Dorgelo ® derived the value r = 1/240 sec. for ss 
and t= 5X 10+ for s;. More recent measurements by Meissner and 
Graffunder give the approximate value 7 = 7 X 10~‘ sec. for the ss state, with 
a maximum value at 1.5 to 2 mm. pressure. The energy levels for argon are 
similar to those for neon, and there exist two corresponding metastable states, 


1 Phys. Rev., 34, 213 (1929). 

2 Physik. Z., 29, 549 (1928). 

3 Phys. Rev., 33, 319 (1929). 

4 Loc. cit. 

5In this diagram no attempt has been made to plot the values of % on a definite scale. 
As is evident from the values of » and corresponding values of V (volts) the interval between 
the 2s; and the lowest levels is actually much greater than the interval from the upper of these 
levels to the ionization level. 

6 Z. Phystk, 37, 667 (1926). 

7 Ann. der Physik, 76, 124 (1925). 

8 Z. Physik, 34, 766 (1925). 
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.Fig. 50. Energy levels in spectrum of neon 


s; and ss. For the latter, Meissner and Graffunder obtained the value 
tT = 3 X 10°? sec. 

The helium atom has presented a very interesting problem in this respect. 
The spectrum consists of two independent systems, as if the gas were made 
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up of two different kinds of atoms, and since, for a long time, no intercombina- 
tion lines could be observed, it was assumed that ordinary helium consists of 
two elements, designated as orthohelium and parhelium. The former is char- 
pe acterized by a spectrum of 
p what was for a long time re- 
4 | | H garded asa system of doublet 
S terms, but which is now 
known to be in reality a 
| triplet system (as follows 
| from Hund’s theory for two 
| valence atoms). On the other 
hand, the parhelium spectrum 
consists of singlet terms. The 
energy relations of the two 
systems is shown in Fig. 51.1 
This is based on the measure- 
ments of critical potentials 
: by Franck and Knipping,? 
: and on the investigations of 
' Hertz,? and Lyman?‘ on the 
t . 
extreme ultra-violet spectrum 
-y of the gas. 
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The normal state of the 
atom is the 1189 state of 
parhelium and it has been 
assumed that in this state 
the two electrons revolve in 
very slightly elliptical orbits 
inclined at an angle of 120 
degrees to each other as shown 
in Fig. 52—hence the desig- 
nation “‘ crossed-orbit’’ atom. 
By absorption of 20.55 volts, 
the 2'So state is obtained, 
which thus represents the 
first excited state of par- 
helium and is obviously a metastable state, since transitions from this state to 
the normal are forbidden by the selection principle. Similarly the lowest 
state in the orthohelium system is of type 23S, and this again is a metastable 
state. It can be reached from the normal state only by absorption of ultra- 
violet radiation corresponding to 24.48-19.77 = 4.71 volts, or by impact of 


Fic. 51. Energy levels in spectrum of helium 


1See diagram in the treatise by W. Grotrian. This is a revised form of the diagram 
published by Bazzoni, J. Franklin Inst., 196, 627 (1923). 

2 Physik. Z., 20, 418 (1919); Z. Physik, 1, 320 (1920). 

3 Z. Physik, 22, 18 (1924). 

4 Astropnys. J., 60, 1 (1924). 
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electrons with the corresponding velocity. This potential has therefore been 
designated the “ transformation-voltage.” In the state 2°S, the two electrons 
revolve in co-planar orbits, one outside the other, and therefore orthohelium 
is usually designated as “coplanar 
helium.” Since this state has a 
much longer life than the corre- 
sponding 2!S) state in parhelium, 
it forms a fundamental level for 
the orthohelium system. 

Table XXIV gives the values 
of the critical potentials as 
measured by Franck and Knipp- 
ing with the corresponding terms 
as determined from Lyman’s 
spectroscopic observations. Ria. Fe: 

Lyman has observed the faint 
line A 600.5 which is forbidden by the selection principle. Its actual occurrence 
has therefore been explained as caused by a Stark effect. Another line ob- 
served by Lyman is \ 591.5 which appears to be the only intercombination 
line observed till now. It corresponds to the transition 14S —*P. 


Crossed orbit model of helium 


TABLE XXIV 


CriticaAL PoTENTIALS AND ELECTRON TRANSITIONS FOR HELIUM 


Volts 
Spectral ~ 
Notation Spectroscopic Electron Impact 
Method Method 

ESS 28 Scene eigis rate & 19.77 19.75 
RESEOES Oe eaictans. 2 600.5 A 20.55 20.55 
TSS OUP stn eta csctee 3 584.4 212 21.2 
ISHS PR a ar dha Rede 537.1 22.97 22.9 
ge Se hy On ee oe ee eee 522.3 23.62 
PS Ue tart chs couch usa bp aS 6 23.92 
LES Bee ee ce tes Pe) 2 ae 502 24.48 24.6 


The fact that the 24S, and 2S, states are metastable has been shown by 
absorption phenomena similar to those exhibited by neon, argon, and mercury. 

As pointed out previously, metastable atoms disappear by diffusion to the 
walls or by collision with other atoms, or, finally, by absorbing radiation which 
raises them to higher excited states. Thus the actual value of 7, as observed 
experimentally, varies with both pressure and temperature of the gas and 
also depends upon the electrical conditions in the discharge. A discussion of 
the effect of these factors has been published by J. M. Anderson.1. Table XXV 


1 Can. J. Research, 2, 13 (1930). 
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taken from this paper gives calculated values of 7 (unit = 10~* sec.) at 1 mm. 
pressure and given diameter of tube for metastable states in the three 
rare gases. It will be observed that the life increases with decrease in tem- 
perature. On the other hand, with increase in pressure from very low values, 
the value of 7 tends to increase and passes through a maximum beyond which 
further increase in pressure causes a decrease in 7. 


TABLE XXV 
DuRATION OF METASTABLE STATES AT P = 1 MM. 


(Unit of r = 10~ sec.) 


Helium Neon Argon 
fh 2180 2381 3P» 3Po 3P» 3Po 
SOO RF aoe cre dane 7.34 8.4 6.6 7.9 6.2 
SO roses wceent 14.2 14.2 22.8 19.4 61.5 FOL as 
DAE ey ee SHEA POT 62.4 62.4 


While, so far, we have regarded the selection principles as determining the 
absolute impossibility of a certain transition, it has been deduced on the basis 
of the new mechanics that this statement is not quite exact. Rather, we must 
consider that such transitions have a small but measurable probability of occur- 
rence. Under usual experimental conditions, the duration of a metastable 
state is limited by such factors as diffusion and collision, because the frequency 
of collision or rate of diffusion to the walls is large compared with the frequency 
of spontaneous transition from the metastable to the normal state. If, 
however, the pressure is extremely low, then according to the evidence obtained 
by Bowen,? the forbidden transition will eventually occur after a certain interval 
of time. 

The evidence which led Bowen to this conclusion was derived from a study 
of certain lines present in nebular spectra, which had been associated with a 
hypothetical element “ nebulium.”’ Now not only is there no room for such 
an element in the periodic arrangement, but also, from the investigations on 
enhanced spectra, we know that for each element there are as many dif- 
ferent types of spectra as there are electrons. As will be pointed out in 
the following section, such enhanced spectra are, no doubt, produced at the 
high temperatures which exist in the stars and nebulae. Consequently it 
might be expected that a large number of lines in stellar spectra would be 
identical with lines observed in the spark spectra of stripped atoms. Also, 
since the pressure in nebulae and some of the stars is very low, probably less 
than 107 mm..,? transitions might be expected which contradict the selection 


1 Nature, 120, 473 (1927); Proc. Nat. Acad. Scv., 14, 30 (1928). 


2W. Grotrian, Naturwiss., 16, 177 (1928). This paper gives an excellent review of 
Bowen’s work on the origin of nebular lines. 
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principles. Actually Bowen found that the so-called nebulium lines correspond 
to forbidden electron jumps from metastable states in the spark spectra of 
oxygen and nitrogen. At the pressures existing in nebulae, the mean free 
path is of the order of 1000 kilometers! Hence, the collision frequency is smaller 
than the probability of a spontaneous electronic jump from the metastable 
state to one of lower energy. From this it is inferred that the life of the meta- 
stable states in nebulae is of the order of one second or more. 

Bowen’s conclusion is, of course, based on a comparison of the frequencies 
of the observed nebular lines with those calculated from terms in the spark 
spectra, but it is supported by other observations on the intensities of certain 
lines in the spectra of mercury, magnesium, and other elements. 

Thermal Excitation and Ionization: The production of spectra in stars is 
evidence of the excitation and ionization of atoms produced at high tempera- 
tures. At these temperatures the atoms are dissociated into ions and electrons 
and equilibrium is maintained by recombination. As was shown by Saha,}! 
the degree of dissociation at any temperature may be calculated by means 
of the usual thermodynamical relations in which the heat of reaction is replaced 
by the energy of ionization. 

Denoting the pressure of undissociated atoms by p, that of singly charged 
ions by p* and that of the electrons by p~, the following relation must be valid: 


OPT ey en ee YEU 
nk, = in mates OTT 


5 
ete 8 (99) 


where 
; = ionization potential. 


T = temperature of equilibrium. 
B= “integration ”’ constant, derived from the Third Law. 


= 
| 


R. H. Fowler and E. A. Milne? have derived the following value for the 
constant: 

(2arm)3!2k5/2¢ 

Po cla ibe Es sees 


= (100) 


B=l 


where 


o = number of valency electrons in the atom in equivalent orbits. 
m = mass of electron. 
k = Boltzmann constant. 


Equation (99) shows that the degree of dissociation for any atom increases 
with increasing temperature and decreasing pressure, and Table XXVI gives 
values for the percentage dissociation of calcium at various temperatures and 
pressures (in atmospheres), as calculated by means of this equation. 


1 Proc. Roy. Soc., 99, A, 135 (1921). See also Foote and Mohler, Chap. VII. 
2 Monthly Notices, R. A. S., 83, 403 (1923). See also R. C. Tolman’s Statistical Mechan- 


ics, p. 147, and Chapter XVII of this book. 
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TABLE XXVI 


THERMAL IONIZATION OF CALCIUM EXPRESSED IN PERCENTAGE ! 


iz 
fe! i Oe 1Ox 


10-6 
Q000 mae oe 1.41073 
SOOO RS Getee oe 1 9 
ADO: hese hake eee 2.8 26 93 
SOOO see re ee 64 93 
GOOOR steve oon ene 8 98 Complete Lonization 
SOOO ge teueieeccser se 46 


1 This table and the following one for hydrogen are abridged from those given in Foote 
and Mohler, ‘‘ Origin of Spectra,” pp. 160-1. 


While calcium has a moderately low ionization potential of 6.1 volts, that 
of H is 13.54. It would therefore be expected that to produce the same 
degree of ionization in hydrogen should require considerably higher tempera- 
tures, as shown in the calculated values given in Table XX VII. 


TABLE XXVII 


THERMAL IONIZATION OF HyDROGEN EXPRESSED IN PERCENTAGE 


LOOO Sates ee Cote 4 
eNO. O OM cama heehee ect cate cere 2 18 
TOOOO 5; asia sees oh Grisly cakes 2 77 87 
ZOO Ss sccvsttara os creas tovoictas ache 9 68 
TAOGOR reise Gchsua ca cerwn Siefoas oe 27 93 
iL SOOO as Cetra Acbecaet rent 80 Complete Ionization 


Foote and Mohler ! have calculated that “‘ Caesium, which has the lowest 
ionization potential, should be completely ionized at about 4000° K and 10-4 
atmospheres, while about 20,000° K at the same pressure should be necessary 
for helium, which has the highest known ionization potential.” 

The theory has also been extended to include excitation and multiple 
ionization at high temperatures, and Saha has-been able in this manner to 
account for many of the principal features of stellar spectra, while Russell has 
applied the theory to the calculation of stellar temperatures. Also, Fowler 
and Milne? have extended the theory to the calculation of the temperature 
and pressure in the reversing layers of stars from measured intensities of ab- 


1 Loc. cit. 
2 Loc. cit. 
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sorption lines in stellar spectra.! There has thus been given to astrophysicists 
another means for obtaining fundamental information on the conditions existing 
in stellar atmospheres. 

Summary: Physics and chemistry of the future will recognize in the advent 
of the Bohr theory the beginning of a new epoch in the history of these sciences. 
Even the quantum concept of Planck, postulated thirteen years before Bohr’s 
first publication, received from the Bohr theory its greatest measure of support 
and stimulus. Whatever changes time may bring forth in scientific theories 
and interpretation of atomic phenomena, the fundamental contribution made 
by Bohr in identifying spectral terms with energy levels of an atomic system, 
will undoubtedly remain intact. Not only has the Bohr theory led to a simple 
interpretation of what was previously a huge collection of perplexing spectral 
observations, but it has also stimulated a great number of predictions and thus 
opened up for physics new observations such as those on critical potentials, 
metastable atoms, collisions of the first and second kinds, and others of a 
similar nature. 

The simple theory of single quantum numbers for energy levels was found 
inadequate. By the introduction of additional quantum numbers and of 
selection principles governing transitions between levels, together with the 
hypothesis of a spinning electron, the theory of atomic structure gained to 
such an extent that not only the Zeeman and Stark effects could be interpreted 
but furthermore, as shown by Hund and Pauli, the new point of view has 
enabled us to determine with a great deal of assuredness, the manner in which 
atoms are built up by addition of successive electrons and the electrons them- 
selves are arranged in the various states of excitation and ionization. 

These conclusions are naturally of interest to the chemist, and the latter 
finds in the electron configurations based on spectroscopic data a model which 
is in equal accord with the chemical properties of the elements. That the 
picture is not yet completed, since we still have to understand the exact nature 
of valency, is not at all discouraging. In fact, the new mechanics has already 
made some initial attempt to solve this very problem, and we can look forward 
to some interesting developments in this field in the next decade. 

Thus, when we consider the Bohr atom model with its electronic orbits and 
electron transitions, it must be recognized that the model has indeed achieved 
far more for the advancement of the knowledge of atomic structure than the 
most sanguine could have ever expected even a decade ago. 

However, the scientific mind forever demands logical consistency in its 
hypothesis and tests these by following to the utmost the most trivial deduc- 
tions from such hypotheses. Not only must such deductions be qualitatively 
valid, but any theory in science must lead to results which are in quantitative 
agreement with observation; and it is because of the very fact that the Bohr 
theory of the atom could not be brought into such agreement with observation 
that physicists have been forced to renounce a model which served them so 
well in all other respects. 


1 See also Monthly Notices, R. A. S., 84, 499 (1924). 
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It would appear logical for us to pass on at this stage to a discussion of the 
new point of view; but there are two very important reasons for digressing to 
present in as brief a form as possible the so-called classical quantum theory of 
atom-mechanics. Firstly, an understanding of the concepts and terms of the 
older mechanics is essential in order to comprehend fully the significance of 
the more recent theory, and secondly, it is only through an understanding of 
the inconsistencies which developed from the older point of view that it is 
possible to realize the logical necessity for such a complete severance with 
previous ideas as is presented by the theories of Heisenberg and Schroedinger. 


IV. CLASSICAL QUANTUM THEORY OF ATOM-MECHANICS 


In this section we shall first of all develop as briefly as possible the funda- 
mental equations which constitute the classical or Newtonian system of 
dynamics. Starting with Newton’s laws of motion, mathematical physicists 
during the eighteenth and nineteenth centuries attempted to re-state these 
laws in a form which should be as general as possible, that is, independent of 
the particular choice of codrdinates, a result which could be attained only by 
expressing the laws of motion as exact differentials of certain functions whose 
actual values depend only upon the initial and final states of the system. The 
same motive applied in thermodynamics led Gibbs, Helmholtz, and other 
physicists, to develop similar functions which characterize the equilibrium 
states of a chemical or physical system. 

In the classical theory of dynamics the change of a system from one state 
to another is expressed by differential equations, denoting the continuity of the 
processes at all stages. But then came the observations on quantum phe- 
nomena in atoms. How shall these phenomena be expressed in terms of 
classical dynamics? Obviously the latter must be modified, but in what 
manner can we retain as much as possible of classical theory and yet obtain a 
formulation of mechanics which shall apply to the dynamics of electronic orbits 
in the Bohr atom? The Sommerfeld-Wilson quantum condition for phase 
integrals and Bohr’s Correspondence Principle seemed to provide the basis 
upon which such a merging of classical theory and quantum phenomena could 
be accomplished, and it is therefore the main object of the following remarks 
to point out the manner in which the quantum phenomena were, as it were, 
grafted on the classical or Newtonian mechanics. 

Fundamental Dynamical Concepts: The whole system of ordinary dynamics 
is founded upon Newton’s three laws of motion, of which the second is the 
most important since it gives us a measure of force. 

Let x denote the distance traversed by a particle of mass m at time ¢ under 
the action of a force F, and let v denote the velocity at this instant. 

Then, according to Newton’s second law, the force is defined as rate of 
change of momentum, that is 


_d 
F= Fy (mv), (1) 


where mv = momentum at time t. 
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In classical mechanics, m is assumed to be constant, that is, independent of 
», whereas in the theory of relativity m increases with v. However, in both 
cases equation (1) serves as a definition of the term “ force.” In the following 
remarks, except where otherwise mentioned, we shall assume m constant. 


Hence 
dv Obae 
m roa Mas = Ee 
since v = dx/dt. Therefore, 
dv 
ma, - vdt = Fdz 


or 
3md(v) = Fdz. 


Integrating this relation for two points a» and 2; at which v has the values 
v; and vo respectively, we obtain 


Ee 
zmvz — 4mve = i, Fdx. (2) 
X 


By definition, force X distance = work. Hence the integral on the right- 
hand side of equation (2) denotes the work which is done upon the particle by the 
force F. The left hand side denotes the change in kinetic energy, and therefore 
equation (2) signifies that the change in kinetic energy is equal to the work 
done upon the particle during the motion. If dz is in the same direction as 
the force, Fdz is positive and therefore the kinetic energy (denoted henceforth 
by T) is increased, and vice versa. 

Now in all ordinary problems of dynamics (and what follows applies to the 
ordinary problems of atom-mechanics) the force, F, depends only upon the 
position of the particle and is independent of the velocity (or momentum) or 
the time. Under these conditions there exists a function V(x) such that 


dV 
~ daz 


That is, F is the rate of decrease with increase in x of a function V, which is 
designated as the potential energy. (It must have the dimensions of energy, 
since— dV = F - dz.) Hence, the integral of equation (2) can be written 


amve = amve =T7T,- T a Vi 4F Vo 


, (3) 


or 
Mmt+tWui=Mm+Vv=# (4) 


where E is a constant. That is the sum of kinetic and potential energies of 
the particle is constant, and equal to the total energy, H. This relation is 
applicable to all conservative systems, and the force F is said to be of the con- 
servative type. Evidently (4) expresses the well-known law of conservation of 


dynamical energy.+ 


1 See especially L. Page, Introduction to Theoretical Physics, D. Van Nostrand Co. (1928), 
p. 50. 
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It is to be noted that according to equation (3), the increase in potential 
energy, Vi—Vo, is the negative of the work done on the particle by the force 
due to the field. It is conventional to take the potential at an infinite distance 
as zero. Now let us consider the case of an electron of charge, — e, brought 
up from an infinite distance under the action of the attractive force due to a 
nucleus of charge, tNe. The kinetic energy of the electron is continually 
increasing, and consequently the potential energy must decrease. That is, the 
potential energy, V, must be negative. 

Actually the expression for V in this case is given by 


ee FP AST a) (5) 


where r is the distance between electron and nucleus. 
By definition, 


F ave de 7 Ni “) Ne 
dr adrX\r eae : . 
It is thus seen that in case of attraction, the expression for the force has a 
negative sign in front of it. Evidently the reverse will be true for a repulsive 
force. 

(As pointed out in the derivation of the Rydberg constant for the H-atom, 
it follows from equations (3) and (4) that for such a system, EH also is negative 
and equal numerically to half the potential energy, while the kinetic energy is 
equal (and opposite in sign) to the total energy.) 

It is customary in some treatises on dynamics to write 


that is, as the positive derivative of a function U known as the force function, 
in contradistinction to V, the potential function, or better, potential energy. 
Hence, 

T-—U=E. 


It is therefore necessary in reading the literature on this subject to note carefully 
whether the author uses the function U or V. In the former case, the expres- 
sion 7—U should not be confused with the so-called Lagrangian function 
= T — JV, which is discussed below. 
A force acting in any given direction in space may be resolved into three 
components along the three rectangular axes, OX, OY and OZ. Let X, Y, Z 
denote these three components. Then 


ax dy dz 


X= ai mre =i 


and 
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iL 
Vi=Vo= — ih (Xdx + Ydy + Zdz) 
0 
where i (7) 
ave | 


_av OR rei gs OY 
One Oy’ Oz 


and V; and Vo denote the potential energy at points LiYi21, LoYo%o respectively. 

Partial differential coefficients are used in equation (7), since V is a function of 

the three codrdinates x, y, z. This is designated by writing V = ViGetieace 
Also it follows that the kinetic energy, 7, is given by the relation: 


_ mf (ax)? (av, (22)? 
r= 1G) +@) + ()I : 


It is customary to use the notation 
L = dz/ dt; = @x/dé, 


and we shall therefore adopt this in the following discussion. 

Generalized Coérdinates and Velocities: The significance and advantage 
of so-called generalized coérdinates and velocities has been stated by R. C. 
Tolman ! thus: 


Ya 


“The essence of any dynamical problem always consists in the calculation of the future 
condition of some system of interest from a knowledge of its initial condition at some chosen 
time. The condition of the system at any instant can always be given by a statement of the 
coérdinates which determine the positions of its parts and the velocities which determine the 
rate of change of these codrdinates with the time. 

“In the case of a system of point particles, or bodies which can be treated as such, 
it will often be natural to specify the positions of the parts of the system by giving the values 
of the Cartesian coérdinates x, y, z for each particle, and their velocities by giving the values 
of the component velocities @, y and 2 for each particle. 

‘“In many cases, however, some choice of other than Cartesian codrdinates for the 
specification of positions may be more convenient or natural. Thus, for the position of a 
swinging pendulum bob, it is more satisfactory to give the single angle 0 which the pendulum 
makes with the vertical, than to give the values of the two Cartesian coérdinates x and y 
which could also be used to determine its position. For an electron rotating in a circular 
hydrogen orbit, the angle @ made by the radius vector from nucleus to electron is the natural 
coordinate. And for an electron, moving inside an atom subjected to an external electric 
field as in the Stark effect, the parabolic coérdinates furnished by a system of parabolae with 
the nucleus at their focus and their axes parallel to the field are found to be convenient. 

“Such variables are called generalized codrdinates and may be chosen in a great variety 
of ways depending on their convenience for the problem at hand. Corresponding to each of 
these coérdinates will be a generalized velocity, giving the rate of change with the time of the 
particular codrdinate in question. For the generalized coérdinates of a system we shall use 
the letters qi, g2°** dn, and for the corresponding generalized velocities the symbols qu, 
G2°** Gn. It has been one of the most useful achievements of dynamics to obtain its laws 
in forms which are independent of the particular nature of the codrdinates that are employed. 

‘6 The number of coérdinates chosen must, of course, be at least sufficient for the com- 
plete specification of the configuration of the system, and it is most convenient when it does 
not exceed that number. If the coordinates so chosen are all of them capable of independent 
displacement without violating the constraints of the structure the system is said to be 
holonomic and the number of codrdinates is called the number of degrees of freedom of the 


system.” 
1R. GC. Tolman, Statistical Mechanics, The Chemical Catalog Company, pp. 24-25 (1927). 
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For periodic motions, polar coérdinates are most convenient, and the 
transformation from cartesian coordinates is given by the relations 


x=rcos¢d 
y=rsnd } (9) 
for motion in.a plane, and by the relations 
z2=rcos@ 
y=rsin@singer, (10) 


x=rsin 0cos¢ 


for motion in three dimensions. In the latter case, 6 denotes the latitude, and $ 
the longitude. 

““Tf we have a system of particles of n degrees of freedom corresponding to the n gener- 
alized codrdinates, qi, @2°** Qn, then the rectangular coérdinates x;yiz; of the 7th particle 
may be expressed as functions of the q’s, that is, 

B= a(q1°°° dn), Yi = Yi(Qi-** Qn), 2% = 2% (G1 °° Qn). 

‘“The components of velocity of this particle along the axes X YZ are 


a or da ds, GD 
di q2 qd 


and similar expressions for the two other components. 
““ This expression is a homogencous linear function of the generalized velocities @1, G2 *** dn 
with coefficients which are functions of the g’s. Therefore the kinetic energy 


T = 2 2m (Li? + Yi? + 2i?) (12) 
when written as a function of the q’s and q’s is a homogeneous quadratic function of the former 
with coefficients which are, in general, functions of the latter. The potential energy V, on 
the other hand, is a function of the codérdinates only, and therefore can be expressed in terms 
of the q’s alone.” 2 

We shall find these conclusions to be of extreme importance in the following 
considerations. 

Hamilton’s Principle: * Let us consider a system consisting of any arbitrary 
number of particles and let the whole system change in accordance with New- 
ton’s laws of motion from one state in which the codrdinates are, say, qi°, 
g2? *** gn’ to another state qi, g2!, +++ grit. Weshall denote these as states o 
and / respectively. At every instant of time during the motion of the con- 
stituent particles from state o to state 1, it will be possible to calculate both 
kinetic and potential energy of the system, i.e., both 7’ and V and therefore 
the difference T—V. Let us now form the integral 


afer — V)di 


for the motion of the system from state o to state 7 in the time (t; — to). 


1A.G. Webster, The Dynamics of a Particle, p. 44, or W. E. Byerly, An Introduction to the 
Use of Generalized Coérdinates in Mechanics and Physics. 

2L. Page. Loc. cit. 

§ Discussion based on L. Page, pp. 167-8. See also L. de Broglie, Wellenmechanik, Chap- 
ter I. 
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Hamilton’s principle states that if we compare a dynamical path (that is, 
one which proceeds in accordance with the laws of dynamics) with varied paths 
which have the same termini and which are described in the same time, then the 
time integral of the function 7 — V = L, known as the Lagrangian function 
or kinetic potential, has a stationary value for the dynamical path. By a sta- 
tionary value (or extremum, as designated in mathematical literature) is meant 
either a maximum or minimum, so that 


by aT 
a Dehn sf Cea di=s0 (13) 
to t 


where 6 denotes that the path is to be varied in any arbitrary manner whatever, 
subject, however, to the conditions mentioned above. In general the integral 
in (13) is a minimum, but that is not necessarily always the case. It is evident 
that if we compare a dynamical path with other possible paths which have the 
same termini and which are described in the same time, the latter cannot be 
natural paths, so that to make the system actually move according to the 
varied path might require work to be done upon it by other forces. 

The proof of Hamilton’s Principle is derived by application of the methods 
of calculus of variation. It is regarded by many as “ the most fundamental 
and important single theorem in theoretical physics,’ ! and therefore forms 
the basis from which all theorems in dynamics may be deduced. 

Since the integral in (13) has a definite value which depends only on the 
initial and final values of the codrdinates (q1°, q2° ++ qn°, and qi, qt +++ qn} 
respectively) and on the time interval, it follows that we can write 


by 
i Ldt = S(q, Gi 22> Ges Gees ti, bo), (14) 
t 


where S is known as Hamilton’s Principal Function. 

Principle of Least Action: This principle, while less general than Hamil- 
ton’s Principle, is applicable to conservative systems, that is, paths for which 
the total energy, H, is constant. In other words, instead of comparing two 
infinitely near paths, of which one is quite arbitrary, we compare two natural 
paths, for each of which the total energy is the same. Consequently, if both paths 
are projected from the same initial point and the time of transit is to be the 
same for both, the final codrdinates cannot be the same. For a natural path 


it is evident that 
1 1 
sf Ldt + 6 [ Edt = 0: (15) 
lo to 


But L= T—V, and E= 7+ V. Consequently (15) may be written 
in the form 


ty 
pave sf 2Tdt = 0. (16) 
lo 


1. B. Wilson, as quoted by W. E. Byerly in his ‘‘ Introduction to Calculus of Variation,” 
p. 24, 
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That is, the function A, known as the Characteristic Function or Action, 
must be anextremum. Actually it may be shown that A must be a minimum, 
and hence the relation stated in equation (16) is known as the Principle of 
Least Action. 

This relation can also be stated in another form, which is of extreme im- 
portance in atomic mechanics. 

Since 

T = >04m,»,?, 
where >» denotes that the summation is to be extended over all the particles 
constituting the system, and m,v, denotes the momentum of the r-th particle, 


ty by Sy 
A= ih im vedt = 2 il (Mm, * Vp)v,dt = >> Ih MrVp * OSpy (17) 
to to 8 


where ds denotes an element of the path. This relation shows that the Action 
may be regarded as a sum of line integrals of the momenta of the particles taken 
over the total path from the initial point so to the final point s:. 

For a single particle requiring codrdinates qi, g2*** dn to represent its 


instantaneous position, 
ame = T= E-V 


mv = V2m(H — VY). 


and consequently, 


Hence 


A= J, V2m(H — V)ds | 


= A(qi, qz eee qn’, q2 eee E)] 


(18) 


where ds represents an element of the path in the n-dimensional space, and so 
and s; represent initial and final points on this path. 

From equation (18) it follows that A must be a function of initial and final 
coordinates and the energy, EH, only. Equations (14) and (18) are of great 
importance in dynamical theory, and will be restated in an even more general- 
ized form in a subsequent section. 

While Hamilton’s Principle applies to all kinds of motions, whether of 
conservative or non-conservative system, the Principle of Least Action is 
especially useful in its application to many problems, such as those considered 
in atom-mechanies, in which the energy is constant. 


The significance of the principle has been stated by Thomson and Tait in the following 
words: “ The principle of Least Action is this: Of all the different sets of paths along which 
a conservative system may be guided to move from one configuration to another, with the 
sum of its potential and kinetic energies equal to a given constant, that one for which the 
Action is least is such that the system will require only to be started with the proper velocities 
to move along it unguided. Consider the problem: Given the whole initial kinetic energy, 
find the initial velocities through one given configuration, which shall send the system 
unguided to another specified configuration. This problem is essentially determinate, but 
generally has multiple solutions. . . . If there are any real solutions, there is one of them for 
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which the Action is less than for any other real solution, and less than for any constrainedly 
guided motion with proper sum of potential and kinetic energies.” 1 


The great advantage of both Hamilton’s Principle and the Principle of 
Least Action is that they are independent of the system of coérdinates. Both 
principles have been deduced from Newton’s laws of motion, and conversely 
the equations of motion can be deduced from either of the principles. 

The relation between Hamilton’s Principal Function, S, and the Action, 
A, is derived from the following considerations: 


ty 
ss if Lit, 
a) 
ty ty 
At il rat + ff Edt 
im t 


0 


cae S + E(t = to), 


while 


since # is a constant. 
Hence 
S=A — Ht. (19) 


Lagrange’s Equations: Let us consider a system of n degrees of freedom 
for which the motion is expressed in terms of n generalized codrdinates and the 
corresponding generalized velocities. As pointed out previously, the kinetic 
energy, 7’, is a homogeneous quadratic in ¢ with coefficients which are functions 
of the q’s, while the potential energy, V, is usually a function of the q’s only, 
but may in certain cases also be a function of ¢. 

Thus L = T — J, is a function (in the most general case) of qi, 2° ++ Gn} 
15 qe eaes da; and t. 

Now from the condition that 


ty 
sf ot— 0 
t 


0 

that is, that the integral shall be a minimum, it may be shown by application 
of the calculus of variations that for each coordinate a relation of the following 
form must apply: 

aL dab, 

Og: dtogis 
This equation is known as Lagrange’s equation. There are as many equations 
as there are degrees of freedom, i.e., independent codrdinates. 

It will be observed that equation (20) is a partial differential equation of 
the second order. Hence its integral will involve two constants of which the 
values are fixed by the conditions governing the motion of the system. 

That equation (20) really expresses Newton’s second law for motion along 
each coordinate is evident if we consider the significance of this equation for 
motion along one codrdinate only, that of x. The equation then assumes the 


form 
1 Natural Philosophy, Part I, pp. 338-339. 


(20) 
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Sed (OL 
es oleae 21 
dx <(=) oe 


But 
=T—V= jimi? — V 
Therefore, 
ee 
Oe: de” 
since 7’ does not contain 2. 
OL ‘ 
a = nd, 


since V does not contain #, and 


cob \y 
GEN Oe pie. on 


Hence (21) reduces to 


Laat 
a me = 
or 
dV 
m= — =F, (3) 
dx 


where F, is the force along axis of x. 

Canonical Equations: Since each Lagrange equation is a differential equation 
of the second order, it is more convenient in the solution of dynamical problems 
to replace these by a system of twice as many differential equations of the first 
order. 

In order to derive these equations we proceed by first of all introducing a 
new and very important variable, p;, the generalized momentum, which is 
defined thus: 


[UR = ean (22) 


where L is the kinetic potential and, as stated previously, is a function of q’s, 
qs and t. Consequently Lagrange’s equation assumes the form 


ob : 
j= 0d: ( 3) 
The complete differential of L = L(q, qi, t) is given by 
OL OL OL 
dL => 00; nes hs t= Lb 
29g tH + L9G od + aye 


which by virtue of (22) and (23) may be written 


OL 
dL = dD pidqi 4. > piddi a or te 
Now let us form the complete differential of the function H defined as follows: 


= AG (24) 
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Then 
. , OL 
dH = Si piddi + Ndidps — a 
— Vind: — Xdida: 
: ; OL 
= iddps — pda — 5g ae (25) 


This equation shows, since dH is an exact differential, that p,; and q; may be 
regarded as independent variables and therefore H = H(p;, qi, t). Hence 


OH OH OH 
dH = DX ap, thi +237, +s di. (26) 


Comparing coefficients of dp;, dq; and dt in equations (25) and (26) we obtain 
the following relations: 


oH 

at, 

OD: 

aH (27) 
0g: = Pi 

aH _ ab 

ot at 


Equations (27) express the equations of motion in the so-called canonical 
form, and p; and q; are designated as canonically conjugated variables, while H 
(expressed in terms of p’s and q’s) is known as Hamilton’s function. To obtain 
the significance of this function let us now consider the case in which H is 
independent of ¢, i.e., H = H(piqi). 

dH On OH | 
ae 2 | agi a me | 

= > [- pidi + api] because of equations (27) 

= 0. 

Hence H(p:qi) = const., is a first integral of the differential equations of 
motion (27). 

Furthermore, by definition 

H = Dips — L } , 
; . 24 
a DUD ys aol eV ee 

Now, as shown above, 7 is a quadratic function of the q¢,’s with coefficients 

involving the q’s. Hence, according to Euler’s theorem,' 


1 For the case of three variables, x, y, z, Euler’s theorem may be stated thus: If wu is a 
homogeneous function of the n-th degree in 2, y, z, then 


In the case of the function 7’, which is a homogeneous quadratic in q, n =2. Hence the 
conclusion stated in equation (28) follows. 
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oT OL 
= sae te — jg, = ie 28 
oT => aq Daas! “pd (28) 
Hence 
eh YU he Yay, (29) 


Thus for a conservative system H, as a function of p’s and q’s, ts equal to the 
total energy, E. 
From equation (28) we also obtain another form of the expression for the 


action, A. 
ty 
A= i 2T dt 
bo 
ty qd; 
= Lpgidt = DL if pidqi, (30) 
ef ty yy 
where qi°, g2°° +: qi? and qi, g2 *** gi represent initial and final values respect- 


ively of the codrdinates. 

Equation (30) expresses the action in terms of the canonically conjugated 
variables p; and q;. In the applications of dynamics to problems of atom 
mechanics we shall find this relation extremely important. It will be recog- 
nized that this equation re-states equation (18) in another form. 

Cyclic or Ignorable Coérdinates: If in the Lagrange equations (20) one of 
the codrdinates, e.g., gi, does not occur, then 


d( aL if, 
dp \ 00) aes 


OL 
Ogi 


and consequently 


= constant 


is an integral of the equation. 

Since p; = 0L/04q:, it follows that p; = constant. 

This may also be deduced from the expression for H = H(piqi). If H 
does not involve one of the codrdinates q;, then 


OH 


BGs p, = 0 


and therefore p; = constant. 

Following Helmholtz, a codrdinate such as q: is also known as a cyclic 
coordinate, since it usually corresponds to an angle, that is, a rotation about an 
axis. 

It is often possible to express H as a function of momentum variables only, 
that is as H(pip2*++ pn). Under these conditions the canonical equations 
are integrable directly. 
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Since 
oe 
Pi oa 0g: = 
Therefore p; = constant = a;. But 
OL oT 
Pi aG paras 
Od: 
and T' is a quadratic in g;. Hence 07'/04; is linear in q;, and since qi, g2 +++ qi 


do not occur in H, 07 /0q; cannot involve these codrdinates. Consequently 
qi must be linear in aj, in other words 


Gi = w;, a constant, 
and 


Gi = wit + Bi, (31) 


where 6; is an integration constant. On the other hand, since w,; is obtained 
by differentiating the function 7 with respect to qi, this constant is determined 
by the value of 7. Evidently w; denotes an angular velocity or its equiva- 
lent. 

It is evident from these conclusions that any problem in mechanics may 
be readily solved, that is, the equations of motion may be obtained and from 
these the equation of the orbit or path, if it is possible to express the total energy 
as a function of momentum variables only. Consequently it is the object in 
solving problems in dynamics to transform the expressions for 7’ and V in 
terms of such variables, p; and q; that the resulting expression for H will be a 
function of the p’s alone. 

The Rotator: As an illustration of the application of these equations, let us 
consider the case of a symmetrical diatomic molecule rotating about an axis 
at right angles to the axis of the dipole. 

Let 


I = moment of inertia about center of rotation, 

6 = angle made by axis of dipole with position of axis at t = 0, 
"= 416, 

V = 0, and therefore H = T. 


Hence 
are 
| Oe — 5) 
and 
p 
ie ray 


This is Hamilton’s function for the total energy as a function of p alone. 
Hence @ is a cyclic coordinate and consequently 


p = constant = a = V2IT, 
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and 7 must be constant. Also, 


and 
=qowt+B 


Highly. 
a I sealer 


where w is the angular velocity, and 6 is a phase angle. 

The motion is therefore a uniform rotation about the line at right angles 
to the axis of the dipole. 

The frequency of the rotation is given by 


We shall now introduce the Wilson-Sommerfeld quantum condition that 
the action taken over a complete revolution is equal to an integral multiple of h. 
In a previous section (Part III) this integral was designated as the phase 
integral and denoted by J = £27 : dt. 

Evidently this integral has the value, in the present case, 

p Qmae 
Pe ne ag oe 
Hence 


mh = 27a = Qn V2IT 
where m = 1, 2,3 +: etc., and therefore 
m? h? 


H=T=—- (32) 


That is, the energy of the rotating molecule varies as m?, and equation 
(32) gives the stationary states. 

In accordance with Bohr’s theory, the frequency of radiation emitted in 
passing from state m to state m: is given by 


y= Saar me = Ni), (33) 
Equation (83) expresses the relations actually observed for the rotational 
lines in a band spectrum, with, however, the additional condition that 
m, = Meo Se il. 
Equation of Orbit for Simple Hydrogen Atom: Let us consider the motion 
in a plane of an electron of charge — e about a nucleus of charge + Ne. 
Using polar codrdinates 


a 2 2 
re: + 726), 
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= — Né/r. 
Hence 
m ; 
H=T+V = as + 76) — Ne?/r, 
Car Ve 5 4 2) + Net/r. 
SL tessa A ed Weg AHS =O, 
ap Pe = mi; erciore, = 5 
OL = = 26 theref mr°6 i Pe 
3g = Pa = md; erefore SENT ote 
Hence 
il De Ne 
H=7, Powis a 7 ee (34) 


Applying Hamilton’s canonical equations (27) 


Lee 
therefore 6 is a cyclic coérdinate and 
po = mr’d =a, a constant. (35) 


This is Kepler’s law of areas for elliptic orbits. Also 


But 


Hence 
2, 74 Ne 
COR te Bane Ne Ly (36) 


ade mr mr 


Multiplying every term by 2(dr/dt) and integrating, we obtain 


(37) 


where b is an integration constant. 
Also from equation (35) 


Therefore, from (37) and (35), we can eleiminate dt and obtain the differ- 
ential equation for the orbit 
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dr 
= a (38) 
Ne? \2 a Ne \2 
mr2a/b + {| — = teen — ae 
a mr a 
Let 
Ne 
Cee 
mr a 
Then, 
eee 
mr? 
Therefore, 
—dZ 
d= ; 


Ne \? 
2=a+( =; ) - Cos (0 + £), 


where # is an integration constant (the phase angle). 
Hence, the equation of the path, is given by 


Ne (Ne \? 
oem \ +(*) - Cos (0 + 8); 
mr a a 


ae 1 a’b 
(~)=14 1+ oo @ +e, (39) 
N*e4 


Nem\ r 


that is, 


which is the equation to a conic section of eccentricity 


ab 
So NG aR: 
and semi latus rectum, 
a? 
=a 
Nem 


To determine the value of b, we substitute in the relation H = T + V, 
for 7 from equation (37) and for 6 from equation (35) and obtain the result 


mb 


Hes 


Since H is negative, it follows that ¢, the eccentricity, is less than 1, and 
therefore the orbit must be an ellipse. 
Putting — H = W, the major axis of the ellipse, 2a, is given by the relation 
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or 


War sas (40) 


This relation shows that the energy is independent of the eccentricity and 
depends only upon the value of the major axis. 
In a subsequent section, we shall indicate the manner in which the Wilson- 
Sommerfeld quantizing conditions may be applied to this type of orbit. 
Principle of Varying Action: 1 Let us consider now the value of the action 


A, defined by the relation 
q 
A= f pidqi, (30) 
9; 


v 


for two slightly different dynamical paths in which the point corresponding 
to q:° at t = to on one path is taken as q¢;° + 6¢,° at to + dt on the varied path. 
We shall also allow a similar variation of the final points of the path, with 
respect to both time and codérdinates. 

Then it may be deduced that the variation in action, 6A, and the variation 
in energy, 6H, are connected with the variations in coérdinates and momenta 
by the relation 


6A = Do pid: —LpiPdg? + (t; — to)6# (41) 


where 7,° and q,° denote the momentum and codrdinate corresponding to the 
ith degree of freedom at the time fo, and p; and q; the same quantities at time ft, 

This equation expresses the Principle of Varying Action, and is much more 
general than either Hamilton’s principle or the principle of least action, both 
of which are deducible from equation (41). 

The form of this equation shows that A may be expressed as a function 
of the q’s and E together with n constants (corresponding to the total number 
of degrees of freedom) such as the qs which specify the initial configuration. 
These 2n + 1 parameters completely determine A, and we may express this 
by writing, as in equation (18) 


A= A(q, qi, E), 
and consequently 


OA OA OA 
— — é — 0 —- 
dA = >) bq: dg: + age dq? + a dk, (42) 


where the summation extends over n terms such as q; and q,°. 
Comparing (42) and (41) it follows that 


1B. P. Adams, Bull. Nat. Res. Council, 7, Part 3 (1923), ‘‘ The Quantum Theory,”’ pp. 
9-11, also L. Page, Bull. Nat. Res. Council, 11, Part 3 (1926), p. 27. 


1280 A TREATISE ON PHYSICAL CHEMISTRY 


0A 
arp 
eee 
oe ange ee (43) 
and 
OA 
Ne gt te 


In equation (19) the relation was derived between Hamilton’s Principle 
Function S and the action, A, in the form 


S=A — Ht. (19) 


For constant value of H, A is afunction of q’s and q’s. Hence, by varying 
S for constant value of #, we obtain 


6S = dopidqg;s — do p®dq2 — Hot, (44) 


which shows that S = S(q, qi®, t), and comparing coefficients in this equation 
with those in 


18 = Dds HOS ane + 5d (45) 
it follows that 
Os 
Pips, 
Pie a st (46) 
i aq0 
: as 
LRAT 


Hither set of equations (43) or (46) may be used to form the Hamilton-Jacobi 
partial differential equation, which we shall now proceed to consider. 

Hamilton-Jacobi Partial Differential Equation: The canonical equations of 
motion, as shown above, constitute a set of 2n + 1 partial differential equations. 
By the solution of these equations, as indicated in the case of the rotor and 
simple hydrogen atom, it is possible to obtain the equation of the orbit. How- 
ever, in the problems to be solved in atom-mechanics we are interested to a 
large extent in determining the stationary states of a system, and for this 
purpose it is more convenient to replace the canonical equations by a single 
partial differential equation in A or S with respect to the generalized codér- 
dinates. The solution of this differential equation then yields A (or S) as a 
function of the codrdinates and certain parameters, and is in a form which is 
very convenient for introducing the quantum conditions for defining the 
stationary states. Consequently, zt is possible by this method to determine the 
quantum states without having to solve the problem regarding the exact equations 
for the orbits. 
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While, as mentioned above, either function A or S may be used, we shall 
use the former exclusively in the following derivation, since the action is that 
function to which the quantum conditions, as defined by Wilson and Sommer- 
feld, may be applied. Incidentally it should be pointed out that in the 
literature the symbol S is often used for the function defined here as A, while 
the symbol W is used for the latter. The notation A for the action was used 
by Thomson and Tait and has been adopted in the present discussion. 

It has already been shown that the total energy, H, of a system can be 
expressed as a function of p’s and q’s in the Hamiltonian form 


H = H(pi, qi) = E. 


If now we replace, in this expression, p; by the relation derived in equation 
(43) there is obtained the equation 


aA 
pon eee a 
9 on; (47) 


which is the famous Hamilton-Jacobi partial differential equation. (H.P.D.E. 
for short.) It is an equation of the first order and second degree, since pi, 
and consequently 0A/dq:, appears in H as a quadratic. 

That the solution of this equation is equivalent to solving the canonical 
equations of motion, is a proposition which is demonstrated in the theory of 
partial differential equations. For the discussion of the proof the reader is 
therefore referred to a number of treatises on the subject.!. In the present 
connection we shall merely outline the method of solution as described by 
L. Page. 

If equation (47) has a “‘ complete integral,” the latter will be of the form 


A = A(qigz2 *** (nj 1, H2*** An) + Qo (48) 


where a is an additive arbitrary constant and is therefore actually unessential, 
while a, = E, the total energy, and a2 +-- a, are n — 1 arbitrary constants 
in the expression for A as a function of the q’s. 

The integrals of the canonical equations are then obtained by solving the 
following equations: 


OA 
OA OA 
(1) Bel OE a: t+ Bi | 
(50) 
OA 
(2) 24 a gnas--n| 


where 6; «++ Bn are again arbitrary constants. 


1]. Page, Introduction to Theoretical Physics, p. 176, et seq. 
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It will be observed that although ai-:--: a, have been designated as 
“constants,” we now regard them as independent variables and take the 
partial differential coefficient of A with respect to each of them. In other 
words, a1 *** Qy are to be treated as variable parameters rather than absolute 
constants. 

“¢ Since the left-hand sides of (50-1) and (50-2) are functions of gi +++ qn, 
these n equations are the integrated equations of motion. The last n — 1 of 
them are the equations of the dynamical path or orbit. By solving the n 
equations for the q’s each codrdinate may be expressed as a function of the 
time ¢ and the constants ai+*: Qn, Bi:::* Bx. These constants are then 
determined by the initial conditions. So af we are able to obtain a complete 
solution of the Hamilton-Jacobi partial differential equation, then by the simple 
process of differentiation with respect to the parameters a1 +++ An we can obtain 
the integrated equations of motion. While this method of solving dynamical 
problems is more cumbersome than the elementary methods previously 
employed in many cases, yet in the case of periodic motions it is far simpler, 
and in connection with the dynamics of the atom Sommerfeld remarks ‘ it 
seems almost as if Hamilton’s method were expressly created for treating the 
most important problems of physical mechanics.’ ”’ 

The equation vs always solvable, if the variables can be separated, and in this 
case the treatment developed above is applicable to the dynamical problem 
under consideration. 

In the method of solution by separation of the variables, we retain on the 
left-hand side of (47) all terms involving qi and 0A/dq, the other variables 
and derivatives being carried over to the right-hand side of the equation, and 
then equate each side of the equation to the constant a», thus: 


aA Deg ae " 
fi oq 9 Ji) &1 a W gz OGn’ q2 Any O1 = A. 


“In this way we obatin two subsidiary equations: 


OA 
(Saya) =a (51) 

OA OA 
i oe Sass amen) =a (52) 


“‘ Clearly any value of A which satisfies these subsidiary equations is a solution 
of the original equation. Now the first subsidiary equation (51) is an ordinary 
differential equation and may be solved by the usual methods, giving 


A —— Ai(q, 1, Qt). 


“Repeating the process of separation on equation (52) we get another 
ordinary differential equation of which the solution is 


A = Ao(qe, a1, 2, Os) 
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and so on. Adding all these solutions together and appending an additive 
constant a, we have for the solution of H.P.D.E. 


A= Ay + Aog-+: +a. (53) 


“ Evidently this equation contains as many arbitrary constants a2, a3" * ‘Qn, 
a as there are variables, for the process of separation repeated n — 1 times 
introduces n — 1 constants in addition to the additive constant a. There- 
fore (53) is a complete solution of the Hamilton-Jacobi partial differential 
equation.” } 

Solution of H.P.D.E. for One Coérdinate. Linear Harmonic Oscillator: 
As a particular case let us consider the solution for one codrdinate, g The 
function H assumes the form, 


2, 
H@,p) =5-+ V@=E, 


Hence 
dA \2 
Gy = 2m(E — V), 
and 
dA 
— = V2m(H — VY). 
dq 
Integrating, 
qd 
a-{ VamVE — V - dq. 
% 
Also 


~ 


eae dq 
mace ©) N20 NE 7 


We shall apply these relations to the case of a linear harmonic oscillator, for 
which the restoring force is proportional to the displacement. Let 2 denote 
the displacement and a the maximum amplitude. 


Hence 


dA 
ie V2mVE — kz’. 
fs 
This shows that dA/dz = 0 for x= + VE/k. Therefore a = VE/k is 
the maximum amplitude, and + a and — @ are said to be the limits of libration 


for the oscillator. 
Also 


11. Page, pp. 177-178. The italics are the writer’s. 
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sre ly re —_) a 
uN Dies Sesh Noa ip elms 
Bo are ok 
o= \E- sin( ise), (i) 
k m 


which shows that the frequency of oscillation is given by 


or 


_ 1p 
ew 27 Nm 
In the quantum theory, the stationary states of the oscillator are defined 
by the Wilson-Sommerfeld condition 


dA 
i dx = nh, 
where the integration is carried out over the range x = — a to + a and back 


again, that is, over a complete period. 


Hence 
fF VN2nVE — kx? - dx = nh. 


Substituting for x from (i), we obtain the relation 


27 
nh = EV2m/k - if Cos? 6 - d0é 
0 
= rHV2m/k 


or 
= oA = ny. (ii) 


Thus the energy is an integral multiple of hv. 

It follows from these relations that instead of expressing x in terms of 
and k as in (i), it may be expressed in terms of the phase integral, J = nh, 
and the frequency of oscillation, v, thus: 


eee 270 Sc 

eta N aa Sin (2avt + 6). (iii) 

The Trajectories are Perpendicular to the Surface of Constant Action: 
This is a very important proposition and has been utilized especially in con- 
nection with the theory of wave mechanics as formulated by E. Schroedinger. 
The existence of this theorem was recognized by Hamilton and applied by him 
to deduce a formal connection between the principle of least action for me- 
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chanical motion and Fermat’s principle in optics which states that a light ray 
passing through a medium for which the refractive index varies from point to 
point will always take that path for which the time of transit is a minimum. 
We shall discuss this more fully in the section on wave mechanics, but in the 
present connection we shall quote the proof of the theorem together with that 
of another theorem regarding the time of transit between surfaces of constant 
action, as given by Thomson and Tait.!. Their remarks on the physical sig- 
nificance of the surface of constant action are especially worth noting: 


“* The physical problem solved by the most general solution of the H.P.D.E., is this: 

“ Let free particles, not mutually influencing one another, be projected normally from all 
points of a certain arbitrarily given surface, each with the proper velocity to make the sum of 
its potential and kinetic energies have a given value. To find, for the particle which passes 
through a given point (z, y, z) the ‘‘ action ’”’ in its course from the surface of projection to this 
point. The Hamiltonian principles stated previously show that the surfaces of equal action 
cut the paths of the particles at right angles; and give also the following remarkable properties 
of the motion. 

“Tf, from all points of an arbitrary surface, particles not mutually influencing one another 
be projected with the proper velocities in the directions of the normals; points which they 
reach with equal action lie on a surface cutting the paths at right angles. Two infinitely 
small thicknesses of the space between any two such surfaces corresponding to amounts of 
action differing by any infinitely small quantity are inversely proportional to the velocity of 
the particle traversing it, being equal to the infinitely small difference of action divided by the 
whole momentum of the particle.” 


“Let , u, v be the direction cosines of the normal to the surface of action 
through (a, y, z). We have 


dA 
ip es ala eee De (i) 
me (8 2 dA Gules: 
dx as dy dz 
But 
pe eae 
Genes ahr 


etc., and if v denote the resultant velocity 
CAN? dA ) (2 ) Gi) 
fe dx as dy T Z 


r 


Hence 


which proves the first proposition. Again if 5A denote the infinitely small 
difference of action from (x, y, 2) to x + 6x, y + dy, 2 + 6z, we have * 


— oa igus 
== a ay “sr Oe. 
oo dx Panay 4 dz 


1 Natural Philosophy, Vol. I, pp. 353-354. 
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Let the second point be at any infinitely small distance, e from the first, in 
the direction of the normal to the surface of equal action, that is to say, let 


6x = «€d, oy = en, 6z = ev. 
Hence by (i) 


dA? dA2 dA? \1/2 e. 
oAU—"eE ( rey iP =) ; (iii) 
whence by (ii) 
6A ; 
e= ; (iv) 
mv 


which is the second proposition.” 
The latter proposition can be stated in a more modern form as follows: 
Let dn denote an infinitessimal increment, in the direction of the normal 
to one of the surfaces of constant action. Then 


dA 2Tdt mo 
or 


“ = V2m(E — V) (v) 


which gives the “ velocity ”’ of the ‘‘ action ”’ in the direction of the normal to 
its surface. 

While the proof as given above applies to a single particle in three rectan- 
gular coérdinates, the more general case may be proved in a similar manner. 
Hence we have the two general propositions: 

(1) The surfaces of constant action are orthogonal to the trajectory or 
orbit of the particle. 

(2) For constant increment in action, the distance between adjacent sur- 
faces of constant action varies inversely as the velocity of the particle. 

Action and Angle Variables: As pointed out above the H.P.D.E. can be 
solved readily if the variables are separable. Under these conditions the 
motion of the system will be of the multiply-periodic type which has been 
described previously in connection with the Correspondence Principle. There 
will be as many frequencies as there are degrees of freedom or generalized 
coérdinates, so that corresponding to codrdinate q; there will exist a component, 
of frequency w;, in the representation of the motion by a multiply-periodic 
Fourier series. For such systems a set of canonically conjugated variables 
may be chosen of such a nature that the total enery will be represented as a 
function of the p-variables only, and furthermore when H is expressed as a 
function of these particular variables, the introduction of quantum conditions 
is affected very easily, and therefore the stationary states may be determined 
in a relatively simple manner. 

Because of the fact that the variables in the H.P.D.E. are separable, there 
will exist a solution A; for each codrdinate q; of the form 
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A; = Aj(qi, a1 +++ Gp). 
Hence 
- OA; \ 
108 qi = FilQi, Qt Ons 


Now let us consider the value of p,dq; taken over a complete period of 
revolution for the coérdinate ¢;. This is denoted by the phase integral 


Ji = Svidqi = £Fi(qi, wi +++ on) dqi. (54) 


If g; is a cyclic codrdinate, and therefore p; is a constant, this integral is 
taken from 0 to 27, and is obviously equal to a constant. On the other hand, 
qi may correspond to a radius vector, which varies between maximum and 
minimum values as in the case of an elliptic orbit. The function f; in such 
cases appears as a radical of the form 


fsa an (rs —r)(r—1), 


showing that p; is real only when r lies between the libration limits ry and ro. 

In either case J; is a constant, as may indeed be seen from the fact that the 
action over a complete period is equal to twice the product of the average 
kinetic energy and period of revolution,—both of which must be constant as 
long as the total energy remains constant. 

In fact it has been demonstrated that the phase integral is an integral 
invariant for the system, that is a quantity independent of the choice of coér- 
dinates. It was because of this property of the phase integral that Wilson and 
Sommerfeld postulated the relation 


Ji = nih, (55) 


which states that for a multiply-periodic motion each phase integral, J;, is 
equal to an integral multiple, ;, of the quantum of action, h. 
Returning now to the consideration of equation (54) it follows that 


J,;= J ;(a, Gin Un). (56) 


That is, the phase integral is a function of the parameters a1, @2°*+ Qn 
obtained by solving the H.P.D.E. It will be remembered that a; is actually 
equal to E. By eliminating a2 --- a, from the n equations similar to (56), 
we obtain an expression for a1 = H as a function of the J’s alone. 

In other words, it is possible to express the total energy in the form 


= Age das = Sa) (57) 


where H denotes the new functional form. 

Furthermore, since A = > A; is a function of q’s and a’s, it follows that 
by means of the n equations similar to (56) we can replace the a’s by J’s and 
thus obtain an expression for A of the form 


A = At: < Gap di 2 Pine (58) 
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Now if we write 


OA 
ae ; 59 
ay (59) 
it may be shown that ~ 
i A 
dw 2 ) 3 (60) 
at OJ; 


Comparing equation (60) with the first equation in (27) it is seen that 
w; and J; are canonically conjugated variables. The second condition in equa- 
tions (27) is also satisfied obviously, i.e., 


dd; CHE 
di) Ow. 


since J; is a constant, and H is not a function of w. Therefore w; must be a 
cyclic coérdinate, and consequently, comparing with equation (31) 


wi = wit + 61. (61) 


To obtain the significance of w; it is only necessary to observe that for an 
increase in ¢ of At = 1/w;, the value of w; increases by 1. Thus w; has the 
significance of a frequency, and w; increases by unity for each period of 
revolution. 

The variables J; and w; are known as action and angle variables respectively 
and have been found to be extremely convenient coérdinates (of the generalized 
form) in the formulation of problems in quantum mechanics. 

From equation (61) it follows that equation (60) can be written in the form 


OH 
(Oe Og. (62a) 
from which it follows that 
bE = Dow, 6Ji. (62b) 


Equation (62a) signifies that the frequency corresponding to any one of the 
n degrees of freedom of the system may be calculated from a knowledge of 
E =H (Ji+++Jn) by differentiating E with respect to the corresponding 
value of J. This result is of extreme importance in the application of the 
Correspondence Principle. 

Stationary States for Simple Hydrogen-Atom: In a previous section we 
derived for H, the expression 


1 2\ Ne 
=> per Pe) NEL py, (34) 


Putting 0A/dr = p,; 0A/00 = pe, equation (34) becomes a H.P.D.E. 


of the form, 
2mNe 
(2 a) + rs = (34 *)- — 2mE = 0. 
r 
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Separating the variables, we obtain the two subsidiary equations, 


bey) Sopa tie pier 


where q@ is a constant. 


Hence 
OA 
ya (63) 
and 
OA 2Nem a 
eas af 2mz 4- rape a S (64) 


which we may set equal to ¥ Q. 
We shall now introduce the quantum conditions 


OA 

Je= f£ 99 09 = = f£add = 27a = nph, (65) 
0A =, 

J, = $ 7 dr = $V Q> dr = nh. (66) 


The latter integral may be taken from any standard table of integrals and 


the result is 
Tim D) (2 tJ ie Nem 
Seo! Vv 2mE 


2riNeem 
V2mE 


where i= ¥ — 1. Hence 


(67) 


That is, 
27? N2e4m 
(OF IP Jo)? 
27? N*e4m 
ERC (68) 
where n = ng + n, = total quantum number. 
The two fundamental frequencies are the same, since 


_ OB OE _ An?N%etm 
Ode ON 9 was: tse) 
- 4r?N2e4m 2H 


nhs fe ~ nh ey 


The system is therefore said to be degenerate. It is only in presence of 
electrostatic or magnetic fields that the system becomes conditionally periodic, 
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that is, one having two frequencies which are incommensurate with respect to 
each other. 

Equation (68) gives the stationary states of the atomic system, and it will 
be observed that this result was obtained without the necessity of solving for the 
equation of the orbit. This is the cardinal advantage in formulating problems 
in atom mechanics in the form of a H.P.D.E. 

Although the equation for the orbit was obtained in the previous section 
from the expression for H by using the canonical equations, we shall now 
proceed to obtain the same result by differentiating the integral 


A= A(6,r, E,a) 


in accordance with the rules for solving H.P.D.E. 
Writing A as a function of this form, it follows that 


py cee sete 
00. oan 


since # and @ are constants for any given orbit. 


££)» 


{h ad@é + if VQ - dr from (63) and (64) 


0 


Hence 


I 


a+ J VQ: dr. 


Consequently, 


oA "d(VQ) 
da g +f be oo 


= 64 — ihe ai trom (64). 


But according to the rules for solving H.P.D.E., we have the relation 
0A/da = B, where @ is an arbitrary constant. Hence 


; adr 


6— p= 


r) PNQME + sista — ofr 


-{ : (70) 
fe Bee 2Ner a? 
m? 
Comparing this last equation with (38a) or (38b) it will be recognized that 


the two are identical, especially since b in equations (38) is given by the relation 
b = 2E/m, which reduces the expression under the radical in both (38) and 
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(70) to the identical form. Therefore the integration of the latter equation 
must lead to the equation for an elliptic orbit, as shown previously. 

These relations may also be used to prove the proposition that the surfaces 
of constant action are orthogonal to the orbits of the electron. (In this case 
the “ surface ” is actually a curve in two dimensions.) 

Differentiating the expression for A, as before, it follows that 


dA _ OA dr 0A dO 
F Polar Oak lic fa Pha 


since a and F are constant, i.e., do not vary with t, and A is assumed to be, 
by definition, a surface for which the action is constant. 


Hence 
dr 0A OA 
dd «80s or 
= —a/VQ, 
and 
te ER ae 
ris ue 10 = msg (the tangent of an angle). 


For the orbit, 


dg dé adr 
—= 0) = — — ——_—_- 
dt dt PvQ - dt 
Therefore a 
dr rVQ 


— = — = m™ (also the tangent of an angle). 


Hence 1 + msmo = 0. 

This is the condition that two lines intersect orthogonally. Hence the orbit 
is orthogonal at each point to a surface of constant action. As mentioned 
previously, this conclusion is valid even in the case of several coérdinates. 

Expressions for Periodic Motion in Fourier Series: In the discussion of the 
Correspondence Principle, it was pointed out that any periodic motion of one 
degree of freedom can be expressed as a Fourier series. The most general 
expression for such a series is of the form 


q = f(@) = Ao + Ai Cos (6 + 81) + As Cos (20 + d2)t «+: 
+ B, Sin (6 + 8:) + Bz Sin (20 + 52)t-+- (71a) 


where Ao, A1, A2-+* Bi, Bz +++ are maximum amplitudes of the corresponding 
harmonics, while 6,, 62--- are phase angles. This expression may also be 
written in the form 


ie Gre) Pe ome 8), 718) 
7T=0 


where 7 is any positive integer, including 7 = 0. 
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Another form in which the Fourier series may be expressed is also used even 
more extensively in the literature on atom-mechanics. The derivation of this 
form from (71b) may be sketched very briefly as follows: 

According to De Moivre’s theorem 

2 cos (70) = &? 4+ 
2i sin (70) = '? — «™, 
where i = V—1. 

By means of these relations, equation (71b) can therefore be replaced by the 

relation 


@ = $0) = > Cyt, (72) 


where 7 has all integral values (including 0) from — © to + © and (as may 
be shown very easily), 
A,—iB A, +7B 
C= a (73) 
2 

C, and C_, are said to be conjugate quantities, since C;C_, = (A,2 + B,)/4. 
That is, while each of the coefficients C; and C_, are complex quantities, their 
product is a real number. 

Without any loss of generality, we can write (73) in the form 


CHO) = Dre, (74) 


where D, = C,e. 
The coefficients D,, D_, may be determined in the same manner as the 
coefficients in the trigonometric expression for Fourier series, and the result is 


1 Qa 
Damion ap f(O)e*™ dO 
HICK (75) 


Al 2a 
DA=— i (0) €"® do 
27 0 


The angle n@ in these relations may now be replaced by 2rTw = 2rrwt, 
where w is the angle variable and w is the corresponding frequency, so that 


eo ao 
= {Orel = De ee Se Die (76) 
—a —e 
Similarly in the case where the motion is one of two degrees of freedom, 


with two codrdinates gq: and q2, each of these will be a function of two angle 
variables wi and we, of the form 


gi to 2D eee (77) 
Oo 0 
= P(e, os) = DE Dar, OH, (77b) 


—~7—-0 
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where w; and w, are the frequencies, 7; and rT: each vary from — © to + 
and D is a coefficient whose value differs for each combination 71w1 + Town. 
Thus the expression for qi or q2 is represented by a number of harmonic 

vibrations of frequencies 
Ve = 7101 + T2Ws, (78) 


where v, is the combination frequency. 

This conclusion is valid only for the case where there exists no linear relation 
between the values wi: and. Such asystem is said to be conditionally periodic. 
If, however, w: and w2 are related algebraically, then they can both be ex- 
pressed in terms of a single frequency w, and the system is said to be degenerate 
(‘‘ entartet ’’). 

The expressions (76) and (77) are of importance towards a proper under- 
standing of the Correspondence Principle. 

Correspondence Principle: According to equations (60) and (62a) it has 
been shown that for any motion which is conditionally periodic in n fre- 
quencies, @1°°* @n 


Oe ere aT (62a) 


But J; = nh. Hence, for very large values of n,, 


_1i oF 
at ae, On;’ 
and 
AE 
— =e) AN, 
h i 


where An; now denotes a relatively small change in the integer n; so that o; 
remains sensibly constant, and AF denotes the corresponding variation in EL. 
But according to Bohr’s frequency condition 
Ak 
Vif h 


Hence, for very large quantum numbers and relatively small variation in 


these numbers 
Vie = YiwAny. (79a) 
4 


That is, 
Vi = (ny’ = ny’ )w etc ee" — no’) + Sey (79b) 


where n’ and n” are quantum numbers of final and initial states respectively 
for transitions, while w1, we, etc., are frequencies for the motion of the system. 

This shows that for large quantum numbers the spectroscopic frequency, 
vy, approaches asymptotically the same value as that obtained by combining 
the different: fundamental orbital frequencies and their possible overtones. 
Thus, in the case in which the motion of the system can be represented by two 
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frequencies, w; and w2, any combination of these two frequencies and their 
overtones will be represented by 


Vo = T1W1 + T2W2, (78) 


and it follows from equations (79a) and (796) that for large quantum numbers, 
the frequency of radiation emitted must approach the expression in (78) where 
7, and 72 correspond to the possible values of An. In other words, as the 
action variables, J; = nit become very large, the fundamentals and overtones 
emitted according to the quantum theory approach asymptotically the 
fundamentals and overtones given by the classical theory. 

This parallelism for very large quantum number between the behavior of 
a system according to classical theory and the actually observed quantum 
transitions is the basis of Bohr’s correspondence principle. The significance 
of this principle and the manner in which it may be applied to problems of 
atom mechanics have been stated by L. Page in the following remarks: ! 


““Now Bohr assumes that for large quantum numbers the quantum theory must yield 
statistical results in all cases identical with those obtained from the classical theory. Hence 
the 7-th quantum overtone can occur only if the r-th overtone is present in the classically 
determined motion. Thus a transition in which J; changes by 7:h is possible only if the 
harmonic of frequency 7iw; is present in the classically determined motion. Similarly, the 
combinational tone in which simultaneously J1 changes by rih, J2 by Teh, +++, J¢ by ryrh, 
can arise only if the frequency T1w1 + T2w2 + -++ Tywz is present in the Fourier analysis of 
the motion as determined on the basis of the classical laws. Now these conditions governing 
the possibility of a transition, which must be true for the case of large quantum numbers if 
the quantum theory is to agree statistically with the classical theory, are assumed to be valid 
as well in connection with transitions in which small quantum numbers are involved. Fur- 
thermore, the asymptotic approach to the classical theory for high quantum numbers is 
assumed to hold for the amplitude and phase of the electric vector as well as for its frequency. 
Thus in addition to a selection principle determining the permissible changes in quantum 
number during a transition, it is possible to formulate a rule for determining the polarization 
of the radiation enutted and to obtain an estimate of the probability of a transition and therefore 
of the intensity of the light emitted. 

““ Although the correspondence between the frequencies calculated on the quantum theory 
and those calculated on the classical theory is very striking, emphasis must be laid on the 
difference in the manner in which waves of these frequencies are radiated. On the classical 
theory all the frequencies involved in the motion of the system appear in the emitted radia- 
tions, the overtones as weil as the combinational tones being radiated at the same time as 
the fundamentals. On the quantum theory, on the other hand, the entire energy is emitted 
in the form of monochromatic waves. A fundamental, or one of the overtones, or one of the 
combinational tones may be radiated, but not more than one during a single transition.” 


In order to apply the correspondence principle in any given problem it is 
thus necessary, as a first step, to investigate the expressions for the different 
codrdinates q; in the form of Fourier series, such as those mentioned in equations 
(76) and (77). From these the components of the electric moment in three 
rectangular coérdinates are derived and an examination of the resulting ex- 
pressions then shows which harmonics are present. In accordance with the 
correspondence principle these harmonics will also be the same as those which 
will appear in the radiation emitted as a result of quantum transitions. 


1 Bull. Nat. Res. Council, 11, part 3 (1926), ‘‘ Molecular Spectra in Gases,” Desde. 
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As an illustration, let us consider a relatively simple case in which the 
motion of the system is represented by an expression such as (76) in which 
only one fundamental frequency w and harmonics tw (7 = 1, 2, 3, etc.) are 
involved. 


“The X-component of the electric moment must therefore be of the form!: 


lee) 
12. = > D,2tMrot | 

—-o 
with similar expressions for the Y and Z components. On electromagnetic theory the am- 
plitude of the X-component, H,, of the electric vector in the train of waves emitted is pro- 
portional to the second derivative of P; with respect to the time. Denote this second 
derivative of the electric moment by Q. Then Q, will differ from P, only in that each coef- 
ficient Gr will be greater than the corresponding coefficient D; in P; by the factor — 47?7?w?. 

““ Now consider the transition in which on the quantum theory, the quantum number 
nm changes by 71. Let G7,’ be the coefficient in the expansion of Q, of the term of frequency 
71@ for the motion in the initial stationary state, and G,,’ the corresponding coefficient for the 
motion in the final stationary state. Then the correspondence principle may be interpreted 
to mean that the amplitude of H, in the emitted radiation depends upon the average Gr, of 
G-,’, Gr,/’ and of the values of G for classically permissible intermediate states. Just what 
average is to be taken is somewhat uncertain, but in the important case where G;,’, Gz,’ and 
intermediate values are zero, it is not necessary to define exactly the process of averaging, for 
Gr vanishes whatever this process may be. Now the energy emitted by a single particle 
during the transition under consideration is quite definitely the difference between the 
energies of the initial and final stationary states. Hence Gr, measures the probability of the 
spontaneous occurrence of the assumed transition. Therefore, if G7, vanishes, the transition is 
interdicted. 

‘The correspondence principle, therefore, furnishes a method of calculating the proba- 
bilities of the transitions allowed by the fundamental postulates in such a way as to make the 
quantum theory agree statistically with the classical theory for large quantum numbers, 
Then, by a process of extrapolation, an estimate is obtained of the probability of a transition 
even for the case of motions with which small quantum numbers are associated. Further- 
more, as the polarization of the emitted radiation must agree with that predicted by the 
classical theory for large quantum numbers, the process of extrapolation employed indicates 
how the radiation should be polarized in the case of small quantum numbers.” 


In Part III there have already been mentioned the applications of the 
correspondence principle to the deduction of rules of selection and to the 
determination of the effect of magnetic and electrostatic fields on spectral 
lines. In the following paragraphs some further applications of the principle 
are described in order to illustrate the method by which the Fourier analysis 
of orbital motion may be used to predict relative intensities and polarization of 
spectral lines. 

1. Linear Harmonic Oscillator. As shown previously the displacement 2, 
as a function of t, is of the form 


1 Dh 
£=——A/— sin (2ar0t + 4), 
27 Vmvo 


where J = nh, vo = fundamental frequency of oscillation. 


1 The equations given by Page have been simplified for the purpose of the present section 
by considering a singly periodic instead of multiply-periodic motion. 
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Since only the fundamental frequency occurs in the Fourier series for x, the 
radiation emitted must be of the same frequency and therefore An = + 1. 
That is, the only transitions which can occur are those between adjacent states. 

2. Linear Anharmonic Oscillator. The restoring force is no longer linear, 
so that the expression for V, the potential energy, is of the form 


V = Sa@ + bg + cqt ++. 


The motion is still periodic, but harmonics will be present, and it can be shown ! 
that the displacement q is of the form: 


q = Ac + A: cos (27wt + 6:) + Az cos (4rwt + 62) + -°>. 


The mean value of q¢ is no longer zero, but oscillates about a point which is 
displaced from the equilibrium point. The radiation emitted contains har- 
monics as well as the fundamentals, and therefore there is no limitation on the 
possible values of An, the change in quantum number. 

3. Simple Hydrogen Atom. Tf the initial and final orbits are circular and 
lie on the XY plane, the components of the electric moment are given by 


P, = ae cos 2rrwt, 
Py = ae sin 2rwt, 


where a = radius of orbit, e = charge on electron, and w = frequency of 
revolution. 

As in the case of the linear harmonic oscillator, it follows from the corre- 
spondence principle that only one-quantum transitions can occur. The radi- 
ation emitted must consist of ‘ circularly polarized waves advancing in a 
direction perpendicular to the plane of the orbit, and to plane polarized waves 
with the electric vector parallel to the plane of the orbit advancing in directions 
parallel to this plane.” ? 

The fact that transitions actually occur for which An > 1 proves that 
elliptic orbits must also occur. It is therefore necessary to outline the method 
by which it is possible to calculate the values of P, and Py, for such orbits. 

In a previous section it was shown that the action, A, may be expressed as 
a function of the coérdinates r and 0, and the parameters H anda. Therefore 

"aA "0A 
where 4 and ro are values for initial conditions. 

From equations (63), (64) and (65) it follows that 


ye Job Sahm ame ena 
= Sah F — V2mEr? + 2Ne mr — 02, (80) 


Substituting for J = J, + Je from (67) and putting 


1 Born, Atommechanik, pp. 76-80. 
21. Page, loc. cit. 
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1/k = 4?Nem, 


it can readily be shown that (80) becomes 


Peel nh dr are 2r 2 
aoe oe aie New ose! (81) 


which expresses A as a function of the action variables Jp and J and of the 
coordinates 7 and 8. 
Now by definition, the angle variables are given by the relations 


_ oA _ 34 
Paes 


Hence by differentiating the right-hand side of (81) with respect to J, 
and Jg separately, it is possible to obtain expressions for w, and we as functions 
of rand @. The corresponding frequencies, w, and we are identical, as shown 
previously, since the case is degenerate. Therefore we can replace these 
frequencies by a single frequency, w which is related to the angle variable, 
Wr = We = V, by the relation 

w= wt + 6. 


It therefore follows, as a consequence of the differentiation of A with respect 
to J, and J¢ that w can be expressed as a function of rand @. But vice-versa, 
both r and @ can be expressed as periodic functions of the fundamental fre- 
quency w and its harmonics vw, in the form of Fourier series. The actual 
calculation is laborious? and the final expressions are quite complex, but 
according to L. Page,” the first two terms of the expressions for @ and r as 
functions of the time are 


6 = 2rwt — 2e sin 2rwt | 
b] 


r = a(l + € cos 27wt ---) (82) 


where a is the semi major axis and e the eccentricity of the elliptical orbit. 

From equations (82) the values of the components of the electric moment 
may be calculated. Taking the major axis of the ellipse as the X direction, 
it is found that 


P, = ae[ $e + cos 2rwt — 4€ cos 4rwt + ou 


Py = ae[sin 2rwt — 4€ sin 4rwt +--+ | (83) 


The presence in the Fourier series of harmonics with all values of 7, leads 
to the conclusion that transitions can occur for which An may have any possible 
integral value. Furthermore, as stated previously, the intensities of the cor- 
responding transitions are determined by the squares of the values of the 
coefficients in the Fourier expansion. 


1 For details see E. Buchwald, Das Korrespondenz prinzip, F. Vieweg and Sohn, Braun- 


schweig (1923), pp. 41-48. 
2 Loc. cit. 
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4. Electronic Orbit for Non-Coulomb Field of Force. The discussion and 
quotations are again taken from L. Page’s “ Introduction to Theoretical 
Physics.” 4 

“ The effect,’’ he remarks, ‘‘ on the motion of the valence electron produced 
by replacing the approximately point nucleus of the hydrogen atom by an 
extended atom core is to cause the elliptical orbit existing in the case of the 
former to precess.2. To show that this is the case, we shall suppose the potential 
energy function V to be expanded in a series of which the first two terms are 


= +h (84) 


(where c is a constant and Z is the effective nuclear charge). The second term 
has been given the opposite sign to the first for the reason that the effect of 
the negatively charged electrons in the atom core is to diminish the attraction 
that would exist if these electrons were located in the nucleus.” 
If now we substitute for V in the Hamiltonian function, H = 7+ J, 
the relation given by (84), we obtain as in a previous section 
De CU, C€ 
eae 69 
From this relation, by means of the canonical equations, we obtain, instead 
of equation (39), the integral 


1 te meZL A P ‘ 
Eee: + A cos y(6 — 6’), (86) 
where 
ee Lem F a 2W pe 
De Lem 
= —E=-(T+Y9) 
and 
clas 2me*c ' 
yf De 


“ Kquation (86) differs in form from (39) only in the presence of the factor 
y in the argument of the cosine. To see that it represents a precessing ellip- 
tical orbit, consider two successive perihelia. The radius vector ris a minimum 
when y(@— 8’) =O and again when y(@ — 6’) = 2x. Therefore @ in- 


creases by 

Q0 2mere \ 4/2 

SS 2 le 

x Der 
Meo \e 

=2r{1— 
De 
1 Pp. 567, etc. 


2 See discussion of ‘‘ penetrating ’’ orbits in Part III. 
* This is obtained by expanding the first expression and neglecting all terms after the 
second, which can be done owing to the fact that me?c/pp? is a small quantity. 
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as we pass from one perihelion to the next. During a period of revolution, 
then, the orbit precesses through the angle 


eee 
Y pe 


“We have here a non-degenerate system in which the two fundamental 
frequencies w, and wg are not the same. If we denote the frequency of advance 
of the perihelion by a it is clear from the above that 


oT = Wo — Wy, 
and from (626) 
dE = wdJ, + wed Jo = w,d(J, + Jo) + odJo. 


“ Putting J for the sum of the phase integrals, J, and Jo, and dropping 
the subscript r appended to the frequency w, of revolution in the precessing 
ellipse 

dE = wdJ + odJo. (87) 


“The frequency w corresponds to the principal quantum number 
n = n, + ng involved in J = nh, and o to the azimuthal quantum number ng, 
which we shall now designate by k, involved in Jp = kh. 

“‘ Suppose the motion to take place in the XY plane and consider a set of 
axes X YZ rotating about the perpendicular to this plane with the same angular 
velocity as that with which the orbit precesses. We can expand the x and y 
codrdinates of the revolving electron in the following Fourier series: 


ive) 
a + ty = WiC se ieee 
—0 


where 7 takes on all integral values from — © to ©, and the coefficients C, 
are not necessarily real.t 
““ Now let us go over to a fixed set of axes XoV¥oZo. Then 


Lo + iyo = x cos 2rat — y sin 2rot + i(y cos 2rot + wx sin 27a) 
pix (x $b ayer * 
eo 
ae Sy Ge é 2r(o + Tw) ce (88) 
—* 


‘“‘ The trigonometrical arguments in the Fourier expansion are of the form 
Qr(o + w)t, 2r(o + 2w)t, 2r(o + 3w)t, and so on. All the harmonies of the 

1This expansion follows from the relations x = rcos@; y =rSin@ which transfer 
from polar to rectangular coérdinates, and the relation x + 7%y = r(cos @ +7 Sin De re). 
Thus x corresponds to the real part and y to the imaginary part of the expression re”. By 
means of this formulation, the components of the electric moment evidently can be written 
in the convenient form 

P, +7%Py = ae(x + ty) 


= dere, 


where a is the semi-major axis and e = charge on electron. 
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fundamental frequency w appear, but none of ¢. Therefore the Correspondence 
Principle tells us that the principal quantum number n may change by any 
integral value during a transition, but the azimuthal quantum number k 
may change by one unit only.” 

Derivation of Rydberg Formula for Spectra of Atoms with a Single Valence 
Electron: From equation (85) it is possible to derive the Rydberg formula for 
terms in the alkali and alkali-like spectra. 

Writing this equation in the form 

= i 2 Ay 2 ame? ez 85 

me i de Pr ial nas 49) | Soe a (85) 
we obtain values of J, and Jg in a manner similar to that used in deriving 
equations (65) and (66), 


Jo = 27a (65) 
2riZe2m —__——- 
Te Vo2+ 2me?c. 
V2me 


Eliminating a and solving for EZ, we have 

— 27?me*Z? 
{Ie + Ve + Ba%mere}? 
The quantum conditions for stationary states are 


J=J,+Je= nh; Jo = ké. 


Hence 
= — 27’metZ 
{(Jr + Jo) + Ve? + 8?merc — So}? 
mee re 
(n+ ag)?’ (20) 


where a; is evidently a function of Jg = kh only, and R denotes the Rydberg 
constant. 

This was the empirical formula suggested by Rydberg, with Z = 1 for the 
are spectra of the alkalies, and Z = 2 for the spark spectra of the alkaline 
earths. 

Theory of Perturbations: The electronic orbit in a non-Coulomb field of 
force is an illustration of a class or orbits which are designated in astronomy 
as “perturbed,” and in celestial mechanics the theory of perturbations has 
proved to be of extreme importance. Thus, the well-known three-body prob- 
Jem has been treated by this method by considering that the attraction between 
two masses is disturbed to a slight extent by the relatively weak force of attrac- 
tion due to a third body. Under these conditions we first of all calculate the 
orbit for the simple two-body problem and then consider the changes which 
would be produced in the orbit by the presence of the third body. ‘ The 
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differences between the codrdinates and the components of velocity in the 
actual orbits and those which the bodies would have had if the motion had been 
undisturbed are the perturbations.” ! 

The theory of perturbations has been applied in the case of atomic problems 
to the calculation of energy levels for penetrating orbits such as those of the 
valence electrons in the alkali atoms. By assuming a central field in which 
the effective nuclear charge (Z) varies for different points in the orbit, attempts 
have been made to calculate the actual form of the orbit from observed values 
of the quantum defect. Illustrations of such calculations are to be found in 
papers by E. Fues,? D. R. Hartree? R. B. Lindsay’ F. C. Hoyt,’ and 
others. 

A few remarks about the mathematical technique involved in such calcu- 
lations are essential in this connection in order to understand the somewhat 
similar technique used in wave-mechanics.® 

Let us consider an arbitrary periodic system for which in the unperturbed 
state the energy is expressed as a function of the f-action variables J,, J2 - 
Jz °** Jy in the form 


E=T+V= H(z), where Jz = nh. (87) 


The energy will thus be represented as a function of f-quantum numbers, 
M1, Ne*** N,-** np We now assume that the motion is perturbed by the 
effect of additional forces which are derived from a potential energy, Vp, so 
that the total energy becomes 7’+ V + Vz. Now if the value of this per- 
turbative potential is small, we can write 


Vp = dO, (88) 


where A is some small parameter proportional to the strength of the perturbing 
field. The expression for the total energy thus becomes 


H(Jx) ae AD, Wk), (89) 


where ® is a function of the action variable J;, and the corresponding angle 
variables wy. Hence the original variables will no longer be canonically con- 
jugated variables for the perturbed motion, and new frequencies will be intro- 
duced which will differ from the original unperturbed frequencies by small 
correction terms whose magnitudes depend upon that of Ad, and may be 
calculated from the latter. 

Now it is of great significance that in calculating the energy of the per- 
turbed orbit, which is after all the most important problem from the spectro- 
scopic point of view, application may be made of the theorem which may be 
stated as follows: 

1F, R. Moulton, An Introduction to Celestial Mechanics, Macmillan Co. (1923), p. 321. 

2Z. Physik, 11, 364 (1922); 12, 1 (1922); 13, 211 (1923). 

3 Phil. Mag., 46, 1091, (1923); also Proc. Camb. Phil. Soc., X XI, part 6 (1923). 

4 J. Math. Phys., 3, 191 (1924). 


5 Phys. Rev., 25, 174 (1925). ne 
6 The following discussion is based upon Van Vleck ‘“‘Quantum Principles,” p. 200, eé. seq. 
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“To get the perturbed energy to first powers of the parameter \ we need 
only take the quantized energy Ey = H(nih, noah +++ nsh) for the original 
unperturbed system, and add to this quantity the mean value of the perturbing 
potential V, = A® evaluated for an unperturbed orbit.” 

The time average of \® can be calculated for the unperturbed orbit and 
hence, “if we can neglect squares of \, we can find the quantized energies for 
perturbed non-degenerate systems without even bothering to find out what 
changes in the shape of the orbit are produced by the perturbing field.” 

As an illustration of the use of the paramenter \ introduced above, let us 
consider the case of the helium-like atom composed of two electrons and a 
nucleus of charge Ze, and as a first approximation we shall neglect the repulsion 
between the electrons. The energy, 


E=T+V 
1 1 
= tm(v? + 02) — za( * + ~) : (90) 


1 Te 
where v; and 7; denote respectively the velocity and radial distance of one 
electron from the nucleus, and vz and rz refer to the second electron. 

Having calculated the value of E for this system, we may now proceed to 
apply the perturbative term V, = ¢?/ri2 corresponding to repulsion between 
the two electrons. Hence we can take \ = 1/Z; ® = Ze?/riz, and will there- 
fore be small if Z is very much greater than 1, while © is of the same order as V. 

Failure of Classical Mechanics as Applied to Atomic Structures: The actual 
calculation of the energy of the perturbed orbit is usually extremely tedious 
and, as indicated above, is even approximately valid only for those cases where 
the perturbative energy is relatively small in comparison with that of the un- 
perturbed orbit. Therefore while successful in celestial mechanics, the theory 
of perturbations as applied to atomic structure has not yielded results com- 
mensurate with the effort involved. The case of the helium atom illustrates 
this point very well. Since Z = 1, the value of the parameter \ = 1, and the 
ordinary theory of perturbations, involving only first order effects, becomes 
inapplicable. Now, in spite of attempts by many of the foremost theoretical 
physicists to find the stationary orbits for the helium atom and calculate its 
energy levels, no successful results were obtained by the methods of classical 
or Newtonian mechanics. Neither the ionization potential nor the terms as 
calculated in any of these theoretical investigations have been found to agree 
with experimentally observed values. 


“ After all,” as M. Born points out: 1“ no other result could be expected, for the validity 
of the frequency condition is sufficient to show conclusively that in the realm of atomic 
processes the laws of classical theories (geometry, kinematics or mechanics, electrodynamics) 
are notright. That in certain simple cases, as for a single electron, they give partially correct 
results is, in fact, more astonishing than that they failin the more complicated cases of several 
electrons. This failure of the theory in the case of interactions among several electrons is 
evidently connected with the following fact: We know that electrons react quite unclassically 


1 Problems of Atomic Dynamics, Mass. Inst. Tech. (1926). 
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to light waves, because the latter produce quantum jumps. In a system made up of several 
electrons, each electron is in the oscillating field due to all other electrons and the periods of 
these fields are of the same order of magnitude as those of light waves, therefore we have no 
reason to expect that the electron should react classically to this oscillating field. This point 
of view gives grounds for understanding why we obtain, by the classical theory, correct 
results in many cases of the one-electron problem.’ 


It was because of these difficulties that Bohr gave up the attempt to con- 
struct a truly deductive theory, and introduced the idea of penetrating and 
non-penetrating orbits. With regard to this conception, Born makes the 
following remarks: 


“Tn postulating such ‘ penetrating orbits,’ a step is taken which is incompatible with 
ordinary mechanics, for following our quantization rules we must assume that the orbit of 
the optical electron is exactly periodic, but this cannot be understood from the standpoint 
of mechanics because of the intensive interaction with inner electrons. It would be necessary 
to assume that the whole electronic structure is rigorously periodic in every quantized state 
and it is very questionable whether there exist such solutions of the mechanical equations. 
If in spite of this we wish to describe the paths of the optical electron within the realm of 
our theory and more or less approximately, this may be done, following Bohr and in a purely 
formal way, by replacing the action of the core on the electron by a central force and neglecting 
altogether the reaction of the electron on the atomic core. Then the conservation of energy 
is always satisfied for the electron alone and we have to do, as hitherto, with a one-body 
problem. Conservation of angular momentum also holds and the orbit is plane.”’ 


As shown in a previous section, this approximate method of treating the 
problem of an atom with more than one electron as a variation of the hydrogen 
atom leads to an expression for the spectral terms which is of the Rydberg 
type. But obviously such tactics must be regarded as purely pragmatic and 
not logically defensible. The introduction of the Correspondence Principle 
must also be regarded from the same point of view as a confession of our 
inability to solve the problems of atom-mechanics by a direct method. The 
appeal to classical dynamics might and actually did furnish a qualitatively 
correct answer in many cases, but obviously could not lead to the correct 
quantitative solution, as, for instance, in regard to intensities of spectral lines. 
All that could be derived rigorously by application of the Correspondence 
Principle was the conclusion that certain lines could not occur. 

Furthermore, when it came to the explanation of the Zeeman effect, the 
theory of atom-mechanics as already outlined, the so-called classical quantum 
theory, could account only for the normal effect, but was found inadequate to 
explain the anomalous effect. By the introduction of four quantum numbers, 
coupled with the idea of electron spin, these phenomena could be explained in a 
semi-empirical fashion, but certainly not by solving a Hamilton-Jacobi partial 
differential equation. 

There are other features about spectral terms, as described in Part III, for 
which the classical theory could not account satisfactorily, for instance, the 
presence of half quantum numbers and the similar laws for doublets observed 
in both the visible spectra of the alkali metals and X-rays. 

As a matter of fact, the theory of quantum mechanics based on Newton’s 
laws gave an adequate solution only in the case of the hydrogen atom and that 
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ofionized helium. For all other atoms, auxiliary postulates had to be employed 
and at the best, the answer could only be approximately correct. The failure 
of classical theory was frankly recognized and the problem facing the theoretical 
physicists in 1925 was this: In what manner can the theory be modified in 
order to give absolutely unambiguous and correct solutions for the problems 
of atomic structure? 

It is now opportune to quote Born once more. 


“In seeking a line of attack for the remodelling of the theory, it must be borne in mind 
that weak palliatives cannot overcome the staggering difficulties so far encountered, but that 
the change must reach its very foundations. It is necessary to search for a general principle, 
a philosophical idea, which has proved successful in other similar cases. We look back to the 
time before the advent of the theory of relativity, when the electrodynamics of moving bodies 
was in difficulties similar to those of the atomic theory of today. Then Einstein found a way 
out of the difficulty by noting that the existing theory operated with a conception which did 
not correspond to any observable phenomenon in the physical world, the conception of 
simultaneity. He showed that it is fundamentally impossible to establish the simultaneity 
of two events occurring in different localities, but rather that a new definition, pre- 
scribing a definite method of measurement is required. THinstein gave a method of 
measurement adapting itself to the structure of the laws of propagation of light and 
of electromagnetic phenomena in general. Its success justified the method and with 
it the initial principle involved: The true laws of nature are relations between magnitudes 
which must be fundamentally observable. If magnitudes lacking this property occur in our 
theories, it is a symptom of something defective. The development of the theory of relativity 
has shown the fertility of this idea, for the attempt to state the laws of nature in invariant 
form, independently of the system of codrdinates, is nothing but the expression of the desire 
of avoiding magnitudes which are not observable. A similar situation exists in other branches 
of physics. 

‘In the case of atomic theory, we have certainly introduced, as fundamental constituents, 
magnitudes of very doubtful observability, as, for instance, the position, velocity and period 
of the electron. What we really want to calculate by means of our theory and can be observed 
experimentally, are the energy levels and the emitted light frequencies derivable from them. 
The mean radius of the atom (atomic volume) is also an observable quantity which can be 
determined by the methods of the kinetic theory of gases or other analogous methods. On 
the other hand, no one has been able to give a method for the determination of the period of 
an electron in its orbit or even the position of the electron at a given instant. There seems 
to be no hope that this will ever become possible, for in order to determine lengths or times, 
measuring rods and clocks are required. The latter, however, consist themselves of atoms 
and therefore break down in the realm of atomic dimensions. It is necessary to see clearly 
the following points: All measurements of magnitudes of atomic order depend on indirect 
conclusions, but the latter carry weight only when their train of thought is consistent with 
itself and corresponds to a certain region of our experience. But this is precisely not the case 
for atomic structures such as we have considered so far.” 


It is thus necessary to give up altogether the description of atoms in terms 
of coordinates and momenta of electrons, but rather to develop a mechanics in 
which the fundamental magnitudes shall be energy levels, frequencies of spectral 
lines and the intensity and polarization of the emitted radiations. For these 
are the quantities measured by experiments and therefore the only real con- 
cepts in terms of which we may describe the behavior and properties of an 
atomic system. 
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In the concluding section we shall therefore attempt to describe the manner 
in which the theoretical physicists have successfully developed a theory of 
atomic mechanics by which not only are the same results obtained as by the 
older method, in those cases where the latter led to correct results, but what is 
even more important, adequate solutions are obtained for all those cases, 
mentioned above, in which the older theory failed completely. 


V. WAVE MECHANICS! 


Electrons as a Wave Motion: The observations on the nature of X-rays 
made by Laue and Bragg on the one hand, and by investigators, such as 
Compton and others, on the other hand, led, as has been mentioned already, 
to a dualistic view of the nature of radiation. As regards electrons and atoms 
there seemed to be no question regarding their corpuscular nature. Do we 
not have evidence in the X-ray tube, and in J. J. Thomson’s investigations, of 
the fact that electrons are corpuscles moving with very high velocities, and 
therefore endowed with definite amounts of kinetic energy? Yet, in 1927 two 
American physicists, C. J. Davisson and L. H. Germer,? made certain observa- 
tions which can be interpreted only on the assumption that there exists, asso- 
ciated with the corpuscular kinetic energy of electrons as measured by the 
quantity, Ve, a wave motion for which the wave-length, \, can be calculated 
from the momentum, mv, by means of the de Broglie relation 

h 
oa (1) 
mv 

The method used to determine the ‘‘ wave length ”’ of electrons is similar 
in principle to that used in the case of X-rays, and is shown in Fig. 53.5 The 
arrangement of filament and box is the source of the beam of electrons, the 
speed of which can be regulated by varying the potential difference between 
box and filament. The electrons reflected from the surface of the nickel 
crystal at different angles are detected by the galvanometer attached to the 
Faraday cage which can be moved along the arc indicated in the figure. The 
right-hand figure shows the variation in the current to the collector with change 
in angle of the latter. The maximum intensity occurs, as shown in the figure, 
when the angle of reflection is equal to the angle of incidence. If the stream 
of electrons is directed against a target of ordinary nickel (polycrystalline 
metal), there is no indication whatever of regular reflection. 

It is observed, furthermore, that for a given angle of incidence the intensity 
of the regularly reflected beam varies with the bombarding voltage. As the 

1 Since this section was written, there has been published the splendid treatise by A. E. 
Ruark and H. C. Urey on ‘‘ Atoms, Molecules and Quanta,’’ McGraw-Hill Book Company 
(1930), in which considerable attention has been given to the new mechanics. The reader 
will find this an extremely useful book to supplement the discussion in the following section. 


2 Phys. Rev., 30, 705 (1927); Bell System Technical Journal, 7, 1 (1928); J. Frank. Inst., 
205, 597 (1928). This last gives an interesting account of the phenomena observed and their 


interpretation. 
3 J. Frank. Inst., 205, 597 (1928). 
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speed of the electrons is increased, the current to the collector passes through 
one maximum after another. 


Sy 
TUNGSTEN _ oe 
FILAMENT 
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~ BOMBARDING POTENTIAL,83 VOLTS 
ANGLE OF INCIDENCE, 30 DEGREES 


Reproduced from the Journal of Franklin Inst., May 1918 


Fig. 53. Schematic representation of arrangement for measuring effect of angle of incidence 
on intensity of reflected electron beams 


In Fig. 547 the ordinate is the intensity of the reflected beam, and the 
abscissa gives VV (V = potential difference), which varies with the actual 
velocity, v, of the electrons in accordance with the relation 


= V¥2Ve/m. (2) 


INTENSITY 


V=133 VOLTS 


INTENSITY OF REFLECTED BEAM 
VS. SQUARE ROOT OF BOMBARDING POTENTIAL 


Reproduced from the Journal of Franklin Inst., May 1918 


Fic. 54. Relation between intensity of reflected electron beam and bombarding potential 


These observations are quite similar to those observed in the case of X-rays. 
According to Bragg’s theory, the intensity of a reflected beam of X-rays is at 
a maximum when 

2d cos 8 = nd, 
where 


d = distance between layers of atoms parallel to the surface, 
\ = wave-length of radiation, 
6 = angle of incidence, = angle of reflection and n is an integer. 


1 Loc. cit. 
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That is, the intensity of the reflected beam is a maximum when the wave- 
length of the incident beam has any one of the values 


1 
= — (2d cos @) 
n 


or when 
Phys flit -w 3 
2d cos 6 (3) 


1 
oS 

Therefore, if the intensity of the reflected beam is plotted against the 
reciprocal of the wave-length, a curve is obtained in which maxima occur at 
equal intervals given by 1/(2d cos 8). 

As shown in Fig. 54, the maxima for the electron curve fall at almost equal 
intervals when plotted against ~V, and the inference is therefore drawn that 
the phenomenon of electron reflection is to be interpreted as a reflection of a 
wave motion for which the value of 1/\ is proportional to ¥V. Combining 
equation (1) and (2) it is readily shown that 


where V is measured in ordinary volts, and the value 1/300 is the conversion 
factor to electrostatic units. Substituting for h, m and e their known values, 
this relation may be written, with a satisfactory degree of approximation in the 
form 

12.25 


VV 


In Davisson and Germer’s experiments it was observed that for relatively 
high velocities of electrons the agreement between equations (3) and (4) is 
good, but for lower speeds, the actual maxima of intensities of the reflected 
beam do not fall at exactly equal intervals and there is therefore only an 
approximate agreement between the values of calculated by both methods. 

The explanation of this phenomenon is obtained when one considers the 
analogous phenomenon in X-rays of the formation of Laue diffraction beams 
by the different sets of planes in the crystal lattice. For each parallel set of 
planes the maximum intensity of reflected rays should be observed when the 
wave-length has any of the values given by equation (3) where dis the distance 
between adjacent planes in the same set. But if the refractive index of the 
crystal for X-rays is different from unity, these reflected beams will not emerge 
at the angle @ given by equation (3), but at some other angle 0’. A calculation 
shows that, for a plane grating on which the light is incident along the normal 
direction, the angle 0 of the refracted beam is given by 


ON A. (4) 


D 
= —sin 0 (5) 
n 
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where D = distance between adjacent lines of atoms in the surface of the 
crystal. 

As was pointed out by C. Eckart,! the differences between the wave-lengths 
calculated by equations (3) and (4) can be accounted for by assuming that the 
index of refraction for electrons is greater than unity, so that the electron 
beams are refracted as they emerge from the surface. From the angle of 
emergence, 6’, the wave-length can therefore be calculated by means of equa- 
tion (5), if we know the order n of the refracted rays. 

Davisson and Germer found that the values of \ calculated by means of 
equation (5) are in agreement with those calculated by means of (4), so that 
it can be stated definitely that equation (1) has been demonstrated as an 
experimental fact. 

While these experiments with relative low velocity electrons thus receive 
their simplest interpretation in terms of a ‘‘ wave theory ” of electrons, G. P. 
Thomson’s2 experiments on the diffraction of high velocity electrons by thin 
metal films have served to prove the wave nature of electrons by the very same 
method as Laue used in his classical experiments in order to demonstrate the 
undulatory character of X-rays. From the patterns obtained by G. P. 
Thomson when electrons of about 25000 volts velocity are sent through a thin 
film to a photographic plate, and applying the same formulae as are used for 
X-rays, he found that the wave-lengths of the electron beams are given very 
accurately by de Broglie’s relation. In this case, however, it was necessary 
to introduce the relativity form of the equation, i.e., 


SEN 77 e 


Mov 


nN 


in order to correct for the fact that at these higher voltages the velocity, v 
of the electrons, becomes a measurable fraction of that of light (c). 

Investigations along the same lines have also been carried out by E. Rupp 3 
and from his observations he has been able to calculate a “ refractive index ” 
for electron beams when passing into crystal-lattices of metals. 

Phase Velocity and Group Velocity. De Broglie’s Relation. The observa- 
tion that for very small values of the momentum, corpuscles exhibit interference 
phenomena similar to those observed in the case of light, suggests an analogy 
between optics and mechanics the existence of which was first pointed out by 
Hamilton. The fact, as pointed out in Part IV, that the dynamical path of a 
particle is orthogonal with respect to the surface of constant action, while the 
direction of a ray is normal to that of the wave front, led Hamilton to draw a 
striking parallelism between the propagation of the surface of constant action 
and that of the wave front. 

This analogy is made more evident if we compare the principle of least 
action in mechanics with Fermat’s principle in optics. The latter may be 

1 Proc. Nat. Acad. Sci., 13, 460 (1927). 


2 Proc. Roy. Soc., 117, A, 600 (1928); 119, A, 651 (1928) and Nature, Aug. 25 (1928). 
2? Ann. Physik, 85, 981 (1928). 


’ 
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stated thus: The actual path taken by a light ray to pass from any one point, A, 
to any other given point, B, is that for which the time of transit is a minimum. 
That is, if w denote the velocity of the wave motion (phase-velocity), 


fs ine 
— = minimum. (6) 
ote 


Let us now compare this with the principle of least action, according to 
which the line integral of the momentum, mz, is a minimum, that is 


B 
it mv - ds = minimum. (7) 
A 


If a corpuscle in motion behaves under one aspect as a mechanical system, 
and under the other as a wave motion, its path must be one which satisfies 
both relations (6) and (7). How can this be interpreted? 

According to the theory of relativity, the energy, H, of any particle of mass, 
m, is given by 


Moc? 1 
E> = _ Mme” - FMW, (8) 


V1 — v/e 


to a first approximation, where mp» is the 
light. 
The momentum, P, is given, according to the theory of relativity by 


“rest mass,” and c = velocity of 


Mov v3 


Pisa Ay nese 
pec Vi — v/e eal. ae a ®) 


Hence, according to (7) 
f BN ees ae ee 
-ds = SS Oo SF IG SS Iranian 
A a Vl —v/e © 


v ne) 
-f[ B-ta= nf — ds 


= minimum. 


SS the path of the particle will also be in accord with 


’ 


Silt 


Thus, if 2 


Fermat’s principle. That this relation is actually valid can be deduced from 
the following considerations. 

The equation for the amplitude, y, of a simple wave train propagated in a 
single direction (along the axis of x) is given by 


y = A cos 2r(vt — on), (10) 
where 

A = maximum amplitude, 

y = frequency, 

o = wave-number = 1/). 


I 
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Let us consider now the result of superposing on this train of waves another 
wave-train of the same amplitude, but slightly different frequency, v + A», 
and slightly different wave-number, ¢ + Ac. The amplitude of the resultant 
motion is given by 
y = A cos 2r(vt — ox) + A cos 2a[ (v + Av)t — (6 + Ao)x] 
2A cos 2r(vt — ox) - cos r(Av : t — Ao: 2), (11) 


for infinitesimally small values of Av and Ac. 

The form of this equation shows that we have here a train of waves whose 
amplitude varies slowly from one point to another between the limits 0 and 
2A, forming a series of regions of maximum intensity, separated by regions in 
which the intensity decreases to zero. The crest of maximum intensity travels 
with a velocity, v, which is quite different from that of the phase in each wave- 
train. The latter is given by 


u = v/o = phase-velocity. (12a) 
It is evident that in equation (11), y is a maximum for 
Av: t= Ac: a2, 
that is, 
a (128) 


in the limit. 
This defines the group-velocity. From equation (12a) it follows that 


Substituting for do/dv from equation (120), it is evident that 


1 yo au 


1 
Dh URE ahh 


(13) 


Equation (13) is the well-known relation between group velocity and 
phase velocity. 

We shall now consider the motion of a corpuscle from the two different 
points of view: firstly, as a corpuscle obeying the laws of dynamics, and 
secondly, as a wave-motion. 

From equations (8) and (9) it follows that for a corpuscular motion 


E/P = &/o,\ and dE/dP =». 


On the other hand, the associated wave-motion must be identified by a 
frequency, v, and wave-length, \. To obtain the former, de Broglie postulates 
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the quantum relation 
y= E/h 


where £ is to be calculated on the basis of the theory of relativity, that is, by 
use of equation (8). For a wave-motion the phase velocity, u, is given by the 
equation 


= E/ Ps 
Hence 
u = c?/v, 
and 
A= u/v = E/(Pp) 
= h/P = h/(mv), (14) 
where 


Mo 


es 
V1 — v?/¢? 


Furthermore, it follows that 


1 dP d(hv/u) | d(y/r) - 
PRIVAT EE (15) 


Therefore, in accordance with equation (13), v corresponds to the group 
velocity of the waves for which the wave-length is given by equation (14), and 
the phase velocity, u, by c?/v. 

Consequently, the motion of the particle is in agreement with both the 
principle of least action and that of Fermat. 

Thus the motion of a particle is identified, according to de Broglie, with the 
group velocity of a wave-motion. That the phase velocity exceeds the velocity 
of light is not in contradiction with the theory of relativity, follows from the 
fact that the actual rate of transfer of energy is given by v. For an infinite 
plane wave, such as corresponds to equation (10), the energy cannot be regarded 
as localized at any one point at any instant, since, obviously, all points in the 
wave-train have an equal claim. Therefore an infinite monochromatic wave- 
train cannot transfer any energy. Energy is transferred in a wave-motion only 
at the speed defined by the group velocity. 

The deduction that on this point of view the path of the particle corre- 
sponds to that of the normal to the front of a wave-motion led de Broglie to a 
further inference regarding the manner in which the laws of ordinary mechanics 
must be modified for atomic systems. 

In optics, it is a well-known fact that the laws of geometrical optics are 
valid so long as the wave-length is small compared with the radius of curvature 
of the path of the rays. For a radius of curvature of the same order of magni- 
tude as, or less than, A, the problem of the propagation of the light must be 
treated as a wave-motion. Is it not possible, de Broglie asks, that for corpus- 
cular motion, the application of the laws of ordinary mechanics is limited by 
similar considerations? Thatis, in the case of corpuscles, Newton’s laws may be 
used to determine the motion as long as the value of the associated wave-length 
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(A), is small compared to the radius of the path (r), but for problems in which 
d is less than or equal to 7, we cannot expect ordinary dynamics to be any more 
valid than geometrical optics for diffraction phenomena. 

For instance, let us consider the circular orbits of an electron in the hy- 
drogen atom. These orbits are defined by the quantum condition 


Qarmor = nh. 


Introducing de Broglie’s relation 


h 
r Se eek j 
mv 
we obtain the relation 
A 2m, 
ron 


That is, for small values of n, \ is of the same magnitude as r. Conse- 
quently, we ought not expect that ordinary mechanics is any more applicable 
to this system than geometrical optics for the analogous case. 

It was this suggestion which led Schroedinger to the development of his 
theory of wave-mechanics. According to this theory the Hamilton-Jacobi differ- 
ential equation for orbital motions valid for macro-mechanics must be replaced, 
when dealing with micro-mechanics, by a new type of differential equation which 
represents a wave propagation with a phase velocity which varies from point to 
point in accordance with de Broglie’s relation. That is, instead of investigating 
the motion of a particle as influenced by the forces acting on it at each point 
of its path, the attention is now focussed on the direction of motion of the 
associated wave motion in a medium in which the “refractive index” varies 
continuously owing to the changing field of force. The particle, like a ray of 
light, merely follows the direction of the normal to the wave front at each 
point. 

As a preliminary to the presentation of the ‘“‘wave’’ equation which forms 
the basis of Schroedinger’s formulation of quantum mechanics, it is necessary 
to discuss briefly the usual form of the equation for the propagation of a wave- 
motion and the method used for its solution. 

Differential Equation for a Wave Propagation: From equation (10) we can 
derive the partial differential equation for a wave-motion. 

Differentiating twice with respect to t alone, and also with respect to x 
alone, we obtain the following relations: 


Oy , 

a dae 2nrvA sin 2r(vt — ox), 

O*y 

aa = — 47°v?A cos 2r(vt — ox) = — An’yy, 
0? 

fae 47’o*%y 
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Hence 
On ate" Opin ds Oy 


62? YP OP ow OP (16) 


This is a partial differential equation of the second order of which equation 
(10) evidently represents a particular solution. But it is obvious that equation 
(16) is also satisfied by equations such as 


y = A cos 2r(vt + on) 
or 
y = B sin 2r(vt + ox) + const. 


Since the sum of any finite number of particular solutions of a differential 
equation is also a solution of the equation, we can obtain a more general 
solution in the form 


y = > C,'{cos 2rn(vt — ox) + cos 2rn(vt + ox)} 
+>) C,/"{sin 2rn(vt — ox) + sin 2an(vt + ox)}, 
n=1 


where n takes all positive integral values. This solution can also be written 
in the form 


ioe} 
y = > 2{C,’ cos 2anvt + Cy” sin 2rnvt} + cos 2rnox 
n=1 


= cht) 2 Ae); (17a) 


where g and f are functions of the corresponding variables only. 
It is evident that equation (17a) may also be written in the form 


if eI eye re (176) 
the amplitude being represented actually by the real part of the complex 
quantity e°””’’; and this form of representing the wave-motion is used ex- 
tensively. 

We can now proceed to discuss in a more logical manner the method for 
integrating partial differential equations of the type presented in (16).! 
In view of equation (17a) we attempt to derive a solution of the form 


y = g(t) + f(x). 
Differentiating this twice, with respect to x, and also with respect to ¢, 
and comparing the result with equation (16), we obtain the relations: 


i) ae! 0 


Behe ut ab | 


1 Such a differential equation represents the transverse vibration of a string fixed at both 
ends. In that case, u2 = 7'/p where 7 = tension along tangent to string at any point, and 
p =linear density. See, for instance, R. A. Houston, ‘‘ An Introduction to Mathematical 
Physics,’ Longmans, Green and Company, (1925), Chapter IV, for interesting discussion of 
the solution of this equation. 
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We may set these equal to — m?, and thus obtain two ordinary differential 
equations, which can be solved in the usual manner. That is 


af 

aS + mf = 0 (18a) 
d? 
a + mwg = 0 (18) 


A particular solution of (180) is 
f= Aer 


where 27v = mu or g = C’: cos mut + D- sin mut; while a particular solu- 
tion of (18a) is given by 


f=B-¢€"*" where 270 = 
or 
f= C’ cos me + D’ sin mz. (19) 


The values of the constants A, B, ete., are determined in any particular 
case by the initial and boundary conditions. Thus, let us assume that, for 
all values of ¢, it is necessary that y shall vanish for x = 0 and for «=X 
= 1/c. Consequently, 

JO) =O = F(X), 


and substituting in equation (19) it follows that C’ = 0. That is 
f = D’ sin mz. 


Furthermore, since sin mx can vanish only for mz = 0 and mx = n- 27, 
where n has all possible integral values, it follows that 


m = 2an/d = 2rno. (20a) 


Thus solutions are obtainable only for certain discrete values of m, viz., 
those given by equation (20a). These values of m are known as the eigenwerte 
(characteristic values) and the corresponding values of the function f are known 
as the eigenfunktions (characteristic functions). 

Similarly let us assume that g = 0 for ¢= 0 and for f= 1/». Then it 
follows that C = 0 and mu = 2rnv. Thus the eigenwerte are given by 


m = 2anv/u = Irne, (200) 


where wu = y/o. From this the physical significance of u as a phase velocity 
follows directly. 

It is important here to note certain properties of the differential equation 
(16). 

(1) If yi is a solution, then ay; is also a solution, where a@ is a constant. 

(2) If y2 is a solution and also y:, then Ay: + Aoye is also a solution. 
Consequently, if there are a number of solutions, y1, y2 +++ Yn, a more general 
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n 
integral will be found by forming the sum >> Aiy; where A; is an arbitrary 
1 


constant and y; denotes the ith eigenfunktion. 

This is the mathematical method for expressing the superposition of waves, 
and has already been illustrated in the derivation of (17a). In fact, the most 
general solution of equation (16) is of the form 


y = Fy(ox — vt) + Fr(ox + vt), (Ay; 


where F,; and F» are arbitrary functions and u = v/o represents the velocity 
of propagation of a wave. Since /’; and F, denote waves travelling in opposite 
directions, their superposition represents a stationary wave. 

So far we have discussed only the wave-equation in one dimension. In 
the case of a stretched membrane in vibration it can be shown that the partial 
differential equation for the vibrations is given by 

Cy Oy mloty 


ae ' Oy wor 
For sound waves in three dimensions, the fluctuation in pressure at any 
point is given by the equation 
Oy Oey Ow, eo: 
a2 ' Oy a2 wor ” 


(22) 


which is usually written in the form 


where 
o? Gy No? 

Ox? si oy? fs 02 
is known as the Laplacian operator. 

Schroedinger’s Equation: So far we have dealt with the equation for a 
wave propagation in which uw is constant. But in accordance with de Broglie’s 
relation this is not the case for the waves associated with corpuscles. Denoting 
the potential energy by V and total energy by H, we have the relations 


im = E — VJ, 
and 
mv = V2m(E — V)- 
Hence de Broglie’s relation may be expressed in the form 
h h 
my N2m(E — Vy’ 


or ss 
ho = V2m(E — V), (23) 
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and 


LSD) SSS SS SS aa—— (24) 


For a given system, F is constant, while V is, in general, a function of the 
codrdinates. Consequently wu must also be a function of the codrdinates, that 
is, the phase velocity will vary from point to point in the field of force, and the 
path of the particle will follow, as mentioned previously, along the normal to 
the wave front. 

To a first approximation (that is, neglecting the change in mass with 
change in velocity), the frequency, v, of the wave-motion is given by the 
relativity relation 

y= moc*/h, 


and is therefore practically constant. Hence the wave-number, o = 1/d 
= v/u, must be a function of the coérdinates. 
Now let us consider equation (22) and write as a first stage in the solution 
of this equation 
y = @ 0 ere 


where @ is a function of x, y and z. 
Equation (22) therefore reduces to 


4r’y? 
AD en era; 
u 
that is, 
A + 4ror = 0 (25) 


where o = a(a, Y, 2). 
Substituting for o from equation (23), it follows that equation (25) can be 
written in the form 


812m 
}2 


A® + (HE — VY) = 0. (26) 
This is the famous Schroedinger partial differential equation which is the basis 
for solving all problems in the new quantum mechanics. It should be observed 
that while v is calculated from the value of H given by the theory of relativity, 
the value of E to be used in equation (26) is that derived on the non-relativity 
basis. This, of course, follows from the fact that H and V are measured in 
this case from the same “ zero” point. 

Schroedinger himself deduced his equation from considerations based on 
the similarity, which Hamilton has already observed between the behavior of 
surfaces of constant action in dynamics and of wave fronts in optics. The 
considerations involved are in the final analysis the same as those which have 
already been mentioned in discussing the analogy between the principle of 
least action and Fermat’s principle of minimum time interval. They will, 
however, be presented now in a somewhat different form because of the 
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fundamental significance of the reasoning for the subsequent treatment of 
Schroedinger’s equation. 
In classical dynamics, there is defined a function 


s= [a= [ (T — V)dt, (27) 
0 0 


which is a function of the codrdinates and ¢, and is known as Hamilton’s Prin- 
cipal Function. As was shown in Part IV, this function is related to another 
function A, known as the Characteristic Function or Action, by the relation 


s= [mods — B= 4 — By (28) 
0 


where A is a function of the coédrdinates and E£, and is a minimum for a dynam- 
ical path between two given points. 

Thus since A is a function of the m coédrdinates qi, g2*** Qn, We can con- 
sider a series of surfaces in the n-dimensional space for each of which A is 
constant (# being constant). As shown previously, the actual path followed 
by a particle in passing from one action surface to the adjacent one will be one 
which is normal to each of these at the terminal points of the path. For each 
of these surfaces, the value of S will also be a constant at any instant of time. 
Let So denote the value for the surface Ao at time ¢. After an interval of time 
dt, the value of S at Ao will be S = Ap — H(t + At) = Ao — Hi — E- At. 
But suppose we now maintain ¢ constant and consider the change in S from 
its value Sy on the surface Ay to the value So + dSo = Ao + dAo — Et on 
the adjacent surface. If we make S = So + dSo, we will have 


Ay — Et — Edt = Ay + dAy — Ei, 


or — Edt = dA, that is, dA/dt = — E. 

Physically this means that we regard S as the phase of a wave front which 
is passing from one action surface to the next one with a velocity u which we 
shall now determine. 

Let us denote an element of the path of the particle, between two adjacent 
surfaces A and A + dA, by ds. Since the path is normal to A, the increase in 
dA in passing from one surface to the next one is given by 


dA dS 
a ds = oo" ds. 
But 
dA 
oR = mv. 
Hence 
Nak | col ca we nea (29a) 
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Since E is negative for central orbits, the sign is immaterial, and we can 


write 
#H EH 


r= —= 


——_—,, 29b 
mv ~2m(E — V) ee 


which is the same relation as has been deduced previously. From this follows 
the analogy between the principle of least action and Fermat’s principle. For, 
according to the former, f-mvds is a minimum between two given points for 


S 
E 
which £ is the same. Hence it follows from (29b) that ih BE ds is @ minimum 
0 


for the associated motion of the wave front, S. That is, Fermat’s principle 
follows directly. 

We can deduce (296) by still another method which will serve also to make 
clearer the relation between the surfaces for which S is constant and the 
amplitude, wy (or ®), in Schroedinger’s equation. 

We shall consider S as the phase of a wave-motion and therefore write 


2 
Vieheos |= (= zo | (30a) 
or 
y= e2™UA-ED/h 


— 2ttAlh , e2NEtD (300) 


where y is the amplitude of a wave-motion at any instant and any point in 
four dimensional space in which S and A are contour surfaces. The constant 
h is introduced in order to reduce the coefficient of 27 to zero dimensions. The 
following derivation can also be extended to more than three coordinates, but 
we shall choose x, y, and z as codrdinates in order to simplify the argument. 

Differentiating (30a) twice with respect to each of the codrdinates, we obtain 
the relation 


OV OV Oe oe 2m 0A \? 0A \? 
on aan az he cos| h iS - x || (S) ? (+) 


0A \? ie || Phi CA AA CA 
(SY) |-Fan| Fa -m | [S44 Se). (31) 


Since A is a very small number, and it can be shown that the ratio 


CANS |(02A ; 
on = is finite, we can neglect the second term, and write 


An? 0A \? OALN2 0A \? 
on -Fol(Sle(BYZT) 


Let ds denote an element of distance along the normal to the surface 4 
Then it follows from elementary consideration that 


(2)-Gay +a ye) 
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Hence (32) ean be expressed in the form 


47? dA \? 
a= By (SY. (33) 
Also by differentiating (30a) twice with respect to ¢, it follows that 
Oy An? 
el i SRT LAPT (34) 


Comparing equations (33) and (34) with (19), it is evident that yw is the 
amplitude of a wave-motion for which the phase velocity is given by 


1 dA/ds 
gee ee aa, 
But from Hamilton’s partial differential equation (see Part IV), it follows 
that 
IL (GLANS 
= (=) =H-—Y. 
Hence 


(29b) 


That is, the wave-motion corresponding to yw is described by the partial 
differential equation 
_ 2m (EB — V) yp 


ay EF? OP ee) 
The solution of this equation is of the form 
y =. ea. (37) 
as follows from equation (30d). 
From (36) and (37) it can readily be shown that 
PEt fo Orie 7D,” WH? - 2Im(H — V) 3 
el Ga ie mie 2» BP ; 
that is, 
812m 
Ab + ao (B — V)® = 0. (26) 


Furthermore, if we put EH = hv, we obtain from (29b) the result 
u = hv/mv, and since ¢ = v/u, it follows that ho = mv, which is de Broglie’s 
relation. 

The definition of y given in equation (300) is of great significance. For it 
is evident that if A can be expressed as a sum of terms, each of which involves 
only one coérdinate, then y or ® can be expressed as a product of functions, 
each of which involves only one variable. Thus, whenever Hamilton’s P.D.E. 


1320 A TREATISE ON PHYSICAL CHEMISTRY 


for the Action can be solved by the method of separation of the variables, the 
Schroedinger equation can be solved by assuming ® to be given by a product of 
functions, each of which can be derived from the corresponding term in the Action 
function. 

It will also be recognized that y and ® bear the same relation to each other 
as S and A respectively in classical mechanics. That is, while y is a function 
of both coérdinates and t, ® represents a function of the coérdinates only, just 
as the function A in ordinary dynamics does not involve f. 

One more important point to note in connection with equation (26) is 
that & is not necessarily a function of only three coérdinates. The very fact 
that S and A in classical dynamics are functions of as many coérdinates as 
there are degrees of freedom, shows that © must also be a function of the same 
number of coédrdinates. Thus, if we designate ® as the “amplitude” of a 
wave motion, this terminology is not to be understood as indicating a concrete 
physical phenomenon. As will be mentioned more fully in a subsequent 
section, the actual physical interpretation of ®, which has been regarded so 
far as a mathematical function obtained by solving a particular type of differ- 
ential equation, 7s obtained by considering the square of this function, t.e., B®, as 
a probability. In general, V will be a function of n codrdinates, qi, q2, ***, Yn; 
and consequently ® must be a function of these same coérdinates, representing 
the amplitude of the associated wave motion at any instant of time in the n- 
dimensional space. Under these conditions it has been found most convenient 
to regard the quantity 

Pdqidqa + -ddn 


as a measure of the probability that the system will occur in the state defined by 
codrdinates of which the values lie between qi, G2, ***, Un and qi + dqi, qe + dqr, 
**; Qn + dan. Hence the solution of the Schroedinger equation for any 

specific problem amounts essentially to the determination of a probability 
function. 

In this connection it is of interest to mention the following symbolic method 
for deriving equation (26). 

The expression for the total energy of a system in Hamilton’s form, as 
derived in Part IV, is 


1 n 
ago ee (38) 


where the kinetic energy is expressed as a function of the n generalized momenta, 
pr, and the potential energy, V, is a function of the corresponding coédrdinates 
Q1,) 2°** Ye *** Gn. For any particular problem the form of V will be deter- 
mined by ordinary dynamical or electrodynamical considerations. Thus, for 
an electron in a hydrogen-like atom, V = Ze?/r. 

In solving the problem by the usual methods we would proceed to form 
from equation (38) the Hamilton-Jacobi partial differential equation as de- 
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scribed in Part LV. But the quantum mechanical procedure may be described 
as follows.1 

For the generalized momenta we substitute the differential operators 
(h/27i)d/dq, where i = ¥— I; that is, we assume 


ho 
EE eens. Ode 
and hence (39) 
he v0? 
Ppl ae Ree aT, 
Pk 47 Ogi 


and substitute for the p’s in equation (38). The resulting expression is then 
regarded as an operator on a function, ®, of the q’s. Writing 


n= (— = 2 ct +¥) 


8r?m ~ Ogi? 
h2 
-(-seatr) 


n 
where A designates the Laplacian operator >> 0?/dq,2, it is readily seen that 
I 


’ (40a) 


we obtain from (88) the relation 
HL®] = £4, (40D) 


which will be recognized as identical with (26), and is often used as an abbrevi- 
ated expression of Schroedinger’s equation.? 
In many problems it is desirable to obtain an expression for the amplitude 
~as a function, y, of both codrdinates and the time. Assuming as in a previous 
paragraph 


y =@> oe (37) 
it follows that 
dy = 1 s. 2m E@eettzulh 
cmp ants an 
= 1h} 
h v 


Since the operator H in (40) does not involve t, we can write the latter in 
the form 
H[® eoTtniin’) = Mp2 tail 
or 


H[v] = Ey. (40c) 


1. Schroedinger, Ann. Physik, 79, 745 (1926); C. Eckart, Phys. Rev., 28, 711 (1926). 

2 As shown by Condon and Morse, Quantum Mechanics, pp. 13-15, this formal process 
does not always lead to the correct Schroedinger equation. It may be applied, however, in all 
cases, if care is taken to express the kinetic energy in the proper mathematical form. 
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Eliminating ZF in this equation by means of (41), we obtain the extremely 
important form of Schroedinger’s equation, 


h 
Saeed 
that is 
822m 4am Ow 
by — yy (42) 

or 

ey dy 812m 4armi OW _ 

oa oie a aia sinciak aaa 


in which y is expressed as a function also of the time and FH has been eliminated. 
Any one of the three modes of expression in (42) is also often referred to as 
Schroedinger’s differential equation. 

One consequence of the relations (39) should be mentioned here, since it 
indicates how impossible it is to give a physical interpretation of the reasoning 
involved in the method just described for deriving the fundamental quantum 
mechanical differential equations. 

From equation (39) it follows that 


Er ASO SOR NG MNS, 
Pid \ Oni) don) 2 Dai 


On the other hand 


Hence 
lta 


Pek — UkPk = 5 (48) 


TH 

Now in ordinary mechanics the value of the product pxqz (where p; and 
qx are canonically conjugated variables) is the same, irrespective of the order 
in which the two quantities are multiplied. But in the case of operators px 
and q;, the product is non-commutative, and the difference, as shown in (43) 
is an imaginary quantity. The operator p; is typical of a class which Dirac 
has designated as g-numbers in contradistinction to ordinary, or c-numbers. 
In fact, Dirac has shown that this method of reasoning, by use of symbolic 
operators, is a very potent one for dealing with some of the more general 
problems in atomic phenomena. 

It is evident that equation (43) represents the analogue in quantum-mechanics 
of the classical quantum condition for the phase integral, 


F prdqx = nh. 


Indeed, as will be shown in the following sections, the Wilson-Sommerfeld 
quantum condition is no longer required in the new mechanics, since the 
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quantum numbers, which were introduced in the previous formulation in a 
semi-empirical manner, are obtained as a logical and therefore natural result 
in the mathematical procedure of solving the Schroedinger equation. 

Orthogonal Functions. The solution of Schroedinger’s equation in any 
specific problem involves the use of certain methods and concepts which have 
been developed in the theory of partial differential equations of this type, 
and therefore it is necessary to discuss these to some extent before presenting 
some of the more simple applications of Schroedinger’s theory. 

Schroedinger’s equation, as stated in equation (26), contains the Laplacian 
operator A in terms of rectangular coérdinates. Similarly V is a function of 
these same cérdinates. That is, the equation is of the form 


eS k(H — V)@ = 0 
a2 af ven Bale: ai: Cy 
where k = 82°m/h?. 
On the other hand, it may be more convenient to use plane polar coér- 


dinates, that is, the radius vector r and angle 7. In that case, as may readily 
be shown, A® assumes the form 


a 106 10% 


One a r or at me On? ee 


In the more general case in which spherical codrdinates are used, that is, 
the radius vector, r, the latitude 7, and longitude 0, A® is of the form 


SS ee ere 
Paeg) GEN Sola ting NN Sia 


feta ear 
ae sin@ dn J’ oo 


where 
x =rcos 8, 
y = r sin 0 cos n, 
z2=r sin @sin 7, 
and 


V = V(r, 4, 7). 


The method used for solving partial differential equation of these three 
forms may be illustrated by referring specifically to equation (46). As a first 
step, it is assumed that the function ®(r, 8, 7) can be expressed as the product 
of three functions, one of which depends only upon 7, and the other on @ and 


n, that is, we write, 
o = R(r) : U6, n) 


where R(r) is a function of r only, and U is a function of 6 and 7. If the 
variables can be separated (and it is only under these conditions that the 
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problem can be solved in actual practice), it will be found possible to sub- 
stitute for equation (46) two subsidiary equations such as the following: 


On Cr Vale ( hata Ol ge cae) ot) 
HN) jf ia}Amim Nolacts 00 dedniitodial (Gud) aaite 
=e (47) 


where a is an arbitrary constant, F is a function of r and of the differentials 
of R with respect to r, and G is a function of 7, 0, and of the partial differential 
coefficients of the function U with respect to @ and 7. 

The equation F = ais an ordinary differential equation and may be solved, 
therefore, by usual methods. The boundary and initial conditions of the 
problem will lead to values of R which are finite, continuous and single-valued 
only for certain discrete values of the parameter a. These will be the eigen- 
werte and the corresponding values of R will be the eigenfunctions of r. 

Proceeding now with the substitution U = X(6)Z(n), the left-hand side of 
(47) may be similarly transformed into two ordinary equations, one in @ and 
the other in 7. Furthermore, it will be necessary to introduce two other 
arbitrary constants, 6? and y?, and the conditions of the problem will be found 
to lead to “ civilized’ solutions, as Van Vleck designates them, only for 
certain definite values of these constants. 

In fact it will be found that for any given value a; of the first constant, 
there will be possible a series of discrete values 6,; and y; of the other two 
constants. The suffix 7 in the last two indicates that the jth value is taken of 
the series of values which can be assigned to 6 and y for a given value ay. 
The possible values of 7 will depend upon those of ay. 

In this manner, the final solution of the problem will give the eigenfunction 
@,, for an assigned value a, as a series of terms, each of which is the product 
of three eigenfunctions of the form ® = R.X.Z. corresponding to the different 
possible eigenwerte which are derived from the possible values of the three 
arbitrary constants. It will be recognized that this method of solving an 
equation of the type used in wave mechanics is analogous to the method used 
in solving Hamilton’s partial differential equation in classical mechanics. This 
analogy has already been pointed out in equation (30) which expresses the 
relation between Schroedinger’s function ® and the classical dynamical func- 
tions A and S. 

We have now to consider some important properties of these eigenfunctions. 
The most important of these is that the series of eigenfunctions obtained in the 
solution of equations of the type discussed above form an orthogonal system. 
Let us designate by ®, and ®, any two different eigenfunctions obtained as a 
solution of equation (46). Then it can be shown that 


SS SPn + Pndr + dO + dn = 0, 


where the integration is assumed to be extended over all possible values of the 
variables 7, 8, 7. Thus for r the limits will be 0 to ©, for 7, — 7/2 to 7/2, 
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and for 8, — a to +. More generally if we have a set of eigenfunctions 
®,p = Pp(q, G2 °-+ Gs), these are said to form an orthogonal system if they satisfy 
the condition that 


Sh,°Pndv=0 (nX m), (48) 


where dv = dq, dq2 +--+ dqy and the integral is taken between definite limits 
in which the functions are continuous, single-valued and finite. 

Since the product of any eigenfunction and an arbitrary constant is also a 
solution of the differential equation, it is convenient to normalize the eigen- 
functions. By definition a function ®, is said to be normalized if it satisfies 
the condition 

S Poni > dv = 1 
or 
SP, * Padv = 1(n = m) (49) 


where the integration limits are the same as in equation (48). It is always 
possible to determine a factor which when multiplied by ®,, leads to a normal- 
ized eigenfunction. We shall find that in the solution of Schroedinger’s 
equation the normalized eigenfunctions are of special significance. 

It is the orthogonal property of eigenfunctions which makes it possible to 
express any given function of the variables in terms of a series of eigenfunctions 
of any desired type. One of the relatively simplest types of an orthogonal 
system of eigenfunctions is found in the sine and cosine series used in expressing 
any arbitrary function in terms of a Fourier series. 

Given the problem of developing a function of x in the form of the series, 
f(z) = Ao + Ai cos & + Az cos 22 + +++ An cos nz +>: 


+ B, sin « + Bz sin 2c +--+ + Basinnz +--+ (50) 


for the region 0S « < 2m the procedure used to determine A, consists in 
multiplying all the terms on the right-hand side, as well as f(x), by cos nx and 
integrating from 0 to 27. Since 


27 20 
it COS MX + COS NX i { sin nx + cos nx dx 
9 0 


2a 
= iL sin mx + sin nx dx 
0 


=) fOluiiasaty 


2a Qr 
ir cos? nx dx = i sin? nz dx = m, 
0 0 


it is evident that all the terms on the right-hand side of (50) vanish with the 
exception of that involving A». Hence 


1 2 
*f f(x) - cos nv da = Ay. 
T 9 


whereas, 
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Similarly 
1 2a ‘ 
a f(x) sin nx dz = By. 
T JO 


It follows that 1/ V7 is a normalizing factor for sin nx and cos nz. 

In a similar manner f(x) can be expressed as a sum of any other type of 
orthogonal functions for the range a <a <b, where a and 6b are definite 
limits fixed by the nature of the eigenfunctions. 

Another illustration of orthogonal functions is found in the polynomials of 
Legendre, which are used in spherical harmonics. The polynomials of zero 
order and nth degree are defined by the relation 


Lo ao Goce (py — ID) “ n(n — 1) rs 

n(n — 1)(n — 2) (n — 8) — 
Bes Vir |G oS Wp) RSIIE cy open 
phe bedi h PW ih bats 504A 
a Efe where n= 0, 1, 2, etc. (50A) 


The first five members of the series are 


Po(x) a ile 
EX Gp) hae 
3 1 
a, 
P2(a) 9% 3? 
5 3 
P pee (ee, ee 
3(X) 5m 9% 
35 15 
Pi(z) = at — at + 


3 
8 
It can be shown that for the range —-1 Sax = +1, 


1 
| P,@)Pelt) “de =0 (nA n) 
-—1 


1 
(2) jen ax 
—1 


Therefore the normalized functions are of the form 


2n + 1 
oa Nero Vey (50b) 


Normalized orthogonal functions, such as the two illustrations given above, 
are of extreme importance in the solution of Schroedinger’s equations. Other 


and 
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illustrations of such functions will be found in the treatise by Courant and 
Hilbert,! to which Schroedinger himself has referred frequently in his pub- 
lications. 

Schroedinger’s Theory of Linear Oscillator: For the case of the linear 
harmonic oscillator, it has been shown in Part IV that the total energy is 
given by the relation, expressed in Hamilton’s form, 


Lobe a 


where the second term on the right-hand side corresponds to the potential 
energy. 
The frequency of oscillation is given by 


il PY 
a 2r Ym ; 
Hence 
E-V=E-—k¢? 
= H — 27?v?m¢@. 


Therefore Schroedinger’s equation assumes the particular form 


2b 812m 
aaa iz (E — 27°v,2mq)@ = 0. (51) 
Let 
8r2mH 
a = 

h2 
ah Army 9 Ce 

eat 


Furthermore, we shall introduce the new variable 


L= qvb, or x? = qb. 
Then 
a 8 
Og (Oa? 


Therefore equation (51) becomes 
Od 
b—— + (a — B)b = 0. 
Ox? 
Dividing through by 6 and substituting for q, we have the differential equation 


2 
t+ (f-#)e=o, (53) 


1R. Courant and D. Hilbert, Methoden der Mathematischen Physik, Vol. I, Julius Springer, 
Berlin (1924). 
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Now it is required to obtain solutions of this equation which shall be finite 


and continuous for all values of g (or x) ranging from — © to +. In 
order to fulfill these conditions it is necessary that 
@/D = 2ingd= A ooo =O Ly 2 sien 100) ) eae (54) 


These are therefore the eigenwerte of equation (53), and it is found that 
the corresponding eigenfunktions are given by the orthogonal system of 


functions é 
®,(z) = eH, (x), (55) 


where H,,(x) is known as the “ nth Hermitian polynomial ” and is defined by 
the series, 


n(n — 1)(2x)"2 — n(n — 1)(n — 2)(n — 8) 


: m4 1... 
i 1-2 (22) -f- : 


H,(x) = (2x)” — 


The first five members of this series are as follows: 
H(z) = 1, 
Ay(2) == 22, 
H.(x) = 42? — 2, 
H3(a) = 82° — 122, 
H,4(x) = 1624 — 482? + 12. 


The normalizing factor is r~"/42-"/?(n!)—"?, so that 


1 foo) 
sal. P (£2) Pm (x) 


1 (n = m). 


= 0 (n # m) 


It can readily be shown by direct differentiation that the functions ®, (x) 
satisfy equation (53). 
Substituting for a/b in equation (54) from (52) it is found that the eigen- 
werte are given by 
En = hv(n + 3). (56) 


Thus, while the energy levels are spaced just as they were in the older 
quantum theory solution, the energy of the oscillator is found to be not an 
integral multiple of hyo, but an odd multiple of hyo/2. From (56) it also 
follows that 

Vii vo(n =f =) 
where n = 0, 1, 2, 3, ete. 

This result gives a logical explanation for the empirical deduction arrived 
at by observations on band spectra that the quantum numbers for vibrational 
energy levels must be represented by odd multiples of 3,—a procedure for which 
no reasonable defense could be adduced on the basis of classical dynamics. 

Furthermore, it follows from equation (56) that the energy of a linear 
oscillator does not vanish at the absolute zero, but becomes equal to hvo/2. 
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This conclusion thus settles an old problem in classical theory regarding the 
existence of a so-called “ Nullpunktsenergie,”’—a hypothesis which Nernst 
and others postulated in connection with the theory of specific heats. 

The first five normalized eigenfunktions are represented in Fig. 55. For 
values of « numerically greater than 3, these functions gradually approach 
the z-axis. 

From (52) it is observed that in terms of g, the displacement 


x= 27q Vmvo/h. 


As Darrow has remarked: 1 “ These curves may be regarded, if the reader 
so chooses, as the stationary wave-patterns of ‘loops’ and ‘ nodes,’ exhibited 


Via. 55. Normalized eigenfunctions for lower energy states of linear oscillator 


by five resonating strings along which the wave-speed varies according to the 
five laws obtained by assigning the first five values given by (56) to the constant 
E in the equation, 

E 


a (57) 
V2m(E — 27r’mr?@) 


‘“‘ The various stationary states of a linear oscillator are therefore imagined 
not as the fundamental and the overtones of the same string, but as the fun- 
damental and (exclusive) nodes of vibration of distinct strings. It is important 
to realize this. Schroedinger’s way of thinking provides not a single atom- 
model for each sort of atom, but as many distinct models as there are 


stationary states.” 
In classical mechanics, the maximum amplitude of oscillation is given by 


EH 
= 4/—— 58 
ae Qr2my 2’ (68s) 


as is also seen from equation (51). For this value of g, V = # and hence it is 


1 Introduction to Wave Mechanics, Bell System Tech. J., 6, 653 (1927). 
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impossible for g to exceed go. In terms of x, the maximum amplitude 


2E 
AT \ pean 
and since H = (2n + 1)hv0/2, 


go = V2n + 1. (586) 
The motion of the oscillating particle is given by the relation 
2 = V2n +1- sin (Qrat). (59) 


From this it is possible to calculate the probability P dz that the particle 
will be found between x and « + dz. It is evident that P dz will be pro- 
portional to the element of time, dt, which is required to pass from x to x + dz. 
Therefore 

Pdx= Adt 


where the constant A must be determined by the additional condition that 


[-Pae= ‘i (60) 


—2o 
From equation (59) it follows that 


V2n +1: QTV, - cos (27 rnt)dt 
Qnv,(V2n + 1 — 22)dt. 


dx 


Hence 


— A dz 
ii aie paren Dah aaeaae 
Introducing equation (60) 


A pil A dz 
Vani Qnv,V2n +1 —22 1, 


Aga: 


it is found that 


Hence 
dz 


P SS SS) 
ae aV2n +1 — 22? 


(61) 
which shows that P increases from 1/(ry¥2n + 1) for x= 0 to © for x = 2 
= In +1. 

Schroedinger’s solution, as given by equation (55) leads to finite values of 
the function ®, for values of |x| >|o|, even though the value of u, the phase 
velocity, becomes imaginary for this case, as can be seen by inspection of 
€quation (57). The question therefore arises regarding the probability of 


. * Tire following remarks constitute an amplification of the discussion given by Condon and 
orse, p. &1, 
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occurrence of the particle in the regions |a|>|2!, as calculated on the basis 
of wave-mechanics. That is, we seek for a physical interpretation of the 
function ®,, which from its mode of derivation, we have designated as the 
‘amplitude of a wave-motion.” 

As has been mentioned previously, it is most convenient to interpret the 
square of the normalized eigenfunction, ®,2dx as the probability that the particle 
will occur between x and « + dx. Hence the normalizing condition 


+00 
I Cb, 2dxe = 1, 


where c is the normalizing factor, means that the eigenfunction is defined to 
give the total probability for the occurrence of the particle at any point in 
1 1 
—__- —— .. 2 
AG Seale a 
where ©,” is given by equation (55), against x, a series of curves are obtained 
such as those shown in Fig. 56.1. The 
curves A give the results for the first five 
values of n, while B gives the classical ex- 
pression derived in equation (61). As n 
increases, the correspondence between the 
two probability expressions becomes in- 
creasingly better and it may be shown that 
for n very large the wave-mechanics plot 
approaches B very closely. Fic. 56. Probability function for 
As is evident from these curves, ®,? has oscillator according to classical theory 
a finite value even in the region |x| > [9]. ae 4) gad a acene to quantum 
For the first eigenfunction, ®o(z) = e-™ 2 appehab ice fourye 2) 
corresponding to n = 0, the probability for the occurrence of the particle in 
the region beyond || is given by 


the region — © to © as unity. Plotting the values of 


2 i e-* 2d = 0.157. 
Zz 


That is, there is a 15.7 per cent. chance that the particle will actually occur in 
a region which is forbidden by classical mechanics. This conclusion is obviously 
completely at variance with any deductions from ordinary dynamical consider- 
ations, since it signifies that the particle has a measurable probability of occur- 
ring inaregion in which V, the potential energy, 1s greater than the total energy, 
E. Itis, however, just this kind of reasoning which has been found to lead to 
an interpretation of certain phenomena, such as those of radioactive disinte- 
gration and emission of electrons under the influence of strong fields, which 
could not be understood from the point of view of the older concepts.? 


1Condon and Morse, Fig. 5, p. 51. 
2 See discussion in subsequent section. 
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As has been stated previously, the sum of a number of eigenfunctions is 
also a solution of equation (51). Schroedinger has shown? that, by forming 
an aggregate of eigenfunctions 
for the linear oscillator problem, 
sr tx in the neighborhood of large 
values of n, a curve is obtained 
such as that represented in Fig. 
57. It consists of a relatively 
narrow ‘‘ wave packet ”’ in which 
the amplitude fluctuates between large values, whereas at any instant it is 
practically zero for all values of x outside the region occupied by the packet. 
The whole group behaves like a linear oscillator in classical dynamics for which 
the frequency is . 

While the number and breadth of the waves which form the group vary 
with time, being most numerous and narrowest for « = 0 and completely 
smoothed out at the points of maximum displacement, the width of the packet 
remains constant, the shape being that of a Gauss error curve. Thus, for large 
values of n, the result obtained by the methods of wave-mechanics for the 
linear harmonic oscillator merges into that derived on the basis of Newtonian 
dynamics. Heisenberg has, however, pointed out? that this conclusion is only 
accidently true for the linear oscillator because the frequencies vo(n + 4%) are 
separated at equal intervals as in ordinary dynamics. For the hydrogen atom 
where the spectral terms are represented by Rch/n?, the wave-packet behaves 
quite differently. 

The Rotator: Jn Part IV this system was treated by the methods of classical 
dynamics. For a diatomic molecule rotating about an axis perpendicular to 
the axis of the dipole, the potential energy is zero, and if J denote the moment 
of inertia about the axis of rotation 


Gigs OS 978 


Fic. 57. Ejigenfunctions for linear oscillator for 
large quantum numbers 


E= T = 31(d6/dty = p*/(21), 


where @ is the angle of rotation. 
Hence J takes the place of m in Schroedinger’s equation, and the latter 
assumes, In this case, the form 


ed 87? HT 
392 + He © = 0. (62) 


The solution is given by 


® = const. sin le ae : a) ; 


Since ® has the same value for 0, 0 + 27, 6 + 47, etc., it is evident that 
the coefficient of @ in this equation must be a whole number, n. 


1 Naturwiss., 14, 664 (1926). 
2Z. Physik, 43, 172 (1927). 
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That is 
nh 
SrT’ 


which is in complete agreement with the result derived by the classical method. 
This should therefore give the rotational energy levels in band spectra. 

““ However,” Schroedinger remarks,! “‘ no significance is to be attached to 
this result when applied to band spectra. For we find that our theory gives 
quite a different result for the rotator with free axis. And that is generally 
valid. In the application of wave-mechanics it is not permitted, in order to 
simplify the calculation, to limit the freedom of motion of the system to a 
greater extent than it actually is limited, even when it is known from the in- 
tegrals of the dynamical equations that the system makes no use of definite 
degrees of freedom in the individual motion. For micromechanics, the system 
of equations used as a basis for the calculation in classical mechanics are no 
longer admissible. The individual orbits, of which classical dynamics speaks, 
no longer have any existence in wave-mechanics. A wave propagation fills the 
whole of the phase space, and that for such a wave-motion the number of di- 
mensions in which it occurs is of extreme importance, is well known.” 

The Rigid Rotator with Free Axis: Let us consider atoms, of masses m1 
and ms, revolving about their center of gravity 0, at constant distances r; and 
r2 from 0. The direction in space of the line joining them is given by the 
polar angles, 9and 7. Again, the potential energy is zero, and hence 


E= T = 43m (r°@2 +r? sin? 6+ 72) + dmo(r26? + r2 sin? 6 + 7?) 
= 17(@ + sin? 6+ 7), 


where J is the moment of inertia of the system about a line through 0 perpen< 
dicular to the line joining the atomic centers. 

The Schroedinger equation must contain, therefore, the Laplacian expression 
A® in terms of spherical codrdinates, as in equation (46). Since in this par- 
ticular case, 7 is constant, and I/r® takes the place of m, the resulting partial 
differential equation is of the form, 


iS ed) O® 1 oe 
ar l Al ae : = *> = 0 63 
5 F(a )+ Ste ‘ 62) 
where a? = 87° EI/h?. 

This type of equation is one which is well known in mathematical physics, 
and is discussed in various mathematical treatises under the heading of 
“‘ Spherical Harmonics.” ? In order to illustrate the remarks made in a 
previous section on the method used in solving such equations, and since the 
reader may not be familiar with this topic, it has been considered advisable 
to discuss the solution of equation (63) in some detail. 

1 Ann. Physik, 79, 489 (1926). 


2The reader will find this subject treated very comprehensively in W. E. Byerly’s 
“ Fourier’s Series and Spherical Harmonics,” also in MacRobert’s ‘‘ Spherical Harmonics.’* 
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As a first step in this process we assume a solution of the form 
© = X(0)Z(n). 
Substituting in (63) and multiplying by sin? @/(XZ) the result obtained is 


of the form 


1S! gt ONE ox Ve eee abe 
x sm 0 sin 90 + a sin tf Fa 


Since the first two terms are independent of 7, while the last is independent 
of 0, the equation can be separated into two ordinary differential equations, 
by introducing an arbitrary constant m?, and there are obtained the equations, 


PZ 


as Mi 
on? + mvZ= 0 (64) 
in 0 ate 60 *) 2 sin? 0 2)\X = 0 
sin 9 3 \ sin 0 + (a? sin? 6 — m?2)X = 0. (65a) 
The latter can be written in the form, 
1 oO an ox ( A m ie, 
aig o0 Nb Oey meno eee oy) 


Finite and single valued solutions for X(@) can be obtained from this only 
by putting 
a? = 1 + 1) (C2 Os Ay B0'g0)), 


That is, 
8r? HI 
ree i+ 1), 
and 
(lL + 1)h2 
E,= Taree (66a) 


Thus the energy can have only those discrete values given by equation 
(66a). These are therefore, the evgenwerte for the problem. This result is in 
good agreement with experiment, whereas the values obtained by treating the 
rotator as possessing only one degree of freedom are not correct. Equation 
(66a) may be written in the form 


Us me dll eters (660) 


2 
E,.= 
1 Sxl ; 
which shows the reason for the apparently better success of half quantum 
numbers in the older theory of rotational levels in band spectra. 


Turning now to equation (64) it will be recognized that this is of the same 
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form as equation (18a) and that the solution is 


Ze (m= 0, 1,2 ---). 


imn 


The normalized function evidently is——e 
V0 

If in equation (65b) we put m = 0, the solution is X; = P; (cos 0) where 
the right-hand side denotes Legendre’s polynomial in pu = cos @ of the zero-th 
order and Ith degree. 

The solutions of equation (65b) obtained by putting m = 1, 2, etc., are 
known as associated Legendre polynomials of the mth order and /th degree, and 
are defined by the relation 


d™ 
Pim(0) = sin™ 6 - dqnlP)] 


= (VI — w)™- Piru). (67) 


Hence Pi,(@) vanishes unless m =1. Furthermore, since two different Z 
functions are associated with each value of m except m = 0, it follows that 
there are 2/ + 1 different factors involving 7 associated with a given value of l. 

The first ten Legendre polynomials of the type represented by equation 
(67) are as follows: ! 


Pou) = 1 

Py (u) = p Pi) = 1 

P2°(u) = 3(8u? — 1) | Pu) = 3 P?(u) = 3 
P39(u) = $(5u® — 8u)| Pst(u) = 3(5 — 1)/ PP(u) = 15p 


P§(u) = 15 


The functions Pyrm(9) form an orthogonal system since 


rf sin?” @ + P/”(cos 0) Px”(cos 0)d(cos 8) 
0 


= 0 (l ~ k) 
2 d+ m)! 7 
Oleh ant Sas Be) 


Thus the complete solution of equation (63), in the normalized form ? is 


= = ttmn (21 + 1) — m)! 
2m ; 21 + m)! 


Dim sin” 6 - Pi (cos @). (68) 


Quantum Numbers in Wave Mechanics: It will be observed that in the 
solution of Schroedinger’s equations the quantum numbers such as / in equation 
(66a) appear naturally as a consequence of the mathematical form of the differential 

1 Plots of these polynomials as functions of # are given by Condon and Morse, p. 55. 

2 For further details the reader may also consult A. Sommerfeld’s Erginzungsband, p. 10, 
et seq. The use of m as an integer should be noted. 
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equation. In fact there is no need for any quantum condition such as that of 
Wilson-Sommerfeld for the phase integral in the classical quantum theory. 
The constant h was introduced by de Broglie’s relation, but the conclusion 
that the energy must be quantized arises in each case because of the fact that 
it is only for certain eigenwerte that the problem can be solved to give an 
answer which has a physical significance. 

Thus the Schroedinger method eliminates a hypothesis which seemed quite 
artificial in the older theory and which, moreover, did not always lead to results 
in agreement with observation. This result must be regarded, therefore, as 
one of the most important achievements of the new mechanics. 

The Hydrogen Atom: As mentioned in the previous case, it is not permissible 
in wave-mechanics to neglect degrees of freedom in the same manner as in 
classical dynamics. Thus, in the latter, the problem of the hydrogen atom 
may be dealt with (1) as a circular orbit, and therefore a system of one degree 
of freedom, (2) a precessing elliptic orbit, and therefore to be described by two 
coordinates, and (3) as a system of three degrees of freedom and requiring three 
coordinates which are ordinarily of the spherical type. 

For each coérdinate a different quantum number is required in classical 
theory, in accordance with the Wilson-Sommerfeld condition for the phase 
integrals, but the solutions by the three different modes of treatment are not 
in contradiction. On the other hand, as illustrated in the case of the rotator, 
the solution given by the methods of wave-mechanics is not necessarily correct 
unless all possible degrees of freedom have been taken into account. It is 
therefore to be expected that in the case of the hydrogen atom the corresponding 
Schroedinger equation will be one which involves three codrdinates. The form 
of the potential energy function, V = — Ze?/r implies the use of spherical 
coérdinates and these will be designated, as in the previous problem, by r, 0 
and 7. 

It is, however, of interest to determine the nature of the solution given by 
Schroedinger’s theory, if we consider the hydrogen atom as a system of one or 
two degrees of freedom only. (I) As a system of one degree of freedom, the 
electronic orbit is regarded as circular, with definite radius, r, and variable 
co-latitude angle, 7. The Schroedinger equation is in the form 


1 Pb — 8x%mo CL, 
sag tat gas eat pa) Sen. (69) 


The solution is therefore given by 
@=cosnn or ®=sinny or P= e™ (70) 


where m must be a whole number since ® has the same value for 7, 7 + 27, 
n + 4m, etc., and furthermore n must satisfy the condition 


—n 81m eZ 
BY Tna MTA (atc ney © 8 (71) 


1See especially Sommerfeld’s Erginzungsband, p. 80, etc. 
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In order to eliminate r, we make use of the proposition, demonstrated in 
Part IV for a circular orbit, that the mean potential energ gy is equal to double 
the total energy. Hence 

— 2 — &Z 
-= 2h = 
r 4 4 QE? 
and from (71) it follows that 


4E?n? = =82?mH 


eZ a n2h2 + 0, 
that is 
Q7r?meZ? 
E=— eae (72) 


This is the same result as was deduced by classical-dynamics and in this 
case 7 can assume all integral values from 1 to ~. 
(II) Let us now consider the problem in polar coédrdinates r and y. The 
Schroedinger equation as derived from equation (45) is of the form 
db 1db 10h ( z) 
——+-—}-—~1@ b = 0, 


or? a Fry: Yow Ho 


(73) 


where a? = 82?mo/h?. 
As in the example of the rotator with free axis, we try a solution of the form 


& = Rr): 
where 7 = 0, 1, 2--- and the exponential form is suggested by the fact oa 


in the classical ee of the problem 7 is a cyclic coérdinate. 

Introducing this substitution into (73) and dividing through by e*", we 
obtain a differential equation of the ordinary type, in the radius vector, r 
(radial equation). 


2 1 d Yh 2 72 
PR TR la( a4) Fhe =o. 
dr r dr r 72 


A solution of this equation is required for which the function R remains 
finite and continuous from r = 0 to r= ©. It was shown by Schroedinger 
that this condition can be fulfilled only if the eigenwerte are given by the 
relation 

27? mee*Z? 

(nm, +9 +B? 
where n, is a radial quantum number. 

That is, the energy values for the different stationary states are functions 
of half quantum numbers, which is in contradiction with spectroscopic ob- 
servations. Thus the wave-mechanics solution leads to a wrong result, and 
the reason for this result is that one degree of freedom has been neglected. 


E=- 
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While this solution, as well as that of equation (66) has been derived on the 
assumption that ZH < 0 (which is always true for elliptic orbits), the Schroe- 
dinger theory leads to a very interesting conclusion if we assume EH > 0, that 
is hyperbolic orbits in classical mechanics. In this case, it may be shown that 
solutions are possible for all positive values of H. There are no eigenwerte, 
and £ is therefore indeterminate. This means that there must exist a con- 
tinuous spectrum for the hydrogen atom, which extends from the limit of the 
' line spectrum to shorter wave-lengths, and which corresponds to the capture 
of an electron by a proton. The older quantum theory was able to account 
for this continuous spectrum observed at the limit of the line spectrum only by 
introducing plausible assumptions. Schroedinger’s theory accounts for these 
observations as a logical consequence from the form of the wave-equation. 

In order to obtain correct results by the Schroedinger method, it is therefore 
necessary, as mentioned already, to consider the problem as one involving the 
three codrdinates, r, 9 and y. (III) Starting with the fundamental equation 4 


2 
asta (4+%*)o~o, (74) 


where A® is expressed by equation (46), we assume a product form of solution, 
as in the previous examples, and write 


&= Rr) - UG, n) 


as a first step. There thus result two differential equations, one in r and the 
other in 6 and 7, which are as follows: 


We : 0U OZ) 
saa oe (sine ) tty Ge + OU = (75) 
and 
1 i08/ ant genet elf avai 
Par\” ar J Hae ch r joey Ago) 


where C is an arbitrary parameter. 
Equation (75) is solved in the same manner as equation (63) for the rigid 
rotator with free axis, and the solution introduces the two quantum numbers 


il+i1)=C (l= 0, 1,2 +=), 


and m Sl, while U is expressed as the product of two functions of the form 
X (8) + Z(n). 

The eigenfunctions X(#) and Z(n) are those given in equation (68). Thus 
corresponding to any given value of / there are 2/ + 1 linearly independent 
functions of n. ‘“‘ The result,” as Condon and Morse point out, “is that every 
centrally symmetric problem is degenerate, the order of degeneracy being 

1 The letter N is used to designate the net nuclear charge, instead of Z as used in the 
previous equations, in order to avoid confusing it with the function Zm(n) introduced in 


the discussion. Similarly the integer m used in that connection is not to be confused with the 
mass of the electron which occurs in the expression a? = 8721m0/h?. 
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21 + 1 in the state characterized by the quantum number J. This result is in 
agreement with the result of classical theory: this is the degeneracy of random 
space orientation in a centrally symmetric field, and gives the multiplicity 
into which the terms are split when a non-symmetric perturbing field removes 
the degeneracy.” 

The solution of the radial equation (76) is more complicated.1. The normal- 
ized eigenfunction is of the form 


—1—1)! |” Pe 
Raa) = ' (a ee a D r | ml eae Lit, (@e), (77) 


2 


where 
a= ae ig 2 SS 
nay 4 An?moe? 


The polynomials bee 1 (x) are related to the Laguerre polynomials, which are 


defined thus: 


=),0-528.< 107 em. 


n 


ane 


loAG@) S&F 


(x"e~*), 


by the equation 
gait 


Lae (x) = dz 2141 Form | Pac )]. 


Equation (77) gives the normalized form of these eigenfunctions. The 
allowed values of n associated with any value of / are the integers satisfying 
the relation 

n2Il+1. 


The parameters, n, 1, and m correspond to the spectroscopic quantum 
numbers, so that n is the principal quantum number, / corresponds to k — 1 
of the Bohr theory and can therefore assume the values 0, 1, 2--- —1, 
while m is the magnetic quantum number with the values 0, + 1, + 2,+-- +1. 

The complete normalized wave-function of the hydrogen-like atom is 
therefore 


+) C= min -t- 1 la 
Drim(7, 9, 7) = ({) 5 2 (1+ m)!2n[(n +1)! 5 


: 2Nr \? aa 2Nr " 
e™ sin”@P,” (cos 0) (=) te Ley ( ax) #78) 
0 


Nao 


The energy values corresponding to the different states of the hydrogen- 
like atom as deduced from the wave-equation are the same as those derived 
by Bohr, that is 
27? moet N2 N22 

nh? i Qn2a9’ 

1 For details see Condon and Morse, p. 57, et seq., A. Sommerfeld, Ergainzungsband, p. 
70, et seq.; also E. Schroedinger, Ann. Physik, 79, 361 (1926); I. Waller, Z. Physik, 38, 365 
(1926). 


En, Danae aoa (79) 
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where do is the radius of the normal orbit, and n = 7 +/+ 1, the integer j 
corresponding to the “ inner”? quantum number of the Bohr theory. 

We shall now consider more fully the form of the eigenfunctions for the 
different stationary states of a hydrogen-like atom, of net nuclear charge N, 
as derived by L. Pauling.t 

The normal state (K or 18) is defined by the values n = 1, 1 = 0, m= 0. 
The corresponding normalized eigenfunction is 


Pino = Rio(r) BS X 00 (8) Zo(n) 
1S (NN ie ast 
mat 


It is therefore an exponential function of r, decreasing continuously from 
r = 0, to r = ©, and possesses spherical symmetry. 

For n = 2, there are three eigenfunctions, corresponding to 1 = 0, m = 0; 
l= 1, m= 0; and 1 = 1, m = 1, that is to the levels 2S (or L;), 2P: (or Lz) 
and 2P2 (or Ly) respectively. The values of Roo(r) and Roi(r) are as follows: 


aio 
2 (N\h 
Ru(r) = - aa(*) e-2l2 «x 
0 


The first is to be multiplied by Xo0(9) - Zo(n) which is equal to a constant. 
Hence P29 possesses perfect spherical symmetry. The second function has to 
be multiplied by Xi+ €*””. The modes of vibration consequently involve 
nodal planes and double cones. 

The eigenfunctions thus derived are as follows: 


1 N \3/2 Nr 
@ se oes (res Papeake —(N7/2ap) 
= re(z) (2-Z)s 
il N \3/2 
PDoi9 = il ) p> e N7!2a0) . cog 6 


ao 


1 N \3/2 
Po = =z(*) re Nrl2a0) sin Qf” 
0 


2 (N\? 
Rutt) = +3 (~ ) et. ( — 2), 


The values of the functions R,i(r) for n = 1 to n = 3 have been calculated 
by Pauling and are represented in the curves in Fig. 58.2. The corresponding 
spectral terms are indicated for each curve. As ordinates are plotted the 
values of the function 

= — nRnai(r) > N-/2 . 10-2, 


while the abscissae are given by & = 2Nr/(nap). 


1 Proc. Roy. Soc., 114, A, 181 (1927). See also the summary by the same author in 
Chem. Rev., 5, 173 (1928), and in “‘ Structure of Line Spectra,” by Pauling and Goudsmit, 
pp. 25-34. 

* See also Sommerfeld, loc. cit., fig. 6, p. 85. In this diagram X and Z denote R and N 
respectively. 
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As drawn in the figure, the ordinates for the L curves are twice, and those 
for the M curves, three times greater than the values derived from the normal- 
ized functions. 


M2 M22 n=3,l=/ 


Oe cee 8 OP 22 14s S16. 18°20 


§-—> 


Fic. 58. Eigenfunctions for lower energy states of hydrogen atom 


If we define the radial quantum number, n,, as in the Bohr theory by 


Nr =n—k 


=n-—(i+1), 


it is observed that for the curves shown in Fig. 58 the number of zero points 
(at which the curves cut the axis of s), between the limits s = 0 and s = « 
is exactly the same as the value of n,. 

“From this,” Sommerfeld points out ‘there results a simple wave- 
mechanical interpretation of the quantum numbers, which is valid not only 
for radial coérdinates and in the Kepler problem, but in all cases where the 
corresponding quantum number can be defined by the degree of the polynomial 
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function. Quantum numbers indicate the number of nodal points in the eigen- 
function which exist between the bounding values of the corresponding coordinate. 
The analogous case of the vibrating string can be cited, in which the order of a 
harmonic (first, second, etc.), is likewise measured by the number of nodal 
points which exist between the two fastened ends of the string.” 

These remarks emphasize the very important feature in Schroedinger’s 
theory that quantum numbers occur automatically because of certain boundary 
conditions which the solutions of the wave-equation must satisfy. In the next 
section it will also be shown that the selection principles follow in a similar 
manner from the mathematical forms of the eigenfunctions. This obviously 
represents a distinct improvement upon the semi-empirical methods by which 
both quantum numbers and selection principles were introduced in the older 
theory. 

Significance of Schroedinger’s Function: The Schroedinger differential 
equation as treated in the previous sections leads to an expression for ® as a 
function of the codrdinates (equations (26) and (40)) or w as a function of both 
coérdinates and ¢ (equations (37) and (42)). Hquation (42) is thus the most 
general form for expressing the wave-motion associated with any corpuscle or 
system of corpuscles in motion. It is the quantum-mechanical analogue of 
equations such as (22) for expressing wave-motion in ordinary mechanics. 

The general solution of equation (40c) or (42) is of the form 


n 
y ee, Lhe ae D cpbper Eel (80) 


where H;, is the kth eigenwert and #; is the corresponding eigenfunction of the 
n coordinates, while c, is a constant whose value is determined by the par- 
ticular boundary conditions. 

Each of the functions ¥;, evidently satisfies a differential equation of the 
form 


ALY] = Envn. (40c) 
In the case of three coérdinates (a, y, z), Yx is of the form 
27 Hyt Qr HE 
Vx = cxPxz(2, y, 2) | cos + 7 sin > | (81) 


=a+ib 


The conjugate of this expression, which is obviously also a solution of equa- 
tion (42), is of the form 


We =a 1b 
ber Qn Ext 2 
= €,P;(2, y, 2){ eos( Pee ) ~ isin( allt 
h h 
= 6,0; (x, y, zy (82) 


where the bar across the letter denotes the conjugate quantity. In those 
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cases in which ® is a real quantity, © is evidently identical with ®, and é, 
with c.; but in many of the problems of quantum mechanics, these quantities 
are complex, and therefore the conjugate must be introduced as in (82). 

The product (a + ib)(a — ib) = a + b? is a real quantity, the square root 
of which, Va? + 0, is a measure of a real amplitude. We therefore obtain 
from the series for y and y, the real quantity 


yy “e s CmCmPm Pm ae Cr CmBPme tl ted >) CmCkDmxPye or Gn Eve, (83) 


where > denotes the sum of all the terms corresponding to all possible values 
of k and m. 

The functions &; fulfill the condition for orthogonality stated in (48) and 
by proper choice of normalizing factor they can be made to satisfy condition 
(49). It is evident from (83) that Ww is a periodic function of t with a series 
of frequencies given by Vim = (Hy — Em)/h. These are the very frequencies 
demanded by spectroscopic observation for the spectral lines. Hence Wy is a 
quantity which might act as a source of electromagnetic vibrations, giving the 
frequencies postulated in the Bohr theory. 

Schroedinger was therefore led to assume that yw represents the variation 
with time of the electric charge density, p, that is 


ep = — ew. (84) 


If now we form the integral — ef'WWdV, where dV = dxdydz is the ele- 
ment of volume, and the integration is carried out over the whole of space, 
then it is found, in view of the fact that the ®’s are orthogonal functions, that 
the further assumption must be made, 


Dd can = 1, (85) 
n 


in order that the total charge may be the same as that of the unit electric 
charge. 

Actually the integration has to be carried out only over a very small region 
of volume, since as shown in the case of the linear oscillator and in that of the 
hydrogen atom, the eigenfunctions decrease exponentially with distance, and 
become practically equal to zero when the dimensions of the volume exceed a 
few Angstrom units. 

It will be observed that if we identify py iti p, then equation (83) 
expresses a condition in which the various frequencies are emitted as if the 
system were simultaneously in all the possible stationary states. In other words, 
YW denotes the varying charge density for a number of virtual oscillators co- 
existing and emitting simultaneously the different frequencies observed in the 
spectrum of the system. Thus, according to Schroedinger’s interpretation, 
transition between two states signifies the co-existence of the two states. 

1 See the very interesting discussion of this point by K. K. Darrow, Bell. Tel. J., 6, 653 
(1927). 
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If p represents a density of electrons, then 
M = efaqpdaV, 


represents the moment of this charge distribution with respect to a codrdinate 
q (where q denotes 2, y or 2). Now both the magnitude and state of polarization 
of the radiation emitted by an oscillator are determined, according to electro- 
dynamics, by the second derivative with respect to time, of M. It thus follows, 
as was pointed out by Schroedinger,! that from an investigation of the coef- 
ficients entering into the expansion for 


M = ef qvyav, (86) 


from equation (83) it should be possible to deduce laws for the intensity 
(including selection principles for quantum numbers) as well as for the state 
of polarization of the lines emitted as a result of transitions. 

As an illustration we shall consider the case of the linear oscillator, for which 
the eigenfunctions were derived in a previous section. 

In this case, since only one coérdinate is used, dV in (86) becomes dq. 
The moment due to the transition from state m to state n is given by 


Mim = € il WV nVmdq, 


I 


foo) 
€ i Gb Pern En Em « dq, 


«a 


= (271/h)(L,—E,)t 
— Ednm “ € n mt 


where 


dnm = ef qP?,P dq, (87) 
—« 

and ®,, ®,, are functions of g. It will be observed that in this case ® is a 
real function; hence the omission of any reference to conjugate functions. 
Furthermore, since the exponential term is a function of ¢ only, it is evident, 
that in order to determine the value of Mnm it is sufficient to consider the value 
of the amplitude qnm in (87). 

Now from the expression derived in the treatment of the linear oscillator 
problem for the form of ®,.and ©,, (see especially equation (55)), it may be 
shown by relatively simple calculation * that the integral on the right-hand side 
of equation (87) vanishes for all values of m and n except those for which n=m+1. 
Consequently the electric moment can have a finite value only for transitions 
which occur from state m to state m + 1, and we have therefore obtained a 
selection principle which states that, for a linear oscillator, the quantum number 
m, defining the energy, can change only by + 1. 

1A relatively simpler statement of the arguments on this subject is given by E. Schroe- 


dinger in ‘“‘ Vier Vorlesungen uber Wellenmechanik.”’ p. 20 (Julius Springer, 1928). 
2 Sommerfeld, Erginzungsband, pp. 57-60. 
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Similarly it can be shown that the amplitude of the radiation corresponding 
to transition m— m — 1, is given by 


iy hm 
sy ree 8r?mvo 


while oe 


dis fhm +1) 
epg 87? mMv 


The quantity qnm which expresses the amplitude of the radiation due to a 
transition from state n to state m is of special interest because it represents 
the matrix element in the particular kind of mathematics (matrix calculus) 
which was developed by Heisenberg, Jordan and Born in order to deal with 
atomic problems. Equation (87) thus furnishes the connecting link between 
the matrix calculus operations and those used in the wave-mechanics of 
Schroedinger. 

Returning now to the discussion of the more general relation (86), in which 
all the possible transitions are taken into account, it follows that by evaluating 
the integral for any particular system it is possible to determine the coefficients, 
in the expansion corresponding to any given combination ®,®,, of the eigen- 
functions, and hence the intensity and state of polarization of the corre- 
sponding radiation of frequency Yan = (Hn — Em)/h. If, in evaluating the 
x component of the electric moment 


M, = efxr&bdV, 


the coefficient corresponding to the product ©,®, is found to be zero, and the 
corresponding coefficient in M, is also zero, while it has a finite value in the 
expansion for M,, it follows that the radiation nm is linearly polarized, whereas 
if the coefficient vanishes also in the expansion for M,, it signifies that the radi- 
ation Yam must be completely absent. 

It is on the basis of considerations such as these that selection rules have 
been deduced for the quantum numbers / and m in the hydrogen atom. While 
the calculations are involved mathematically, they are all based fundamentally 
on the determination of the coefficients in the expansions for the different com- 
ponents of the electric moment. 

It is thus evident that in the new mechanics the selection principles follow 
as necessary consequences of the mathematical form of the expressions for 
M,, M, and M.,, and it is completely unnecessary to postulate any other 
assumptions. 

While the “‘ smeared-out ” electron hypothesis of Schroedinger leads to a 
satisfactory point of view for the linear oscillator, it is not so useful for systems 
of more than one degree of freedom. Following the suggestion of Born and 
Pauli,! the view held at present regards © or @ as a statistical probability. 


1Z. Physik, 37, 863, 38, 803 (1926), 40, 167, 811 (1929). 
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Hinstein had already suggested such an interpretation for radiation phenomena. 
‘“‘ There the electromagnetic field determines the relative probability that the 
quanta go to different places. In a set of interference fringes, the wave ampli- 
tude is strong at some places and weak at others. The quanta go to the 
different places with a relative probability that is given by the wave-measure 
of intensity, namely the square of the wave-amplitude.” + 

By analogy, in the case of corpuscular waves, Born “ supposed the square 
of Schroedinger’s function to give not the actual charge density arising from a 
smeared-out electron, but the probability of finding the corpuscular electron 
in the different parts of space.” 

Consequently ©,Pm or PnP» is a measure of the probability of a transition, 
or more accurately, the matrix element gn defined by equation (87), or the 
coefficient corresponding to Ym in the expansion of the integral in (86) deter- 
mines the intensity of the radiation emitted as the result of a transition. 
Thus, on this basis, the Schroedinger equation states the law which governs the 
probability of the occurrence of the different quantum states and of the transitions 
between them2 The further development of this idea leads to Heisenberg’s 
Principle of Indetermination, which is discussed in a subsequent section. 

Electron Distribution for Stationary States of the Hydrogen Atom: The 
application of this interpretation of ®* to the case of linear oscillator has 
already been mentioned. L. Pauling * and I. Waller * have also illustrated the 
application of this conception to the hydrogen atom. The following remarks 
are quoted from the paper by the former. 

“ Schroedinger has interpreted ®& as giving the weight or probability to 
be assigned to the corresponding microscopic state of the system; in the 
hydrogen-like atom &@ would then give the electron density as a function of r, 
6 and 7, the electron being considered as distributed through space in accord- 
ance with this expression (following Schroedinger), or as achieving this dis- 
tribution through a time average of its instantaneous positions. . . . Accepting 
these views, the fractional number of electrons in a spherical shell of unit 
thickness at the distance r from the nucleus is 


D = 49rd = rRzi(r). 


“An atom in the S state, with 1 = m = 0 has Xo02(0)Z.?(n) = 1/47, so 
that ®zoo is spherically symmetrical. Unsdld has further shown that the 
sum of the quantities ®& for the electrons of a completed sub-group (n and 1 
constant, m= 1, (J —1)---0--- —J) is not dependent on 6 and 7. Ac- 
cordingly the electron distribution in an atom in the S state or containing 
only completed sub groups is spherically symmetrical, and a function of r 
alone.” 


1K. U. Condon, Science, 68, 193 (1928). 

2 Note in this correction the remarks by D. §. Villars, Nature, 123, 240 (1929). 
3. Pauling, Proc. Roy. Soc., 114, 181 (1927). 

4J. Waller, Z. Physik, 38, 635 (1926). 
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Fig. 59 taken from the paper by Pauling shows the electron distribution 
for hydrogen-like (S) states. The curves give the values of D- N—- 10-8 
as a function of & = 2Nr/nap (see equation (77)). ‘‘ The limits indicated on 
the &axis correspond to the 
electron nucleus distances at 
aphelion and perihelion given 
by the old quantum theory 
with k? placed equal to 1(Z + 1).” 
The vertical lines shown in the 
figure correspond to the average 
values of r, and it will be ob- 
served that the positions of these 
vertical lines are close to the up- 
per limits of r as determined by 
classical theory. 

The difference in point of 
view between the old and new 
theories is thus brought out 
graphically. According to the 
old theory, the electron revolves 
in an orbit for which the aphe- 
lion positions are given by the 
upper values of r indicated in 0 
the diagrams. On the other 
hand, according to the new the- Fia. 59. Electron distribution for lower energy 
ory, the conception of a definite states of hydrogen atom 
orbit is replaced by that of a cer- 
tain region in the space surrounding the nucleus for which the probability of oc- 
currence of the electron is considerable, whereas this probability decreases rap- 
idly to zero for all points further out from the nucleus. For r = 0, this 
probability is zero, but as r increases, the probability passes through a 
number of maxima and minima as shown in the figure, the ordinates being so 
proportioned that the total area under any one curve is equal to unity, corre- 
sponding to the relation 


on) Oe Ot ea Gn 20 


S piv = f PPdv = 1. 


This interpretation of @ has the advantage that it eliminates completely 
all speculation regarding the physical reality of a wave motion associated with 
a corpuscle in motion. For, as mentioned already, ® may be a function of 
more than three codrdinates, as, for instance, in the case of the helium atom 
(discussed in a further section) where we are dealing with the motions of two 
electrons, and, therefore, require six codrdinates. Under these conditions &? 

1 For further discussion of the relations between the results obtained by the new theory 


and the values of r derived in the classical theory, see I. Waller, Z. Physik, 38, 635 (1928), 
and Pauling and Goudsmit’s “‘Structure of Line Spectra,” pp. 31-34. 
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denotes the probability of the simultaneous occurrence of the two electrons in 
two specified positions, and since the probability of such an event is equal to 
the product of the individual probabilities, there follows another important 
advantage of Schroedinger’s method, viz., it permits us, theoretically, at least 
(i.e., apart from difficulties in the mathematical technique), to solve the problem 
of an atom containing two, or even more, electrons. 

In this manner the difficulty of the three-body problem in classical dynamics 
does not occur in the new mechanics. For in the latter we consider ® as 
determined by the total field of force which is due to the interaction of all the 
electrons and the nucleus, whereas in the ordinary mechanics we must take 
into account phase relations among the electrons. 

Matrix Calculus: The theory of wave mechanics thus leads to the conception 
that the motion of an electron in a hydrogen atom is governed by waves of probability. 
The wave front travels in a direction which depends at any point upon the 
field of force at that point, and Schroedinger’s function y, or more precisely 
Vv or y”, is a measure of the probability of locating the electron at any given 
point in space at a given instant of time. For a macroscopic system this 
probability becomes so great that it amounts to certainty, and under those 
circumstances ordinary mechanics yields a solution which is in quite satisfactory 
agreement with observation. In atomic problems, however, the conception 
of electronic orbits modelled along the lines of Keplerian orbits has been shown 
to lead to the wrong conclusions. As pointed out in the previous sections, 
Schroedinger has shown that by considering the motion of the wave front 
associated with corpuscles it is possible to obtain for problems in atom-me- 
chanics solutions which are in agreement with experimental observations. 

We shall now discuss rather briefly another method for solving problems in 
atom-mechanics, which was actually published a few months before Schroe- 
dinger’s theory, but which is much moxe difficult to interpret from any physical 
point of view. 

This theory, first suggested by Heisenberg and developed further by Born, 
Jordan, Pauli and others, is known as the matrix theory and its fundamental 
idea is that instead of attempting to describe atomic systems in terms of orbits 
of electrons, it is necessary to consider (as the basic concepts of a system of 
quantum mechanics) frequencies of radiation emitted, together with their 
intensities and states of polarization.1 The latter are experimentally observed 
data, while frequency of rotation of an electron, length of major axis, etc., are 
guesses which may be either right or wrong. 

We must therefore devise a system of mechanics in which it shall be possible 
to translate the Hamiltonian expression for the total energy in terms of the 
observations on spectral lines. In view of Schroedinger’s representation of 
corpuscular motion by a wave-motion of which the amplitude is a function of 
the time of the form ¢’°*~’”* the significance of the following remarks will 
probably be more readily understood, and it will become evident that the 


1See especially the lectures by M. Born, Problems of Atomic Dynamics, Mass. Inst. 
Tech. (1926), p. 69. The following remarks are based largely on this discussion. . 
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matrix theory represents another method of stating the same ideas as those postu- 
lated by Schroedinger. 

Let us consider once more the harmonic linear oscillator as a source of 
monochromatic radiation. The displacement of the charge from its mean 
position is represented by 

c= went ®. 
where v is the frequency, 6 the phase constant, and a) the maximum value of 
the absolute amplitude. The factor e°” may be incorporated in a» and de- 
noted by a. The displacement is then given by 


q= ae (88a) 


where a is a complex quantity. The intensity of the radiation emitted is 
determined by the square of the real amplitude and is therefore given by 


lal? = ad, 


where @ is the conjugate to a, and represents age~?"”. 


Now as has been pointed out in previous sections, the frequencies of radi- 
ation emitted by an atomic system cannot be represented by a Fourier series, 
but may be expressed according to Ritz’s combination principle as differences 
of pairs of terms of the series Wi/h; W2/h, +++ Win/h +++ where Wi, Wo°+* Win 
are energy levels. The frequency denoted by 


v(nm) = - (Ws sa aa) 3 (89) 


corresponds to the transition from the mth and the nth state. 
Now Heisenberg considers that equation (89) defines a virtual oscillator 
for which the displacement at any instant is given, in analogy with (88a), by 


g(nm) = a(nm)e™ornn"” (88b) 


He imagines the atomic system replaced by an “ orchestra ” of virtual harmonic 
oscillators of linear type, each of which emits one of the frequencies observed 
in the spectrum. The set of all possible oscillations is best expressed by 
arranging them in a square array of terms which extends to infinity in both 


directions: 
a(11) Ula) aleve t?) vw 
C= lettie > a(22) (ROB a ta a (90) 
Cate Goren L a(33) ‘ 


This array which we may represent in an abbreviated form by (880) takes 
the place of the Fourier series expansion for g(t) of the form 


0 

2rtprt 

G= 2L.Gx 4 
—o 


discussed in connection with the Correspondence Principle. The magnitude 
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a(nm) is a complex amplitude (like a, in the Fourier expansion) of which the 
absolute value is to be regarded as a measure of the probability of transition 
from state n to state m. Hence, in accordance with the equation, 


a(nm) = S (PnPmdq, (87) 


we obtain a relation between the quantity a(nm) used in Heisenberg’s theory 
and the eigenfunctions used in wave-mechanics. It is also evident that the 
intensity of the radiation emitted is given by | a(nm) |, Since we regard the 
transition in direction m— 7 as equally probable with that in the opposite 
direction n — m, the absolute value of a(nm) must be equal to that of a(mn) 
and we therefore conclude that 


a(mn) = G&(nm) 
a(mn) = a(nm). 


Since v(mn) = — v(nm) we must therefore also postulate 
q(mn) = q(nm). 


It is because v(nn) = 0 that the diagonal terms in the array in (90) do not 
contain an exponential factor. If now this array represents the codrdinate q 
of classical mechanics, it is evident that the derivatives dg/dt =q and 
d’q/dt? = q will be represented by arrays of which the representative elements 
are 

q(nm) = 2riv(nm) - q(nm) | 
—q(nm) = 41°? (nm)q(nm) 


We can form similar arrays for the canonically conjugated variable p and 
its derivatives p, jj, etc. Since the expression for the total energy in Hamilton’s 
form contains p? and also powers of q, it is necessary to formulate rules by 
which we can form such powers and products of p and q. In formulating these 
rules we must be guided by the experimental observation that according to 
the Ritz combination principle 


v(km) = v(kl) + v(lm), 

and that consequently in forming the product 
q(km)p(km) = atk) pm) (92) 

(qp) (km) = g(km)p(km) = BND) 

= Ya(kl)b(lm) 2 Hr? 
i 

no new frequencies must be introduced. This means that in forming the array 
of which any element is of the form given on the left-hand side of (92), we must 
multiply the element in the g-array which stands in the kth row and first column 


by the element in the p-array which stands in the first row and mth column, 
then the element in the g-array which stands in the kth row and second column 
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by the element in the p-array which stands in the second row and mth column, 
and so on, until we have multiplied every term in the kth row of the g-array 
by every term in the mth column of the p-array. The rule of multiplication 
is in fact quite similar to that used in the multiplication of determinants. 

This rule of the multiplication of elements in each array, such as (90), to 
form a new array, gives the clue toward the kind of mathematics to be used in 
the manipulation of such arrays or matrices. It was recognized that the 
matrix calculus, which had been developed many years previously by mathe- 
maticians, is just the type of mathematics adopted for dealing with groups of 
virtual oscillators in such a manner as to give results in agreement with the 
Ritz combination principle and, therefore, with equation (92). 

It follows from these considerations that the multiplication of matrices is a 
non-commutative operation, for obviously the result of the multiplication 


plkm)q(km) = x p(kl)q(im) 
= LF b(k1)a(lan) Bre? 
U 


is not the same as that obtained in (92). 

It also follows that the quantum conditions cannot be applied, as in ardaaee 
classical Bohr theory, in the form of the Wilson-Sommerfeld phase integral. 
Instead it is found that we must now introduce the so-called ‘‘ exchange re- 
lation” (‘ Vertauschungs-relation ”’ of Heisenberg) 


h 
(pq) nm — (GP) om = ani tt n=m 


= (for n ~ m, | (93) 
where 
(pq) nm = 21 p(nk)q(km) — q(nk)p(km)} 


and similarly for (qp) nm- 
That is, for canonically conjugated variables, 


a 


eal Ge 


while for variables which are not canonically conjugated and for variables of 
the same nature, e.g., g(nk)q(km), the multiplication is commutative. 

Relation (93) may be deduced by means of equation (87) from Schroedinger’s 
equation, and is, in fact, another method of stating equation (43) which was 
derived in a previous section. As Van Vleck remarks, the difference, h/ (277) 
enters into equation (43) ‘‘ as a measure of the irrationality of the theory or 
peculiar non-commutativeness of the algebra.” Born has shown?! that 
equation (93) becomes identical with the Wilson-Sommerfeld condition for the 
case of large quantum numbers. 


1 Atomic Dynamics, Lecture 11. 
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By expressing the canonical equations of Hamilton in terms of matrices 
and using equation (93) it is thus possible to derive relations for the energy 
levels of any particular atomic system, and it is found that the results obtained 
are in all cases identical with those derived by means of Schroedinger’s formu- 
lation. 

The methods of the matrix calculus and their applications to various prob- 
lems of atomic physics have been discussed very fully by Born,t Sommerfeld ? 
and others, while a more elementary treatment has been given by W. F. G 
Swann’ and A. Haas. The reader is therefore referred to these sources for 
further details on this topic. 

Heisenberg’s Principle of Uncertainty: From the ‘ exchange” relation, 
equation (93), Heisenberg was led to deduce a principle which has received a 
great deal of attention not only because of its significance in physical science, 
but also because of its philosophical implications. This generalization, which 
has been designated as the Principle of Indetermination or Principle of Uncer- 
tainty, postulates that in the case of atomic systems there exists a fundamental 
limitation governing the possibility of ever determining accurately both 
position and velocity of a corpuscle simultaneously. 

That this principle is a necessary consequence of the considerations dis- 
cussed already follows not only from the connection between Heisenberg’s 
matrix elements and Schroedinger’s functions, ¥2 or yy, but also from the 
physical interpretation of these functions as a probability. In order, however, 
to understand the significance of Heisenberg’s principle it is well to consider 
once more the distinction, which de Broglie first emphasized, between corpus- 
cular and undulatory conceptions of a particle in motion. 

In ordinary dynamics a particle of mass m, moving with velocity v, possesses 
a kinetic energy, 7 = mo? and momentum P = mv. The force acting on 
the particle is defined by the rate of change of momentum, and a complete 
solution of the problem is obtained when we are able to derive the position of a 
particle at any point in space and at any instant of time from a knowledge of the 
initial conditions and the forces acting on it. 

On the undulatory point of view, the actual orbit of the particle is replaced 
by a group of waves ranging in frequency from v to vy + Ap, for which the group 
velocity, v, is the same as that of the corpuscle, while the phase velocity, u 
is given by the equation 


(79 


? 


Lh E 


aes V2m(E — V) ; 


(296) 
Consequently the wave-length, \ = h/(mv) varies from point to point in space 
as the field of force varies and the wave is said to be “ refracted ”’ in the field 
of force. Now the energy of the particle must be located in the same region of 
1 Loc. cit., also M. Born and P. Jordan, “‘ Elementare Quantenmechanik,”’ Julius Springer, 
(1930). 
2 Erganzungsband, pp. 34-45, and other sections. 


3 J. Franklin Inst., 205, 323 (1928): J. Opt. Soc., 17, 163 (1928). 
4 Materiewellen and Quantenmechanik. 
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space as the crest of the group, since, as pointed out already, for a monochro- 
matic or plane wave-train extending from — © to + © itis impossible to locate 
the energy at any definite point in space between these limits. The exactness 
with which it is possible to define the position of the particles is therefore 
limited by the extension in space of the crest of the group of waves. The 
greater the range of frequencies which we use in order to form the group, 
the narrower the extension in space, and therefore the more sharply defined 
the position of the particle. But this means that in order to define the position 
accurately we must give up all idea of determining simultaneously with a 
similar degree of accuracy the velocity. For the velocity is connected with the 
wave-length by de Broglie’s relation, and since we have had to combine a 
range of frequencies, we can no longer consider that we know the velocity with 
any degree of exactness. The relation is evidently of a reciprocal nature: the 
more sharply we attempt to define the position of the corpuscle at any instant, 
the greater the range of wave-lengths that must be combined to form the group, 
and consequently the less exactly we can determine the velocity. 

We have thus arrived at the conclusion that on the basis of wave-mechanical 
concepts it is impossible to determine simultaneously momentum and position 
of a corpuscle with the same degree of exactitude, and that indeed, there must 
exist a definite limitation upon the accuracy of determination of such pairs of 
variables. 

From this point of view, it follows that when we speak of an energy level 
in a hydrogen atom and define the corresponding wave-motion by the frequency 
vy = E/h, we can no longer regard the electron as located at any instant of time 
at some given point in the orbit. Since we are dealing with a monochromatic 
wave, the electron has no preferred location on the orbit, and therefore it has the 
same probability of being found at any instant at any point in the orbit. It is 
in this sense that the conception of electronic orbit loses its significance in 
wave-mechanics. 

In this connection also it is well to emphasize that the new mechanics does 
not eliminate the Bohr model. In order to form the Schroedinger equation we 
first state the total energy in the Hamiltonian form and this very fact involves 
implicitly an atomic model, especially since the potential energy enters into the 
consideration and this is a function of the coérdinates of both nucleus and 
electrons. It is only when we operate upon this Hamiltonian expression with 
the complex operator h/(277) that we introduce a new method for solving the 
problem and from the analogy between the resulting expression and that derived 
in classical dynamics for a wave-motion we are led to designate the procedure 
as one of ‘‘ wave-mechanics.”’ 

The function ¥% or YW which, again by analogy with physical ideas of the 
undulatory theory, has the magnitude of an intensity, is now interpreted as the 
probability of locating the electron or corpuscle under consideration at any 
point in the n-dimensional space formed from the  codrdinates of position. 

On the basis of the considerations just discussed, it is now possible to 
present Heisenberg’s principle in a more formal manner, and for this purpose 
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we shall make use to a considerable extent of the remarks made on this topic 
by Van Vleck. 

After discussing relation (93) and pointing out, as mentioned previously, 
that A enters into this equation ‘‘as a measure of the irrationality of the 
theory,” he proceeds to state Heisenberg’s indeterminism principle as follows: 


“When dealing with amounts of action comparable with Planck’s h, one cannot assign 
accuraie numerical values simultaneously to a coérdinate and its corresponding momentum. 
Thus, within the atom, it is meaningless to talk of a simultaneous position and velocity of the 
electron. Itis, of course, possible to attach a meaning to a simultaneous position and velocity 
of alarge body, such as an automobile or even a dust particle, because in such cases we have an 
enormous number of quanta. Within the atom this is no longer the case. Hxperiments may 
be devised which will determine either x or p accurately, but not both x and p simultaneously. 
Instead if Az be the error in specifying the position x, and Ap that in specifying the momentum 
p, then the product AzAp of the two errors is always of the order of magnitude of Planck’s 
constant, so that 

AzvAp ~ h. (94) 


This is the so-called Heisenberg indeterminism principle, and, like the second law of thermo- 
dynamics, is very useful in predicting what experiments are possible, and what are inherently 
impossible. Thus high precision in position implies low precision in velocity, and vice versa, 
for the error Av is of the order h/mAz and therefore increases as we decrease Ax. We may 
illustrate this in a crude arithmetical way by considering the motion of an electron. If we 
specify that this electron is exactly at a given position, say the origin, at a given instant 

= 0, then the error Az is zero, and consequently the error Av is infinite; this means that the 
velocity is inherently undetermined and so can range anywhere from — © to + ©; s0 that 
at any subsequent instant of time, say one second, there is an overwhelming chance that the 
electron be an infinite distance away. Suppose, however, that instead of aiming to specify 
accurately the position of the electron at t = 0, we merely say that then it is somewhere 
between « = — + and x = +4; then Av = 1, and Ad is of the order h/m; now h = 6.55 
X 107, while for an electron m = 0.9 X 10727 hence the error Av in velocity is 6.55/0.9, 
or about 7 centimeters a second. One could then not give accurately a numerical velocity, 
say 300 cm./sec., but one could say that the velocity lay somewhere between about 2964 
and 303% em./sec., so that after 1 second the electron would be between about « = 296 and 
zx = 304. (This is only a very crude calculation; a more accurate study leads to a Gaussian 
error curve.) 

‘“* Another, and better illustration of the Heisenberg indeterminism principle is furnished 
by an attempt to measure simultaneously both the position and frequency of a packet or wave 
train of light energy. A prism will record a train of waves as being strictly monochromatic 
only if the train is infinitely long; the termination of the optical disturbance after a finite 
time interval will cause an interruption in periodicity and make the light in the prism appear 
diffuse. If the train contains n waves, it can be shown that the diffuseness in its spectrum 
will be of the order 1/n, or in other words the fractional error Av/y in determining the frequency 
is comparable with 1/n. If, following the light quant theory, we assign a packet or ‘‘ quant ”’ 
of light a momentum p = hy/c, then Ap is of the order hy/cn. On the other hand the length 
of the wave train is nA, where ) is the wave length and consequently the position of the 
light is indefinite to an extent Av = nd. As vy =c/X, the product AzAp of the two errors 
is of the order of Planck’s h. 

“Because of the ambiguity resulting from the Heisenberg indeterminism principle, the 
future of a dynamical system can never be predicted with certainty. Instead only the 
probability that an electron be in a given configuration can be determined, and the future is 
only statistically determined. This is in sharp contrast to the ‘ causality principle’ of class- 
ical dynamics, whereby the subsequent history of a dynamical system is determined if we 
know its initial codrdinates and velocities. The uncertainty as to subsequent motion in 
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quantum mechanics is, however, perhaps not due so much to failure of the ordinary cause 
and effect relation as to the inevitably indeterminate character of the initial conditions, as by 
the Heisenberg indeterminism principle one cannot give both the initial position and velocity 
accurately. Thus quantum mechanics ts essentially a means of calculating the probabilities of 
events. In a laboratory experiment one performs certain operations and observes certain 
consequences. The goal of a theory must ever be to explain ‘ what goes out’ in terms of 
“what is put in.’ At first thought it may appear as if the purely statistical correlation 
between cause and effect demanded by quantum mechanics is contradictory to the precision 
with which experiments can be performed. Experiments with large scale quantities, however, 
involve so many quanta that the Heisenberg indeterminism is obscured, and so there is only 
apparently a ‘sharp’ correlation. On the other hand, our ordinary atomic or molecular 
experiments are in most cases fundamentally statistical in character, as what is measured is 
not particular values of the dynamical variables, but rather average values of certain functions 
of these variables, or else distributions telling how they are scattered over a wide range of 
values. Such statistical quantities have a meaning in and can be calculated with quantum 
mechanics, and so there is no contradiction of Heisenberg’s principle.” 


To be specific, let us consider the classical concept of an electronic orbit. 
We have extrapolated this idea from an experience with Newtonian mechanics 
in calculating planetary motions. In the latter problem we obtain splendid 
agreement between observations and calculation because the positions of the 
planets in our gross seale of time and space are unaffected by the act of ob- 
serving. But is it possible to observe an orbit of an electron? The answer 
must be in the negative, because whatever experiment we devise to make such an 
observation will spoil the system. Yor it would be necessary to illuminate the 
particle, and to obtain a more precise determination of the instantaneous 
position we would use gamma rays. But in consequence of the Compton 
effect the electron would suffer a recoil in an indeterminate direction with a 
momentum which is determined by the change in frequency of the photon. 
Thus, by the very act of observation, all possibility has been removed of 
determining accurately the position of the electron at the instant of observation. 

As Bohr has remarked in a notable address on the same subject: ! 


“Our usual description of physical phenomena is based entirely on the idea that the 
phenomena concerned may be observed, without disturbing them appreciably. .. . Now 
the quantum postulate implies that any observation of atomic phenomena will involve an 
interaction with the agency of observation not to be neglected. . . . Just as the relativity 
theory has taught us that the convenience of distinguishing sharply between space and time 
rests solely on the smallness of the velocities ordinarily met with compared to the velocity 
of light, we learn from the quantum theory that the appropriateness of our usual causal 
space-time description depends entirely upon the small value of the quantum of action as 
compared to the actions involved in ordinary sense perceptions.” 


The principle of indetermination stated in equation (93) for a codrdinate 
and momentum may also be applied to the simultaneous determination of 
energy and time in the form 


At: AH = Az: Apwh. (95) 


Thus, given an absolutely monochromatic wave (for which therefore AH=0), 
then, as pointed out in the quotation from Van Vleck, the wave-train must be 


1 Nature, 121, 850 (1928). 
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infinitely long, and therefore the uncertainty in ¢ is infinitely great. The 
representation in wave-mechanics of a particle, moving with momentum m, 
by a wave-packet necessarily leads to an indetermination in the position of 
the particle if mv is known very accurately. ‘ For the use of wave-groups,” 
as Bohr states, ‘‘is necessarily accompanied by a lack of sharpness in the 
definition of period and wave-length, and hence also in the definition of the 
corresponding energy (#) and momentum (P) as given by the relation 


B/v = Pr=h. 


‘“‘ Rigorously speaking, a limited wave-field can be obtained only by a 
superposition of a manifold of elementary waves corresponding to all values 
of v. But the order of magnitude of the mean difference between these values 
for two elementary waves in the group is given in the most favorable case by 
the condition 

AtAy = Az: Ao = 1.” (96) 


From this, equation (95) follows directly. 

A more precise statement of this relation has been given by E. H. Ken- 
nard ! as follows: 

““Two canonically conjugate quantities, such as a coérdinate and the cor- 
related momentum, cannot simultaneously be assigned approximately exact 
physically observable values; if a, 8 are the measures of indetermination of the 
two quantities, then 


a8 = At- AE = Axr- Ap = h/2n.” (97) 


From this discussion it is perhaps evident to the reader why it is that the 
matrix calculus with its irrational variables and the wave-mechanics with its 
imaginary wave-packets both lead to the same conclusions. It is the existence 
of the principle of indetermination that really ties them together philosophic- 
ally, while equation (87) expresses this relation in a precise mathematical form. 
In this connection mention should be made once more of the symbolical oper- 
ator method for deriving Schroedinger’s equation. The factor h/(277) has 
in this case the same significance as when used in the matrix theory relation (91). 

Quantum Mechanics as a Statistical Theory: All this leads to the logical 
conclusion that any attempt to formulate precise mechanical analogs for atomic 
systems is foredoomed to failure. We must recognize that matter, like radi- 
ation, is dualistic in its behavior, and the new quantum theory frankly assumes 
this duality to be fundamental. As Condon has expressed it: 


“The radiation which functions as a wave disturbance of frequency v and wave number o 
when interference and diffraction phenomena are being discussed, also functions as a me- 
chanical corpuscle of definite energy, Z, and momentum, P, when effects like the photoelectric 
and Compton effects are considered. The connection between the quantities v, ¢, H and P 
given by experiment is contained in the equations 


E =h, P =heo. 
1 Phys. Rev., 31, 344 (1928). 
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“The association of wave and particle concepts which holds for radiation is also seen to 
hold for electrons in Davisson and Germer’s experiments, for, when the mechanical momentum 
is varied, the wave-number or wave-length effective for diffraction of the electron beam varies 
in just the manner given by the equation, P = ho.” 


It is this interplay of wave and corpuscular concepts which leads to the 
view of the new quantum theory as essentially a statistical theory. The ques- 
tion of what occurs in any individual instance is left unanswered. All that can 
be stated is that there exists a certain probability for the occurrence of the 
event. 

In statistical classical mechanics this point of view has been applied to 
solve many problems. An illustration of such application, which has been 
given by Van Vleck, is the scattering of alpha particles by thin foils as observed 
by Rutherford. The law of scattering was derived by assuming a certain law 
governing each scattering act and then taking statistical averages of the results. 
Thus, micro-coérdinates are introduced only to be eliminated from the final 
answer. 

In wave-mechanics, we avoid this introduction of codrdinates, which do not 
appear in the answer, as a useless hypothesis. As Born! describes the reason- 
ing: 

‘We regard the particles as acted upon by Coulomb forces, but the forces are not, as in 
classical physics, proportional to the acceleration. In fact they have no direct relation with 
the motion of the particles. Rather the wave-field comes in between. The forces determine 
the variation of a certain magnitude WY, which depends upon the positions of all the particles 
simultaneously (it is therefore a function in the ‘ configuration space’) and in this manner 
that W must satisfy a differential equation, of which the coefficients depend upon the forces. 

‘““The knowledge of the function w permits us to calculate the course of a physical phe- 
nomenon, as far as it is determined by quantum mechanical laws, that is, not in the sense of 
causal determinism, but in the sense of probability.” 


Thus, the principle of causality, which has been so thoroughly established 
in classical physics, may no longer be applied in the same sense when we deal 
with quantum phenomena. What is valid in that case is a statistical causality? 
It is for this reason, in spite of the discrete nature of quantum phenomena, that 
we can use a differential equation to represent the behavior of an atomic 
system in time and space. For the differential equation does not apply, as in 
ordinary mechanics, to the motion of an individual corpuscle, but to a probability 
function which governs the occurrence of certain quantum phenomena.’ 

This point of view is strikingly emphasized by the method used in the new 
mechanics for calculating the intensity of spectral lines. According to the 
relation stated in equation (87) the intensity of a spectral line is given by the 
matrix element gnm of which the magnitude depends upon the values of 
the functions ®,, and ®, for the initial and final states respectively involved 
in the transition. That is, the intensity of any line depends upon the probability 

1 Naturwiss., 15, 238 (1927). 

2P, Jordan, Naturwiss, 15, 105 (1927). 


3In this connection the reader will find an interesting discussion of the physical inter- 
pretation of the new mechanics in the remarks of A. Sommerfeld, Physik. Z., 30, 866 (1929). 
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of the coexistence of initial and final states. In this deduction there is evident 
the extent of the divergence from any classical notions of causality. For the 
most treasured feature of this principle is that the “‘end” state cannot have 
any effect on the phenomena which lead up to it. 

All this obviously follows as a logical consequence from the principle of 
indeterminism. Within the atom macro-mechanical concepts of time and 
space are no longer applicable. Is there anything beyond these probabilities? 
We cannot tell. After all an explanation in science is not an answer to “why,” 
but is merely a statement of “how” certain things behave. To search beyond 
the ‘‘how”’ is perhaps more properly metaphysics than physics. 

Helium Atom. Quantum Mechanical Equivalence: Of the many attempts 
made by a number of investigators to solve the problem of the helium atom by 
the methods of classical mechanics, none proved successful. The principal 
cause of the failure was recognized to be the fact that the relative phases of the 
two electrons were of an indeterminate nature. The interaction between the 
two electrons depends upon the distance between them, and this distance varies 
with the respective phase of the two electrons in their orbits. 

But, in the new quantum mechanics, the notion of instantaneous state, that 
is, definite phase at a given instant, disappears along with the conception of 
electronic orbit. It is indeed the most striking feature of the new method that 
it eliminates such considerations of individual occurrences and surveys, as it 
were, all the possible events as a problem of statistical probability, of which 
the eigenfunction is a measure. 

Accordingly it has been found possible by means of the new mechanics not 
only to solve the problem of the helium atom, but also to apply the same 
method to analogous cases such as that of the hydrogen molecule, and, further- 
more, F’. London and W. Heitler have shown that the conceptions thus obtained 
may be applied towards a quantitative theory of valency in general. The clue 
for the correct interpretation of the spectral observations in all these cases was 
first discovered by Heisenberg in his suggestion of the existence of a quantum 
mechanical resonance energy which results from the coupling action of the 
electrons and which is found to occur as a necessary mathematical consequence 
from the quantum mechanical formulation of the problem. 

As mentioned in Part III, the helium spectrum exhibits two sets of 
energy levels, one of the singlet type which is identified with parhelium, 
and the other of a triplet type (previously thought to be of a doublet nature) 
which belongs to orthohelium. The normal state of the atom occurs only as 
parhelium (1S), while the lowest state of orthohelium (2S) is metastable. 
Observation shows that orthohelium (triplet) levels have lower (more negative) 
energy values than levels of the same spectral type, S, P, D, etc.) in parhelium. 

Furthermore, only one intercombination line has been observed, and that 
a very weak one. It may be stated, therefore, that practically no inter- 
combination lines exist between the singlet and triplet systems. 

1 Note especially the paper by F. London on ‘‘ Quantum Theory and Chemical Combina- 


tion,” p. 59, Leipziger Vortraege, 1928, entitled ‘‘ Quantentheorie und Chemie,” edited by H. 
Falkenhagen. 
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We shall now proceed to outline the main features in the solution of the 
problem ot the helium atom by means of the Schroedinger method. For actual 
details and more complete explanation of the mathematical procedure, the 
reader is referred to the excellent treatment of this topic by Sommerfeld,! and 
in the treatise of E. U. Condon and P. M. Morse. Further references will 
also be found in the papers by L. Pauling? and A. Unsold.4 

We shall first of all write down the Schroedinger equation for a helium-like 
atom consisting of a nucleus of charge Ze and two electrons. It is of the form 

8r?m 


Te Oe 0, (98) 


ie ( o2 ny e2 e2 0? Oo? 
ud mtimtie)t(sot+otS) 


= Aid 4 Aod, 


A® + 


where 


21, etc., and 2%, ete., denote the codrdinates of electrons 1 and 2 respectively, 
while 


a ee (99) 


where 7; and 72 denote the distance of each electron from the nucleus, and 712 
is the inter-electronic distance. 

The operator A = A, + A, is thus a Laplacian operator in six codrdinates. 
It will be observed that the last term on the right-hand side of (99) gives the 
effect on the potential energy of the “coupling” force between the two 
electrons. Without this term, the Schroedinger equation would assume the 
same form as for two separate hydrogen-like atoms, each having a nucleus of 
charge Ze, and the energy would be equal to the sum of the energies of the 
atom, that is, 

E = 2WrZ? = — 2 X 13.54 Z? volts 


= — 108.4 volts, 


since Z = + 2, and 13.54 (= Wz) is the ionizing potential of hydrogen. 

For the correct determination of the energy of the normal state it is neces- 
sary to take into account the ‘“ perturbation energy ” ¢/ri2. 

On the basis of the perturbation theory of quantum mechanics as formulated 
by Schroedinger, the energy change, Wi, resulting from a perturbation function, 
f, is equal, as a first approximation, to the quantum mechanics average of f 
for the state under consideration, i.e., 


Wi = SfPdv (100) 


1 Erginzungsband, pp. 265-276, etc. 
2 Quantum Mechanics, Chapt. IV. 

3 Chem. Rev., 5, 173 (1928). 

4 Ann. Physik, 82, 355 (1927). 
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where dv = dx + dy + dz, and ® is the eigenfunction corresponding to the energy 
E for the given state. The similarity between this formulation and the 
classical method for calculating the effect of a perturbing function (see Part 
IV) is readily recognized. While in ordinary mechanics the mean value of the 
perturbing potential is evaluated for the unperturbed orbit, the Schroedinger 
method involves a similar averaging process for all the values which ©? can 
assume for the given state. 

Now if we neglect in the case of the He atom the interaction of the two 
electrons, each electron, as mentioned already, is in a hydrogen-like state, and 
the eigenfunction is the same as that deduced for the same quantum state in 
the hydrogen-like atom. For the normal state, in which the two electrons are 
each in orbits of quantum numbers, n = 1, 1 = 0, m = 0, the eigenfunction 
for the two electrons are ®io9(1) and ®io0(2) where (1) and (2) signify the first 
and second electron. The eigenfunction for the atom is therefore given by 
Pio0(1) + Pioo(2), the product of the two individual functions being taken for 
the reason that the square of the eigenfunction for the atom represents physic- 
ally the probability of the simultaneous occurrence of electrons (1) and (2) 
each in a specified state. 

We may now apply equation (100) to determine the perturbation energy 
due to electronic interaction. It is given by 


e 
n= SS — Pr00*(1) * Byoo?(2) + dvi: doa, (101) 
12 


where dv; = dxidyidz;; and similarly for dv2, while the integration is carried 
out over the whole space from 21= yi=2i= © to — ©. Actually, of 
course, the eigenfunctions decrease exponentially with increase in 7, as shown 
in the case of the hydrogen atom, and the integration therefore extends only 
over approximately the range of values of r whose upper limit is defined by the 
radius of the normal Bohr orbit of classical theory. 

The integral in equation (101) is found to have the value 


5 5 
Wi= 42Wu = 9 (18.54) volts. 


Hence, the energy of the helium atom should be 
E = — 108.4 + 33.9 = — 74.5 volts. 


Deducting from this the ionizing potential of Het which is 54.1 volts, we obtain 
for the ionizing potential of He the value 20.4, while the observed value is 
24.5. 

The discrepancy is due to the fact that equation (100), gives the so-called, 
first-order perturbation energy, while a more accurate result is obtained by 
taking into account higher order terms of the perturbation function. Such a 
calculation, carried out by G. W. Kellner ! leads to the value — 77.9 volts for 


1Z. Physik, 44, 91 (1927). 
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the energy of He, and consequently to the value 23.8 volts for the ionizing 
potential of the atom. The difference between this value and that observed 
is due to the fact that the calculation of the pertubration energy becomes more 
laborious for higher order terms in the perturbation energy and the convergency 
for successive orders is not very rapid. 

Still more recently Hylleraas! has attacked the same problem and obtained 
a value of the ionization potential which is only 0.002 volts higher than the 
spectroscopic value. While therefore the actual computation is difficult, 
these results show that there are no theoretical difficulties imposed in the new 
mechanics towards the accurate quantitative determination of the energy of 
atoms containing two or even more electrons in the valence shell. 

So far, we have discussed the normal state of the helium atom. In that 
case both electrons are in exactly similar states and therefore there exists only 
one eigenfunction for the atom as a whole. However, we are confronted with 
a new condition when we proceed to consider an excited state of the helium atom 
in which say electron (1) is in the normal orbit while electron (2) is in an orbit 
of quantum numbers n > 1, 1 = 0, m = 0 (nS state spectroscopically). The 
eigenfunction for the system consisting of nucleus and two electrons is the 
product of the two eigenfunctions which we shall denote by #:(1) and ®,(2) 
respectively. But the same system could also result from an interchange in 
positions of the two electrons, so that the resulting eigenfunktion would be 
®,(1) - &:(2). A system such as this for which there exist two eigenfunctions 
for the same total energy of the two electronic orbits is said to be degenerate, 
and the degree of the degeneracy in the present case is said to be two-fold. 
For such a case Schroedinger’s theory provides a method of solution which 
leads to two new eigenfunctions and two energy values, each of which is different 
from the energy of the unperturbed system by an amount which depends upon 
the degree of coupling between the two electrons. 

In classical theory an analogous case occurs when two strings vibrating 
with equal frequency are coupled together. There occurs a sort of resonance 
phenomenon so that the energy oscillates between the two strings, and two 
new frequencies result, one of which is higher, and the other lower than the 
original frequency of each of the uncoupled strings. Heisenberg? has shown 
that this phenomenon must also occur in the case of two coupled oscillators. 
If we consider two exactly similar oscillators of frequency v, the total energy 
in Hamiltonian form is expressed by 


1 m 1 m 
H = = pi + 5 (mv)? + 5 pe + 5 (mv)? + rags (102) 


where the term \qiq2 is the interaction or coupling energy of the oscillators. 


1Z. Physik, 54, 347 (1929). 
27%. Physik, 38, 411 (1926); ibid., 39, 499 (1926), also G. Birtwistle, The New Quantum 


Mechanics, p. 216. 
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Equation (102) may be transformed by writing 


il 
a= ya + q2) 


1 
Q: = aCe — q2) 


where Q,; is ‘symmetrical ” in the coédrdinates of the two oscillators, while 
Qs is ‘ antisymmetrical.” ! 
If P; and P, denote the corresponding momenta, we obtain the relation 


Qarv)?Q2, (103) 


il m 1 
H= on t+ 5 (2mr1)Q1? areca 


where 
Tins! aul ls 
Vy p + 


2 2 us 
pe = p> — —- 
47? 


H is thus represented, according to equation (103) as the sum of the energies 
of two fictitious oscillators, which correspond to the two principal frequencies, 
and it will be observed that v; > v, while vy << v. The energies of the sta- 
tionary states of the system are therefore of the form 


Hn, ny = hvi(m + 3) + hvo(me + 9), (104) 


where 7; and nz are integers. Now on the classical basis, the electrical dipole 
moment is given by Q:, while Q2 corresponds to zero dipole moment. Hence, 
as a first approximation it follows that only transitions in n; can occur, and 
owing to the selection principle, Anj = +1. However, there will be higher 
terms in the electric moment which are proportional to even powers of Q» 
(quadrupoles, etc.). Therefore Ang = +2. This signifies that there will be 
two systems of energy levels in each of which transitions can occur, but that 
no transitions can occur from one system to the other. Denoting the terms 
by the numbers 7172 in the order given, we will have two non-combining systems 
of terms such as the following: 


System I System ITI 

BQ esters conta Mine So ae Ae PR ose eie Fe - e ee a  e 33 
716 - OR ET T AAS TNO Ee Ae OIE i sO he Gears elds Hie e él 23 
QOD ivatetasec aie ahaclolana axe ee hy BR Saiaae A taal aA CR ee Pol 1S3 
LO OD ey hese aston Stas aa ie Oe ieee ONS eee MONET ee OI L038 
OO Sire PS Sc hc BR Pe A ra tn ee ee O1 


The similarity between this problem and that of the helium atom is evident, 
and the analogy serves at once to make comprehensible the existence of two 


1A symmetrical function is one which is unaltered by interchanging the codrdinates. 
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systems of energy levels in helium-like atoms. On the basis of the theory of 
wave-mechanics we can expect a similar oscillation of energy between the two 
electrons in the helium-like atom. One electron jumps from orbit 1 to orbit 
n at the same time that the other electron makes the reverse jump. We have 
here a quantum mechanical resonance or equivalence phenomenon which is due to 
the interaction of the two electrons, and the solution has a certain resemblance 
to the solution of the problem of two coupled oscillators in ordinary mechanics. 
That is, there are fluctuations in the energy from the electronic configuration 
(1)1(2), to the configuration (1),(2):, where (1) and (2) denote the two electrons 
and subscripts designate the quantum states; and as in the case of the coupled 
linear oscillators, we obtain two energy values corresponding to the two new 
frequencies, v1 and v2 of equation (103). 

The perturbation theory shows that these new frequencies are represented 
by eigenfunctions, one of which, like Q; in (103) is symmetrical in the coor- 
dinates of the electrons, while the other one, like Q:, is antisymmetrical in these 
coordinates. Denoting these functions by ys and Wa respectively, it is found 
that 


(105) 
{®i(1)bn(2) — &,(1)P1(2)} 


In the case of Wg interchanging the codrdinates of two electrons, leaves the 
eigenfunction unchanged, while in the case of wa, the same operation changes 
the sign of the eigenfunction. 

Applying equation (100) it is found that the energy change resulting from 
the interaction of the electron is given by 


(Wi)s = Hu + Hy, (106) 
(Wi)a = Au — A, (107) 
where 
oA 
Ha = SS —&2(1)be(2) + dridos, (108) 
12 
2 
Hy = SS — ®i(1)®,(2) + b1(2) + Ba(1) + doidvs, (109) 
Ti2 


and, in each case, the integration is carried out over the whole of space, as in 
equation (101). 

If there were no equivalence phenomenon, H,, alone would be the per- 
turbation energy. The term H2, which is added or substracted, results from 
the so-called resonance fluctuation or equivalence phenomenon described above, 
and is the new term which is brought in by the wave mechanics. 
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Unséld,! has calculated the values of these terms and obtains the results 


2 
a riz (?:— a) 


42 — RhZb. 


where a and } are quantities whose values are small and which are found to 
be as follows for different S terms. 


2S 3S 48 
a: 0.0802 0.0232 0.00973 
b: 0.0439 0.0115 0.00468 


The term values for the S-states of a helium like atom are therefore given by 


1 QRZ 
nam Re( a +5)- + RZ(a +b) (110) 


n2 


where a + 6 refers to 11, a — b to vo. 

That is, we have two sets of terms corresponding to vy; and y.. The term 
RZ? is due to the electron in 1S state, while the term RZ?/n? is due to the other 
electron in the nS state, and the term (2RZ/n? + RZa) is due to the interaction 
on the classical basis, while the term + RZb is the equivalence term. 

Now an inspection of the terms in ortho- and para-helium shows that for 
similar values of m the para terms have higher values of v. Hence »; must 
correspond to the para-helium series, while v2. corresponds to the ortho- 
helium series. 

We still have to account for the existence of triplets and singlets in the two 
series. The fine structure results from the electron spin, as was described in 
Part III and we now have to introduce this hypothesis into the wave-mechanics 
formulation of the eigenfunctions.? Corresponding to the electron-spin there 
exists an eigenfunction ¥(c) which designates the orientation of the axis of spin 
in a magnetic field. For the two electrons, there are two such functions 
(oi) and Y(o2). These orientations are given by the magnetic quantum 
numbers, m = +4, and consequently we have the following possible com- 
binations. 


m1 m2 ms Higenfunktions 
a 3 1 V(2)¥@) =a 
4 3 0 va)Y(—H) =b 
—% 2 0 ¥(—3)¥(4) =c 
3 -} -1 W(—-)W(-}) =d 


_ ——__ OhlOv—v—vrormrnmm ey 


1 Ann. Physik, 82, 355 (1927). 
2 Sommerfeld, Erginzungsband, pp. 273-276. 
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The eigenfunctions are obtained as the products of the separate eigenfunc- 
tions for the same reason as that which led to the product ®,(1)®,(2) for the 
two electrons in the previous discussion. The eigenfunctions b and ¢ represent 
a degenerate state, since they correspond to an interchange of electrons, and 
we must therefore replace them, for the perturbed system, by b +c, and 
b —c. We thus obtain three eigenfunctions which are symmetrical in the elec- 
tron spins, viz.: a, 6 +c, and d, and one which is antisymmetrical, b — c. 
The first set form a triplet, with values of ms = mi + mz; = 1,0, — 1, and the 
eigenfunction (6 — c) corresponds to a singlet term, ms = 0. 

The eigenfunctions for the system as a whole, that is for the orbital motions 
of the two electrons and their relative orientations of spin, are obtained by 
multiplying together the eigenfunctions for each part of the problem. Writing 
in equations (104) and (105) 

Ys= ut Vv; 


Ya=u-—y, 


we obtain the following eight combinations which we shall arrange in two 
groups: 


(A) (utva;  (utrv(b+te); (utd; (u—v)(—o), 
(B) (utvj(b—c); (u-—va; (u-v(b+c); (u—ov)d. 


Group A contains only symmetrical functions, while group B consists of the 
eigenfunctions which are anti-symmetrical in the electrons. Which of the two 
sets, A or B, belongs to helium has to be decided by further considerations. 
Now, as shown previously, the eigenfunction w+ v, corresponding to wave- 
number v; in (110) must belong to the para-system. As this is a singlet system, 
the conclusion is deduced that the heliwm atom 1s represented by the eigenfunctions 
in group B, the first one representing the para-system, while the three other 
functions represent the ortho-system. It is evident that in the para-system 
the directions of spin of the electrons are antiparallel, while in the ortho- 
system, they are parallel. 

Of course, we have in addition, the argument based on Pauli’s restriction 
principle, that in the normal state the magnetic quantum numbers must be 
of opposite sign, corresponding to opposite directions of spin. Since the normal 
state belongs to the para-system, this argument leads to the conclusion that 
the eigenfunction for the normal state is (uw + v)(b — c), for the eigenfunction 
(wu — v)(b — c) would mean a dissymmetry in orbital motion as well as in 
electron spin, which is not true for this state. 

Both Heisenberg and Unsdéld have calculated actual term values and 
interval differences for triplet P terms for helium-like atoms on this basis and 
their results are in as good agreement with observations as can be expected 
when it is considered that the calculations are quite laborious. Unsold has 
also applied the theory, with marked success, to the calculation of D and Ff 
terms in Zn, Cd and Hg (for which the electron configurations are evidently 
similar to those of excited states of helium.) 
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Hydrogen Molecule: Although it is beyond the scope of the present chapter 
to discuss the spectra of molecules, yet the problem of the hydrogen molecule 
is so closely related to that of the helium atom, and the results obtained by 
application of the methods of wave-mechanics have proved so significant in the 

interpretation of chemical valency that to 


byte 0 tay A omit a discussion of this topic would be sim- 

y B ilar to the presentation of Hamlet without the 
ghost. 

j The problem of the hydrogen molecule has 

la been treated by W. Heitler and F. London 1 

and a review of this work is given by L. Paul- 

ah Fapiee ing.2 We consider a system consisting of two 

3 FAz Ta6 5 nuclei A and B and two electrons 1 and 2 (see 


Fig. 60). In the unperturbed state, where the 
i 5 : two atoms are absolutely separate, the zero-th 

used in formulating potential en- : a 
Bred fumevinn, toe livdnocentneles order energy is 2Hy, where Hy is the energy 
anits of the hydrogen atom in the normal state. If 
electron (1) is attached to nucleus A and elec- 
tron (2) to nucleus B, the zero-th order eigenfunction for the two atoms is 


W(1) - (2), where 
ZB 
W(1) = = 
TA0 
ZB 
#(2) = 4 {2 l00 52 (112) 
TA 


and Z is the charge on the nucleus (= 1 in this case), while 741 and rg refer to 
distances indicated in Fig. 60. The form of these eigenfunctions is indicated 
in Fig. 58. 

But we may interchange the electrons and obtain for the same zero-th order 
energy an eigenfunction of the form (2) - &(1) where r42 takes the place of 
rai in (111) and rg, replaces rgz in (112). The system is therefore degenerate 
in the same manner as the excited helium atom, and as in the latter problem, 
it is found that the correct zero-th order eigenfunctions for the combination of 
atoms must be the symmetric function 


Fie. 60. Illustrating notation 


e 24la0r 44 (111) 


1 i 
ts ae {W(1)B(2) + (1) ¥(2)}, (113) 
and the antisymmetric eigenfunction 
1 
Tia eet ae {W(1)6(2) — 611) W(2)}, (114) 


1Z. Physik, 44, 455 (1927); also see F. London, Leipziger Vortriige, 1928, p. 59; W. Heitler, 
Physik. Z., 30, 713 (1929). 
* Chem. Rev., 5, 173 (1928). Figures 59 and 60 are taken from this paper. 
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: : : I Z 
in which S is-a function of p = —r4z, of the form 
Ao 


S=e€?(1+p+ $’). (115) 


The form of the functions ®s and ®, as given in equations (113) and (114) 
is again due to the existence of the quantum mechanical equivalence or exchange 
(Austausch) phenomenon. As long as the two atoms are completely separate, 
the system is degenerate since we have two eigenfunctions for the same eigen- 
wert. However, as the two atoms are caused to approach, this degeneracy is 
removed in consequence of a coupling action which is obviously a function of 
the internuclear distances, 74 and consequently a function of p, as indicated 
in the above equations. 

The perturbation energy of the system (H,) is found, as a first approxima- 
tion, to be represented by two terms: 


Ep = Ep(p) + Eo(p), (116) 


where H(p) represents the classical Coulomb interaction of the electric charge 
distribution, while Hg(p) represents the quantum mechanical exchange energy. 
Thus the terms Ey and Hg in (116) are analogous to the terms Hy; and Hi, 
in equations (106) and (107) for the helium atom, and are expressed by integrals 
of the same form as those indicated in equations (108) and (109). 

As a result, it is found that the two hydrogen atoms can interact in two 
different ways, corresponding to the values + Hg and — Eg. Now the cal- 
culation has shown that numerically Kg 
is greater than E> and furthermore that 
it is negative while Hy is always nega- 
tive. This means, therefore, that for 
the case Hp = Eg = Hy + Eg the total 
perturbation energy as a function of p 
is negative, while for the case Hp = 
E, = Ey — Eg the total energy is posi- 
tive. This has the physical interpreta- 
tion that in the latter case (Wp = Hy) 
repulsion will occur, while in the former 
case (Hp = Es) attraction will occur and 


consequent formation of a hydrogen mole- Fic. 61. Energy of interaction of two 
hydrogen atoms as function of internu- 


cule.1 
5 é clear distance. Curve 1, stable molecule 
The results obtained by Heitler formation. Curve 2, interaction on basis 


and London for the perturbation energy of classical theory. Curve 3, elastic re- 
as a function of p are shown in Fig. flection of atoms 


61. In this figure Wi= — Hp and 
Wa = — Ey = 13.54 volts. Curve 1 shows the total energy for the normal 


‘ 


1It should be noted that this calculation neglects. completely the ‘‘ polarization ”’ pro- 
duced in each atom by the binding process. It is therefore remarkable that the calculated 
value of the heat of dissociation comes out to be so close to the observed value. 
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state of the hydrogen molecule as calculated for the symmetric case, Hs, which 
is the eigenwert for the function ®g in equation (113). Curve 2 gives the 
energy calculated on the assumption Hp = Ho in equation (116), that is, neglect- 
ing the quantum mechanical interchange energy Ha, while curve 3 gives the 
energy for the antisymmetric case H4, corresponding to the eigenfunction ®4 
in (114). 

It is observed that ®g yields a solution corresponding to molecular formation 
with minimum energy at ro = 0.80 A, while the solution for @4 indicates elastic 
collision (since W is negative, and therefore Hp is positive). Thus, as in the 
case of the helium atom, the normal state is represented by a symmetrical eigen- 
function of the coérdinates. 

The properties of the hydrogen molecule calculated by means of this 
theory are given in the following table, and for comparison the values derived 
from a study of the band spectrum of the molecules. 


PROPERTIES OF THE HypROoGEN MOLECULE 


TO Io Dye Wo 
Calctiee se 0.80 A 0.53 X10-49 g.em.2 3.2 volts 4800 cm.- 
Obstaa een 0.76 0.48 4,42 4262 


Ip denotes the moment of inertia of the molecule, and wo the vibration 
frequency for the lowest vibrational state; Dy, is the heat of dissociation 
expressed in volts. The discrepancy between calculated and observed values 
of this quantity is again due to the actual difficulties involved in the com- 
puation, and undoubtedly, ‘‘ A more accurate theoretical treatment of the 
hydrogen molecule would give results in complete agreement with experiment.” ! 

Regarding the existence of 
the two potential functions 
shown in curves 1 and 38, Fig. 
61, Pauling has pointed out 
that ‘ the existence of two such 
functions representing the in- 
teraction of two normal hydro- 
gen atoms is very remarkable 
and has, I believe, no classical 
interpretation.” A certain un- 
derstanding of the significance 
of this conclusion may be obtained from an investigation of the distribution 
of electron density as derived from the two eigenfunctions ®g and @y. Fig. 
62 and 63 taken from the paper by F. London? show the results obtained. 

The curves represent points of equal electron density, or rather loci of 
constant probability for the occurrence of the electron, in a plane passing 


Fic. 62. Electron distribution for elastic reflection 
of two hydrogen atoms 


1 L. Pauling, loc. cit. 
2 Loc. cit. 
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through the two nuclei. The numbers attached to each curve give the relative 
densities or probabilities. Fig. 62 illustrates the case of elastic reflection and 
shows that the electrons tend to take up positions on the outer sides of the 
atoms. On the other hand, Fig. 63, 
which represents the distribution for 
molecule formation (homopolar combina- 
tion) shows that in this case the electrons 
tend to assume positions between the 
two nuclei, and thus form a bond between 
them. Thus, the methods of wave-me- 
chanics lead to a physical interpretation 
of the shared electron pair or non-polar 
bond of the Lewis-Langmuir theory of 
valency, and it is evident that the pos- 
sibility of homopolar combination is inti- 
mately bound up with the existence of the 
quantum mechanical equivalence or ex- 
change energy term, Hg, in equation (116). 

There is one other feature, however, of the quantum-mechanical solution 
of the hydrogen molecule problem which must be noted. As in the case of 
the helium atom we must take into account the electron spin and the applica- 
tion of the Pauli restriction principle. In the light of the new mechanics, this 
principle signifies that all atomic and molecular states are excluded for which the 
complete eigenfunction for the system is symmetrical with respect to similar par- 
ticles (whether these particles be electrons or nuclei). Now the complete 
eigenfunction is the product of a positional eigenfunction and a spin eigen- 
function, as has been pointed out already. Consequently, in the case of the 
hydrogen molecule, the solution involving ®g is permissible only if it is assumed 
that the two electron-spins are antiparallel for this case, and parallel for the solu- 
tion @4, corresponding to repulsion. 

Quantum Mechanics Theory of Valency: As shown in Part III, each 
electron in an atomic system is identified by the three “ positional” quantum 
numbers n, J and m:, and the fourth quantum number s = + 4 which designates 
the direction of spin. Hence the existence of the shared electron bond in 
homopolar compounds may be considered on the basis of the new mechanics as 
dependent upon the presence in the two atoms, of electrons which are identical 
in the first three quantum numbers but differ in directions of spin. Thus, the 
interchange energy between the electrons in the two hydrogen atoms, La, 
which may be regarded as the coupling energy between the spin vectors * for two 
electrons having identical quantum numbers, n, / and mj, has the typical 
properties of the energy associated with valence. 

This conception of valence as due to the coupling force between electrons 
having identical values of n, / and m, but differing in direction of spin, has been 

1 The energy Eg must not be confused with the potential energy calculated on classical 
theory for the magnetic forces between two rotating electrons. The latter is insignificantly 
small compared with that of Eg. 


Fig. 63. Electron distribution for stable 
hydrogen molecule 
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applied by London and Heitler to atoms of higher atomic number. According 
to this point of view, the valence of an element is defined as the number of unpaired 
electrons present in the outer or incomplete ‘ shell” of the atomic system and 
chemical combination occurs whenever two such electrons in different atoms 
can be paired off in such a manner that, apart from the spin, the Schroedinger 
eigenfunction is symmetrical in the positional quantum numbers of the two 
electrons. 

Let us consider now an atomic system, such as that of boron (N = 5). 
The five electrons are distributed in two groups, the inner or helium group for 
which the resultant spin S = Ds, is the same as that in helium, that is, S = 0. 
The three external electrons are all of quantum number n = 2, and at the 
maximum two of these will be of type / = 0, while the third will be of type 
l= 1. This arrangement leaves one unpaired electron, and would lead to a 
valence of unity. On the other hand, it is possible to have six electrons of 
type l= 1 (corresponding to m= 1, 0, —1 and s= +4). Hence, by 
exciting one of the electrons of type n = 2, 1 = 0, the latter may be shifted to 
the group! = 1. This would give three unpaired electrons and a corresponding 
valency of three. 

The application of these considerations to a few of the elements of lower 
atomic number is illustrated in Table X XVII. For each element, there is 
given the number of electrons of the type described at the head of the column, 
which may occur in the normal and lower states of excitation. The column 
under S gives the value of the resultant vector for the spins of the unpaired 
electrons, and therefore the valence, V = 2S. The relation between valence 
and type of spectroscopic multiplicity, 7, follows from this in an obvious man- 
ner, since, as shown in Part III. r = 28 + 1. Hence it follows that 


Ve=r-—1. 
On saturating one of the “ valence bonds” the total decrease in angular 
momentum of the electron spin of the two atoms which combine is AS = — 1 
in units of h/ (27), since each electron contributes 4 unit. Thisis in accord with 
the observation that the valency of an element changes by two for different 
compounds. 

Some of the conclusions deduced by London and Heitler regarding the 
valence of different elements will undoubtedly appear novel to the chemist, as, 
for instance, the conclusion that elements of even valence may also have zero 
valence. Especially noteworthy is the conclusion that higher valences can 
appear only for those atoms in which electrons are present of type n = 3 
since it is then possible to have electrons of type! 1 = 2, m; = 2, 1, 0, — L 
— 2, or ten altogether of type l = 2 (since for each value of m; it is possible i 
have the values s = +4). Thus, while the halogen gases may have valences 
1, 3, 5, 7, the valence of fluorine may have only the value 1. Similarly, 8, Se 
and Te may have valences 0, 2, 4, 6, but oxygen, only the valences 0-2: a 


1JIn Table X XVII only the types m; = 2, 1, 0 have been indicated. 
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while P, As, Sb, Bi may have valences 1, 3, 5, N can have only the valences 
1,3. The existence of pentavelent N compounds is accounted for by London 
and Heitler as of ionic type. 

TABLE XXVII 


Number of Electrons in Outer ‘‘ Shell ”’ Corresponding to 
Element Each Type 


0 

S r V 

H i al 1/2 2 1 
He hy 0 1 0 
Li 271 1/2 2 1 
Be 2 2 0 1 0 
1 1 1 3 2 

B BR 1 1/2 2 i 
1 1 1 3/2 4 3 

Cc ie he 2 0 1 0 
2 1 1 1 3 2 

1 1 1 1 2 5 A 

N Gy 2 1 1/2 2 1 
2 1 1 1 3/2 4 3 

O BB. 2B 2 0 1 0 
2 2 1 1 1 3 2 

FE DG: 2 2 iy 2 2 1 
P 3 2g 2 1 1/2 2 1 
2 1 i! 1 3/2 4 3 

1 1 1 1 1 5/2 6 5 

Ss Sm 2 2 2 0 1 0 
2 2 1 1 1 3 2 

2 1 1 1 1 2 5 4 

1 1 1 1 1 il 3 a 6 

Cl See 2 D) 1 1/2 2 1 
2 2 1 1 iL 372 4 3 

9 1 1 1 1 1 5/2 6 5 

1 1 1 1 1 1 1 ae 8 7 


The theory shows that two helium atoms cannot combine, unless excited, 
since such a combination would violate the Pauli exclusion principle. Simi- 
larly all the rare gases must exhibit zero valence. ‘The investigations of London 
and Heitler represent an initial stage in a direction in which the greatest 
progress will undoubtedly be made in theoretical chemistry in the future. 

As Van Vleck has stated in the paper from which a previous quotation was 


taken: 


“The quantum mechanics should go further than furnish a model of the periodic table. 
It should tell us what atoms can combine and what do not. There is no essential difference 
between the mathematical procedure in the quantum mechanics of calculating a heat of dis- 
sociation and of calculating a spectroscopic frequency or critical potential. This fact does 
not seem quite as universally recognized as it should be. In either case what is required is a 
knowledge of the magnitude of the various allowed energy levels. The only distinction is 
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that chemical problems involve more than one nucleus, and this considerably increases the 
labor of calculation. For the latter reason, it may well be a long time before the quantum 
mechanics achieves as many quantitative results for the chemist as for the physicist, but from 
a standpoint of pure logic there seems to be no apparent reason why the quantum postulates 
as they now stand should not be adequate to explain the phenomena of chemical reactions. 
A dynamics which works for the physicist must also work for the chemist and vice versa. 
It seems scarcely conceivable that a theory which has been so successful in explaining atomic 
energy levels should fail in the closely related realm of molecular energies. The mathematical 
problem of a chemical reaction seems to be this: to investigate whether there are stable solutions of 
the Schroedinger wave equation corresponding to the interaction between two (or more) atoms, 
using only the wave functions which have the type of symmetry compatible with Pauli’s exclusion 
principle.” 


Para- and Ortho-Hydrogen: The discovery of two forms of molecular 
hydrogen is to be regarded as one of the most brilliant achievements of the new 
wave-mechanics. The existence of an ortho- and para-hydrogen was fore- 
shadowed by W. Heisenberg! and F. Hund? as a result of theoretical con- 
siderations on the intensities of rotational lines in band spectra, and from the 
analogy between helium and Hz, because both are two electron systems. The 
suggestion was elaborated by D. M. Dennison * as an explanation of the ob- 
servation that the specific heat of hydrogen at low temperatures deviated from 
the relation deduced for a diatomic molecule. Finally the direct experimental 
evidence for the existence of the two physically different types of Hz was ob- 
tained by K. Bonhoeffer and P. Harteck 4 from determinations of the difference 
in heat conductivities, and by A. Eucken and K. Hiller® from measure- 
ments of the specific heats of the two forms. 

The theoretical considerations are based upon the evident analogy between 
a hydrogen molecule with its two electrons and a helium atom. In the mole- 
cule we have, however, in addition to the orbital motion of the electrons and 
the spins (factors which were taken into account in deriving eigenfunctions for 
the helium atom), also the vibration of the two nuclei along the line joining 
their centers, rotation of the molecule about an axis perpendicular to the line 
joining the centers of the two atoms, and lastly a spin of each nucleus about an 
axis. 

From the same process of reasoning as has already been used in the case of 
helium, it follows that the eigenfunction of the molecule as a whole is repre- 
sented as the product of a number of eigenfunctions, each of which corresponds 
to one of the factors mentioned above. As in the previous section, we shall 
neglect the consideration of electron spin, since this must remain unaffected by 
the other considerations. That is, the two electrons must be regarded as anti- 
parallel in regard to directions of spin. 

Similarly the eigenfunction of vibration must be symmetrical in the coor- 
dinates of the kernels. As the independent variable upon which the eigen- 

1Z. Physik, 41, 239 (1927). 

2Z. Physik, 42, 93 (1928). 

3 Proc. Roy. Soc. Lon. (A) 115, 483 (1927). 


4Z. Physik. Chem., (B) 4, 113 (1929). 
5 Ibid, (B) 4, 142 (1929). 
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function for the rotation depends, 6 is used to designate the angle of rotation 
about the axis of rotation. The corresponding eigenfunction is e”? where 0 
denotes the quantum number for angular momentum. Interchange of nuclei 
corresponds to change of 0 by +. Hence all rotational functions e”’, with 
even values of p, are symmetrical, while those with odd values of p are anti- 
symmetrical. 

We can now treat the moment of spin of the kernels in the same manner as 
in the case of helium, and designate the corresponding eigenfunctions by 


Gp, 0+ Cy 6,, and  by—c, 


of which the first three are symmetrical and the last one antisymmetrical. 

Let Os denote the eigenfunction e” for p = 0, 2, 4, etc., and Ou the eigen- 
function for p = 1, 3, 5, ete. Then the complete eigenfunctions for the 
molecule are given by: 


Oras Bre Abie 6) Bad, 6 HORG 20); [A] 
Cnr earO HO er nO dere | Ob, [Ss] 


The eight functions have been divided into two groups: those in [A] 
which are all antisymmetrical, and those in [8] which are all symmetrical. 
Wave-mechanics gives us no guidance as to which of these two groups should 
be used to represent the hydrogen molecule. But, in accordance with the 
Pauli exclusion principle, only those functions may be used to represent stable 
solutions, which are antisymmetrical in the kernels. Hence the H, molecule 
is to be represented by groups[ A ]. Since the intensities of the rotational lines 
1—> 1, 3-3, etc., are three times as great as those corresponding to transi- 
tions 0 > 0, 2 2, etc., it is concluded that the ortho-hydrogen is represented 
by the first three functions (1.e., those containing 0,4), corresponding to parallel 
directions of spin of the kernels, while para-hydrogen is represented by the eigen- 
function @s5(b — c), for which the directions of spin are antiparallel. Because 
of the difference in the rotational eigenfunctions, para- and ortho-hydrogen are 
also known as symmetric and antisymmetric hydrogen respectively. 

Assigning to each kernel an angular momentum of spin of magnitude 
2(h/2z), it is evident that the total angular momentum (in units of h/27) for 
the ortho-hydrogen is 1, while that for the para is 0. Hence, as in the case of 
two electron atoms (Ca, He, etc.), there must be a singlet system with statistical 
weight 1 and a triplet system, with statistical weight 3.1 

Thus, ordinary hydrogen should consist of one part of the para and three 
parts of the ortho components. This, however, is true only at room temperatures 
and higher. At lower temperatures, the ratio of para to ortho increases, so 
that, at liquid air temperature, the ratio is 1:1, and at the temperature of 
liquid hydrogen, the gas contains only 0.3 per cent of ortho hydrogen. It 
may be shown on the basis of the above theory that the velocity of transforma- 


1 See the discussion by W. F. Giauque and H. L. Johnston, J. Am. Chem. Soc., 50, 3221 
(1928). 
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tion from one form into the other must be extremely small. Therefore, a 
mixture of one part of para and one part of ortho will remain practically un- 
changed for a long time, even at room temperature, except that certain cata- 
lysts are capable of accelerating the reaction. 

In consequence of the difference in rotational quantum numbers, the two 
forms have different specific heats and different heat conductivities; it was 
therefore by measuring these two properties that Bonhoeffer and Harteck on 
the one hand, and Eucken on the other, have been able to demonstrate the 
transformation from one form to the other in ordinary hydrogen. 

The difference in energy between the two forms of hydrogen, while large 
enough to be measured by accurate determinations of specific heats, is yet so 
small that it could not be detected spectroscopically as a splitting up of rota- 
tional levels. 

Radioactive Disintegration: One of the most remarkable achievements of 
the new mechanics is the interpretation of radioactive disintegration phe- 
nomena. As was mentioned in connection with the discussion of the linear 
oscillator problem, it follows from the Schroedinger equation that the oscillating 
particle has a finite, although in general very small, probability of occurring in 
the regions outside those limits which are defined by ordinary mechanics for the 
maximum amplitude of vibration. This means that there exists a definite 
probability that for a part of the time the particle exists in a region in which 
the potential energy exceeds the total energy. It is by applying this idea that 
R. W. Gurney and E. U. Condon,! on the one hand, and G. Gamow? on the 
other, have been able to derive a theory which bids fair to give us a deeper 
understanding of the behavior of the nuclei of radioactive elements. In the 
following discussion we shall outline briefly the considerations advanced in the 
paper by Gurney and Condon. 

Let us consider, for instance, a case in which the potential energy function 
is represented by a curve such as that shown in Fig. 64, and for which the total 
energy (W) is represented by the straight line which 
separates the curve into the regions (I) and (II). In 

{—-w classical mechanics the orbit of the particle is entirely 

0 x confined to these two regions for which W — V(x) = 0. 

Fra. 64. Potential en- But this is no longer true in quantum mechanics. As 
ergy curve showing two Gurney and Condon express the situation, ‘ Classically 
regions (I and II) for if a particle be moving in a basin of low potential energy 
or the system is st@- and has not as much total energy as the maximum of 
e on classical theory 3 4 i 
potential energy surrounding the basin, it must certainly 
remain there for all time, unless it acquires the deficiency in energy somehow. 
But in quantum mechanics most statements of certainty are replaced by 
statements of probability. And the above statement must now be altered to 
read—‘ it may remain there for a long time, but as time goes on the probabil- 
ity that it has escaped, even without change in its total energy, increases 


1 Phys. Rev., 33, 127 (1929). 
2Z. Physik, 51, 204 (1928). 


Energy V, 
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towards unity ’.” That is, the particle has a finite probability of escaping from 
region I to region IT, and it is possible to calculate this probability from the 
form of the function V(x) and the value of W. This gives the mean time 
which a particle remains in region I before “leaking through ” to the outer 
region II. 

Now let us consider the application of this idea to radioactive disintegration. 
From the experiments on scattering of alpha particles it is known that the 
inverse square law is valid down to dis- 
tances of 10~" cm. from the nucleus. Closer 
to the nucleus the potential energy curve 
must assume the form of the dotted por- 
tion shown in Fig. 65. The energy of the 
alpha particle emitted is given by a straight 
line parallel to the axis of z. For the pur- 
pose of numerical calculation Gurney and 
Condon assume the energy for the alpha 
particle emitted from radium A as unity. Fig. 65. Potential energy function 
The half-value period for this atom is 3.05 and total energy (straight lines) for 
minutes (period 4.4 minutes). A compari- pha particle emission from RaC, 

é : - RaA and Ur 
son is then made with the extreme cases of 
uranium and radium C’, which have decay periods of about six thousand million 
years and a millionth of a second respectively, and for which the energies of alpha 
particles emitted are given by the corresponding horizontal lines in Fig. 65. 

As shown by Gurney and Condon, the probability that an alpha particle 
‘will get through the wall” at a single approach varies exponentially with 
the area between the V-curve and W-line. Since this probability measures 
the ‘‘life”’ of the radioactive atom, it is evident that ‘‘if the size of the potential 
barrier be increased by a small factor, the probability of escape may be de- 
creased more than a million-fold,”’ and, as a consequence, it is found that 
for the values of W indicated in Fig. 65, the calculated values of the relative 
decay periods are in satisfactory agreement with the observed values. This 
result therefore furnishes a theoretical interpretation of the Geiger-Nuttall 
relation between rate of disintegration and the energy of the emitted alpha 
particle. 

A similar theory has been applied by Fowler and Nordheim ! to the pulling 
of electrons out of metals by strong electric fields, and excellent agreement has 
been obtained between their theoretical deductions and experimental observa- 
tions by various investigators. 

Problem of Chemical Reactivity: Quantum mechanical concepts and 
methods have thus been applied, and are being applied rapidly by a number of 
theoretical physicists and physical chemists, to various problems which are 
outside the scope of the older theory. It is difficult under these circumstances 
to do more than draw attention to one or two of these problems which may 
probably be of special interest to the physical chemist. 


1 Proc. Roy. Soc., A, 119, 1 (1928). 
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The excitation of gas spectra by chemical reactions? is due to collisions of 
excited atoms either with each other or with neutral atoms. Hence the 
problem of energy transfer in such collisions has been investigated from the 
point of view of the new mechanics by N. Beutler and B. Josephy,? H. Kallman 
and F. London? and others. Thus let us consider the interaction of two 
atoms A and B and having excited states for which the energies are A; and A;, 
B; and B;, respectively. If A; — A; = By — B; then resonance occurs. But 
suppose A; — A; = B, — B; + AE where AF is a small quantity. The 
problem which Kallman and London have investigated may be stated as 
follows: Given the concentrations of atoms A in the lower state A; and atoms 
B in the upper state B;, at what rate will the former take up energy from the 
atoms B in state B,? As shown by London and Kallman the rate of energy 
transfer by this ‘‘ near-resonance ”’ interchange may be calculated from the 
kinetic theory relation for collision frequency by assuming for the effective 
atomic cross-section a value which is governed by the magnitude of AH; the 
smaller AH, the greater this effective cross-section, and it is thus possible to 
interpret the effect of the presence of different gases on the excitation of 
resonance fluorescence. 

The more specific problem of the interaction of molecules and atoms has 
been discussed in a paper by R. M. Langer,‘ which gives an interpretation, on 
the basis of Schroedinger’s mechanics, of ‘ activated molecules.” As well 
known the Arrhenius theory accounted for the observation that only certain 
molecules can react at any given instant by assuming an “ activation energy.” 
But the theory failed ‘‘ in the matter of furnishing a convincing picture why a 
molecule was inert until it had a large excess of energy.” 

“ Nowadays ” Langer remarks “ this failure is easily understood. Class- 
ical mechanics could not even approximate the phenomena of chemistry 
because it did not include the principles which govern the forces between 
atoms. The quantum resonance has no direct counterpart in the older mechanics. 
Moreover (as shown later) changes in configuration of a molecular system 
depend essentially on the very features of the problem which were quite im- 
material in the classical theory, namely, the regions where the potential energy 
ts greater than the total energy, and therefore inaccessible to a Newtonian system, 
which must have a positive kinetic energy.’ 5 

The probability function for interaction thus resembles that used for the 
probability of radioactive disintegration and “it turns out that a system may 
change from one configuration to another when a quantum level of the one 
configuration has the same energy as a quantum level of the other.”? These 
configurations correspond to excited states and the transition from one con- 
figuration to the other may thus have all the aspects of a chemical reaction, 
such as, for instance, a molecular rearrangement. 

1¥. Haber and W. Zisch, Z. Physik, 9, 302 (1922). 

2Z. Physikal Chem., 139, 482 (1928). 

3 Z, Physikal Chem., B, 2, 207 (1929). 


4 Phys. Rev., 34, 92 (1929). 
5 The writer is responsible for italicized parts. 
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Langer suggests that this theory may explain catalysis: ‘ The fundamental 
requirement that two configurations of a system must have a common energy 
level will of course not always be sufficiently met to permit appreciable reaction. 
A suggestion comes immediately from the quantum mechanical theory which 
may explain a very important type of catalysis. The curious thing about 
catalysts is that often without any very energetic interaction with a molecular 
system they have a great influence on the rate at which the system undergoes 
a change involving considerable energy. One might imagine that the catalyst 
have a fairly weak attraction—that of an induced dipole for example—on the 
molecule. The proximity of the catalyst will change the shape of the potential 
energy curve and even a small change may suffice to bring about an equality 
of energy in two configurations. The reaction then proceeds without affecting 
the catalyst. This perturbing influence may be a specific one where a par- 
ticular substance affects another so as to match energy levels just accidentally. 
That substance may then catalyze only one type of reaction. Another sub- 
stance may naturally have a strong field of force so that it will perturb almost 
anything. Moreover this perturbation may be variable, depending on the 
orientation or concentration of molecules and so there will always be a match 
in energy level for some molecules. Such a substance will be a catalyst for 
many reactions. A solid body has a good chance of being of this type. The 
natural irregularity of the surface may provide the variability which is required 
for different reactions. We have evidence that a catalytic surface often is 
especially active in several ‘ spots’ and this is nicely in accord with our picture. 
On these spots, possibly with rapidly varying curvature, some molecules are 
sure to be perturbed just the right amount.” 

On the same basis it is possible to account for a large class of decomposition 
reactions by assuming a potential energy curve similar in form to that shown 
in Fig. 65 for the problem of radioactive disintegration. Similar conclusions 
have been deduced by D. 8. Villars! and utilized by him to calculate heats of 
activation from band spectra data. However, the results of this and similar 
investigations on chemical reactions from the point of view of wave mechanics 
are best discussed in connection with the subject of band spectra which is 
treated in another chapter. 

Concluding Remarks: In the future development of both physics and 
chemistry quantum mechanics must undoubtedly prove of fundamental 
importance. The work of London and Heitler, Gurney and Condon, Langer, 
and others, which has been mentioned in previous sections, shows that a very 
promising beginning has been made already in applying the new concepts to 
problems which have perplexed the chemist for a long time. The phenomenon 
of quantum equivalence, the possibility of transitions through regions for which 
the potential energy exceeds the total energy, these conceptions involve de- 
ductions which were impossible in the older theory and must enable us, there- 
fore, to interpret phenomena which have proved incomprehensible hitherto. 


1J, Am. Chem. Soc., 52, 1733 (1930). 
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The new mechanics involves, of course, a renunciation of mechanical 
models—such as have been used for over a century by both physicist and 
chemist. Does this mean that we must no longer conceive of a hydrogen 
molecule as Lewis and Langmuir would represent it by a ‘‘ static model ”’ 
with shared electrons? The answer in terms of our new theories is that for 
many purposes we may still think in terms of the older concepts and need only 
to bear carefully in mind the limitations of such models. For after all the 
object of any theory is to develop a system of conceptions which will enable us to 
describe the results of an experience,! and it depends upon the nature of the 
“experience” as to how extensive we need to make the theory. 

The most striking feature of the new mechanics is its emphasis on the 
“Principle of Indeterminism ”’ and the fact that it is impossible with regard 
to an atomic system to predict individual events; only the probability of occur- 
rence can be stated and furthermore we find that on the basis of the new theories 
there is a finite probability for certain occurrences, like those of radioactive 
disintegration, and so forth, which were inconceivable on the basis of classical 
theories. 

In attempting to present to students of physical chemistry a survey over a 
field so complex as that of the quantum theory, involving as it does not only 
the whole realm of spectroscopy and atomic structure, but also methods in 
pure mathematics which are unfamiliar to most chemists, and conceptions for 
which the physical interpretation is of necessity hazy or non-existent,—in 
such a presentation there are bound to occur numerous features which the 
critical reader will find treated either inadequately or even in a superficial 
manner. No one realizes the defects in the presentation more than the writer 
himself. However, it will, perhaps, be recognized that the object of the dis- 
cussion has been not to deal with the quantum theory from the point of view 
of a theoretical physicist,? but rather to give the basic experimental facts and 
to show that these observations lead logically to conceptions which, while 
yielding new results in the case of atomic systems, yet merge for large-scale 
phenomena into the classical ideas. 

Thus the writer’s view of the new mechanics is that it is a modus operanidi 
necessary for the interpretation of the quantum phenomena. The fact that 
it is not possible to draw any clear mechanical analog need not worry us. We 
must accept the conclusion that atomic systems cannot be represented satis- 
factorily by mechanical models and learn to think of the behavior of atoms and 
electrons in terms of Heisenberg’s principle and of its corollary, that it is neces- 
sary to apply to such cases a statistical mechanics which is based on 
Schroedinger’s and Heisenberg’s formulation. The present development in 


1P, Jordan, Naturwiss., 16, 765 (1928). See also the paper by S. Dushman, G. E. Rev., 
33, 328, 394 (1930), for popular presentation of the ideas of the new mechanics. 

2 Such a treatment will be found in the treatises by Sommerfeld, Condon and Morse and 
Ruark and Urey as well as in the reviews by E. C. Kemble, Phys. Rev. Supplement, 1, 157 
(1929), and E. C. Kemhle and E. L. Hill, ibid., 2, 1 (1930). 
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physics is in a sense only a repetition of what has occurred time and again in 
the history of science. Increase in knowledge has inevitably led to a change in 
point of view, and therefore we must not be shocked too severely if the present 
ideas of quantum mechanics appear on the one hand as a negation of our 
fondest expectations of the past, and on the other, as a mass of abstract and 
almost transcendental notions. 
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CHAPTER XVII 


THE THIRD LAW OF THERMODYNAMICS AND THE CALCULATION 
OF CHEMICAL CONSTANTS 


BY WORTH H. RODEBUSH, Puz.D., 
Professor of Physical Chemistry, University of Illinois 


AND IN PART BY 


T. JEFFERSON WEBB, Pz.D., 
Assistant Professor of Physical Chemistry, Princeton University 


The first and second laws of thermodynamics lead to the fundamental 
equation 


OAF 
MND! == Nis] {P| ee NN gs 
i ( ar )) oi 


where AF is the increase in free energy of a reaction and AH the increase in 
“heat content,” at constant temperature and pressure. Since we are usually 
concerned with processes taking place at constant pressure, we may treat AF 
and AH in the above equation as functions of the temperature alone and as 
such we may integrate the equation. This may be done as it stands by sepa- 
rating the variables but a simpler method is to make use of the relation 


AF 
vets ers AS, (2) 
Owe Wy 

where AS is the increase in entropy of the reaction. AS in turn may be ex- 

pressed as a function of the temperature at constant pressure by the equation 


Wi 
0 T 


where AC, is the sum of the heat capacities of the products of the reaction 
minus the sum of the heat capacities of the reacting substances, the subscript 
(p) indicating here as elsewhere that the quantity is measured at constant 
pressure. If we substitute in (1), we obtain 


sf T 
ar=an-T f Bou 
0 


It will be noticed from equation (3) that Jo, the constant of integration, is 
really the change in entropy of the reaction at absolute zero and it is with this 
constant of integration that the Third Law of Thermodynamics is concerned. 
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The mathematician is wont to feel that his task is completed when he has 
integrated an expression. He is seldom concerned with the constant of inte- 
gration. Even the physicist has been inclined to regard the constants of inte- 
gration, which appear in his equations describing natural phenomena, as 
haphazard quantities of no particular significance. From the practical 
standpoint, however, the constant of integration in equation (3) is of 
fundamental importance. The heat of a reaction is readily measured and 
is known for most reactions. The specific heats have been measured 
for many substances and AC, as a function of the temperature can 
be estimated for many reactions; but, without the value of the constant Io, 
these data are useless, either to tell the engineer how much work the reaction 
will do, or to tell the chemist whether the reaction will go. The quest of the 
relation of the ‘‘driving force” of a reaction to the change in total energy of 
the reaction has engaged the attention of students of thermodynamics for a 
long time. It was formerly thought that the free energy change of a reaction 
was equal to the total energy change. Berthelot stated this as a fundamental 
principle. The Kelvin rule relating the electromotive force of a galvanic cell 
to the heat of the reaction is another example of this error. (See Chapter II, 
p. 42.) Some of the chemical reactions which were first investigated appeared 
to confirm this view, but more accurate investigations showed that the rule 
was only the roughest sort of an approximation. Nevertheless, the data 
indicated that the relation between AF and AZ is not wholly haphazard and 
Le Chatelier! in 1888 integrated the free energy equation and expressed the 
opinion that the time would come when we should be able to calculate the 
value of the constant J» from the known physical properties of the substance 
participating in a reaction. This appears to be the first recognition of a prin- 
ciple that is gaining favor with physicists today; viz., that in a universe made 
up of matter which is fundamentally homogeneous the constants of nature must 
be all predetermined and interrelated. This view will be further impressed 
upon us when we come to consider the statistical basis of thermodynamics. 

After Le Chatelier, the question of the integration constant received further 
attention from G. N. Lewis,? Richards,? van’t Hoff 4and Haber.’ In particular, 
Richards showed that for a number of galvanic cells the values of AF and AH 
when concentration effects were excluded approached each other as the temper- 
ature is lowered. The greatest impetus to this line of investigation, however, 
was given by Nernst *in 1906 when he published his celebrated “‘ heat theorem.” 
Nernst acknowledges his indebtedness to the work of his predecessors in this 
field, especially to Le Chatelier and Richards, but he was the first to formulate 
a definite hypothesis. 

1 Ann. Mines, 13, 157 (1888). 

2 Proc. Am. Acad., 35, 3 (1899). 

3Z. physik. Chem., 42, 129 (1902). 

4 Boltzman Festschrift, p. 233, Barth, Leipzig (1904). 

5 Thermodynamik technischer Gasreaktionen, Oldenbourg, Munich, 1905. 


8 Nachr. kgl. Ges. Wiss. Gottingen, Math.-Phys. Klasse, 1 (1906). Die theoretischen und 
experimentallen Grundlagen des neuen Warmesatzes, Halle (1918). 
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Tue Nernst Heat THEOREM 


Inspection of equation (1) shows that, unless ( or) be infinite, AF must 
PD 
equal AH at 0° K., since 7 = 0. The two quantities might approach each 


other in the manner indicated by the curves (I), Fig. 1. From a study of 
cases of the type discussed by Richards, however, Nernst was led to assume 
that the values of AF and AH approach each other asymptotically, (II), Fig. 
1, and become identical at absolute zero for reactions in condensed systems, 
i.e., solids or liquids. This 
statement may be expressed 
mathematically by saying 
that 


ey eee 0: ey 
T=0 aT 7T=0 dT’ gq 
Since i: 

dAF 

praia Ti 

IT AS a 
and 

dAH Kas 

hte 


we then have 
lim AS = lim AC, = 0 (6) 
=O 


T=0 T: 


Fia. 1 


at 0° K., or from (8) 
Io = 0. (7) 


Hence, we may insert or remove at our pleasure the limit 7 = 0 in any in- 
tegral of AC, with respect to temperature. 

This appears to be a remarkably simple conclusion and one which should 
be easily arrived at, but the experimental verification which is necessary to 
establish the truth or falsity of so general an assumption is a matter of many 
years work. 

Let us consider a reaction at a given temperature between solid substances 


Ag +e Bs-> Orgs 


Each phase may be assumed to have a vapor pressure represented by P with 
the appropriate subscript. If the vapor pressure be small so that the vapor 
behaves as a perfect gas and the volume of the solid may be neglected, we may 
use the Clapeyron equation 

| dinP _ AH 


Ee Net os 8 
dT RT? ”) 


where AH is the heat of vaporization at constant pressure at the temperature 
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in question. We can integrate this if we express AH as a function of the 
temperature 


T. 
AH = AH) + dp AC, aT, (9) 
0 


where AC, is the heat capacity of the vapor minus the heat capacity of the 
solid. Integrating, 


{P ACraE: 
InP = -oF | eicatiad dT +1. ul) 


We can integrate the third term of (10) by parts, 
i 
i AC, adf me INC LL ACpdT 
he ye ae ja 
Ri? 


Combining with (9) and substituting in (10), we have for P4 


AHa (eee 
RT RT 


InP 4 =a at VA. (11) 
Similar expressions hold for InP and InP ¢. 

Let us now suppose that A and B are vaporized and react to form the vapor 
of C which is then condensed to form the solid. At equilibrium in the vapor 
phase we have the mass law 

Pc 
carts wep) (12) 
PAPB 
where pa, pa, Po are the partial pressures at equilibrium as distinguished from 
the vapor pressures of the solid phases. We have the well-known relation 


dinK, _ AHp 
dT RT 


(18) 


where AH; is the heat of reaction in the gaseous phase at constant pressure. 
This equation may be integrated precisely as (8) above, with similar assump- 
tions, and we obtain 


AH ACprdT 
InKy = ae ee Be Re (14) 


Here 
ACpRr = Cnc (eas) = C'pA (gas) re CyB (gas) 


Now the change in free energy in carrying out the reaction in steps as indicated 
above is given by the equation 


AF = RTIn = a RTIn ee oa RTIneS - (15) 


Poa 
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Since 


this may be written 
AF = RT(InPe¢ — InPa — InPz — InK,). (16) 


If we substitute the expressions for InP, etc., and InK»y from equations (11) 
and (14), we obtain 


nae er| — AHc + AHa + AH, + AHR 
ge! 
(ACze = ANG =a INC a3 a AC pr) 
ap 
+f = d (17) 
+ieg—t, ~ ip —in |: 
But 


— AHc + AHa4 + Adz + AHez = AHsg, 
where AH is the heat of reaction for the solid phase. Likewise, 
— (ACpc — ACpa — ACpp — ACpr) = ACps, 


the heat capacity of solid C minus the heat capacities of solids A and B. AF 
must also be equal to the free energy change of the reaction between the solid 
phases. Hence we have 


ZAC psa. : ; : : 

AF = AHs — ap Se + (ic — ta — tp — in) RT. (18) 
0 

From this equation we see that the constant of the free energy equation for 


the reaction 
Ags+ Bs> Cs 


is equal to the algebraic sum of the constants for the separate stages by which 
the reaction may proceed. And in general it follows that if any chemical 
reaction is equivalent to the sum of two other reactions, the constant of integra- 
tion of the equation for the change of free energy in the first reaction is equal 
to the algebraic sum of the constants of the equations for the change of free 
energy in the other reactions. 

The above statement was demonstrated by Le Chatelier. He pointed out 
also that the constants of integration for reactions of the same type would 
have approximately the same numerical value. Thus, if we integrate the 
Clapeyron equation, neglecting the change in AH, we get 


AH 
inp = —-— +1. 19 
np Rr (19) 
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This gives us Trouton’s rule for the relation between the heat of vaporization 
and the boiling point when p = 1 atm., the value of J for many liquids being 
approximately 11, which gives 


a7) 
fp 


at the boiling point. Similar regularities have been found in the constants for 
dissociation of solids and combinations of hydrogen and the halogens. 
If we compare equation (18) with (4), we see that 


R(ig — ta — tp — tr) = — Io, 


and since by (7) 
Io == 0, 


Ip = ir? R = (tc — ta — tp) h. (20) 


By the Nernst assumption, therefore, the constant of integration of the free 
energy equation for a reaction between substances in the vapor phase is equal 
to the algebraic sum, multiplied by R#, of the constants in the vapor pressure 
equations for the substances in the solid state. Furthermore, since the constant 
of the vapor pressure equation measures a property of the vapor, it is inde- 
pendent of the nature of the condensed phase. Thus, the vapor pressure 
equation for liquid water will have the same constant as the vapor pressure 
equation for ice. Nernst hoped to determine the values of the constant of 
equation (10) from vapor pressure data and from these to calculate free energies 
from heats of reaction. He avoided serious errors in the integration of the 
Clapeyron equation 

ee AH 


aT (V —Vo)T ey 
at high pressures by the use of the relation 
ov — Ve) = RP (1-2), (22) 


where 7 is the critical pressure. Unfortunately, however, he attempted to 
extrapolate empirical equations for heat capacities to low temperatures. 
Furthermore, since most substances with measurable vapor pressures are 
liquids, he made the extrapolations for the liquid phase and the thermal 
properties of liquids behave in a very anomalous manner at low temperatures. 

From his inspection of the vapor pressure data for a number of liquids 
Nernst came to the conclusion that the heat capacities of all condensed phases 
approached a limiting value-at 0° K. of 1.5 calories per gram atom. For gases 
he assumed 


Cp = 3.5 + 1.5, 
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where 7 is the number of atoms per molecule. He then represented heat of 
vaporization as a function of the temperature by the empirical equation 


AH = (AH, + 3.5T — eT) (: & ty, (23) 


ayy 
where ¢€ is a constant characteristic of the substance. By combining (23) with 
(21) and (22), integrating and changing to common logarithms, we get instead 
of equation (10) 
— AH 
4.58T 


o eT 
log p +o log 7 138 AniG. (24) 
The constant C of this equation Nernst has termed the “‘conventional chemical 
constant.” By this terminology he recognizes the approximate nature of 
equation (24) as distinguished from equation (10) which is an exact thermo- 
dynamic equation. The constant 7 of equation (10) is termed the ‘‘true” 
chemical constant. 

Experimental work initiated by Nernst himself has shown that his assump- 
tions as to the behavior of specific heats at low temperatures are incorrect. 
Equation (19) is a satisfactory vapor pressure equation in the range where 
vapor pressures are measurable but it cannot be extrapolated to low temper- 
atures. Unfortunately, many attempts have been made by other chemists 
to use the chemical constants erroneously calculated from this equation. 
Nevertheless, the principle announced by Nernst, when properly limited in 
its application, is of the most fundamental importance. The constant of 
equation (10) calculated from accurate specific heat data for solid substances 
is a useful quantity. We shall return to it later. 


Tue Turrp Law or THERMODYNAMICS 


Einstein! predicted in 1907 that the specific heats of all substances would 
approach zero at the absolute zero of temperature. A little later Planck ? 
stated that the entropy of pure solids or liquids was zero at 0° K. Thus, we 
see that, while the Nernst theorem stated that S and C, had the same values 
per gram atom for all substances (the value of C, being assumed to be 1.5 
cal. at 0° K. and S being indeterminate), the conclusions of Hinstein and 
Planck were that 

lim S = lim C, = 0. 

T=0 T=0 
For crystalline solids these conclusions have been amply verified. Postponing 
for the present the consideration of other forms of matter, we may state that 
the entropy of every pure crystalline substance is zero at absolute zero. This 
statement has been called the third law of thermodynamics and it appears 
to be of sufficient importance to take rank with the first and second laws. 


1 Ann. Physik, (4) 22, 180 (1907). 
2 Ber., 45, 5 (1912). 
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It will be seen at once that the third law is inclusive of the Nernst theorem 
in so far as crystalline solids are concerned since if, at JT = 0° K., 


S=C,=0, 
then, obviously, also at T = 0° K., 
AS = AC, = 0. 


This view introduces entropy to us as a definite positive quantity.!. With 
such quantities as free energy or total energy the case is far otherwise. We 
can only measure changes in energy and any assignment of actual values of 
energy to individual substances must be arbitrary. Thus, we may consider 
a crystal of sodium chloride at absolute zero. It possesses no kinetic energy 
and if we could find no reaction it would undergo, we might say that its total 
energy content was zero. But, if it were found that sodium chloride would 
or should react with metallic potassium at 0° K. or were capable of a radioactive 
decomposition, we would have to revise our statement. So, it was formerly 
supposed that any expression for entropy must contain an undetermined and 
indeterminate constant. 

The difference between the entropy of a substance at a temperature 7 and 
at 0° K. is given by the relation 


TT 
Soka NG = iP ao . (25) 
0 


If C, did not approach zero at 0° K., our integral would contain a term — ©, 
But experimental evidence shows, approximately at least, that at very low 
temperatures 

Cp = aT’, 


and the integral (25) becomes definite with the value zero at 0° K. Further- 
more, no substances have been found to have a negative entropy in any state. 
Hence, the Planck assumption appears plausible from general considerations. 

Experimental Verification: In the experimental verification of the third 
law we may follow either of two methods. We may calculate the chemical 
constants of Nernst from equation (10) for the substances participating in a 
reaction and compare them with the constant for the reaction as directly 
measured, or we may calculate entropies from specific heat data at low temper- 
atures and use the relation 


AF — AH = — TAS 


for reactions for which AF and AH have been measured. Obviously, the 
number of reactions for which we have the very complete data required will 
not be large. 

As a matter of fact, we can show very readily that the two methods lead 
to the same result and we can then use the simpler. Let us consider a reaction 


1 Gibbs evidently was aware of this characteristic of entropy. See his Elementary 
Principles in Statistical Mechanics, p. 184, Yale University Press, New Haven, 1914. 
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in the gaseous phase 
A+B >C. 


According to the Nernst theorem, 
im see— one tp, 
where 74, iz, ic are the ‘“‘true chemical constants”’ of the vapor pressure equa- 


tions for A, B, and C in the solid state. Substituting the values of ig --+ iz 
from equations (11) and (14), 


eee +2 [ee 


pape RT ale 
Ear epee ow Aas eee (26) 
Tey 
bg f See — ACya — ACpz)dT ] 
teed 
Multiplying through by — RT and collecting the terms, 
RTIn 24 4 RTIn 22 + RTIn ES 
12% Pp Pe 
ACpsdT oP 
— (AH p+ Aa + AHy — Ao) = — 7 f ACosel, 
But, by the third law, 
j= ie ft - AS 
shy 0 i 
and the equation (27) by comparison with (15) and (17) reduces to 
AF — AH = — TAS (28) 


for the reaction between the substances in the solid state. Hence, the use of 
chemical constants in a verification of the third law appears as a roundabout 
method of doing what may be done directly by substitution in equation (28). 
If we find that we can calculate AS for a reaction from heat capacity data by 
means of the third law assumptions, we shall verify the Nernst relation. We 
may do this by comparing the value of AF — AH as directly determined with 


TAC,dT 
the value of — JAS as calculated by the integral for the reaction. 


0 

In 1917 Lewis and Gibson ! collected the data for nine cases where the third 
law could be checked. They found an average discrepancy of 1.6 entropy 
units (about 475 cals. in AF or AH at 298° K.) between entropies of reaction 
calculated (1) from equilibrium measurements and (2) from specific heat data. 
In a recent paper Lewis, Gibson and Latimer? have been able to show that, 


J. Am. Chem. Soe. 39, 2554: (1917). 
2 J. Am. Chem, Soc,, 44, 1008 (1922), 
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with more accurate data, these discrepancies have been greatly reduced. We 
have tabulated (Table I) those reactions for which they were able to find data 
sufficiently accurate to eliminate uncertainty from the calculations. In the 
table the values of AF — AZ are directly determined and the values of — TAS 
are calculated from specific heat data. The values given are at 298° K. 

A detailed consideration of the very simple reaction 


Sn (gray) > Sn (white) 


will illustrate the manner in which the calculations are made. As is well 
known, tin exists in two modifications, the white and the gray forms, the latter 
stable at low temperatures. The transition point is 19° C. Brénsted! has 
studied this reaction from the standpoint of the third law. He determined 
calorimetrically that, at the transition point, 


NES Alecal: 


From this value and the heat capacities of the two forms, AF — AH at 25° C. 
is readily calculated. Brénsted? also determined the heat capacities of the 
two forms at liquid air temperatures. These determinations do not extend 
below 70° K. but, by means of the “‘characteristic heat capacity curve”’ for 
the metals (which we shall discuss later), we can extrapolate to 0° K. with 
great confidence. In order to obtain the entropy of either form, we must 


obtain the integral 
if FCraL 
TT 


for that form. If we plot C, as ordinate against InT as abscissa, the area 
under the curve (Fig. 6) will then represent the integral. By means of this 
graphical integration we obtain the values for the entropies at 298° K., 


Sn (white) : S = 11.17, Sn (gray) : S = 9.28, AS = 1.94. 


TABLE I 
EXPERIMENTAL VERIFICATION OF THE THIRD LAW 
AF — AH (cal. 
ee )| _ TAs (cal.) 
Reactions aca es (From heat Difference 
equilibrium ‘ 
measurements) capacity data) 
Sn (gray) — Sn (white)...............- 557 578 21 
S (rhombic) —~ S (monoclinic)........... — 66 — 89 23 
C (graphite) + 402—CO.............. — 6370 — 6000 370 
Tales SEE OVE S18 FOL on seanhisaant ne Aeisesn ¢ +7790 + 7620 170 
Ag + HgCl— AgCl + Ug.............. — 2320 — 2295 25 
$Pb + AgCl— 4PbCle + Ag.......... + 1280 + 1280 0 
3Pb + Agl— 4Pble + Ag.............. + 1190 + 1100 90 


1Z. physik. Chem., 88, 479 (1914). 

* Rodebush [J. Am. Chem. Soc., 45, 1413 (1913)] has redetermined the heat capacity for 
white tin, finding slightly higher values at low temperatures. In comparing the entropies of 
the two forms, however, it is better to use Brénsted’s figures only. 
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The principal uncertainty in the values for AF — AH are in the calorimetric 
determination values of AH which are given in the literature. In the last 
three reactions tabulated, this source of error was avoided in an ingenious 
manner by Gerke.t He measured the temperature coefficients of the electro- 
motive force of these reactions in galvanic cells very accurately. From these, 
AF — AH can be calculated readily by the Gibbs-Helmholz equation 


AF — AH = — 23,0747 =, 
dT 


where E is the electromotive force. 

In addition to these seven cases where accurate checks are obtained, there 
are a large number of calculations that can be made from somewhat uncertain 
data which show the third law to be at least approximately true, since there 
are no serious discrepancies. Some of these we shall consider later. The 
third law is thus supported by a considerable quantity of the sort of evidence 
that has caused the first and second laws to be accepted as absolute. 

It may develop from further experimentation that the third law is subject to 
additional limitations, but it seems more probable that when its application is 
thoroughly understood, it will be found to be a principle of the utmost 
generality. 


Tuer Entropy OF SOLUTIONS AND SUPERCOOLED LIQUIDS 


We have seen that Nernst assumed AS to be zero for all reactions between 
condensed phases. Planck? went one step further and stated that we should 
meet with no inconsistencies if we assume the entropy of every pure solid and 
liquid to be zero at 0° K. On the other hand, Planck concluded that the 
entropy of a solution would be found to be greater than zero at absolute zero. 
His argument is as follows. If we mix two substances of properties sufficiently 
alike so that they form what may be called an ideal solution, we have an 


increase in entropy 
AS =-— nRinN, = noRinN o, (29) 


where n; and nz are the actual number of mols. of each of the two substances 


1J, Am. Chem. Soc., 44, 1684 (1922). The principle of avoiding the calorimetric deter- 
mination of AH by measuring the temperature coefficient of the cell reaction was employed 
by Jones and Hartmann, J. Am. Chem. Soc., 37, 752 (1915), with the cell 


Ag 


Ip | Pts 


N N 
Agl in—KI|— KI 
certo | 10 
Satd. 
with 
Iodine 
Their results were incorrect, probably due to incorrect determinations of liquid potential 
differences. The determination of AF — AH by measurement of the temperature coefficient 
of the electromotive force is not without its own special difficulties, as pointed out by Taylor, 
J. Am. Chem. Soc., 38, 2308 (1916); this is also the conclusion reached by Webb, Thesis, 


Princeton University, 1924. 
2 Ber., 45, 5 (1912); Warmestrahlung, 4th ed., pp. 204-221, Barth, Leipzig. 
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and N, and N; are the respective mol. fractions after mixing. For a mixture 
of 4 mol. of each this reduces to 


Tho) 14! 


entropy units. Experiment shows that the specific heats of solutions are 
usually very close to the mean of the specific heats of the components, the more 
nearly so the more nearly the two constituents are alike in their properties. 
If such a solution be cooled down to 0° K., the integral 


ie C,dT 
ety 


for the solution would not be different from the integrals 


if C,dT 
0 le 


for the two pure constituents. But the entropy of the solution is greater by 
1.4 than the sum of the entropies of the pure substances, and, hence, must be 
greater than 0 at 0° K. Since most solutions on solidification tend to separate 
into the pure solid constituents, the most likely manner in which a solution 
would be obtained at low temperature would be by rapid cooling, so that the 
crystalline solid would not form. Gibson, Parks and Latimer! obtained the 
specific heat curves for mixtures of ethyl and propyl alcohol down to liquid 
air temperature and found the curve to approximate the mean of the curves 
for the pure supercooled liquids. Since the entropy difference is only 1.4 
units, the results were not very decisive. The specific heat curves of the super- 
cooled liquids were of a peculiar shape, however, and a consideration of them 
led Lewis and Gibson ? to predict that the entropy of a pure supercooled liquid 
would be considerably greater than for the pure substances. The most decisive 
evidence on this point is the work of Gibson and Giauque.? Their results for 
the molecular heats of amorphous and crystalline glycerol are shown in Fig. 2, 
where they are plotted against log 7. The entropy of fusion for glycerol is 
15.02 units. In order to establish the third law for supercooled liquids, the 
integral 
JS AC,dlnT 


must be equal to this. The area between the curves of the plot multiplied by 
2.303 represents this integral and the value obtained is only 9.39, leaving a 
discrepancy of 5.63 units. The curves might again diverge at lower temper- 
atures. Simon 4 has obtained the specific heats of amorphous glycerol down 
to liquid hydrogen temperatures. His results are indicated by the broken 
line. If the specific heat for crystalline glycerol were to drop suddenly to 

1J, Am. Chem. Soc., 42, 1542 (1920). 

2 J. Am. Chem. Soc., 42, 1529 (1920). 

3 J, Am. Chem. Soc., 45, 93 (1923). 

4 Ann. Physik., [4] 68, 241 (1922), 
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zero, the value of the integral f”AC,dlnT might be increased by the necessary 
amount to make the third law valid. It would be very desirable to obtain 
further data. Wietzel+ has obtained data on amorphous and crystalline 
quartz which indicates a similar discrepancy but here again the data are not 
sufficient. Altogether, the experimental evidence throws grave doubt on the 
applicability of the Nernst theorem to supercooled liquids. We shall consider 
the question from a theoretical standpoint later. 
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Fie. 2. Heat Capacity of Crystalline and Supercooled Liquid Glycerol 


Tue Heat Capacity or SUBSTANCES 


Experimental Determination at Low Temperatures: Nernst realized the 
necessity of obtaining exact specific heat data in order to calculate chemical 
constants and he was one of the first to initiate work along this line. The 
first measurements made were of the mean specific heat of substances over 
considerable ranges of temperature. In order to evaluate the integral 


( C,dT 
ear ale } 
eae 


however, it is necessary that the true specific heat be known accurately as a 
function of the temperature. Since the value of C, changes rapidly with the 
temperature in certain ranges for most substances, it becomes necessary to 
measure the energy input for changes of temperature of not more than one or 
two degrees. The method of measurement devised by Nernst? has been 

1 Z. anorg. Chem., 116, 71 (1921). 

2Nernst, J. Phys., (4) 9, 721 (1910); Nernst, Koref and Lindemann, Svtz. ber. Preuss. 
Akad., 247, 262 (1910); Nernst, Ann. Physik, 36, 395 (1911); Eucken, Phys. Z., 10, 586 
(1909); Eucken and Schwers, Sztz. ber. Preuss. Akad., 369 (1914); Kammerlingh Onnes 
and Keesom, Proc. Amsterdam Akad., 894 (1914). 
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followed in all of the recent work at low temperatures. The substance of 
which the heat capacity is to be measured is placed in a container which is 
supplied with an electrical heating coil and a thermocouple or resistance 
thermometer. A measured amount of electrical energy is supplied to the 
heating coil and the rise in temperature is measured. In order to prevent 
heat exchange with the surroundings by conduction, the container is suspended 
inavacuum. Radiation is prevented by wrapping the container in silver foil. 
Since a very high vacuum may be obtained and radiation is negligible at low 
temperatures, the heat leak is practically eliminated. In working with metals 
which may be made into a block of the desired form, the container is often 
eliminated. 

The principal source of error in the low temperature work is to be found in 
the uncertainty of the temperature measurements. Below 90° K. both thermo- 
couples and resistance thermometers behave in an anomalous manner and 
calibrations must be made at frequent intervals in the temperature range.! 
The principal work upon heat capacities at low temperatures has been done by 
Nernst and his coworkers in Germany, Kammerling Onnes in Holland, Griffiths 
and Griffiths in England and G. N. Lewis and his associates in America. Data 
are now available for most of the elements and many compounds including the 
common inorganic salts. 

The Heat Capacity of Monatomic Solids: In a previous paragraph we re- 
ferred to the ‘‘characteristic curve’ for the heat capacities of the metals at 
low temperatures. For a large class of solid substances the atomic heat 
capacity at constant volume C, may be represented by an equation of the form 


fans (5): (30) 


where f is the same function for all these substances and @ is a constant charac- 
teristic of the individual substance. Most of the elements and a number of 
the inorganic salts are included in this classification. These substances occur 
in the form of monatomic crystals, i.e., the unit in the crystal lattice is a single 
atom. 

If we plot C, for different substances against 7’, we get a series of curves, 
Fig. 3, which show little similarity. If, however, we plot C, against log T 
(Fig. 4), the curves appear to be of precisely the same form, differing only in 
position along the log T axis. Equation (30) may be written 


C, = f(log 6 — log T), 


from which it is evident that if the function f is the same for different substances, 
the curves when plotted against log T should be brought into coincidence by 
displacement along the log T axis. The remarkable exactness of relation (30) 
is shown very simply by the device employed by Lewis and Gibson ? of plotting 


1See Rodebush, J. Am. Chem. Soc., 45, 1413 (1923). 
2 J. Am. Chem, Soc., 39, 2560 (1917). 
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the heat capacity data on separate sheets of transparent paper so that the 
curves may be superposed. For the above-mentioned class of substances 
this may be done within the limits of experimental error. This is the more 
remarkable when we consider that the data for such widely different substances 
as metallic lead and carbon in the form of diamond lie on curves of the same 


0 40 80 120 180 200 240 280 320 340 T°K 
Fie. 3 
form on the C,- log J diagram. In studying the nature of this function f, 


we shall always find it advantageous to plot C, against log 7 rather than 
against T. 


Fie. 4 


In the ordinary measurement of specific heats, Cp, the heat capacity at 
constant pressure, is obtained. Since it is C, that exhibits the regularities 
we have described, it must be calculated from Cy by the equation 

ay T 


B 


Cy Cp — ’ (31) 
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where a is the coefficient of expansion, 6 the compressibility, and v the gram 
atomic volume. These quantities (a and 8) have been measured for most 
substances at room temperature but they are functions of the temperature 
and there is considerable uncertainty in making the calculation at low temper- 
atures. At temperatures sufficiently low the term becomes negligible without 
doubt. Lindeman and Magnus! have proposed the empirical equation 


Gs aa C5 a aT3l2, (32) 


where a is calculated at ordinary temperatures from the measured values. 
This equation is a very rough approximation but the total value of the correc- 
tion is small. 

Since the form of the heat capacity curve has been determined with great 
precision by Nernst,? Eucken,? Kammerlingh Onnes ‘ and others, it becomes 
possible by obtaining a few data for C, for a monatomic solid somewhere in 
the region between C, = 1 and C, = 5 to extrapolate for the entire curve 
without serious error. 

Theoretical Equations for Heat Capacity: In 1907 Einstein® derived an 
equation from Planck’s radiation formula for the heat capacity of a system of 
simple harmonic oscillators and since all forms of matter at low temperatures 
may be presumably regarded as made up of different sorts of these oscillators, 
he predicted that the heat capacity of all forms of matter would approach 
zero at the absolute zero. This prediction has been amply verified for all 
forms of real matter. The equation of Einstein is of the highest fundamental 
importance and we shall derive it from purely mechanical considerations with 
the aid of the quantum theory, avoiding the use of the theory of radiation. 

By a simple harmonic oscillator we mean a particle of matter (atom, 
electron, etc.) which oscillates in a straight line through a point of equilibrium, 
the restoring force being proportional to the displacement. This condition 
may be expressed mathematically by the equation 


ih SES (33) 


where f is the force, s the displacement and ~ a constant sometimes called the 
“constraint.” Such an oscillator moves with what is known as simple harmonic 
motion. For a system of such oscillators the instantaneous distribution of 
kinetic energy according to the classical mechanics is given by the equation 
dE 
dN = Ke zltt . 34 
VE 


Here dN is the number of oscillators having energies between E and F + dE, 
E being the kinetic energy of the individual oscillator. k& is the molecular 


1 Lindeman and Magnus, Z. Elektrochem., 16, 269 (1910). 

2 Z. Hlektrochem., 17, 817 (1911). 

3 Kucken and Schwers, Verh. deut. physik. Ges., 15, 582 (1913). 

4 Kammerlingh Onnes, Com. Phys. Lab., Leiden, No. 147 (1915). 
5 Hinstein, Ann. Physik., [4] 22, 180 (1907). 
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gas constant, 7’ the absolute temperature and K a constant involving the 
total number of oscillators. 
Likewise for the potential energy ! 
dN = Kpe~ Heer Gey . (35) 
VE, 


So far as classical mechanics tells us, these two distributions are independent 
of each other. 

From another viewpoint equations (34) and (35) represent the respective 
probabilities that an oscillator has kinetic and potential energies within specified 
limits. Now the probability that an oscillator have a given momentum and 
at the same time a given position is the product of the separate probabilities 
and, without evaluating constants, the combined distribution law becomes 


aN = Ke =""qE. (36) 


where # is the total energy of the oscillator both kinetic and potential. If we 
represent (Fig. 5) position along the horizontal axis s and momentum along 
the vertical axis mv, we then have a two-dimensional cross section of a Gibbs 
“‘phase space,” where the point representing the position and momentum of 
our oscillator at any instant travels in ellipses about the center O. Now the 
quantum theory assumes? that, for a complete oscillation, the integral of 
momentum times length must be an integral multiple of the Planck constant h. 
That is, 

£ mods = nh, (37) 


where nis aninteger. Since the point representing an oscillator travels around 
an ellipse (Fig. 5) during an oscilla- 
tion, the integral represents the area 
of the ellipse. Reduced to its sim- 
plest terms then, the ‘phase point,” 
as we shall call this representative 
point, is limited in its travels to a 
series of ellipses whose areas are 
integral multiples of A. It must 
pass from one ellipse to another 
by a sudden discontinuous motion 
or jump. 

The area of the nth ellipse, then, 
is r(mMVn)Sn, where mV, and Sy 
are respectively the maximum momentum and displacement of the particle. 
Hence we have from our quantum assumption 


a(mV)S = nh. (38) 


my 


Fie. 5 


1 These relations will be derived later. See page 1167 e¢ seq. 
2 Sommerfeld, Atombau und Spektrallinien, 3 ed., p. 243, Friedr. Vieweg and Son, Braun- 


schweig, 1922. 
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Since the total energy of the oscillator is constant throughout an oscillation, 
it may be readily expressed either in terms of the maximum displacement S 
when it is all potential or the maximum momentum mV when it is all kinetic, 


= 47S? = imV?. (39) 
Since 
v= Fs, 
m 
we may write a, 
Sere rnY SNES (40) 
m Pee NMP) 


But - ne is the frequency v. From (388), therefore, the total energy of a 
a Nm 


simple harmonic oscillator is always an integral multiple of the quantum of 
energy 
E = nhv = ne. (41) 


The combined distribution law for the total energy, kinetic and potential, 
of a system of oscillators then takes the following form: 


ei cr (42) 


where N,, is the number of oscillators having exactly the energy ne. It should 
be noticed that the differential has disappeared and the distribution is now dis- 
continuous. There are a number of oscillators with no energy, a number with 
one quantum each, a number with two quanta each and so on, but none with 
intermediate values.1. For the total number of oscillators 


h NN = ee (43) 
where 
> Ke ner = K(1+ e /ET a8 @ 2e/kT +--+), 


The total energy H of all the oscillators is given by the expression 


F E=>WNine= Y Knew". (44) 
ere 
Knew = ReGo2*4 oe Qe 2elkT ate Beeler = ae -). 


If we divide (44) by (43) and multiply through by N, we obtain 


Ned ne tt 


This is a general expression for the total energy of any system of particles 
1See Kunz, Phil. Mag., 45, 300 (1923). 
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which obey a “quantized” form of an exponential distribution law. We shall 
refer to it repeatedly. If we make the substitution, 


= ook 
De ele 


simple algebraic division shows that 


pig rots =o aes 
el — Cae 
and 
1 
e/a 3 
de es as 
Hence, 
wuNeeTPGulr gielhlens  Nhy 
Pt (a — gree) + ekT _ ins emikT _ “ (46) 


By differentiating with respect to the temperature, we obtain 


di _ Nk (3 ) eA Nate 

dT BR) (eS? = 1)? 
Now, if the forces holding an atom in the lattice of a crystal are continuous, 
it can be shown mathematically that, for small displacements, the restoring 
force is proportional to the displacement.! Furthermore, the oscillations of 
an atom about its position in a lattice may be resolved into the three com- 
ponents and the atom treated as the equivalent of three simple harmonic 


oscillators. Thus, we see that, as an approximation, for the monatomic solids 
at low or moderate temperatures, when heated at constant volume, 


dB e \? eft? bya \ pei 
Cy = — = 3Nk = 3Nk » (47 


where 
N = 6.061 X 10%, k = 1.872 X 107" erg/deg. 


This is the Einstein formula for the heat capacity C, of a monatomic solid. 
In Fig. 6 we have the Einstein curve compared with the characteristic experi- 
mental curve for monatomic solids. It will be seen that the two curves become 
asymptotic at high temperatures where both approach the value 3Nk = 3k 
= 5.96 cals. We have here undoubtedly the true theoretical basis of the 
Dulong-Petit law. At lower temperatures, however, the Einstein curve falls 
with decreasing temperature more rapidly than the experimental curve. At 
a temperature where the Einstein equation gives a value of nearly zero for C,, 
the substance still has a measurable heat capacity. 

The explanation of this divergence appears to be simple enough. An 
inspection of equation (47) shows that the smaller the natural quantum for 


1 Jeans, Theoretical Mechanics, p. 348, Ginn & Co., New York, 1907. 
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the solid the higher the heat capacity at a given temperature, especially at 
low temperatures. But the quantum is proportional to the frequency 


ee oe (48) 
2r Ym 


Now, if the two atoms should oscillate together as a unit and the constraints 
opposing the oscillation be something less than twice those acting on a single 
atom, we have the possibility of a smaller quantum. A number of atoms may 
pick up energy and vibrate as a single aggregate, the number being limited 
only by the size of the crystal. Of course, the larger the aggregates the fewer 
the number of them possible, so that the amount of energy taken up as ‘‘com- 
pound” quanta cannot be very large, but the divergence of the experimental 
equation is not very great. Furthermore, this divergence disappears at higher 
temperatures where the atoms are very largely ‘‘broken up” into single 
oscillators. 


Log T 


Fie. 6 


The mathematical problem involved in the complete solution of the heat 
capacity curve for a monatomic solid is thus seen to be perfectly definite, but 
it is by no means easy of solution. In order to take account of the different 
frequencies, we shall have to write the Einstein equation in a generalized form 


hv; 2 QilkT 


1)? 


where the summation is to be extended to all frequencies. Unfortunately, 
we have no means of calculating the number and magnitude of these various 
frequencies. Nernst and Lindemann! proposed a purely empirical equation 


(= ij elk ( hy \? hw /2kT 
= ——— alee 
Gime 3k kT Da ks (50) 


v 2 (OAKS eS 1)? (elv/Pkr pe 1)? 


1Z, Elektrochem., 17, 817 (1911). 


THE THIRD LAW OF THERMODYNAMICS 1401 


This will be seen to represent Cy, as } the sum of the two “Einstein” terms 
with two frequencies, one twice the other. Fig. 7 shows the resultant curve 
obtained by plotting 4 the sum of two such Einstein expressions. It is an 
approximation to the true heat capacity curve, as can be seen by comparison 
with Fig. 6. 


Log T 
Fia. 7 


The Debye Equation: Debye! has made the most satisfactory approach 
to a solution of the problem. In order to obtain an expression for the various 
frequencies in equation (48) above, he considers a monatomic solid as a homo- 
geneous isotropic elastic medium, and assumes the heat energy to be present 
in the form of vibrations which range all the way from ordinary sound waves 
up to vibrations of a limiting frequency, vo, which presumably corresponds to 
the frequency of the individual atom y that we have used in the Einstein 
equation. ‘The total number of these vibrations is not infinite as is assumed 
in the ordinary theory of elasticity but is equal to 3N, the number of degrees 
of freedom ? of a solid body containing N atoms. From the theory of elasticity 
he gets an expression for the number of vibrations dz which lie between v 
and »y + dy, 


If this value be substituted in (49) for N;, the number of vibrations of a given 
frequency, and the summation changed to an integral, which is justifiable 
since the number of vibrations is large and they are continuously distributed 
over the range of frequencies, equation (49) becomes 


_ 9Nk De hy \? 
el (ewer _ 1)2 ns =F | vdy, (51) 


1 Ann. Phystk., (4) 39, 789 (1912). 
2 The concept of degrees of freedom will be discussed later. 
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where the integration is to be extended from 0 to the limiting frequency vo. 
When 7’ is large, becomes small and the above expression reduces to a form 


which is readily integrable, giving a value 
C, = 3k, 


as does the Einstein formula. When 7’ is small, the expression can be inte- 
grated by expressing it as a series and the relation 


C, = aT? (52) 


is obtained. This relation is remarkably simple and is of great importance 
because it should hold for all solids whether monatomic or not, since, at low 
temperatures, the energy is found chiefly in the low frequency vibrations and 
the value of the limiting frequency is without significance. For intermediate 
values of 7 the values of Cy can only be obtained by a laborious process of 
calculation. It can be shown from equation (51), however, that C, is the same 


function of = for all monatomic substances and this function when plotted 


reproduces the experimental curve with great fidelity, as can be seen from Fig. 
6, where the small circles represent the various points calculated from the 
Debye formula. In placing the Einstein and Debye curves on the diagram, 
it is assumed that vo of the Debye formula is identical with v of the Einstein 
formula. The two functions then approach each other asymptotically at 
high temperatures. Various investigators, including Kammerlingh Onnes,! 
have investigated specific heats at very low temperatures with especial care 
in order to test the relation 
Cy= aT? 


and have found it to be in very close agreement with experiment. It has been 
objected that the Debye assumption that the heat energy in a solid is distributed 
in an ‘‘acoustic spectrum” ranging from the longest sound waves up to the 
atomic vibrations themselves implies that heat should be conducted with 
the velocity of sound. The energy of the long waves is transferred with the 
velocity of sound but when the length of the wave is short enough to compare 
with the atomic distances, the analogy of a homogeneous medium is no longer 
correct. For instance, the propagation of ordinary sound waves in air can be 
satisfactorily calculated by assuming the air to be a continuous medium but 
if we were to deal with very high frequencies, we should have to recognize 
that air is made up of discrete particles. 

Debye hoped to be able to calculate the specific heats of monatomic solids 
from their elastic constants since the frequencies of the vibrations which he 
postulates depend upon these quantities. The results obtained in this way, 
however, are not sufficiently accurate to be useful. Since the properties of 
matter assumed by Debye do not correspond exactly with reality and the 


1 Kammerlingh Onnes, Comm. Phys. Lab., Leiden, No. 147 (1915). 
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final expression obtained is not readily usable, Debye’s equation is not regarded 
as satisfactory by many, even though it agrees within the limits of experi- 
mental error with the data for monatomic solids.! 

It must be recognized, however, that the remarkable success of Debye’s 
equation in reproducing the experimental curve constitutes one of the out- 
standing triumphs of mathematical physics. 

We shall return to a consideration of the Einstein formula. It has been 
said that this formula gives the heat capacity of an “‘ideal”’ solid. This is a 
contradiction in terms, however, for the word solid implies a rigid connection 
between one atom and another and the quantum theory tells us at once that 
the possibility exists of the atoms’ oscillating as aggregates. Nevertheless, 
while the Einstein equation is an incomplete expression, it gives us a very 
good picture of the kinetic behavior of matter. 

It has been noted that the fact that the heat capacity curves for monatomic 
substances can be superposed when plotted against log 7 indicates that the 


heat capacity is the same function of log (5) for all these substances. The 
Hinstein equation fits this condition since it represents Cy, as a function of 
€ 


iT - Here ¢€is the natural quantum for the atom and 


Oo. 


>la 


is the natural frequency of the atom oscillating in the crystal lattice. Attempts 
have been made to calculate these natural frequencies for substances from 
elastic properties, etc., but they have not been very successful. Only in the 
case of salts do we have a direct means of measuring vo, namely, the ‘‘residual 
ray’’ frequencies as measured by Rubens.? We shall make use of these later 
in calculating the entropies of the alkali halides. We can, however, draw 
inferences as to the comparative values of the fundamental frequency for 
different substances. We have the relation 


ee) 
fe 27 m- 
where p is the constraint on the atom and m its mass. The frequency should 
therefore be greater for hard substances of small atomic weight than for soft 
substances of high atomic weight. A comparison of lead and diamond shows 
this to be true. In comparing the heat capacity curves of different elements, 


1 Born and Karman (Phys. Z., 13, 297 (1912); 14, 15, 65 (1913)) have derived an expres- 
sion for heat capacity from a consideration of the properties of a crystal, the atoms of which 
are arranged in a lattice. They obtain an expression similar to Debye’s but their derivation 
is too long and involved to be reproduced here. 

2 Rubens and Nichols, Ann. Physik, 60, 418 (1897); Rubens and Aschkinass, 2bid., 65, 
241 (1898); Rubens, ibid., 69, 576 (1899); Rubens and Kurlbaum, ibid., (4) 4, 649 (1901); 
Rubens and Hollnagel, Phil. Mag., (6) 19, 761 (1910). 


1404 A TREATISE ON PHYSICAL CHEMISTRY 


it is convenient to make use of the characteristic constant 6. We may arbi- 
trarily define this constant as the temperature at which 


C, = 2.98 cal., 


since this temperature corresponds to the steepest part of the curve and may 
be readily located graphically. For this value of @ from the Einstein equation, 


hence 


(53). 


The smaller the value of @ and hence of vo, the higher the heat capacity at a 
given temperature. 

Heat Capacity Curves of Irregular Types: As has been remarked, for high 
temperatures the Einstein formula approaches the limiting value 


38R = 5.96 cal. 


While the characteristic curve for monatomic solids appears to approach this 
value at ordinary temperatures, in the case of some of the metals the value of 
C’, rises above this limit at high temperatures and in the case of the alkali 
metals this limit is exceeded at low temperatures. It has been suggested} 
that the high heat capacity is due 
to the electrons of the metal taking 
up kinetic energy and behaving as 
the heavieratoms. Lewis? hassug- 
gested this explanation for the case 
of the alkali metals. That the 
electrons do behave in this manner 
seems highly plausible. J. J. Thom- 
son® has suggested that at ordinary 
temperatures the electrons of a 
metal form a lattice just as do 
the atoms in the crystal and that 
their behavior toward heat energy 
is the same as that of the atoms at 
very low temperatures where the T° 
law applies. If this be true, as the temperature is raised, the electron groups are 
broken up into smaller and smaller aggregates and have an increasingly 
greater heat capacity. Likewise, in the case of the alkali metals where the 
constraints on the electrons are small, we should expect from equation (48) that 
the quantum for the individual electron would not be very great even though the 
1J. Koenigsberger, Z. Elektrochem., 17, 289 (1911). 


* Lewis, Eastman, and Rodebush, Proc. Nat. Acad. Sci., 4, 25 (1918). 
3 Phil. Mag., 44, 657 (1922). 
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mass of the electron is a small fraction of the mass ofanatom. It must not be 
overlooked, however, that abnormally high values of C, appear only as we 
approach the melting point, where large amplitudes of vibrations of the atoms 
are to beexpected. While, at ordinary temperatures, potassium is undoubtedly 
a crystalline substance, it gives no X-ray pattern,! behaving in this respect 
as though it were amorphous. At lower temperatures, a definite X-ray pattern 
is obtained. This would seem to be proof of very large amplitudes of vibration 
for the atoms. The low values of vo for the alkali metals must be due to the 
weakness of the forces between atoms. The assumption of simple harmonic 
oscillation can only be made for small amplitudes. The application of quantum 
theory to inharmonic ? oscillations is still uncertain but it seems probable that 
an additional quantum of energy may be required when this oscillation becomes 
inharmonic. Abnormally high values of C, are probably not due entirely to 
the electron. . 


Log T 


Fre. 9 


The heat capacity curves for the compounds are, with a few exceptions, 
less steep than the characteristic curve of the elements. This is what we should 
expect if the heat capacity of the compound is the sum of the heat capacities 
of its elements, each variety of atom having its own quantum. Fig. 9 shows 
the form of a curve in which 


C, = aay, ap Cv), 


where C,, and C,, are the heat capacities of two elements having widely 
different values of 8. In a substance like crystalline potassium chloride which 
is essentially monatomic, with atoms of not greatly different masses, subject 
to similar constraints, we find the curve of C, for 3 gram mol. is of practically 
the same form as the regular curve, since the quanta for the potassium and 


1McKeehan, Proc. Nat. Acad. Sci., 8, 254 (1922). 
2See Kratzer, Z Physik, 3, 289 (1920). 
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chlorine atoms are nearly equal. This directs our attention to the fact that 
an absolutely ‘‘regular” curve for the heat capacity of a monatomic solid is 
only to be expected from an element which is not made up of isotopes. 

The case of graphite is of interest. Graphite is undoubtedly a monatomic 
solid, yet the curve is much flatter than the regular curve. This would indicate 
the existence of more than one fundamental frequency and the crystal structure 
as determined by X-ray methods bears this out. The X-ray pattern ' indicates 
that the carbon atom in graphite is attached very firmly to three other atoms 
and loosely to a fourth. We shall refer to this again in connection with the 
relative stability of graphite and diamond. 

At low temperatures, the C, curve for a few compounds such as carbo- 
rundum and magnesium oxide is steeper than the regular curve of the elements 
and has about the same slope as the curve for the Einstein equation. Nernst ? 
has pointed out that these are high melting substances and suggests the possi- 
bility that here we have, inside the molecules, atoms under comparatively 
weak constraints which are, so to speak, insulated from the rest of the solid 
by the very stiff linkage between molecules. Under these circumstances the 
isolated atoms become ‘‘ideal”’ oscillators and their heat capacity is given by 
the Einstein equation. This is an interesting suggestion but it is evidently 
one which must be verified by crystal structure. 


THe EMPIRICAL CALCULATION OF ENTROPY BY THE THIRD Law 


Monatomic Solids: In Fig. 6 we have plotted the Einstein and Debye 
formulas, assuming that the limiting frequency vp» is the same for both ex- 
pressions. The Debye equation corresponds so closely to the experimental 
data that for practical purposes of calculation we may assume it to be exact. 
By the third law, the entropy of a crystalline solid at 298° K. is given by the 
integral 


298 298 298 
Wi Cink = 2.8 i Crd log T + 2.3 i (Cp — C»)dlog T. (54) 
0 0 


0 


hg 
The term It Cd log T corresponds to the area under the Debye curve, Fig. 6, 
0 


up to the limiting ordinate log 298 and may be evaluated graphically when we 
know 6. Since we cannot integrate the Debye expression except at high 
temperatures, we can obtain no general expression for S293 but must perform 
repeated graphic integrations. On the other hand, the Einstein expression for 


i 
if C.d log T 
0 


1 Debye and Scherrer, Phys. Z., 18, 291 (1917). Hull, Phys. Rev., 10, 661 (1917). 
* Nernst, Die theoretischen und experimentellen Grundlagen des neuen Wédrmesatzes, Halle, 
1918. 
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is readily integrated. Furthermore, it may be noted that the difference in 


298 
2.3 [ C,d log T 
0 


for the Einstein and Debye expressions is equal to the area between the two 
curves and is the same for all substances. We shall show later that this area 
is equal to & for substances whose heat capacities approach the Dulong- 
Petit value. 

The last term of (54) by substitution from (32) becomes 


5(C cay Covsgg) « 


For the Einstein expression we obtain the integral 


eolkT ( hyo i 
“7 r kT 
‘| C,dinT = 3R ii Sa a ae 
0 0 


hyo/kT __ 1)2 t 
(e ) (55) 
Bie 
Aa Pid 


@lMolkT 


where the value of vo is to be determined from the heat capacity data. We 
have defined 6 as the temperature where 


Cy = 3R. 
. . . . hvo 
By (53), 9z for the Einstein equation = rosie For the Debye formula 
hvo 
n= 
> 4.02% 


Since the Debye equation agrees with the experimental data, we then have 
Ox = 1.350 = 1.350,<rerimentat 
If the upper limit of integration in (55) is 298° K., equation (54) becomes 


.01350 : 
S293 = 5.96 Sees —In(1 - | + 1.99 + 2(Cosg — Cogs), (56) 
Qe —e 


where @ is the temperature at which the experimental value for C,, is equal to 
8R. For those substances whose specific heats approach the Dulong-Petit 
value this expression gives the entropy within the limits of experimental error. 

We have already mentioned that in the case of the alkali halides we have 
a direct means of determining vo. Strictly speaking, a salt such as potassium 
chloride cannot be regarded as a monatomic crystal even though the unit in 
the lattice is a single atom, because it is made up of two different kinds of atoms 
of different masses, and hence, presumably, of different frequencies. The con- 
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straints may reasonably be supposed to be the same for both atoms. As a 
matter of fact, however, the experimental data for the heat capacity per % 
gram mol. for these salts fits remarkably well the characteristic curve for 
monatomic solids. Furthermore, the work of Rubens and Hollnagel? shows 
that the infra-red resonance spectrum is simple. If we calculate vo from 
the mean wave length A» as determined by Rubens and Hollnagel and 
substitute the corresponding value of @ in equation (56), we get remarkable 
agreement with the entropies calculated from heat capacity data. The results 
are given in Table II. 
TABLE II 


EnrrRopies oF ALKALI HALIDES CALCULATED FROM RESIDUAL RAY FREQUENCIES 
Entropy per 4 gram mol. 


— 


Ao(H) Vo Calculated Experimental 
INCI iracisaecuan 51.7 5.81 X 10” 8.72 8.72 
TC ees Saar tart 63.4 4.73 X 1012 9.89 9.86 
LGB ye ee & aac 82.3 3.65 X 10% 11.40 11.21 


There can be little doubt as to the real significance of vp as measured by 
residual ray frequencies. 


THE RELATION BETWEEN ENTROPY, FREQUENCY AND ATOMIC 
WEIGHT FoR SOLIDS 


The Debye equation (51) may be vie with respect to dinT, 


e sa i} 
ae k 
ile C,dinT = (in) Nieinaes 


v9 hy 
ONE kT a 
= x ar ar In(l — e ™/"T) | pdp, 


At high temperatures, the right-hand side of the above equation may be 
simplified and integrated with respect to dv, 


9Nk [(” hy kT\ 2 
1 —In— ) dv = oes hs 
om i} ( ne) vdv = 3R (¢ + nit) (57) 


The integrated Einstein expression (55) at high temperatures becomes 


se (1 +ntt). 


Vo 


1 Sitzb. preuss. Akad., 52 (1910). Phil. Mag., (6) 19, 761 (1910). 
? See Planck, Warmestrahlung, 4th edition, p. 214, Barth, Leipzig, 1921, 
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The two expressions thus differ by R and this fact is used in setting up the 
empirical equation for entropy (56). The Debye equation can only be inte- 
grated at high temperatures, so the Einstein equation, which is already simple, 
is used in the integral of (56). On the other hand, the difference between the 
Debye and Einstein integrals does not differ appreciably (i.e., by an amount 
greater than the experimental error) from R so long as C, > 5.5 calories. 

For large values of T (i.e., when C, = 3R), we have from (56) and (57) 


kT 
Sr = 3Rln-— + 8(Cop — Cop) + 4B 


Vo 


1 
eee and eis 
Q2r Nm N 


where M is the atomic weight and N Avogadro’s number. Hence we may 
write 


But from (48) 


Sr = iRIn= + BEInT + 3(Cop — Cop) + €. Oe) 


At a given temperature of comparison for a type of substances where the 
constraints do not differ greatly, the (C, — C,) term will be about the same 
for each substance and equation (58) may be written 


Sr = 3RinM + C. (59) 


This relation has been shown by Latimer! to hold with accuracy at 298° K. 
for 16 binary salts for which C, approaches the Dulong-Petit value closely. 

If we wish to compare the entropies of the metals at a given temperature, 
we find that the constraints vary so widely that it is necessary to take them 
into account. The constraints may be calculated approximately from the 
elastic constants and Eastman” has recently shown that the entropies of the 
metals at 298° K. may be represented satisfactorily by an equation of the form 


3/2 
S = 3RinM + Rin + C, (60) 
where V is the atomic volume and £ the compressibility. 

In the case of substances other than monatomic solids where the heat 
capacity curve cannot be represented by an equation, it is necessary to plot 
C, against log 7 and resort to graphic methods of integration to obtain the 
entropies. Since log 7’ becomes infinite as 7’ approaches zero, the method of 
graphical integration must be supplemented at low temperatures by another 
method. At these temperatures we have the 7% relation from which it is 


-1 J. Am. Chem. Soc., 43, 818 (1921). 
2 J. Am. Chem. Soc., 45, 80 (1923). 
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easy to show that the entropy below any given low temperature is given by 
the equation 


S = 4aT’, (61) 
The T° relation holds with an accuracy of 1 per cent up to temperatures where 


Chr) O22rcals 


For a substance that is a liquid at 298° K., it is necessary to include the entropy 
of fusion, or, if a gas, the entropy of fusion and vaporization, as well as the 


integral 
7 
i C,dlnT 
0 


from 0° K. in the value for So9s.__I’or liquids we neither have sufficient experi- 
mental data nor a satisfactory theory from which to attempt generalizations 
in regard to heat capacity or entropy. 

Table III is a table of atomic entropies compiled (1929) by Rodebush 
including the most recent available data. 

Conventional Chemical Constants: We are now in a position to criticize 
the ‘“‘conventional chemical constant” calculated from equation (24), using 
Nernst’s empirical extrapolation for heat capacity. As a vapor pressure equa- 
tion it will be quite satisfactory, since, in the region where the vapor pressure 
is measurable, the heat capacity can be adequately represented by an equation 
in powers of 7. In order to make use of the third law for calculation of equi- 
librium constants, however, it is necessary to extrapolate to 0° K. From Fig. 4 
we see that while the atomic heat capacities in general approach each other 
at ordinary temperatures and at 0° K., in the interval between these two 
temperatures AC, is a quantity which may vary from zero to a considerable 
magnitude. This causes serious errors not so much in the integral 


Te 
{ AC, dT 
0 


fie AC,dT 
Potee 


at low temperatures. All this, of course, is in addition to the question of the 
application of the third law to liquids. The conventional chemical constant 
then can be relied upon to give scarcely more than a qualitative measure of 
the reaction tendencies and is to be regarded as an approximation of the same 
sort as Berthelot’s principle of equating the free energy to the total energy. 


as in the integral 
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TABLE III* 


Atomic Enrropirs at Onn ATMOSPHERE AND 298° K, 


Ely drogeny Gs H's) neve ey aaa ee 17.00 
Hydrogen! (El) aus Jeena 28.75 
feliaim Vaets Stee OO MODERN a RT 5 30.13 
PACT ne eee eee ete. IT ee IE 7.6 
Beryl steer: ond ect ee fos 
Carbon) (diamond) ay een. oer 0.6 
Carbon (graphite) cer ps eee 1.4 
INEROy ee CIN ic Gc Sep genter cn ces nok 22.98 
Oxycenn(G Ope kann lee. eee ee 24.51 
Oxvaeng(O) nye tenia isos oem ee 38.04 
INGORE 'S Fe ee eee DER ere oe 34.95 
fSYOYG bs Ba TUR RG hy ord oe ete ee cee 4 Set 12.46 
SSO CINTA 7.) arena kes rosea ere ps 36.73 
VE OTMESIUUTN. oes orc te ee ee ae 8.12 
YNTUAC ETT WE a ties RPE RI Sea Mey ASL I 6.73 
Sti CON ence atc neti cere te eh 4,54 
CMD WAH Nope Os toe cow oes oust ano ee 7.70 
@hiormenGClorg erat ee ne ee 26.3 
Ghionrine (ls gine eemiee mee sans 39.40 
PIG ROVIUS Bloke cath CREO RET Oe reRERS cen EOE 37.00 
OtasslUIN acne lyase cars abet 16.5 
ROAST (Gin pase tacmeyt weitere ke Se 38.3 
@alciuinameaeds tie done es atone: 10.4 
SR UeN ai bboateeero cccinset ca Sean cmcecroreenapraten tere 6.6 
@hromiumeey ws eile aoa et ae 5.8 
IMAn Pan esOun wits fees ME td Toci dale Wes 
(COG. es Sian, Aeon B ie Aer ae meee Omer 11.0 
Mier cuinyal(O)itpaciee ee tated clam ees aieuiiers 18.3 
Mercury: (G) tieseucialcds shale: tee legate eee 41.8 
eh alin) toes ere ae 14.8 


1411 
POMPE IM Ratrne Ake menor Rema eee. Me UME AGE 6.8 
GO pale Meee e eh Ta ALY Reve heey ah he 
INI CK CL RAIE Sei COR. 2} aM Dr Lh 
COppenae Oa AROS, MISER. Phe 8.0 
VAN raha i cect Rt he eae a Er Pe ES LDS 9.7 
Bromine Draper eee ees 16.3 
‘Bromine (Bree as lace aes ee: ALT 
[SGisig MOIS a na Aa oes Soe trtr OH che ay en 39.18 
ZAC OTAUIIN eee eee, Soe ee oe 9.5 
IM Kol Kylee saibteitom & Weak amie os Se a eee reo 
1RaUhal LS on ho Ana, ie et oes Bee ee eee 6.9 
PERT O CUIVITNI NE wet ea) es ae dcr Ree 7.6 
Palleschiumaaas anette een te ee eh 8.9 
SH STOR soe cnercle Sc Anke ar ee 10.2 
(OEYC TVoV IS LCIIE Meer) Sith net eee NERC inte ae 11.68 
ety Gwinite) ares er etter een ere vee 12.45 
ADihate | (ea eid in ecole e eeeet eens ore eee ae ae ae 10.73 
Modaimen(SiloS) tiger apse fhe eee 13.95 
l Koyo birayehi(( Bawah) were cecense te 3 ee cdtereey ER eee 43.20 
XCM OM ace ie ee yet co. dts Aba 40.53 
IbEVOMAORH LOM hs b Sey Creo ORO A Fens € 13.7 
(WEriUTa ge eee ik owner 13.8 
ROH OHS aly BMore ores aleimiate Momo a hen 8.1 
LOlisavihedtane he ac De eee Te ee ee 7.8 
Ihglolhetcovrs oy Mere eer ees tees eros oe a 8.7 
Rl atin tines soe ek eee ae 10.0 
ITE reer ee ees Cee De oe wat: TOO) 
Laieyeloviva Seale cy ney ee Bin me el 42.11 
VIR OXON NORGE ates Gee of cae aRmeRE earn oeeE me toot 13.6 
Wire uri it. pace opors succor eee Tinta 


* Blements having a nuclear spin, s, have an entropy both in the elementary state and in 
compounds that is greater by an amount F& In(2s + 1) per gm. atom than it would be if the 


element had no nuclear spin. 


If the thermal data are obtained to a sufficiently low temper- 


ature the entropy as calculated from them would include this term R In(2s + 1), but only in 
the case of elementary hydrogen is this knowa to be included. Thus the values given for 
molecular and atomic hydrogen in the above table are higher by an amount F /n2 than they 
would be if the hydrogen atom did not have a nuclear spin of %. For thermodynamic cal- 
culations it will be necessary to add the quantity Rln2 per gm. atom of hydrogen to the 
entropy of hydrogen compounds as obtained experimentally. In the case of other elements 
that have nuclear spins no difficulty will arise because the entropies of an element and its 
compounds as determined experimentally will each be less than the theoretical values by the 


amount R In(2s + 1) per gm. atom of the element.1 


1 Rodebush, Phys. Rev., 1930; Proc. Nat. Acad. Sci., 15, 678 (1929). 
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The advantage which the Nernst approximation formula possesses over the Berthelot 
principle as a qualitative measure of the reaction tendencies is best exemplified in the case 
of reactions with similar heats of reaction but with different volume changes. An example 
in heterogeneous equilibria will best illustrate this advantage. 

As was pointed out originally by Thomsen,! the nitrates, although possessing a consider- 
ably greater heat of formation than the corresponding carbonates, are much more readily 
decomposed. Here actually was a remarkable exception to the Berthelot principle, the 
explanation of which was impossible to the adherents to the principle. Application of the 
Nernst approximation formula gives, however, an indication of the reason for the discrepancy. 

The formation of a nitrate may be generalized by means of the equation 


2MO + 4NO2 + O2 = 2M(NOs)2 + 2Q, (1) 


in which M denotes a diatomic metal, Q (= — AH) is the heat of formation of 1 mol. of nitrate 
from oxide, nitrogen dioxide and oxygen. For complete dissociation of the gaseous products 
into nitric oxide and oxygen, the equation becomes 


2MO + 4NO + 302 = 2M(NOs)2 + 2Q’. (2) 
The Nernst approximation formula for such heterogeneous reactions has the general form 


tye 
4.5717 


log Kp = + 2.1.75 log T + nC, (3) 


where K, refers to the equilibrium constant expressed as partial pressures of the gaseous 
reactants in atm. divided by the partial pressures of the gaseous resultants in atm., 27 repre- 
sents the change in the number of gaseous molecules (reactants — resultants), 2»C represents 
the algebraic summation (reactants — resultants) of the conventional chemical constants of 
the participating gases each multiplied by its molecular coefficient in the reaction equation. 
Thus, in Equation (1) above, 2n = 5; in Equation (2), 2n = 7. Assuming that the con- 
ventional chemical constant for O2 is 2.8, for NOz, 3.3 and for NO, 3.5,? the corresponding 
value for ZnC in Equation (1) is 


ZnC = 4(3.8) + 2.8 = 16 
and in Equation (2) 
2ZnC = 4(3.5) + 3(2.8) = 22.4. 
The equilibrium equations become respectively 
log pNo2'PO2 = — a + 8.75 log T + 16 
NO2 PO2 4.5717 : g (1a) 

and 

1 490.2 = 20 122571 

Of PNO"POd = — 7 goiq + 12.25 log T + 22.4. (2a) 


If the total gas pressure be P, it is obvious that, in Equation (1), 
PNO2 = $P and DO, = FP} 
provided the pure nitrate be employed. Similarly, in Equation (2), 
PNo=7P and po, = 3P. 


For the temperatures, 71 and 71’, at which dissociation reaches atmospheric pressure, in 
the two cases, namely, P = 1, it is evident that the equations become respectively: 


1 Thermochemische Untersuchungen, Vol. 3, p. 555. 
2 Nernst, Theoretical Chemistry, 8-10th Edition, Book IV, Chap. V. Die Theoretischem 
und Experimentellen Grundlagen des Neuen Warmesatzes, p. 112, Halle (1918) 
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a ae 8.75 1 
Of 
o 5s AL ee SH ee Ce) 
and 
ce oy) 12.25 1 ’ 
oe —_—— «= = ———— 
aa Term + 12-25 log Ty’ + 22.4 (2b) 
or 
US een: + 8.5 
4.57171 . fe LI 3 (1c) 
and 
Snag e Ty +114 
Five al eae = (2c) 


In the corresponding case of the dissociation of a carbonate of a divalent metal 


MO + COz = MCOs; + Q”, 


it follows, from analogous treatment, that 


A 
log = 16) = — — + 1.751 eB 
Kp E PCoz 2577 ae og T + 3.2, (4) 
where n = 1 and the conventional chemical constant for CO: is 3.2.1 

For the temperature 7”” at which the pressure of carbon dioxide reaches 1 atm., the 

equation becomes, therefore, 

(Qe 

4.577” 


= 1.75 log T” +.3.2. (4c) 


Comparison of equations (1c) and (2c) with that of (4c) shows obviously that when the 
respective values of Q for the two dissociations are the same, the nitrate must dissociate at 
a considerably lower temperature than the carbonate. Berthelot’s principle would demand 
equal dissociation temperatures. It is evident, therefore, that the Nernst approximation 
formula is a much better basis for estimating qualitatively the reaction tendency in any 
equilibrium process than is the Berthelot principle. This is generally true, not only with 
heterogeneous reactions, but also with homogeneous gas reactions. 

Rolla? has studied the dissociation of cupric nitrate and has applied the Nernst approx- 
imation formula with good concordance to the equilibrium data, on the lines of the above 
treatment. The dissociations of metal chloride-ammonia compounds are good examples 
also of the applicability of the Nernst approximation formula, since as is evident from the 
formule, 2AgCl.3NH3, LiCl.2NH3, PdClz.4NHs3, CaClz.4NH3, CaCle.6NHs3, ZnCle.6NHs, 
varying values of Zn will be found in the log 7 term. Bodenstein* has indicated another 
such case. The reduction of zinc oxide by carbon occurs at about the same temperatures 
as the reduction of potassium carbonate by carbon, although, in the latter case, much more 
heat is absorbed. The approximation formula takes count of this in the greater number of 
gas molecules involved, 

ZnO +C = Zn + CO, 


K2COs + 2C = Kz + 3CO. 


The same divergence between the Berthelot principle and the Nernst approximation 
formula is evident in homogeneous gas reactions involving dissociation of a gas into several 
reaction products. The application of the approximation formula to a number of such 
dissociations has been made by Brill 4 and Pollitzer,® cited by Nernst ® in his review of the 


1 Nernst, loc. cit. 

2 Gazz. chim. ttal., 45, I, 444 (1915). 

3 Z. Elektrochem., 23, 103 (1917). Cf. Nernst, loc. cit., p. 124. 
4Z. physik. Chem., 57, 735 (1907). 

5 Monograph Ahrens Sammlung, Vol. 17, 1912. 

6 Loc. cit., p. 121. 
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heat theorem. The following table gives the observed temperature at which dissociation is 
one-half complete in a series of reactions, together with the heat of the reaction, Q(= — AH), 
the working pressure P and the temperature calculated for one-half dissociation on the 
basis of the approximation formula, where 


x? Q 
= =-— 1.75 log T + 3, 
TS ok ages i577 * he 
whence, for « = 0.5, 
Ap 2 ° 
4.57(log 2 + 1.75 log T +3 — log P) 
TABLE V 
Gas DISSOCIATIONS 
Reaction Q ve T obs. T calc. 
QNO>z == NOt. co eee oe aoe 12,450 0.65 <GPBIT IK, 340° K. 
QHECOOH = (HCOOED) 2. ea anima 14,780 1 410 410 
2CH3;:COOH = (CH3sCOOH):..... 16,60C 1 425 450 
IP@l 3x) 9) = BC lan sacmenayet che nathenaree 18,500 il 480 500 
HBr + CsHi0 = CsH11Br eCeCy er ee tic 19,400 if 483 525 
HBr aC riios—sC 5b rience 19,400 0.1 462 A470 
HeO! -- SOs = HeSOes ne asne occ 21,850 it 623 599 


It will be noted that, in these cases, there is, in accord with the Berthelot principle, 
also a rough proportionality between Q and 7. When, however, the dissociation yields 
more than two resultant molecules, this proportionality does not apply as is evident in the 
case of the dissociation of hexahydrobenzene to benzene and hydrogen, 


CeHe + 3H2 = CoHiz. 


Four molecules of dissociated products are obtained. The heat of dissociation is approxi- 
mately 43,000 calories. In spite of this high heat of reaction, hexahydrobenzene may be 
dehydrogenated at 300° C., and even in presence of excess hydrogen thirty per cent decom- 
position occurs at 400° C.1. This is a much lower temperature than would be expected on 
Berthelot’s principle from the preceding cases of dissociation. That the Nernst approximation 
formula is applicable to this reaction is evident from the calculation of Pease given by 
Dougherty and Taylor,? where the formula 


43,400 
4.57T 


log Kp = — + 3(1.75 log T) + 3(1.6) 


gives the following values for log Kp: 


LENG 0 27 200 227 527 


LOR Gears cacay'e cts, oases — 16.91 — 13.85 ela! — 0.03 Siero 


These values are in evident agreement with the catalytic observations that the reaction 
changes from hydrogenation to dehydrogenation in the temperature interval 180°-300° C. 


1 Sabatier and Gaudion, Compt. rend., 168, 670 (1919). 
2 J. Phys. Chem., 27, 535 (1923). 
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STABILITY oF SuBsTaNces aT HiagH TEMPERATURES 


A common generalization is that compounds formed from their elements 
with the absorption of heat are stable at high temperatures. The third law 
together with the quantum theory of specific heats enables us to discuss this 
question with considerable assurance. van’t Hoff}! anticipated some of our 
conclusions in 1904 when he stated that if two forms of a substance exist, the 
one with the higher specific heat will be stable at high temperatures. The 
question is worthy of consideration in some detail. Let us consider first the 
reaction 

A=B, 


where A and B are two different crystalline forms of the same substance. We 
have the equation (4) 
TAC aT. 

ee ee 


Yh 
AF = AH ~ ras = att, + [ acyar — 7 = 
0 0 


where AF is the increase in free energy in passing from A to B. The form with 
the lesser free energy will, of course, be the more stable and, at 0° K., this will 
be the form with the lesser total energy content. As we raise the temperature, 
AH will change by the integral 
nis 
i AC LAL. 
0 


AF will be changed by the difference 


T T T 
i) act — 1 f AC, dT 
0 0 vhs 


Since the second integral must, in general, be greater than the first (on account 
of the factor 7 in front of the sign), AF must always diverge from AH, ie., 
increase if AH decreases, so long as the sign of AC, remains unchanged with 
increasing temperature. 

The form more stable at 0° K. must have the stronger constraint acting 
in the crystal lattice and if the unit in the crystal lattice is the same in both 
forms (i.e., of the same mass), then the Einstein equation tells us that the less 
stable form has the higher heat capacity over the lower temperature ranges 
at least. 

In terms of the above equation, suppose that A is the stable form at 0° K., 
then AF is positive, likewise AC,. As we raise the temperature, AH increases 
slowly with the temperature but the term 


re ene 
tame 


1van’t Hoff, Boltzmann Festschrift, p. 233, Barth, Leipzig, 1904, This conclusion 
assumes that the specific heat curves do not cross, 
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increases more rapidly. At high temperatures, AC, approaches zero, for 
monatomic substances at least, while the term 


- ie AC,dT 
Faehaie 


continues to increase with the temperature so that at some temperature it is 
highly probable that AF will change sign. Here we will have a transition 
point and above this temperature phase B becomes stable. The transition 
temperature might, of course, be above the melting point. 

This is the general behavior to be expected for a case as above, but if the 
substance contain complex molecules, these may be of different structure in 
the different crystal forms and we can no longer make any predictions about 
the trend of the specific heat curves. The curves for the two modifications 
might even cross. For the simple case which we have assumed, however, 
the conclusions appear quite sound. Rhombic and monoclinic sulfur seem to 
be an illustration of such behavior, although their heat capacity curves are 
not regular. 

The case of graphite and diamond appears to be at first sight an exception. 
At all temperatures graphite is the more stable substance and yet it has the 
higher specific heat at all temperatures. Furthermore, its heat capacity 
curve is less steep than the regular curve, although it is undoubtedly mona- 
tomic. The crystal structure (see p. 1156) appears to explain the situation. 
The atom of carbon in graphite is constrained in a plane with forces which 
are greater than in the diamond lattice. At right angles to the plane the 
forces are very weak and we may suggest that the heat capacity lies almost 
entirely in the oscillations normal to the plane of the crystal. This would 
explain its anomalous heat capacity. 

For a more complex reaction such as the formation of a compound from 
its elements, we can make no a priori deductions as to the sign of AC,. We 
have seen that so long as AC’, does not change sign, AF and AH must diverge 
as the temperature is increased. If a compound is unstable at low temper- 
atures, the free energy of formation from its elements then will be positive 
and at 0° K. will be equal to the heat of formation. If AC, of formation be 
negative, then, at higher temperatures, AF must remain positive and the 
compound will continue unstable. If AC, is positive, AF may become negative 
and the compound become stable at temperatures sufficiently high. In the 
average case, however, what we may expect to happen is that some new dis- 
sociation reaction may set in to destroy our compound. For example, let us 
consider the formation of ozone 

205 - Os. 


At low temperatures, AF and AZ for this reaction are positive. AC, is probably 
negative and we can expect no increased percentage of ozone present at equi- 
librium at higher temperatures. If AC, were positive, we should probably 
be defeated in our attempt to convert ozone to oxygen at high temperatures 
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by the dissociation of ozone into monatomic oxygen, an entirely different 
reaction. The same considerations apply to compounds stable at low temper- 
atures. If AC, be positive, stability will persist at high temperatures until 
some dissociation reaction intervenes. 

The third law tells us that endothermic compounds are unstable at low 
temperatures but the common belief that endothermic compounds are stable 
at high temperatures is scarcely more than a superstition. The important 
factor is AC, of formation and, even if it be positive, the compound will prob- 
ably cease to be stable due to other reactions. In the sun, for instance, not 
only do molecules dissociate into atoms but atoms dissociate into electrons. 
Our generalizations in regard to specific heats assume that they approach the 
Dulong-Petit value as a limit at high temperatures, but this is only true for 
a short temperature interval. At still higher temperatures the amplitudes of 
vibration of the atoms become so great that the motion ceases to be simple 
harmonic and dissociation analogous to evaporation begins to take place. 
The hope of synthesizing substances which are unstable at low temperatures 
by going to higher temperatures is therefore illusory in the sense that no large 
yields are to be expected. High temperature, of course, favors the attainment 
of equilibrium and small amounts of a substance may be present at equilibrium 
even if its free energy of formation is a large positive quantity.! 


THE EQUIPARTITION OF ENERGY 


In the derivation of the Einstein expression for heat capacity we made use 
of the distribution laws (34) and (35) for the kinetic and potential energies 
respectively of a system of oscillators, promising the reader that we would 
discuss the theoretical basis of these equations later. These equations are 
special cases of a general theorem of molecular mechanics, as is also Maxwell’s 
law for the distribution of the velocities of gas molecules. This very funda- 
mental theorem is commonly known as the Principle of the Equipartition of 
Energy. ‘This important principle, which is a deduction from the laws of 
classical mechanics, seems to lead to results so at variance with the facts, 
except in the case of the monatomic gases, that for many years it has been 
regarded as of doubtful validity. The recent introduction of the quantum 
theory, however, bids fair not to invalidate this principle but to explain its 

1Since 
AF 
Ink, = — RT’ 


it follows that at temperatures sufficiently high K, approaches unity and all the substances 
involved in the reaction will be present in considerable amounts. Unless AF’ be small, 
however, the temperature must be very high to produce this effect. For the formation of 
NO from Ne and O2 Lewis and Randall (Thermodynamics, p. 560, McGraw-Hill Co., New 
York, 1923) have calculated the equation 


AF = 21,500 — 2.57. 


Here both the sign of AC, at low temperatures and the small value of AF combine to favor 
the yield of NO at high temperatures. 
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apparent failure. Itis therefore a concept with which every student of physical 
chemistry should be familiar. The principle of equipartition is one of the im- 
portant deductions of what is known as statistical mechanics. Maxwell and 
Boltzmann 2 were the most prominent of the earlier workers in this field. 
Willard Gibbs,’ however, has become the most renowned because of the 
simplicity and elegance of his mathematical treatment of the subject. Un- 
fortunately, Gibbs’ treatment is so wanting in concrete illustrations and in the 
approaches which must be built from the more familiar modes of reasoning to a 
method that is new and abstract that the reader 4 who is unfamiliar with the 
subject has difficulty in finding out what Gibbs had in mind. Jeans in his 
Dynamical Theory of Gases > has treated the Principle of Equipartition ex- 
haustively and with mathematical rigor (in so far as the treatment can be made 
rigorous) but his treatment is laborious to the reader who is not inclined strongly 
toward mathematics. The reader, however, will find it profitable to read Jeans 
in order to get a clear idea of the concepts with which we shall be dealing. We 
shall try to sketch for the reader briefly and concretely the method of reasoning 
used by Gibbs. 

Concept of Generalized Space: Suppose we wish to study the behavior of a 
monatomic gas whose molecules are assumed to be dimensionless points, i.e., 
incapable of acquiring a rotational momentum. The reader is familiar with 
the methods of analytical geometry by which the position of a single molecule 
may be indicated by a point in a system of three rectangular codrdinate axes. 
One must be careful not to confuse the point with the molecule itself. The 
molecule may be sealed up in a glass tube while the point and codrdinate axes 
are chalk marks on a blackboard. In a similar manner, if we lay off another 
system of three axes each of which represents momentum in a direction corre- 
sponding to one of the axes of the first system, then a second point will specify 
completely the momentum of the molecule. When position and momentum 
are completely specified, then the total energy of the molecule is determined: 
that part of the energy that is due to position being called potential energy, 
and that part that is due to momentum, kinetic energy. 

Now if we could draw a six-dimensional set of codrdinates on the black- 
board, we should be able to represent the location and momentum of our 
molecule by a single point. We cannot do this but as a matter of fact we 
cannot draw to scale a three-dimensional space on the blackboard. What 
we do is to draw two-dimensional cross sections of the three-dimensional space. 
We can do the same for the six-dimensional space. Analytically there is no 
difficulty. The equation for a spherical surface in six dimensions resembles 
the equation for a spherical surface in three dimensions except that it has 

1 Collected Works, II, p. 713. 

2 Sitzb. kgl. Akad. Wiss., Wien, LVIII. 


’ Elementary Principles in Statistical Mechanics, Yale University Press, New Haven, 
1914. 


4 Part of the difficulty is due to the order of presentation. It is recommended that the 
student read Chaps. I, IV, V, VI, and VII of Gibbs’ work in order. 
® Dynamical Theory of Gases, 3d edition, Chap. III, V, Cambridge, 1921. 
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more terms. The concept of higher dimensional space offers no difficulties 
mathematically and it is of great usefulness in the study of matter which is 
made up of enormous numbers of molecules. Many of the obscure analytical 
relations involving energy simply become theorems in geometry or hydro- 
dynamics. Thus, if we combine two six-dimensional systems, we can com- 
pletely specify the condition of two molecules by a single point and if we have 
a quantity of gas containing N molecules, then a single point in a 6N dimen- 
sional set of codérdinate axes will at any instant specify completely the position 
and motion of every molecule of the gas. This is a tremendous simplification: 
the replacement of 2N points by a single point. The 6N dimensional space is 
called a ‘‘generalized” space and the point which determines by its position 
in this space the position and momentum of each molecule we shall call the 
“phase” point. Gibbs used the term ‘‘phase”’ to mean the state of the system 
as defined by the position and momentum of the individual molecules. The 
arrangement of the individual molecules in position is called the configuration 
of the system: and a state of the system in which the motion of each molecule 
is specified we shall call a ‘‘distribution”’ of momentum. A completely specified 
configuration and distribution then con- 
stitute a definite state or phase of the 
system. When we say that two other- 
wise identical systems differ in phase, 
we mean that they differ in some way in 
configuration or distribution or both. 
The extent of the difference depends 
upon how widely separated the two- 
phase points are in the generalized space. 
The reader should understand that we 
try to visualize this generalized space 
only by taking portions of two dimen- 
sions at a time. Thus in Fig. 10 a cross Fia. 10 

section shows the vertical momentum 

coordinates of two molecules and the phase point P indicates the actual mo- 
mentum in a vertical direction for each molecule by its position. 

Degrees of Freedom: As soon as we specify the position of a molecule 
along any coérdinate axis, we admit the possibility of its motion in a direction 
parallel to this axis and are obliged to add a corresponding momentum co- 
ordinate to our system. Every independent positional codrdinate thus implies 
a possibility of motion or a “degree of freedom.” ? Thus, our point molecule 
has three degrees of freedom. Suppose we assume that our molecule is a 
sphere of appreciable radius. Then, three codrdinates will locate the center 
of the molecule in space but the orientation of the molecule will require the 
introduction of three additional angular codrdinates and hence we would have 
six degrees of freedom. Furthermore, we can assign the coérdinates in different 


1 The reader will note that the terms ‘‘degree of freedom”’ and ‘‘phase” are being used 
in a manner quite different from their more familiar application in the study of the Phase 


Rule. 
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ways but the total number is always the same. Thus, in a diatomic molecule 
the atoms of which are held rigidly with respect to each other, we may choose 
for the origin of angular codrdinates either one of the atoms or the center of 
the line joining them or any other point in the molecule. The number of 
degrees of freedom of a system of molecules is equal to the sum of the number 
of degrees of freedom of each molecule, regardless of the manner in which we 
take the codrdinates. Thus, we have already seen (p. 1151) that Debye in de- 
veloping his equation for heat capacity makes use of the fact that 3N co- 
ordinates completely determine the position of a body of N point molecules. 

The Ensemble of Systems: We have seen that in a 6N dimensional 
generalized space a single ‘‘phase” point will define the exact position and 
motion of each part capable of separate motion, that is, of each degree of 
freedom. The system of particles which we are considering may be gaseous, 
solid or liquid and the particles may be molecules, atoms or electrons, charged 
or uncharged. If the system have kinetic energy, the phase point will be in 
motion. Concerning the actual path traveled by an individual point we can 
say nothing. The problem is too complex. We must resort to a more general 
method. 

Let us suppose our generalized space to be filled with points, these points 
so close together that they form a dust and approach as a limit a continuous 
fluid medium to which we can assign the property of density. Each point 
represents an isolated system identical with all the others except for a difference 
in phase. This infinity of systems was called by Gibbs an ‘“‘ensemble.”’ Since 
the purpose of the conception of an ensemble is the study of the behavior of a 
single actual system, it is advantageous to imagine the ensemble as generated 
by a single system taking on, in turn, all the various energies, configurations 
and distributions of momentum possible to it. Each phase point of the 
ensemble then represents an isolated independent system and there can be no 
interaction between two such systems for they are really only two different 
phases of the same system. Two adjacent phase points represent two systems 
differing only slightly in phase. 

Since the systems of the ensemble are isolated, the energy of each system 
must remain constant. A given phase point is constrained to travel in certain 
regions which we may designate as constant energy surfaces. Thus, the phase 
point of a monatomic gas system must move in the momentum portion of the 


generalized space on the surface of a 3N dimensional sphere of radius V2mE, 
where m is the mass of a single molecule and E the total energy of the gas. 
Furthermore, the laws of classical mechanics tell us that the quasi-fluid of 
points flows in certain fixed stream lines through the generalized space and 
Liouville’s } theorem shows that the density of points along any stream line 
remains constant as the mass flows on. That is, there is no tendency for the 
points to crowd together or to disperse, and, if the distribution of points along 
any stream line is initially uniform, it will remainso. (It should be emphasized 


1See Jeans, Dynamical Theory of Gases, 3d edition, p. 73, Cambridge, 1921. It is 
beyond the province of this chapter to discuss this theorem of mechanics. 
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that these generalizations can only be made for positional and momentum 
coérdinates. In place of momentum we might take velocity or kinetic energy 
as a coérdinate but our important generalizations above would no longer 
apply.) 

Finally, of course, there are many portions of the generalized space where 
the phase points cannot enter. Thus, if the molecules have volume, only one 
molecule can occupy a given place at one time. The phase points must be 
excluded from regions which would imply interpenetration of molecules. 
These regions, however, need concern us no further, since they form a negligibly 
small part of the total generalized space. 

The Canonical Distribution of Gibbs: From various considerations which 
we will discuss later, Gibbs was led to assume what he called a “canonical” 
distribution of the systems in an ensemble. The canonical distribution is one 
in which the density of the phase points in the generalized space is represented 
by the equation 

D = Ke 77. (62) 


where £ is the total energy of the system, k is the molecular gas constant and 
T is the absolute temperature. 

The foregoing applies to the density of the phase points in the momentum 
portion of the generalized space. If the energy of a system depends also upon 
its configuration, i.e., if it has potential energy, we shali likewise assume a 
canonical distribution of the phase points in that portion of the generalized 
space that is defined by the positional coérdinates. On the other hand, in 
the case of a monatomic gas, where the energy of the system is independent 
of its configuration, we shall assume a uniform distribution of phase points 
along the positional coérdinates. 

The Distribution Law for the Molecules of the Individual System:! We have 
assumed that the phase points which represent the systems of the ensemble 
are distributed in the generalized space according to equation (62). We shail 
next see what conclusion is to be drawn as to the manner in which the energy 
of an individual system is distributed among the molecules of which the system 
is composed. Since each system of the ensemble has an actual distribution 
different from any other, any conclusion we draw will of course only be a 
general statement as to the average condition of a system. Let us consider 
kinetic energy first. We have 


£E= FmM14 Le FMok Spero emf 2Mnkn”, (63) 


where 1, M2, ***, Mn are the masses of the molecules associated with motions 
in the various degrees of freedom and 4&1, 42, ++-, %, are the components of 
the velocities along the codrdinate axes 21, %2, ***, tn.2 We may then write 


1 The reader should be careful not to confuse the distribution of energy among a large 
number of systems with the distribution of the energy of a single system among the molecules 
of which it is composed. 

2 It is beyond the scope of this work to consider how the rotational energy of a molecule 
may be expressed as a sum of squares. Suffice to say it can be done. 
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(62) in the following manner: 
D = Ken mnter, pdmaiter , ,, g—hinint RT (64) 


Since the density of the phase points depends only upon their energies, they 
will be distributed symmetrically about the origin in the generalized space. 

The total number of systems represented by phase points in the momentum 
portion of generalized space will be obtained by successive partial integrations 
over all coérdinates as in finding the mass of a solid of variable density, 


+00 +00 A 
Ns=K Ih +f ik ema bs) ++ + oT (mnt). 
—o /—o 


Let us perform all the integrations except for the codrdinate mi%i. Then 
we have 
+ 00 
Ng = K’ il e mAIET din dy). (66) 

= OO) 
This expression tells us that the number of points that project upon any portion 
of the momentum axis 41 is proportional to 

eo dminteT 


But the number of points that project on the portion of the axis d(m%;) 
represents the number of systems in which the molecule m has a momentum 
between m1; and m4, + d(m%,). Hence the chance that the molecule m 
have a momentum between m4, and m4. + d(mi%1) in a system chosen at 
random from a canonical ensemble is given by the expression 


Kemi tTg (m4) f 


The probability is the same for all the other molecules in the other degrees 
of freedom. Now, obviously, one molecule can only have one given value 
for its momentum in one direction at a given instant but if we have a large 
number of molecules each with the same probability of distribution, we should 
not expect all molecules to have the same momentum. We should expect on 
the average to find them distributed in momentum according to this prob- 
ability.!. In other words, 

dN = Ke” "7 q(mz), (67) 


where dN is the number of molecules on the average which have a momentum 


between m% and mz + d(mz). Since mz = V2me, where ¢ is the kinetic 
energy of a molecule in a given degree of freedom, we may write equation (67) 
above 


dN = Keeler, ; (68) 
€ 
1 From (67) we see that a molecule has the greatest probability of having a momentum 
not greatly different from zero. The actual probability however is equal to the exponential 
term multiplied by d(mi21), so that we should not expect to find many molecules with a value 
for momentum lying between any very narrow limits. This conclusion however takes no 
account of the quantum theory. See equation (42). 
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This is our general distribution law which holds without restriction for a 
monatomic gas. If the potential energy is a function of the squares of the 
positional codrdinates as we have seen it may be under certain conditions, we 
can by similar mathematical reasoning derive a similar law for the distribution 
of potential energy. 

The reader will require some justification for the assumption of the canonical 
distribution of Gibbs. The more natural method of calculating the probable 
state of a system would be to consider all the possible conditions of a system 
whose energy is constant. Gibbs has termed this sort of a distribution a 
microcanonical ensemble, a term that is not particularly apropos as we shall 
see later. Maxwell and others have obtained the distribution law (68) from 
a consideration of the microcanonical distribution, but the mathematical 
reasoning is much more involved. Furthermore, it is by no means possible 
to observe a system, for example a mol. of gas, in the laboratory at constant 
energy. Since our insulators are imperfect, when we wish to hold a system at 
constant energy, we put it in a carefully regulated thermostat and hold it at 
constant temperature. Some interchange of energy is constantly taking place 
between the gas and the thermostat and there must be some fluctuations in the 
total amount of energy of the gas. We believe these fluctuations to be negli- 
gibly small so that the system behaves very nearly as though its energy were 
constant. This is exactly the sort of a situation to which the canonical distri- 
bution corresponds. Gibbs shows mathematically that only a very small 
fraction of systems in the canonical distribution have energies differing ap- 
preciably from the average energy of the ensemble. A graphical illustration 
of this will be more obvious to the reader than the rigorous mathematical 
proof of Gibbs. 

For simplicity let our system be a monatomic gas. Since the density of 
the phase points in the generalized space of momentum is proportional to 
e “/? it will diminish rapidly as we go away from the origin. Let us imagine 
the space to be divided up into a series of hollow spherical shells concentric 
around the origin and of thickness dr. The radius r = V2mE. We must 
remember that in n dimensional space the surface of these spherical shells 
increases at a very rapid rate as we increase r. We can now sct up the ex- 
pression for the number of phase points in any shell. It will be equal to the 
density times the volume of the shell. The density is proportional to e~7/*”. 
The surface of an n dimensional sphere of radius r! is given by the expression 


ee ae) 


(2)” Ais, (69) 
2 


If we designate the product of the various constants by Ko, we then have for 
the number of systems which lie between r and r + dr 
dN, = Kye 2? "1dr. (70) 


1 Wilson’s Advanced Calculus, p. 382, Ginn & Co., 1912. This is an approximate expres- 
sion for the case where n is very large. 


As 
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We may plot — as ordinate against ras abscissa. In this way we may repre- 
r 


sent graphically the distribution of systems with respect to their total energies 
in the same way that we represent, by a Maxwell’s law curve, the distribution 
of molecules with respect to their energies in one degree of freedom. In Fig. 
11 we have plotted the function (70) for n = 3 and n = 9 on scales so that 


idagel, abil 


the areas under the curves are equal. For large values of n the peak becomes 
so high and narrow that it is impossible to represent it to scale in a drawing. 
This means that all but a negligible number of the systems have energies not 
differing appreciably from H, the average energy. The corresponding micro- 
canonical ensemble would all have the energy H. Now, since all but a few 
of the systems of a canonical ensemble are in the same condition as the systems 
in a microcanonical ensemble, any generalization such as the distribution law 
which depends upon average values will be the same for both systems. The 
canonical distribution appears therefore as an assumption which not only 
corresponds to physical reality, but also as a justifiable device for avoiding 
laborious mathematics. 

The distribution of energy among the various degrees of freedom of a 
system that is given by equation (68) we may call the normal distribution. 
This law is represented only as a probability, not as a certainty. It might 
be well to consider this normal distribution in terms of the geometry of the 
generalized space. If we write equation (67) in the form 


d “ie of 
“ = Kile "Ema 4), 


then the right hand side of the equation represents the fraction of the total 
number of systems of the ensemble which project upon the coérdinate axis 
mx, within the limits of d(m%i). If we were to consider all the systems of 


1 A microcanonical ensemble includes practically the same number of systems as a canon- 
ical ensemble and the term microcanonical is therefore misleading. 
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the ensemble in turn, then mi%, would take on all values from 0 to ©. If we 
were to observe the values of all coérdinates for each system, we should find 
some systems for which all the codrdinates mid%, +++ mndtn had high values 
and some systems for which the values were low; but, for the great majority 
of the systems, the values of mié1-+++ mn%n would be distributed according 
to (67). These systems would differ from each other only in that corresponding 
molecules would not in general have the same energies. But, since we cannot 
distinguish between individual molecules, physically, the system would appear 
as having the same distributions. The change with time of a given system 
will consist mainly of its individual molecules exchanging places with each 
other in configuration and distribution, a process which escapes our notice 
entirely since our senses are not acute enough to distinguish between individual 
molecules. A given system then appears, from a physical standpoint, to 
remain unchanged with the passage of time. 

We have reasoned that, since all but a very few of the imaginary systems 
of an ensemble have the normal distribution (i.e., that given by equation (67)), 
any actual system we find will have this distribution. This conclusion may 
not appear obvious. The greater portion of the systems in the ensemble has 
the normal distribution. Since the phase point of any actual system is con- 
stantly traveling through the generalized space, a reasonable inference is that 
it will spend most of its time in the region of the space where most of the 
systems lie and this part of the space corresponds to the normal distribution. 

We can imagine of course exceptions to this conclusion. Let us suppose, 
enclosed in a container, a gas one molecule of which has all the kinetic energy. 
This molecule might bound back and forth between opposite sides of the con- 
taining vessel indefinitely. The phase point of this system would be traveling 
in a closed circuit off in one ‘“‘corner”’ of the generalized space. But, the walls 
of the container would have to be of a very peculiar material in order not to 
absorb the energy of the bombarding molecule. In the actual case, the kinetic 
energy would soon be dispersed throughout the system; and, since our actual 
physical systems are never really isolated, we must conclude that the phase 
point of the system must be subject to continual fortuitous disturbances in 
its path and traverse more or less the whole of the generalized space and spend 
only portions of time too short for our senses to appreciate in the “corners” 
where the system would appear to be abnormal to our coarse perceptions. 

We have seen that the distribution law for the energies which are functions 
of the squares of the codrdinates is given by (68), 


de 
dN = Ke~*? __- 
We 
If we select a large number of coérdinates at random, the total number appears 
as the integral 
N= K { gtr fe A VET (71) 
0 ve 2 


€ 
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and the total energy as the integral 
E=K il i eS rT) (72) 
0 ve 4 


Dividing (72) by (71), we have for the average energy per degree of freedom 
€ = 4kT. (73) 


Equation (73) is the mathematical statement of the principle of the equi- 
partition of energy. The principle may be applied only to those coérdinates 
of which the energy, kinetic or potential as the case may be, is a quadratic 
function. The number of the coérdinates must of course be large and be 
selected at random, for it would be possible to select those at a given instant 
which had some peculiar value of the energy. When these conditions are 
complied with, the principle of equipartition states that the average energy 
per degree of freedom is 3k7, where k = 1.872 X 10~* ergs/deg. and T' is the 
absolute temperature. 

For a monatomic gas the principle of equipartition appears to be com- 
pletely valid. For condensed forms of matter it fails, except as a limiting 
law at higher temperatures. It becomes necessary to introduce some addi- 
tional assumption or discard the conclusions of the ordinary or ‘‘classical”’ 
mechanics entirely. As a matter of fact, the quantum theory so far from 
displacing the classical mechanics appears to be a means of saving it. As 
we have seen (page 1147) for the monatomic solid, the failure of equipartition 
is to be explained very simply on the ground that one of the original assump- 
tions was incorrect: viz., that the kinetic and potential energies are independent 
of each other. In the case of the simple harmonic oscillator we found the 
kinetic and potential energies to be related by equation (41) 


€xin, + €pot, = Nhv. 


THE CALCULATION OF THE ENTROPY OF MONATOMIC 
GASES 


Entropy and Probability: The fact that an isolated system assumes an 
equilibrium state characterized by the maximum entropy consonant with its 
energy and volume is a direct formulation of experience, the entropy of a 
given system being defined by means of the equation: 


pCi De V, 


ds T 


? 

in which S is the entropy of the system, E its energy, V its volume, 7 the tem- 
perature, and p the pressure. The molecular hypothesis coupled with the 
ideas of a distribution of molecules in space and of a distribution of energy 
between the molecules leads theoretically to a postulation of various macro- 
scopic states of the system (with different intensive properties), one of which 
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is the equilibrium state. A particular macroscopic state of a system, it is 
assumed, can be realized from any of a collection of microscopic states having 
certain, essential features in common. A particular miscroscopic state is 
specified by the position codrdinates and associated components of momentum 
of each of the molecules of the system. The individual microscopic states of a 
collection differ by permutations which do not affect the observable, intensive 
properties (7.e., those dependent upon the fraction of the total number of 
molecules having certain positions and momenta), nor of course the total energy 
or volume of the system. The number of microscopic states in a given col- 
lection defines the quantity known as the thermodynamic probability of the 
macroscopic state corresponding. The particular macroscopic state con- 
taining the greatest number of microscopic states is assumed to be the most 
probable state of the system and therefore the equilibrium one. A relation 
is to be sought connecting the entropy of a system in a given macroscopic state 
with its thermodynamic probability: 1 


S=f{W), 


where S is the entropy and W the thermodynamic probability. The form of 
the function is determined by the nature of the two quantities being related, 
and is to be found explicitly from a consideration of a simpleexample. The 
entropies of two given systems are related by hypothesis to their probabilities: 


Si = fW), S2= f(W2). 


The entropy of the system arising from a consideration of the two systems as 
one is: 


S12 = Si aF So. 


The probability of the combined system, from a consideration of its definition, 
is: 
W 2 = WiW2, 
and further 
Sp = f(Wr), 
whence 


FCW Wa) =f Ws) a fC). 
Successive partial differentiation with respect to W1 and W, gives: 
WfWiWs) = f(W), 
fW.W:) + W.Wif(WiW2) = 0, 
Wiof(Wis) + f(Wi2) = 0, 
The solution of this differential equation is: 


S=klInW + const., (74) 
1 Planck, Warmestrahlung, Fiinfte Auflage, p. 111, Johann Barth, Leipzig, (1923). 
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where & is a universal constant to be determined by comparison of some 
calculated property with experiment, and the additive constant is zero since 


Sio = kln Wi2 + const. = kin Wi + const. + kln We + const. 
(Wie = WiW,.). 


The fundamental problem of molecular statistics is that of finding the 
number of ways in which a given macroscopic state of a system can be realized 
or, expressed differently, it is the problem of finding a method of describing 
a system microscopically in the sense of equation (74). There are two essenti- 
ally different methods that have been employed: (1) that of Maxwell and 
Boltzmann,! further elaborated by Planck ? (referred to hereafter as classical), 
and (2) that of Bose and Hinstein,* further restricted by a postulate of Fermi 4 
(referred to hereafter as ‘new’). These methods are treated separately in 
subsequent paragraphs, and in this section are limited in application to ideal, 
monatomic gases, 7.¢., non-attracting mass-points of three degrees of freedom. 

The Number of Cells in a Phase-Space: A molecule with three degrees of 
freedom is said to be in a given state (or cell) provided the value of its three 
position coédrdinates and its three components of momentum can be specified 
within certain limits. If, then, a six-dimensional space is conceived, along 
three axes of which the position coérdinates are represented and along the other 
three axes of which the components of momentum are represented, a given 
molecule is said to be in a given state if its representative point in the six- 
dimensional space (known as the phase-space) lies in a given element of the 
space, the magnitude of which according to the older, classical theory is 
sufficiently small that the mean value of the energy corresponding may be 
substituted without sensible error for that corresponding with any point within 
the element. According to the quantum theory, the magnitude of this element 
in the phase-space (or cell) is A’, where A is Planck’s constant and f the number 
of degrees of freedom of the molecule. For asystem, the total energy of which 
is E and the volume of which is V, the number of cells in its phase-space, for 
molecules of three degrees of freedom, is: 


1 
vat mae +++ S dp,dp,dpdxdydz, (75) 


where 2, y, 2 are the position coérdinates in the physical space of the system 
and pz, Py, Pz are the associated components of momentum. The integrations 
are to be performed over values of 2, y, z and of pz, py, pz consistent with the 
volume and energy of the system: 


dxdydz = dV, 
dpzdp dpz = mdv,dv,dvz, 
1 Boltzmann, Vorlesungen tuber Gastheorie, 1 (1896). 
2 Loc. cit. 


3 Sitz. Preuss. Akad. Wiss. Berlin, Math.-Physik Klasse, p. 261 (1924). 
4 Z, Physik, 36, 902 (1926); cf, Sommerfeld, Z. Physik, 47, 1 (1928). 
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where dV is an element of the volume of the system, m the mass of a molecule, 
and vz, vy, vz the components of velocity corresponding with the com- 
ponents of momentum. The element of velocity-space can be more con- 


veniently expressed in terms of the speed of the molecules and their direction 
of motion 


dv,dv dv, = cdc sin ddd dg, 


where ¢ represents the speed and the angles, #, ¢ determine the direction of 
motion, the linear dimensions of the element of velocity-space being 


de, cdd, c sin dd¢. 


In accordance with these transformations, 


m 3 c=max o=T p=2r 
$= (=) vf | c’de sin dddde. 
h c=0 d=0 e=0 


Since the energy is wholly kinetic energy of translation, 


amc? = ¢, 
mcdc = de, 
f V2 
C2d6— mil de, 
whence 
De msl2V CH 
pe ee 
h 0 
or 


4r__ (2mE)3!2 
marr ca 


Molecular Statistics on the Basis of Classical Theory: If, in a system 
composed of N similar molecules, it is assumed that all of the microscopic 
states of a given collection are equally probable, then the thermodynamic 
probability of the macroscopic state corresponding with the assignment of 
N: molecules to cell 1 of the phase-space, N2 molecules to cell 2,... Ns 
molecules to cell s, is: 

N! 1 


WS Te regres 


with the implied relationship: 
N = XNsg, 


the summation extending over all cells of the phase-space. Accordingly, the 


1 This number represents the total number of ways in which the assignment can be realized, 
it being assumed that every molecule has identity, i.e., “‘ molecule a in cell 1 and molecule b 
in cell 2’ is different from ‘“‘ molecule a in cell 2 and molecule b in cell 1.”” Factorial zero is 
understood to be unity. . 
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total energy of the system is: 
E —— Deis 


where €1, €2, *** €; are the energies characteristic of the cells 1, 2, --- s. If 
the conditions are imposed that the distribution is an equilibrium one and 
that the total number of molecules and the total energy are constants, then the 
following relationships: 

6S = kilnW = 0, 

6N = 2ONs = 0, 

6H = Ye dNs = 0, 


hold for any virtual shift of molecules from one cell to another. Since the 
macroscopic state of a pure substance is completely defined by assigning values 
to three independent variables (one of which is the number of molecules), it 
follows that all of the properties of the system are fixed by the above equations. 
By Stirling’s formula 
Ina! = alnx — & 


if x is large, and with the assumption that the number of molecules in any 


cell is large, 
InW = NinN — N — ZN,lnNs + INs. (76) 


The second and fourth terms on the right of equation (76) cancel, and with the 
substitution 
Ns 


Ws= a7 3 (Zw; = 1) 
it follows that 
InW = NinN — Du;,NinN — Zw,Ninws = — NZuglnw,, 
whence 
S = klnW = — Nkrw,lnus, (77) 


The problem now is to render S, a function of the s w’s, a maximum; 7.e., 
6S = — NkZ(Inw, + 1)éu, = 0, 
where all of the éw’s are arbitrary. The subsidiary conditions that 


ON = N2Zow, = 0 
and 
oH = N2edw, = 0 


rob two of the éw’s of their independence. Thus any variation, subject to the 
conditions imposed, involves at least three cells. For example, 


(nw, + 1l)éu,; + (Inwe + 1)dwe ob (Inws of. 1)dws => 0, 
Ow, + OWe + 6w; = 0, (78) 
€,0W; + €20W2 + 6003 = 0. (79) 
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These equations may be solved by finding quantities a and B by which equa- 
tions (78) and (79) respectively are to be multiplied, such that upon addition 
of the three equations the coefficients of 6w, and dw2 vanish. It follows that 


(Inws ao 1 + a + Bes) dws —() 


and since 
6w3 se 0, 
Inw;3 + 1+a+ Be = 0 
or 
W3 = eo ene) 


A new set of three arbitrary variations involving, for example, cells 2, 3, and 
4 may now be considered, and with the same multipliers a, 6 as before, the 
coefficients of d6w2 and 6w; vanish, and hence that of dw, etc., or, in general, 


Ws = e— 1a Fes) (80) 


The quantity a may be determined in terms of the other quantities entering 
the equations, in virtue of the relationship 


yw, = 1, 
whence 
Del tar Peed 7 
and 
See 1 
e = 58s" (81) 


Substitution in equation (80) gives for the number of molecules in any cell: 
e Ps 
De Pee 


Nei wN DeVoe 


From equation (77) for the entropy, it follows that 


S = — NkZwlnw, = — Nkzw,(— 1 —a — Be) 
or 
S = Nk + Nka + NkBLews 
but 
NkB2re,w, = kBE, 
whence 


S = Nk + Nka + kBE, 
and by means of equation (81), it follows that 


S = Nk + Nk[Inde*s — 1] + kGE 
or 
S = Nklnde~* + kBE. (82) 
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The constant 8 can now be determined by means of the thermodynamic 
definition of the absolute temperature: 


Differentiation of equation (82) with respect to the energy, in accord with 
this definition, gives: 


1 dlnde e 0B 
po Nk +kB+k an 
But - 
Onze"! - — Ng 0p og 
Ne ee oe eee hopgaia sleet 
whence 
1 
p kB 
or 
1 
[Sis LT? 


from equation (82) it follows then that 


E 
S = Nkinde"? +7 


By comparison with the equation defining the thermodynamic quantity A, 
called by Helmholtz the free energy: 


A=E-—TS, 
it follows that 
= — NkTInZe*s, (83) 


The sum to be evaluated, De~*s, known as the “ Zustandssumme,”? may 
be replaced without sensible error by the following integral taken over the 
entire volume of the system and over all values of the components of momentum 
consistent with the energy: 


1 
zs [+ [ eap.apyapsavdyas, 


provided the magnitude A’ is small in comparison with the entire phase-space. 


1 Planck in this connection remarks: ‘‘ Vom Standpunkt der klassischen Dynamik, wie 
ihn L. Boltzmann durchfiirhte, ist diese Voraussetzung stets erfiillbar, enthalt also gar keine 
physikalische Beschrinkung; denn die Konstante (h') spielt dort nur eine kiinstliche Rolle, 
sie dient lediglich zur erleichterung der Gedankenoperationen, und es geniigt, sie hinreichend 
klein anzunehmen. Dafir bleibt natiirlich in dem Ausdrucke der freien Energie ein addi- 
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The substitutions for dp,dp,dp-dxdydz, as used in the calculation of the 
number of cells in the phase-space [equation (75) et seq. ], yield in this con- 


nection: 
25l2a m3 !2V E 
SY as Sea eT ede, 
0 


where, for brevity, = is written for the ‘‘ Zustandssumme.” With the new 
variable wu = €/kT it follows that 


D5 l2a (mig T)3!/2 E/kT 
ripe aoe V { e*Vudu 
0 


and, if H/kT is large, the upper limit may be extended to infinity without 
appreciable error, whence 


25l2a- (mk T)3/2 ee = eS = = 
z= BARTON: vf e~“Vudn; ip e~“Vudu = ivr 
0 0 


h3 
(QarmkT)32V 
ere eae 
From equation (83) 
QrmkT)22V 
Se sNETInS = NEtn =, 
whence 
aA (QarmkT) 2/232 
S= - ($5) = wun Cement (84) 
and 


3 
H=A+TS = QNkT. 


The heat capacity of the gas at constant volume may be obtained at once 


from the relationship: 
aaa (ae 
Uiras oT nn 


3 
Co = 5 Nk. 


whence 


From experiment the heat capacity of a monatomic gas (at constant volume) 
is found to be 3R, where # is the molar gas-constant equal to 1.988 calories 


tives, mit 7 multipliziertes Glied, und dementsprechend in dem Ausdrucke der Entropie eine 
additive Konstante physikalisch belanglos. . . . In der Quantentheorie hat jedoch die Grés- 
senbeziehung eine reale physikalische Bedeutung. Ist sie nicht erfiillt, so tritt eine Abwei- 
chung von idealen Gasgesetzen. . . . Aber auch in idealen, nichtentarten Zustand des Gases 
ist die Grésse h® characteristisch fur das thermodynamische und chemische Verhalten des 
Gases.’’ Planck, loc. cit., p. 135. 
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per degree. By comparison it follows that the universal constant & connecting 
the logarithm of the probability of the state of a system with its entropy is: 


R 
k= wen 1.372 X 10-36 ergs per degree. 


It is to be noted that the entropy as given by equation (84) does not accord 
with experiment, since, in that equation, the entropy of a given system is not 
proportional to the number of molecules which it contains under given con- 
ditions of temperature and pressure. Further, while the equation does give 
the temperature and volume effects correctly, the entropy as calculated from 
this equation is many times too great. It may be pointed out here that the 
cause for these defects must lie in the arbitrary method chosen for the calcula- 
tion of the thermodynamic probability of a given macroscopic state of a system. 
The method used involves counting, as among the physically distinct micro- 
scopic states, those arising from position and velocity interchanges (of two or 
more molecules) of such a nature as to be recognizable as distinct only if the 
molecules have identity. If the number of such physically insignificant inter- 
changes is calculated, the former expression is found to be too great by the 
factor N! (= N%e~%).1 
If this correction is applied, the expression for the entropy becomes: 


(2amkT)3!2¢5!2V 

S = Nkin Wh . 

This expression for the entropy, which is to be derived in a more direct manner 
in the following paragraphs on the basis of the new statistics, is found to give 
remarkable agreement with experiment, as the comparison in Table IV shows. 
The experimental values of Table IV are values for (Sgas — Seryst: at o°K); 
in conformity with the third law of thermodynamics, the entropy of the 
crystal at the absolute zero of temperature is assumed to be zero. 


TABLE IV 


Entropy oF Monatomic GASES AT 298° K. anp 1 ATMOSPHERE 


Experimental Calculated 
DSR bi hes winmemniniren Hone 5 mR nah acre See A, Bini oc 29.2 30.1 
ATLON'S oo s-5 vel eig Rioatorel denratne ove et tara eieteReeee 36.8 37.0 
Mercury Vapor 4c uiatiaottiaciecenine Geer 41.4 41.8 
@CadmiumyVapor *s.08. wre cei aie: 39.9 40.1 


1 Planck, loc. cit., pp. 202 et seq. For a discussion of the difficulties and opinions of 
various authors regarding methods yielding the proper dependence of the entropy on the 
number of molecules, see Ehrenfest and Trkal, Proc. Amsterdam Acad., 23, 162 (1921). 

? Lewis, Gibson, and Latimer, J. Am. Chem. Soc., 44, 1008 (1922). 

3 Born, Ann. Physik, (4) 69, 473 (1922). 

4 Fogler with Rodebush, J. Am. Chem. Soc., 45, 2089 (1923). 
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Molecular Statistics of Bose and Einstein:! The essential difference 
between the classical statistics and the new statistics lies in the different 
assumptions regarding the method of describing physically distinct micro- 
scopic states of a collection belonging to the same macroscopic state of a 
system. A macroscopic state in the new statistics is specified by the number 
of cells in the phase-space containing given numbers of molecules. If, for 
example, in a region of the phase-space containing As cells, it is specified that 
a given macroscopic state corresponding to this region of the phase-space is 
defined by the statement that 


poAs cells are empty, 
piAs cells contain 1 molecule, 
p2As cells contain 2 molecules, 


prAs cells contain r molecules, 


and if it is assumed that celis, but not molecules have identity, then the 
number of ways in which this assignment can be realized is: 


W = As! 
~ (pols) !(piAs)! +++ (pds)! 


with the necessary relationship 
So ppcet lL 
0 


By an application of Stirling’s formula, with the assumption that the number 
of cells containing any number of molecules is large, it follows that 


InW = AslnAs — As — 2(p,As)ln(p,As) + 2p,As. 


The second and fourth terms on the right of the preceding equation cancel, 
whence, with rearrangement: 


InW = AslnAs — Z(p,As)lnAs — AsZp,lnp, = — AsZp,lnp,, 


and the entropy reckoned per cell, for the region of the phase-space considered, 
is 

S eee InW kp] 

Age ey (ago ae ae 


In the preceding deduction it is assumed that each of the As cells, in the 
arbitrary region of the phase-space considered, has the same probability. for a 
given number of molecules as any other cell. This is not to be expected except 
in a given, comparatively small region of the phase-space. This restriction, 
however, can be removed at once by a refinement in the definition of the p’s. 


1 Hinstein, loc. cit. 
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Let. 
po° be the probability that the sth cell is empty, 


pi° be the probability that the sth cell contain 1 molecule, 


p,* be the probability that the sth cell contain r molecules, 
in the sense that 
Ns = S per 
0 
is the statistical number of molecules in the sth cell; likewise 


foo} 
Neti = 2) Det 
0 


is the statistical number of molecules in the (s + 1)th cell, with the necessary 
relationship that for every s, 


{oo} 
3 Pr = 1. 
0 
With this refinement of definition, the entropy reckoned per cell is: 
—k> plnp,8 
0 
and the entropy of the entire system is: 
S= — kL dip,lnp,’, (86) 
s&s Tf 


the convention being adopted that summations with respect to r extend from 
r= Otor= ©, and that summations with respect to s include all cells of the 
phase-space. Correspondingly, the total number of molecules in the system is: 


N = DEN = LL pr 
te 
and the total energy is: 
E = > Nie = D2 Leper: 
s$ SIU: 


The condition that the distribution is an equilibrium one is imposed by 
means of the following equation: 
6S = — ELL np,top, + 6p,°) = — KEL np? + 1)sp,¢ = 0 
Sant She Meg 
for an arbitrary variation of the quantities governing the equilibrium dis- 


tribution. The conditions that the total number of molecules and the total 
energy are constants are expressed as follows: 


dN = DoDerép,* = 0, 
St 


6E = do derép,? = 0, 
SiS; 
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with the further condition that 
LL bp" = 0; Ora. = 1). 
s ry 


With four equations restricting the behavior of the system, all of the 6p’s 
except four may be arbitrarily set equal to zero; i.e., 


(np. + Dope + (Unpess? + 1)bprr? + ees + = 0, 
rép,? + Tope amerieacio as ao, (87) 
erOpeet © ete Oper oer. ei eos t=, (88) 
Spr? + ODeteigee eat aU. (89) 


These four equations, connecting the unknown 6p’s, may be solved by finding 
quantities a, B, y by which equations (87, 88, 89) respectively are to be mul- 
tiplied such that upon the addition of the four equations the coefficients of 
three of the four 6p’s vanish. It follows that 


(Inp,? + 1-+ar + Ber + y)ép,* = 0 
and since 6p,° ¥ 0, 
lnp? = —ar—-y-—1 (90) 
where 
Ls =a + Bes. (90a) 


The quantity y can be determined directly from the relationship: 
Cpt a1 = ew, 
i Tr 


whence 


and the quantity y thus requires a subscript. It follows that 
1 


Siiales = ee SS 1 — amet 
£ tee ee . 
whence 
Inp,? = — xr +in(1 — e”), (91) 
It follows further that 
Yer ; 


x 
= p= SaaS ? 
Ns Lr Sie Ler FT | 
Tr 


1 1 
Nie Nie peg ate So ]” 


Es 


€s 
PSR ON Saas fies 1 
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For values of the quantity a sufficiently large that unity can be ignored in 
comparison with e's, the expression for the total number of molecules 
becomes: 


1 
NS ines (92) 
Cues 
This sum can be evaluated in the same manner and with the same assumptions 


as the corresponding one of the classical theory (equation (83) et seq.), the 
constant 8 remaining undetermined, whence 


ie 1 (= 3/2 V7 
ee B "3 


=»| (2 )"s | 
ad soar i B Nh? |) 


The approximation made in ignoring unity in comparison with e*+®s is thus 


justified provided 
Qrm \3!2 V 
B Wha 2 ile 


From equations (86, 90a, 91), it follows that 
S= —kUYplnps = — kD pAL— ar — Besr + In( — e722) ], (98) 
s Fi SHAT 


and since 


and 


LL pr = N; LL Priest =f, 
S = Nka + kBE — kyIn(1 — e2-*s). (94) 


The constant 6 can be determined from the last equation by means of the 
thermodynamic definition of the absolute temperature: 


(3) =i 
OE) ven oT 


Differentiation of the entropy, in accord with this definition, gives: 


ee ova ag 
1 ba 8 oes | oat Gor 
rim aa ay Oe ON 
but since 
—a—Be 
é 8 1 
Fee ee 
and 
en abe €e 


THE THIRD LAW OF THERMODYNAMICS 1439 


the first, third, and fourth terms on the right of equation (95) cancel, whence 


1 
atte 
or 
1 
Poa 


The summation occurring in the last term of equation (93) can be evaluated 
without sensible error, provided a is large, by replacing In(1 — e~**) by 
— e**, and this in turn by 

1 
~ FR? 
whence, for large values of a, 
1 


Sin —e 3) = — >. Lae eG N. 
8 s 


Substitution in equation (94) gives: 
S = Nka + kBE + Nk, (96) 
or, with the introduction of the values for a and 8, 


(QrmkT)32V  # 


= Nkin-——y 3 + ip + Nk, 
and the characteristic, thermodynamic quantity 
aie ee 
Be edie ya rae Rime ited? 
whence the entropy and pressure, in terms of measurable quantities, are, re- 
spectively, 
OA Fy (Qarmk T)3!2e5/2V 
S= -— ar Jy n Wis ’ 
OA NkT 
ev ae We | ee (OG k= R/N). 
The total energy is 
3 
B=A+TS= 5 NkKT (97) 


and by comparison of equation (96a) with equation (97) it follows that 


Thus the statistics of Einstein and Bose, when applied to a monatomic gas 
for which the constant @ is large (7.e., high temperature and low density) 
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yields the experimental value for the entropy. In the case of gases under such 
conditions that the constant @ is not large, deviations from the above formulae 
occur, giving rise to the phenomenon known as gas-degeneration. This 
phenomenon will be discussed in detail in a subsequent section of this chapter. 

Formulation of Some General Thermodynamic Relationships: The entropy 
of a system composed of only one molecular species can be expressed as a 
function of the number of molecules comprising the system and two other 
independent variables characteristic of the system; for example, 


S= SH, V,N), 


is= (3) dH (53) dV (2) dN 
~ \OE Jy, x ve OV Jz,Nn a ONa/ ner ee 


from the definition of the entropy of a system containing a given number of 
molecules: 


and hence 


dE + pdV 
ApS) = T ’ 
it follows that 
Os 1 0 p 
a ~ Tee ale (976) 
or 
L ie (LS 
ds pie Pav= (35) an, 


E pV os 
Ngee ad a} faee 
a( T mi. (Gwen 


poses af ies. 
oN ree ON 0 ELV 2) 


E+pV —-TS=F, 


or 


but 


where F is the thermodynamic potential of the system.! 
The chemical potential? of a given substance is defined by the following 


equation: 
(= f 
Fi ete: 


as ¢ 
St) er (98a) 


1 The quantity (ZH — TS + pV) is often called the free energy of the system. 
* Reckoned per mole, this quantity is often called the partial molal free energy. 


whence from equation (98), 
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The differential coefficients (0S/0E)y, v, (0S/0N)z, y are now to be related 
to the multipliers a, 8. These quantities appeared in the following equations: 


Beer 
iad Se pine 


| adN = aXdN, = 0, 


BoE = BXe,5N, = 0, 


and were so chosen that the coefficients of two of the 5N’s vanished, upon 
addition of the three equations. The three conditions imposed may be 
expressed as follows: 1 
1 
53 —aiN — BPE = 0, 


and if the individual variations are taken at constant volume, it follows that 


1/98 mn 
ENGR eae 


(5) a 
LON Jip vee 


whence, by comparison with equations (97a) and (98a), 


a= —— (99) 


sa: (100) 


Further, it is to be noted that, since for a pure substance F = N¢, 


F= — NkTa (101) 
and 
A= F —pV= — NkTa — pV. 


If the behavior of the gas follows the equation pV = NkT, 
A= — NkT(a +1). 


Chemical Constants of Monatomic Gases: The integration of the Clausius- 
Clapeyron equation for the vapor pressure of a pure, condensed phase gives: 
AH oi 
— + = 
Date 14 


aT a Vv 8 : 
Inp = qa | (Ce® — Co")dt + 2, (102 ) 
0 é 

where p is the vapor pressure, AH the heat of vaporization (at constant 
pressure) at the absolute zero of temperature, C,° the heat capacity (at con- 

1 Obviously the constant k, as well as the signs of the terms in this symbolic equation, are 
arbitrary. The equation as given here corresponds with the usual convention. Cf. Som- 
merfeld, loc. cit. 
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stant pressure) of the vapor, C,° the heat capacity (at constant pressure) of 
the condensed phase, and 7, the integration constant, is called the chemical 
constant of the substance in question. If C,” is assumed constant and equal 


ie te Se (Sf evar 
np = — pp ton Rell hae +2. 


Integration of the fourth term of this equation by parts, putting 


2 R, th 
054, en 


Bes ; dT 
: Cdl = w and pe 
gives 
ies Ceol 
ay 
frudo=w— frau= - a + fa 
whence 
ieee eas Ere ra [ower 5 [at 
fami Cin GI mets pi baw teas tons ke ps 
but 


5 7 
AH = AH, +5RT — i C,aT, 
0) 


“4 


from which it follows that 


AH. 90 pa ee Wb 
Inp = — ant aint +2 pti f : . 
0 


kT 


Rearrangement of the terms of this equation gives: 
ee ea PP ARI ae, 
T ; T 9 Rin? — Rinp at 5 +7 1 (103) 


From the third law of thermodynamics the expression on the left represents 
the entropy of the saturated vapor in equilibrium with the condensed phase. 
The entropy of the saturated vapor can also be obtained directly from the 
definition 


dH + pdV 
— T ) 
and with 
3 RT 
dH , RdT 1) = Vy? 


it follows that 
3 
Ss= ght + RinV + 8)’, 
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where S,’ is a constant of integration. The substitution V = RT/p gives 


5 
= 5 Rint — Rinp + 8), 


where 
So = S,)’ + RinR 


whence by comparison with equation (103): 


: 
s=(F+i)a 


From the theoretical equation for the entropy of an ideal, monatomic gas 
(equation 85): 

(QrmkT)3!2e52V 
pet Nak Seles Sg 


S= Rl Vie 
or 
S = 3RilnT + RinV + rn 
whence 
So = rn a, 
So = Rin ae, 
Sit Rin ae EA a: 
where M is the molecular weight of the gas.1 
$+i=In ee + 3InM, 
i = ee + 3lnM, (104) 
= dt + 3inM. 


The chemical constant 7 can be determined by experiment with the aid of 
equation (102) and the usual assumptions regarding the course of the heat 
capacity curves for the gaseous and condensed phases. In Table V is given a 
comparison between experimental values of the chemical constants of certain 
monatomic gases and values calculated from equation (104), the pressures 
being expressed in atmospheres and the logarithms being to the base 10. 10 


1 These results were obtained by Tetrode, Ann. Physik, (4) 38, 434 (1912); zbid., 39, 255 
(1913); by Sackur, Ann. Physik., (4) 40, 67 (1913); and by Stern, Physik. Z., 14, 629 (1913). 
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in ¢.g.s. units (logarithms to the base e) has the value 10.17. If the pressure 
is expressed in atmospheres and if the logarithms are to the base 10, 


— 3.66 
2.303 


+ 2 logio M. 


TABLE V1! 


CHEMICAL ConsTANTS OF Monatomic GASES 


Gas t (calculated) t (observed) and range 
| 6 i Aaa Ee ie Be, 8 SPE uae, Mie nee SNE YT Ui 1.87 1.82 +.03 

( Co IRR ar emer aren Peeeert  oireC Mies: ribs cee cathe ce 1.49 1.65+.3 

A VERE V OCR RO AOS OR Mi tion OO oes Ome ec 1.14 1.23 +.26 

I Bd Opa oe era an Nineteen er MRE ot dd Oi tt 1.89 1.8 +.2 

BA? io teireee, ik one Rosh see Rta a hy poy oe ahora cate MOR eet a okeneee 0.82 0.75 +.02 

ING sno Risto aunts oe ee 0.46 0.63 +.2 

ossisterang oe sted ete ree ee ee ae 0.80 0.92 +.2 


Molecular Statistics of Fermi and the Problem of Gas-Degeneration: In 
the statistics of Fermi, the assumption is made that a given cell of the phase- 
space of a system is either empty or at most contains one molecule. This 
assumption corresponds with the useful principle? of atomic physics that a 
given set of quantum designations is to be applied to only one electron of an 
atom. This assumption can be introduced most easily by allowing the sum- 
mation index 7 to have only the values zero or unity, instead of 0, 1, 2, +--+ ~, 
as in the Bose-Einstein statistics. Hence with this assumption, from the 


relationship 
2! =j= Sig iat aes 
Tr T 


it follows that 


il 
Tis 2 
é 7] ae Gr eats (104a) 
instead of 
roe: as 1 — et Pes 


as in the Bose-Einstein statistics. It follows further that 


eo (at Be,)r 
pr = (ea maa Sa at = feat ga Bee? 
whence 
dire athes) ' 
N; = rp = a pg athe) ~ gatbes 4 7 
and 
Nea N =e bees 
~ Ne = 2 rey 


1 Cf. Fowler, Statistical Mechanics, p. 156, Cambridge University Press, 1929. 
?W. Pauli, jr., Z. f. Physik, 31, 765 (1924). 
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instead of 
1 


Ne Ne ane ae 
2 2 cates 


as in the Bose-Einstein statistics. 


if again the restriction is made that @ is sufficiently large that unity may 
be ignored in comparison with e***s, it follows that 


1 
sear Te 
Ss 


which is identical with the result obtained in equation (92), whence 


a (7) 
OATES GUE fe 


and from equations (86 and 104a): 


S=—- ky pL — ar — Besr — In(i + encars))| 


—a—Be 


Since — In(1 + e727 %s) may be replaced by — e s, in the case of suf- 
ficiently large a, and this further by — 1/e*** + 1, it follows that 


S = Nka+ kBE + Nk, 


a result identical with equation (96) and therefore leading to the same values 
for the characteristic quantities: 
(2amk T)3 e512 V 
S = Nkin ing eat 


E=8NkT; (k= R/N). 


It remains to investigate the form of the several characteristic, thermo- 
dynamic quantities when the condition that ettes is large in comparison with 
unity does not hold. The discussion is to be limited to the statistics of Fermi 
since, in the Bose-Einstein statistics, when a = — Bes, the denominator of the 
expression 


1 
N = Lo at, = 1 


vanishes, and the significance of the expression becomes illusory. 
From equations (86 and 104a): 
= —k>->p,| — ar — Ber — In(1 + earn | 
oF 


or 
S = Nha + kBE + kDIn(1 + 672%), (105) 
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and since, from equations (99 and 100) 
—F- 
NEF? 


a 
kT’ 


a = B = 
it follows that 
— ae 
paar as" a —a— Pe, 
S= P +p t kL + e Ds 


FHELETS nl +e? %) — TS, 
s 


whence, by comparison with the thermodynamic definition of F, 


pV =kTXInd +e * *), (106) 


and except for the case of sufficiently large values of a, 
[ies nb eo) = NI, 
it follows that : 
pV # NkT. 
The constant a can be found in terms of measurable quantities by replacing 


the following sum: 
1 


erties +f? 


N= pyiNe a S 
by the corresponding integral: 
vei f | serpy toed daddy 
i” hs, ext bes ras Pr@PyCPvh Lay az, 


and with the substitutions for dp,dp,dp-dxdydz as in equations (75 et seq.), 
it follows that 


Perm? V (” Pde  2wV(WmkT)P2? (7? wWdu 
Fi h J ev the ieee id . h3 Grea? 07) 
where wu has been written for e/kT. Correspondingly, 
pa BTV (om)e ie Bde (Qe VET)(2mkT)9" ie wdu 
SS he ext be ie eo hs 4 exte + 1 (108) 
and 
V QrV(QmkT)32 
nee In(1 + e~% Fs) = eo | In(1 + e * “*)wedu. 
k ‘ hs e 
Integration of the last equation by parts gives: 
pV 4 _ (QmkT)3 (° usPdu 
Ae he er yy? (109) 
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and, by comparison of equations (108) and (109), it follows that 
pV = 3. 
The general form of the integrals to be evaluated is: 


Pd 
in lea wredu (1090) 
I'(p = 1) te sf 


where the gamma function of (p + 1) occurring outside the integral sign, is 
arbitrary, and e~ = 1/B. Sommerfeld? has shown that for large values of B, 


Sepia. ak p+1\2!ceo p+1\4le, 
Coral Nes Jet a ee || 


where 


Uo = InB, 
1 1 ‘is 
pene So wees 
1 1 
Cy = iene tee Se 


The asymptotic value of the integral as B > © is, therefore, 


ae (InB)?* 
e ~~ T(p + 2) 


Further, from equation (110), it follows that 


ee San oto 11 
sia EN re eR GRBs af? aN 
U = | 1+ cp a | (112) 
Oe Tne 8 (InB)? 


and from equations (107) and (111), 


_ 4rV (2mkTInB)3” steal! | 
t 1S hs 8 (inB)? * 


whence, to a first approximation, if B is large, 


he (3n\28 
= omer! © = V 
ae ~(#) came te 


1 This relationship is likewise true in the Bose-Hinstein statistics, the equations being 
the same except that unity in the denominators of the expressions for NV, E, and pV/kT have 


the opposite sign. 
2 Loc. cit. 
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and, to a second approximation, 


h? ye \ eis Crminki a 37 N\wee!s 
= — _ ——— ([ — . 11 
InB ( ) E 1A (3) | (113) 


QmnkT \ 4x 
From equations (108, 112, and 118), it follows that, in the case of sufficiently 


large values of B (i.e., large values of n/T7): 


Vh2 5/3 V 3) 1 
2 “(#) +7 onne( | Ti Hite li 


Pres Se 


where Eo is the “‘ nullpunktsenergie,”’ independent of the temperature, and 


Tm 3 1/8 
ee = D(a 
whence 
C= (3) =) VIL 
Ok sarem OT = ay ? 


and, correspondingly, since pV = 3£, 
pV = 3(Ho + 3yVT), 
(P= 10 a5 eae 
‘nullpunktsdruck,” equal to two-thirds the ‘ nullpunkts- 


where po is the ‘ 


energie ”’ per unit volume. 
The deductions of the preceding paragraphs show that, if the monatomic 


gas is in a state such that 
ee! (QarmkT) 3 
o"B NiB 


then the statistics of Bose and Einstein, as well as that of Fermi, is in accord 
with classical theory, both leading to the fundamental results: 
pV = NkT, (b = RN), 
E = 3NkT, 
Nx (2rmkT)3 eb? V 
S = Nkin Vhs . 


V>1, 


The essential equations, showing the approximations valid for large values of 


a, which led to these results are: 


ff 1 
Ne LNs = ay ete, eid eat a ~ = Bre, 


S40 Les 
B 
€ € 
B= N.6.= >) pak ao ee 
$s Ss € $= 1 a 1 Be S 
Peg 
B 
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where in the cases of alternation in sign the minus sign is to be taken in the 
statistics of Bose and Einstein and the plus sign in the statistics of Fermi. 
Further, the statistics of Fermi led to the results that, if 


(QrmkT)32V 


ae 


there is a departure from the classical laws, and the gas in such a state is said 
to be degenerate. Under these conditions the energy and the pressure are no 
longer proportional to the absolute temperature; in a highly degenerate state, 
it follows that 
B= hy ayV PC, = VT, 
P = Po or ay L?, 


where Hy and po are respectively the ‘ nullpunktsenergie’ and ‘ nullpunkts- 
druck.’ Experimental evidence for the degeneration of monatomic gases at 
low temperatures has been obtained by Eucken,! who finds values for the 
heat capacity of helium at constant volume as low as 2.90 calories per degree 
at low temperatures. 

The entropy of a monatomic gas in the two limiting cases (as T —> 0 and 
as T’— ~) can be deduced easily from the preceding results. From equation 
(101) and the thermodynamic definition of the thermodynamic quantity F, 
it follows that 


Sea ittwven Let 
Nes B 7 jegpe 
but 
1 2 
B= Tp pV = 3H, pa — nb, 
whence 
eG eee 
3NkT 


From equations (107), (108), and (109a) it follows that 


5 BE 5Us2T(5/2) 5 Usye 
BNAT 38 Uy2T(8/2) 2Uy2’ 


and from the asymptoti¢e values of U, as T > 0: 


8 4 
= ——=(InB)*?: Uyje = — = (mB)? ?, 
LG ie en) 
z.e., for T = 0, 


= Se noel SO, 
3 NkT * 


1 Ber. deut. Ges., 18, 4 (1916). 
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For the limiting case of B small, 7.e., 7 > © , the generalized integral for 
U, has the form: 


1 ~ Udy ‘ie 
U,= = wan (— 1) Bte-t 
eons), J Lae “ine Ja) 
B 


+1 


whence, as B— 0, 
S = Nk} — InB], 


and, since, for large values of (2rmkT)??V/Nh', 


(2rmkT)3?V 
— InB= In Wh ; 
the result is that 
(QrmkT)3 25? V 


S = Nkin Nhe 


An important application of the theory of gas-degeneration has been made 
by Sommerfeld! and co-workers? to the problem of conduction in metals. 
The free electrons in a metal are treated as a gas, and as such are in a highly 


SUNT ‘ 
degenerate state, the quantity T- Grmenyn the free electrons in silver, 
for example, at room temperature having a value greater than 10%, and a cor- 
responding “ nullpunktsdruck ”’ of the order of 10° atmospheres. 


THERMAL PROPERTIES OF DIATOMIC AND Potyatomic MouecuuEes 


Principle of Equipartition: Molecules containing more than one atom are 
capable of acquiring energy of rotation and of vibration, in addition to energy 
of translation. According to the classical principle of equipartition,? each 
degree of freedom corresponding with the translational and rotational energy 
of the molecule gives rise to an average energy per molecule equal to $kT7, 
each of these types of motion having one “‘ square term ” per degree of freedom 
in the energy expressed as a function of the codrdinates and the momenta; 
correspondingly, each vibrational degree of freedom gives rise to an additional 
average energy per molecule oo to kT, each degree of freedom of this type 
having two “square terms” in the energy expressed as a function of the 
coérdinates and the momenta. Experiment indicates that as regards trans- 
lational energy this principle is of wide generality, failing perhaps only at 

1 Loc. cit. 

2 Houston, Z. Physik, 47, 33 (1928); Eckart, Z. Physik, 47, 38, (1928); Sommerfeld, Z. 
Physik, 47, 43 (1928). 

3 For a treatment of the principle of equipartition, see page 1417 and Tolman, Statistical 


Mechanics, chapter 6, Chemical Catalog Co. (1927), or Fowler, Statistical Mechanics, chapter 
2, p. 42, Cambridge University Press (1929). 
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extremely low temperatures and high densities, as indicated in the section on 
gas-degeneration. As regards the other types of motion, experiment shows 
that the deductions from the principle are to be regarded only as limiting 
values, valid for high temperatures; further, that the temperatures at which 
the energies correspond effectively with the equipartition values vary, de- 
pending upon certain properties of the molecules as well as the particular type 
of motion being considered. The results deducible from the principle of 
equipartition may be summarized: 


(a) Monatomic Gases 
E = RT for all temperatures, except under conditions giving rise 
to gas-degeneration. 
(b) Diatomic Gases 
k= SRT for sufficiently high temperatures. 
(c) Polyatomic Gases (linear molecules) ! 
E=(3+/)RT for sufficiently high temperatures, (where f is the 
number of vibrational degrees of freedom). 
(d) Polatomic Gases (non-linear molecules) 
EH = (8+/f)RT for sufficiently high temperatures. 


The fact that the rotational and vibrational degrees of freedom do not in 
general correspond with the classical, equipartition values indicates that these 
motions are governed by quantum principles, approaching classical values 
only for limiting, high temperatures. For practical reasons, the subjects is 
to be discussed from the standpoint of the contributions of translational, 
rotational, and vibrational energies to the total energy of the molecules, 7.e., 


= CRT + 1D ate ote Evin. 
and correspondingly 
(Gh => 3R + Geoe aR Cribs 


The discussion of the rotational energy is to be limited to that of hydrogen, 
since only for that gas has the variation of the rotational heat capacity been 
properly observed. For the great majority of gases the rotational heat 
capacity corresponds closely with the constant, equipartition value over the 
observed temperature range. The vibrational energy is to be discussed also 
from the standpoint of specific examples. 

Rotational Heat Capacity of Hydrogen: The energies corresponding with 
various states of a rotating, non-vibrating diatomic molecule (without axial 


spin) are:? 
2 


hi 
G+ 1/2%e= G+ 1/2), 


1 Linear molecules have two rotational degrees of freedom; non-linear, polyatomic mole- 
cules have three. Vibrational degrees of freedom correspond with various modes of linear 
vibration of the atomic nuclei with respect to each other. 

2 Schrédinger, Ann. Physik, 79, 520 (1926). 
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where 7 has the values 0, 1, 2, +--+ ©, € is a unit of energy, A, Planck’s constant, 


. 


and J the moment of inertia. The corresponding ‘‘ Zustandssumme ”’ is 


fae —U+h)? 
Y (i + Ne see, 


where the factors (27 + 1) are the a priori probabilities (or statistical weights) 
of the states corresponding. They represent the number of conceivable 
states all of which have the same rotational energy.!. The number of molecules 
in any particular rotational state, according to principles already developed,? 
is thus ; 

: —(341/2)2o 
N- a, 

pe (27 + L)e~ G12)" o 


where o is written for h?/8r2JkT. The rotational energy for the total system 


is, accordingly, 
h2 


5 (27 + 1)e— G41 2)" oj + 1/2) ox 
Brot = ce N . 


Si (27 + le GHD) 
J=0 


From equation (83) 
— Arot. = NkTIn2&,? 


where for brevity 2 is written for the ‘ Zustandssumme.”’ The rotational 
contribution to the entropy is, therefore, 


eee me (114) 
oT aa ere’ 
TSsot a ho Arot + NkT? ole 
ar” 


1JIn the statistics of monatomic gases the a priori probability of a given element of the 
phase-space is dp,dp,dpdxdydz/h’. For an account of the rules governing the assignment 
of statistical weights, see Fowler, Statistical Mechanics, p. 21, Cambridge University Press 
(1929). 

2 Cf. equations (80) et seq. 

3 From equation (101) 


NkTa = — F, 
N 
= == Dea Beg 1 | 
a+tl= Inde Fes, 
— F+NkT = — A = NkTinde~Fss, 


or, if the a priori probabilities are not unity, 


— A = NkTInZp,e~F és, 
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and the rotational energy corresponding is: 


Olnd 
Erot. = TSrot. + Arxot. = NkT? aT’ 
or 
Olnz do Onze PR 
Tat Neder eee aN 
: do OT nM Oo 812s’ 
whence the rotational heat capacity is: 
ences OE rot,  IOHrot, OT _ Olnz 
oe oe dc OT ° 0? 


Mulholland! has shown that for small values of ¢ 


j=w 
mp ( 
Y= © Bt leu!» = = +5 ae —g¢ + 0(o°), 
j=0 480 
where O(c’) indicates a remainder of the order o%. For limiting, small values 
of o (T/J large), therefore, 


1 
paar 
oO 
whence, for the rotational heat capacity, 
Crot, = NK HK (¢ > 0), 


in accord, therefore, at high temperatures with the classical value for the 
rotational heat capacity corresponding with two degrees of freedom. 

For somewhat larger values of ¢, it is found by means of Mulholland’s 
evaluation of the ‘‘ Zustandssumme ”’ that 


Crot. 


apse =1+ =o + O(¢?). 


Furthermore, by taking only the first terms of the ‘‘ Zustandssumme,”’ it may 
be shown that for sufficiently large values of ¢ (/.e., sufficiently low tempera- 
tures) 

Crot. > 0 (T > 0). 


If the variable part of the observed heat capacity of hydrogen between 
40° K. (C, = 3R) and 300° K. (Cy =3R) is assumed to be Crot., it is found 
that the theoretical analysis given above does not give an expected agreement 
with experiment, even though the a priori probabilities and energy values as 
given above are in agreement with the observed infra-red band-specta for 
molecules such as HCl, HBr, CO, and CN.? 

From evidence given by band-spectra data for hydrogen,* the reason for 

1 Proc. Camb. Phil. Soc., 24, 280 (1928). 


2R. H. Fowler, Phil. Mag., 49, 1272 (1925); Kemble, Z, Physik, 35, 286 (1925). 
3 Hund, Z. Physik, 42, 93 (1927), 
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the disagreement between the analysis as given above and experiment is to 
be found in the homopolar nature of the hydrogen molecule,! in which case 
the Schrédinger wave-functions, used in obtaining the @ priort probabilities 
and the energy values, appear in two distinct groups—one symmetrical (with 
even values of j), the other antisymmetrical (with odd values of 7)—and that, 
unless the nuclei have spins, transition between these groups do not occur. 
In the band-spectrum of hydrogen the lines corresponding with both groups of 
wave-functions occur, and with alternating intensities. The results are 
explained by Hori? on the assumption that the molecules with antisymmetrical 
wave-functions and those with symmetrical wave-functions are present in the 
ratio 3:1. It is assumed, therefore, that the nuclei have spins, but that 
transitions between the two forms occur so infrequently that the gas at ordinary 
and low temperatures behaves as though it were a mixture of two forms, the 
“ Zustandssummen ”’ for which are: 


Dee an Cn 
2,4 


sym. J=0, 2, 4-+.- ‘ 3 
SS ice est S 


anti. J=1, 3,5. 


Accordingly, the 3: 1 mixture has a rotational heat capacity: 


Ro? Mn andy | 
3 5 


anti- sym. 
a8 aaa ee 


Oo? 0c? 


This equation yields theoretical results in excellent agreement* with experi- 
ment, the value of the moment of inertia, J = 4.64 X 10~“, to be used in the 
calculation of ¢, being taken from the data on band-spectra. The explanation 
for the extremely low temperatures at which, for the majority of gases, a vary- 
ing rotational heat-capacity is observed, is to be found in the usual, com- 
paratively large moments of inertia, since in the region of varying rotational 
heat capacity the temperature at which the rotational heat capacity of a given 
gas has a given value is inversely proportional to its moment of inertia. 
Chemical Constants of Diatomic Gases over a limited range of Tempera- 
ture: The chemical constant of a diatomic gas can be obtained most easily 
from the relationship that the entropy of a diatomic gas at temperatures cor- 
responding with no vibrational energy may be divided in the following way: 


Siig oro. 


It has been shown in the works of Sackur,! Tetrode,® Planck,® Ehrenfest and 


1 Heisenberg, Z. Physik, 38, 411 (1926); ibid., 41, 239 (1927). 

2 Hori, Z. Physik, 44, 834 (1927). 

3 Dennison, Proc. Roy. Soc., A115, 483 (1927); also cf. Fowler, Statistical Mechanics, 
p. 54, Cambridge University Press (1929). 

4Sackur, Ann. Physik, 40, 67 (1913). 

4Tetrode, Proc. Amsterdam Acad., 17, 1167 (1915). 

§ Planck, Verh. deut. physik. Ges., 17, 418 (1915). 
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Trkal,t Tolman and Badger, that the entropy corresponding with the term S° 
above is given by the analogous formula for monatomic gases provided a 
symmetry number go is introduced, 7.e. 


(2amk T)3!2e5/2V ‘ 


S° = Nkin Niiog 


The symmerry number gp is defined as the number of orientations in space in 
which the molecule is statistically: equivalent: for monatomic molecules and 
asymmetric diatomic molecules (e.g., HCl) oo is 1; for symmetrical, diatomic 
molecules (e.g., H2), oo is 2. 

From equation (114), 


dln 
Srot. = Nkln=d> + NT as 
and for high temperatures 
_ 8 JkT 
ery © 
whence 
8r2JkT 
Scot. = Nkin——>— + Nk 
and 


(Qarm)3!2(k 7") 5/2¢@7/2V » Srv 
Nh‘oo ; 


With the substitutions, V = RT/p and Nk = R, it follows that 


7 S 3/2( Jo 7/2. Qa? 
8 = 2 RMT — Rinp + Rin SY 


S = 8° + Srot. = Nkin 


(115) 


h'ao 


By analogy with equation (103), the equation defining the chemical con- 
stant of a diatomic molecule has the form: 


as fet Lhe Rl ( fa 
pie A Re RO) ba 1B ai a oe 


The left-hand side of this equation is to be identified with the entropy of the 
diatomic gas, provided the third law of thermodynamics is accepted. By 
comparison with equation (115), it follows that 


7 : (2am)3!2(ke)7/2 
5 +i=In ieee 8r'J, 
¢ (Qarm)3!2k7/2 » 82J 
Vo Sa) Saas cae 
h®cg 


1 Whrenfest and Trkal, Proc. Amsterdam Acad., 23, 162 (1921). 

2 Tolman and Badger, J. Am. Chem. Soc., 45, 2277 (1923). 

3 If the statistical weight (a priori probability) of the state of lowest rotational energy 
is different from unity, then such a factor must be introduced in the numerator of the argu- 
ment of the logarithm. 
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If the pressure is to be expressed in atmospheres, instead of in dynes per square 
centimeter, and if the logarithms are to the base 10, then the corresponding 
expression for the chemical constant is: 


D9/2q-7!2J-712 3 


: Al 
t= logio Weep a 5 logr0 M+ logioy 


where P = 1.0132 X 10° and M is the molecular weight, whence 
, 3 wh 
4 = 36.815 + =logio M + logi—- 
US: (om) 


Table VI shows a comparison between experimental and theoretical values of 
the chemical constant.! 


TABLE VI 

Gas 2 (observed) 2 (calculated) 
d © eee EN aE aes cir Fa CHER NER CAENEROISES wo ONO Ge —3.68 —3.36 * 
DN od fps eaiece- cussees on thabeeens 1s iekicaa tet eace eee ck ates —0.11 —0.07 
ae Sacco teres hein er eaten ore cit eee cect 0.54 0.05* 
INO) aparece aver cash teens Sonueeeaeeae te seeemorreeee 0.52 0.24 
COW iat haat ite DOE OR EE cine eae —0.05 0.15 
1G Gl lee alae Peter Ae tr Misas cacb. cath Beckton —0.46 —0.44 
A SS ean ae PS are aS a Pte rt NO Te Get on 0.21 0.18 
jG 0 Re. te eR TEs oie RMT RORNE NT tro Fie 0.63 0.57 

) a a Pe rn Oe ee Ee SLA be ay he 3.12 3.03 
CORR eich = Ga ee Fe AS Ste es Ole rae 0.91 0.97 


* For a discussion of these outstanding discrepancies see Fowler, Statistical Mechanics 
p. 160, Cambridge University Press (1929). 


Vibrational Energy of Gases: The vibrations of the nuclei within a molecule 
may be considered as approximating simple, harmonic vibrations, and hence 
for each vibrational degree of freedom the expression for the energy as given 
by equation (46) may be used: 

Nhv 


Evin. = 
Qlkr _ 1 ’ 


where pv is the frequency of the vibration. The corresponding contribution 
to the heat capacity is: 


pee, ( hy a 
0 _ OF vin, kT} R-P hy 
Wall sais oT ae C= rh 1)? a kT ’ (116) 
whence, for small values of hv/kT, 
hy Ge ay ie, 
and for large values of oT 
k Caabe —> 0, 


1 For references to earlier experimental work, see Eucken, Karwat, and Fried, Z. Physik, 
29, 1 (1924); for experimental work on HCl, HBr, and HI, see Giauque and Wiebe, J. Am. 
Chem. Soc., 50, 101, 2193 (1928); ibid., 51, 1441 (1929). 
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the latter expression corresponding with the classical value given by the 
principle of equipartition of energy. 

In order to account for the variation of the vibrational heat capacity of 
diatomic gases, it is necessary to introduce greater refinements than those of 
equation (116), and while the vibrational heat capacity of hydrogen has been 
accounted for by a more refined, semi-empirical calculation, the method has 
not been applied successfully to other diatomic gases. The discussion of 
vibrational energies will therefore be limited to a few examples of polyatomic 
molecules. 

The heat capacity of ammonia at higher temperatures is satisfactorily 
represented by the following equation: 


Cy = Oh Cy ih. 


where the term 3R accounts for the translational and three fully excited rota- 


tional degrees of freedom, and 
Crib. _ > ( SBD wien sy (cea rie ( 4810 |,» ( 2330 
eee T jt p jt Mag! =f iy 


corresponding with four distinct modes of vibration, two of which are double.? 
Similarly, the heat capacity of methane at temperatures corresponding 
with fully-excited rotational energy, is given by 


Gs ae 3k =p Opidep 


Cyiv. # 6040 te 2180 hes 4310 )+ sp( 1870 ) 
iinattd ie gh jy pe i in 
The heat capacity of carbon dioxide may be fairly satisfactorily represented 
by either of the following formule: * 
P 3350 Pp 5230 
iP a se ‘ 
Pp 1750 P 3290 
tp a fp 
1 McCrea, Proc. Camb. Phil. Soc., 24, 80 (1928). 
2 Dennison, Phil. Mag., 1, 195 (1926). 


3 Compare the discussion by Fowler, Statistical Mechanics, p. 64, Cambridge Univ. Press 
(1929). Also McCrea, Proc. Camb. Phil, Soc., 23, 890 (1927), and 24, 290 (1928), and Deu- 
pison, Phil. Mag., 1, 295 (1926). 
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CHAPTER XVIII 


PHOTOCHEMISTRY 


BY HUGH 8. TAYLOR, D.Sc., 


David B. Jones Professor of Chemistry, Princeton University 


Photochemical reactions are possible when a reaction system is “ illumi- 
nated,” that is to say when the system receives from an external source radia+ 
tion of a frequency which is practically non-existent in the radiation of the 
system itself. The science of photochemistry hitherto has been concerned 
more especially with the reactions caused by the light of the visible and ultra- 
violet spectrum. This represents but a small fraction of the electromagnetic 
waves now known to be emitted by vibrating particles. There has recently 
developed a tendency to widen the scope of the study of reactions brought 
about by radiations from without the reaction system to include all varieties 
of wave motions. Eventually, it is to be hoped, a general treatment for all 
such reactions will be available. As yet, only the beginnings of such a general 
treatment can be given. In the present chapter the theoretical principles 
involved in the utilization of visible and ultra-violet radiation as an auxiliary 
to chemical change will be discussed. The technique of work in the infra-red 
region and the effect of such vibrations in chemical processes are treated else- 
where. Thescope of the subject as far as the light is concerned may be judged 
from the following table which gives the region, the wave-lengths and fre- 
quencies of the various electro-magnetic radiations now known. 


TABLE I 
Region Wave-lengths in Frequencies 
Angstrom Units 
Scariv src eycans Macks nr: 1-510 A. 3 X 10"-5.9 x 10% 
IWGLAVIOIC Gr. teres asian seers 510-4000 A. 5.9 X 10!5-7.5 x 1014 
WAST D1 Ora so teceteiers ier siatele Fiore 4000-8000 A. Z 7.5 X 103.75 x 1014 
Dntra-Ledtercseucie hcteeheperers stare 8000-3.14 & 108 A. 3.75 X 1049.55 & 1011 
Hertzian electric......... 107-108 A, 3 X 10-3 x 105 


When light falls on any body the incident energy may suffer various changes. 
A portion is generally reflected, a further portion absorbed and the residue 
transmitted. The amounts of the incident light which take part in these 
several processes vary relatively to one another, depending on the wave-length 
of the light and on the nature of the body upon which the light impinges. 
The total incident light energy must, however, by the law of conservation of 
energy, be equal to the sum of the energies of the light reflected, absorbed and 
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transmitted. It is with the light which is absorbed from the incident radiation 
that the science of photochemistry is concerned. This fact is embodied in the 
first law of photochemistry. 

The Grotthuss-Draper Photochemical Absorption Law: Grotthuss, in 1818, 
enunciated the fundamental principle underlying all processes of photochemical 
change in the statement that: Only the rays that are absorbed are effective in 
producing chemical change. Grotthuss’s statement was based upon theoretical 
considerations alone. Its importance became recognized when stated anew 
by J. W. Draper,! as a deduction from investigations of the photochemical 
reaction between hydrogen and chlorine. ‘This quality gained by chlorine 
arises from its having absorbed thitonic rays, corresponding in refrangibility 
to the indigo.” 

Not all absorbed radiation results in chemical change. The numerous 
investigations of spectroscopy demonstrate the occurrence of absorption of 
light in many cases entirely unassociated with chemical change. In such 
case, the light suffers a transformation into one or other forms of radiant energy 
or into change in the energy content of the molecules, which change, however, 
need not result in chemical reaction. Photochemical change is, therefore, one 
possible resultant of the absorption of radiation. Furthermore, as will be 
more fully discussed in the sections dealing with photosensitization, it is not 
necessary that the reacting species absorb the radiation. Photo-reactions may 
result from the absorption of light by one of the non-reactive constituents of 
the system. 

The quantitative formulation of the Grotthuss-Draper principle may be 
derived from the quantitative laws of absorption. 

Fresnel’s Law of Reflection: The proportion of incident monochromatic 
light reflected by a surface perpendicular to the incident beam is given by the 


expression 
— | 2 
Ihe Maes se Io, 
nm I 


where J, is the incident light, J, the reflected light, n the refractive index of the 
reflecting medium for light of the wave-length employed. Since nis a constant 
for a given medium and given wave-length, it follows that 


1, = Rie 


where F# is a proportionality factor connecting the two magnitudes. From 
this equation it follows that the light penetrating the medium under the above 
circumstances is given by the expression 


Ip -1l,=I1=1)(1 — RB). 


The quantity of this light, J, which is absorbed by the medium, is given by 
two laws of absorption, one for pure substances, one for solutions. 


1 Phil. Mag., (3) 19, 195 (1841); 23, 401 (1848); 27, 327 (1845). 
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Lambert’s Absorption Law: Equal proportions of the penetrating radiation 
are absorbed by layers of equal thicknesses of a homogeneous absorbing 
medium. In other words, if I is the penetrating radiation, and Ig the radia- 
tion transmitted by a layer of depth d, the relationship between these two 
magnitudes is given by the expression 


Ihe emis 


The constant, k, is the absorption coefficient of the substance for the light 
employed and is dependent, not only on the nature of the medium, but also 
on the wave-length of the light employed. The law obviously associates the 
absorptive power with the number of molecules present. In equal layers, 
equal numbers of molecules absorb equal fractions of the penetrating radiation. 
When applied to solutions of an absorbing body in a non-absorbing or diactinic 
solvent, it is evident that the expression must be modified to indicate the 
molecular concentration. 

Beer’s Law: The absorption of light by solutions depends upon the thick- 
ness, d, of the layer traversed and on the molecular concentration, c, in that 
layer, 

(ET ae 


The constant, k’, is, in this case, the molecular absorption coefficient. Beer’s 
law has been tested and found to be valid in many cases. Exceptions are, 
however, known. It is obvious that in many solutions difficulty will arise in 
expressing the magnitude of the concentration of the absorbing species. 
For media obeying Beer’s Law, it is evident that the absorbed light is given 
by the expression 
T—Ig= 10 — e-* 4). 


The principle embodied in the Grotthuss-Draper absorption law would 
therefore be expressed mathematically by the equation 


dc ; 
= hI (1 =e * ee 
FF ( ); 


: : : : We 
where & is a proportionality factor connecting the rate of change, a’ with 


the energy absorbed by a layer of thickness d. It must be emphasized anew 
that all these laws of absorption apply only to monochromatic radiation. The 
equation given represents the simplest possible relationship between absorbed 
light and photochemical reactions; it was found to be approximately obeyed 
by Wittwer! in his researches on the photochemical interaction of dissolved 
chlorine with water. It will be shown that many factors may operate to 
produce deviations from this simple law connecting absorption and extent of 
reaction. 


1 Pogg. Ann., 94, 597 (1855); 96, 373 (1855); 97, 304 (1855). 
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Actinometry: It is upon an assumption of such a proportionality between 
chemical reaction and intensity of absorbed light that all actinometers are 
based. The light is measured by measurement of the chemical reaction pro- 
duced. Draper! used the rate of hydrogen and chlorine combination as an 
actinometer. Bunsen and Roscoe in their classical researches * on the same 
reaction considerably improved the technique of the measurement. 


The gases were contained in a suitable vessel with parallel plane faces and were stored 
over water saturated with the gas mixture. Measurement of the contraction occurring on 
solution of the hydrogen chloride formed by the reaction was made in a horizontal capillary 
with attached scale, the meniscus being formed by a thread of water. The displacement of 
this thread of liquid was governed by the intensity of the illumination and the diameter of 
the capillary tube; so that, by making this latter narrow, a large displacement of the meniscus 
could be effected by even weak illumination. 


Bunsen and Roscoe concluded that the ordinary laws of optics were obeyed, 
in that they found (1) that the reaction occurring was inversely proportional 
to the square of the distance from the source of illumination, (2) that the laws 
of reflection and absorption were likewise applicable. Many modifications 
of the Bunsen-Roscoe actinometer have since been employed. A specially 
refined form was used by Burgess and Chapman ? in their investigations of 
the hydrogen-chlorine combination. 

Bunsen and Roscoe studied also the silver-chloride actinometer determining 
the time required by light of a given intensity to darken photographic paper 
toastandard tint. Asis well known, numerous applications of this actinometer 
have been employed in photographic work. 

The photosensitive reaction between mercuric chloride and ammonium 
oxalate, 


2HgCl. + (NH4)2C204 — HgCl. + 2CO> - 2NH,Cl, 


has also been employed. The carbon dioxide evolved may be determined or 
the mercurous chloride weighed. 

Photoelectric cells have been used for actinometric purposes. Rigollot,‘ 
utilizing the photoactivity of oxidized copper plates in alkali halide solutions, 
determined the light intensity from the strength of current produced when 
one plate was illuminated.® 

_ Itisimportant to emphasize that such actinometers have little applicability 
in exact modern scientific photochemistry. They are essentially individual 
instruments and measure relative light intensity only for the particular reaction 
involved in the actinometric process or for reactions closely similar to the 
actinometric reaction. This is evident when we remember the Grotthuss- 


1 Loc. cit. 

2 Pogg. Ann., 96, 373 (1855); 100, 32, 481 (1857); 101, 193 (1859); Ostwald’s Klassiker, 
Nr. 34 and 38. 

3 J. Chem. Soc., 89, 1402 (1906). 

4 J. Phys., 6, 520 (1897). 

5 For the theory of this process, see Goldmann, Ann. Phystk., (4) 44, 901 (1914); Garri- 
son, J. Phys. Chem., 27, 601 (1923). 
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Draper principle and the widely varying absorptive capacities of different 
reaction systems. For a given system, even, the chemical actinometer is only 
strictly applicable with monochromatic radiation. With a whole spectrum 
of light, the reaction will not be proportional to the intensity. For, the photo- 
chemical effect of varying wave-lengths and the extent of absorption vary 
enormously. In general, the ultra-violet region is much more efficient photo- 
chemically than the visible region. 

The technique of all modern photochemical investigation, correlating light 
energy with chemical energy produced, involves actual physical measurement 
of the energy of the incident radiation, of the fractions reflected and absorbed. 
Thermocouple-galvanometer systems are employed, calibrated against standard 
candle-power sources. Monochromatic radiation is employed as far as practi- 
cable, this being attained by the use of suitable light filters with arc, filament 
or mercury-vapor lamp sources. Recently, an abundant literature of such 
technique has been forthcoming summarized effectively by Forbes in the first 
report of the Committee on Photochemistry of the National Research Council.t 


THE ENERGETICS OF PHOTOCHEMICAL PROCESSES 


The reactions produced by the agency of light include both reactions 
occurring with a free energy decrease and those in which the direction of change 
is opposed to the normal operation of the chemical forces of the system, in 
which, therefore, a free energy increase occurs. In the former, the normal, 
“dark,” or purely thermal reaction is promoted by the agency of the light, 
which therefore acts somewhat as does a catalyst. The hydrogen-chlorine 
reaction is the best known example of such a process accompanied by free 
energy decrease. The gases, quite stable at ordinary temperatures in the 
dark, may react with explosive violence when suitably illuminated. The end- 
product, however, of both the thermal and photochemical reaction is hydrogen 
chloride. It is evident that, in such reactions, small amounts of light energy 
may be effective in producing large amounts of chemical change, the light 
providing the starting mechanism of the normal chemical process. 

Of photo-reactions in opposition to the normal chemical forces, accom- 
panied, therefore, by a free energy increase, the most important reaction is 
that occurring in the plant kingdom, where carbon dioxide and water are con- 
verted, in sunlight, into complex organic molecules. In such photo-synthesis, 
free energy is accumulated. It is evident that, since the law of conservation 
of energy must be fulfilled, comparatively large amounts of light energy must 
be consumed in such processes. It appears that the efficiency of utilization of 
light energy by green leaves to produce chemical energy is practically ideal.” 
Reactions simpler in nature and readily susceptible to laboratory investigation 
are also known. ‘The ozonization of oxygen, the decomposition of ammonia 
and of hydrogen chloride, the polymerization of anthracene to dianthracene 


1 Forbes, J. Phys. Chem., 32, 482 (1928). 
2 Weigert, Die chemischen Wirkungen des Lichts, p. 106, Stuttgart, 1911. 
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are photo-reactions opposed to the normal free-energy factors of the reaction 
system. 

The relationships existing between light energy consumption and chemical 
energy produced were investigated in the era of photochemistry prior to the 
establishment of the quantum theory by determining the number of calories 
absorbed by the reacting system and comparing this with the energy change 
accompanying the chemical process as determined from ordinary calorimetric 
data. With the application of quantum concepts to molecular processes a 
new method of approach was possible, as was indicated by Einstein in 1905, 
and developed by him more particularly in 19121 and 1916. 

Einstein’s Concept of Quantum Absorption: Einstein assumes that the oc- 
currence of a photochemical reaction is to be ascribed to the absorption of 
quanta of radiation, each single molecule requiring one quantum, hy, of a 
frequency, v, characteristic of the absorbing molecule. The absorption of a 
quantum of radiation becomes, on such assumptions, the primary stage in a 
photochemical reaction. It is evident that this concept brings about a 
parallelism between the reactions of photochemistry and the phenomena of 
the photoelectric effect and the existence of the stationary states of the atom 
as involved in the Bohr theory of the atom and of spectral series. It will be 
realized, however, that the application of quantum concepts in the two latter 
phenomena will, in general, be simpler than in the case of photochemical 
reaction; for, with photochemical processes, it is only the primary process which 
will involve the simple quantum relationship. This primary process may be 
succeeded by further processes, initiated by the quantum process, to yield the 
net observed photo-reaction. The secondary processes will, in general, be 
entirely independent of the light action. They may be so considerable as to 
mask almost completely the energy change inherent in the primary quantum 
absorption, which alone will be governed by the nature and intensity factors 
of the light absorbed. 

The Einstein concept of the initiation of photo-reactions has given an 
entirely new orientation to the investigations of photochemical theory. 
Recent studies are concerned almost entirely with the relation between the 
number of quanta absorbed and the number of molecules brought to reaction. 
The classic researches of the earlier days of photochemistry, admirably sum- 
marized by Weigert,? are being reinvestigated in order to ascertain the extent 
to which this relation is obeyed, to seek, on the basis of quantum relationships, 
the mechanism of photochemical changes. Marked progress has already been 
achieved and a broad field for future investigation has been revealed. 


Tue Primary ABSORPTION PRocESS 


The energy, #, obtained in the absorption by a gram molecule of an ab- 
sorbing reactant, when each molecule receives a quantum, hv, of frequency v 
1 Ann. Phystk., [4] 37, 832 (1912); Verh. deut. physik. Ges., 18, 315 (1916). See also 


Weigert, Z. Physik, 14, 383 (1923); also, Chapter XVI. 
2 Die chemischen Wirkungen des Lichts, Stuttgart, 1911. 
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is given by the equation 
E = Nhy,} 


where N is the Avogadro constant. The following table gives the magnitude 
of hy in ergs and of £ in calories for several typical wave-lengths in the visible 
and ultraviolet spectrum. 

TABLE II 


ENERGY CORRESPONDING TO VARIOUS WAVE-LENGTHS oF LIGHT 


Wave-len i 

Color of Light phen a hy E = Nhp 
ECO cae this oe 7500-6500 2.62—3.02 10-2 37,800—43,630 
@rangemrne to ae 6500-5900 3.02-3.33 & 10712 43,630-48,060 
Bellow cee in 5900-5750 3.33-3.42 & 10712 48,060-—49,320 
Greenke ern ne oe 5750-4900 3.42-4.01 & 107-22 49,320-57,880 
BwWers Gee LGR 4900-4550 4.01-4.32 X 10-12 © 57,880-62,330 
AVALOS 7, nee ee 4550-3950 4.32-4.97 X 10732 62,330-71,800 
Wiktraviolete.=..)..- 2000 9.9 < 10712 142,000 


It is at once evident that the absorption of light brings to a reaction system 
considerable energy quantities, whereby secondary processes of change may 
be secured. The table shows, qualitatively at least, why, in general, photo- 
reactions are more frequently initiated by ultra-violet light than by visible 
light. Energy is accumulated in larger units with the shorter wave-lengths of 
light. The primary process occurring when an atom or a molecule absorbs a 
quantum of light energy of the magnitudes just indicated has been the objective 
of a large amount of research in physical science in recent years. From this 
work a fairly concrete picture may now be presented of the elementary act in 
processes of absorption. The following presentation summarizes the present 
position in this rapidly developing field, the historical development being 
subordinated to an ordered and logically arranged treatment. We may 
subdivide the whole field according to the nature of the absorbing system 
whether (a) atomic or (b) molecular. The latter may be further subdivided 
according as the absorption manifests itself as (1) a continuous absorption, 
(2) a fine structure discontinuous or band absorption and (3) a diffuse-struc- 
tured discontinuous or band absorption. 

Absorption of Light by Atomic Systems: On the quantum theory, the 
absorption of light by atoms produces a change from a stationary state of 
lower energy to one of higher energy. These changes are revealed in the form 
of absorption line spectra each line corresponding to the change from a lower 
to a higher energy state. The line spectrum of absorption by atoms is much 
simpler than the emission spectrum produced by transitions from higher to 

1 We may call this energy quantity, H, the energy absorbed per mol, one Einstein, by 
analogy with the Faraday in electrochemistry. This was proposed by Bodenstein and 
Wagner, Z. physik. Chem., 3B, 456 (1929). 
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lower energy states. For, in an unilluminated atomic system, the great 
majority of the atoms are present in the stationary state of lowest energy, the 
normal state, and such atoms can only undergo a few transitions from that 
state to those of higher energy. Thus, in the case of sodium as an example, 
normal sodium atoms can absorb light of the two wave-lengths 5897.76 and 
5,891.78 A. respectively, the first resonance lines of the sodium atom. The 
energy gained is approximately 2.09 volts or 48,200 calories per gram atom. 
Sodium atoms in these excited states, so-called excited atoms, may re-emit 
their energies as fluorescent light of the frequencies absorbed, yielding therefore 
the same two lines in emission, the well-known D-sodium lines. Normal 
sodium atoms may also absorb the second resonance lines (3306-3302 A.) 
corresponding to 86,000 calories of excitation energy; still further in the ultra- 
violet the absorption of light of wave-length 2412.8 A. produces ionisation of 
the atom, the energy being 5.11 volts or 117,750 calories, the ionization poten- 
tial of sodium vapor. Beyond this wave-length, on the shorter side, the 
absorption is continuous, though in this case weak, the energy in excess of the 
ionization energy being utilized as kinetic energy of the two fragments, ion 
and electron, produced. 

For mercury, the corresponding absorptions are at 2536.7 A., the first 
resonance line (4.865 volts = 112,000 calories), at 1849.6 A., the second 
resonance line (6.674 volts = 153,500 calories) and at 1187.96 A., the ionization 
energy equal to 10.392 volts or approximately 240,000 calories. At low 
pressures of mercury vapor and in the absence of other gases, the light absorbed 
by the mercury will be re-emitted as fluorescent radiation. By an analysis 
of the fluorescence of the gas as a function of concentration and admixed gases 
the conclusion has been reached that the excited state of the mercury atom 
may endure for about 10~’ second unless robbed of its energy by collision with 
other atoms or molecules. 

De-activation of Excited Atoms: Wood ! observed the extinction of mercury 
fluorescence by adding air to the illuminated vapor. Other gases behave 
similarly. Recently, Stuart ? has demonstrated that the quenching of mercury 
fluorescence in presence of foreign gases could be accounted for on the basis of 
collisions between excited atoms and gas molecules resulting in a transfer of 
energy from the excited atom. Different gas molecules, however, show widely 
varying efficiencies in the quenching of the fluorescence. This may be illus- 
trated by Table III which gives the pressures of different gases required to 
reduce the mercury fluorescence to half its value in absence of the gas. The 
third line of the table gives the efficiency of the collisions, being the fraction 
of the total collisions which result in loss of the excitation energy of the 
mercury. 


1 Physik. Z., 13, 353 (1912). 
2Z. Physik, 32, 262 (1925). 
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TABLE III 


QUENCHING OF Mercury FLUORESCENCE 


Gas Or He CoO COz | HO Ne Ar He 
Pressure in mm. for Half 
JOFAHINGMOMINE Becie 6 ee ook 0.35 0.20 | 0.40 | 2.0 4.0 30.0 240 760 
Collision Efficiency....... 1 1 0.80 | 0.20 | 0.10 6.013 0.002 0.0003 


The efficiency of the quenching is so great for some gases that, even on the 
assumption of unit probability for energy transfer on collision, it is necessary 
to assume a larger effective radius for the excited mercury atom than the radius 
of the normal mercury atom usually employed.! It is of interest to note that 
Mannkopf? has performed similar experiments with sodium vapor, but that a 
different order of collision efficiencies for the different gases is obtained from 
that found by Stuart for mercury vapor. 

It is the energy absorbed by the actinic atoms not re-emitted as fluorescence 
which is the source of the photochemical action produced in systems containing 
excited atoms. The production of the excited atom is the primary process to 
which the Einstein concept of quantized absorption applies. The secondary 
processes in such systems are the resultant of the energy obtained from the 
excited atoms by the specific collision processes just indicated. It will be well 
therefore to outline the various possibilities that may occur as a result of such 
collisions. We owe our knowledge of such possibilities largely to the pioneering 
investigations of Franck and Cario. There are several types of process possible. 

(a) The energy may be utilized in exciting other atomic systems electronically: 
This was shown by Cario and Franck * who found that illumination of a mixture 
of mercury and thallium vapors by the resonance line of mercury, 2536.7 A., 
produced excited thallium atoms which then emitted characteristic thallium 
lines. The energies of the thallium atoms were normally less than that of the 
exciting mercury atom the excess energy being converted into kinetic energy 
of both the mercury and the thallium atoms, this change revealing itself in a 
broadening of the thallium lines. We may formulate this process by the 
equation: 

He’ + Tlo Tl’ + Hg + KE, 


the prime (’) indicating an excited atom, the excess energy (kinetic) being 
indicated by K.E. This formulation permits us to anticipate the possibility 
of the reverse process: 


2 Eig - KiB T1-H He 


1A more penetrating analysis of these experiments of Stuart has been made by Gaviola, 
Phys. Rev., 33, 309 (1929). This analysis changes, somewhat, the calculated efficiencies of 
quenching, but again forces the conclusion of different effective radii for energy transfer. 

2Z. Physik, 36, 315 (1926). 

3 Z. Physik, 17, 202 (1923). 
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whereby kinetic energy and the excitation energy of thallium may combine 
to produce the more highly excited state of mercury. That such reversal is 
possible is evident from the demonstration by Cario and Franck,! that, at 
high temperatures, 7.e., high kinetic energies of the colliding atoms, excited 
mercury (2536.7 A.) in presence of thallium can yield excited states of thallium 
with higher energies than that of the excited mercury, emitting light therefore 
in the shorter wave-length region. Naturally, however, the occurrence of 
such collisions is not frequent and they are exponentially temperature sensitive 
since the kinetic energy arises from the temperature condition. 

(b) The energy may be utilized in interaction with colliding gases: This method 
of utilization of the excitation energy may be exemplified by means of excited 
mercury. When hydrogen is present in mercury systems illuminated by the 
resonance radiation of mercury it has been shown that the bands of mercury 
hydride are present in the emission spectrum.” This indicates the possibility 
of a reaction in the sense of the equation: 


He’ + H, = HeH + H. 


The energy of the excited mercury (112,000 cals.) is more than sufficient to 
dissociate hydrogen (Dy, = 101,000 cals.) and, as the heat of formation of 
mercury hydride is small and positive, is also sufficient for the reaction cited. 
This represents the simplest type of photochemical reaction succeeding the 
primary absorption process. 

(c) The energy may be utilized wholly by the colliding gas for a reaction in 
which the excited atom does not participate: The simplest case of this kind may 
again be illustrated with hydrogen as the quenching agent for excited mercury. 
As Cario and Franck * showed, an active form of hydrogen is produced by such 
collisions and it is usual to formulate the product as atomic hydrogen according 
to the equation: 

Hg’ + H. = Hg + 2H. 


The clean-up of the gas on the walls of the vessel and the rapid reduction of 
metallic oxides at room temperatures were employed as criteria of such a 
product. It is to be noted that, in this case, the excited atom does not partici- 
pate in the chemical reaction. It merely acts as the agent for the transfer of 
light of wave-length 2536.7 A. to hydrogen gas, to which light hydrogen is 
itself transparent. The mercury is said to sensitize the hydrogen to the given 
wave-length and the process is known as photosensitization. In the example 
cited, the excess energy available is distributed as kinetic energy among the 
three resulting atoms. 

The utilization of the excitation energy in this and the preceding case does 
not necessarily need to occur in one collision. That this is so is known from 
the behavior of excited mercury and nitrogen. At a small fraction of a volt 

1 Loc. cit. 


2 Turner and Compton, Phys. Rev., 25, 606 (1925). 
3 Z, Physik, 11, 161 (1922). 
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below the first resonance state of mercury there is another state 2°P, from 
which the atom can change to higher states by the absorption of radiation; but, 
once init, cannot, save with a very small probability, revert to the normal state 
by radiating, neither can it be brought to this state from the normal by ab- 
sorption of radiation. Such a metastable state can only be reached from states 
of still higher energy content. It was shown by Cario and Franck that col- 
lisions between excited mercury (2536.7 A.) and nitrogen were especially 
fruitful in producing this metastable state of mercury, in which, for the reasons 
given with respect to restriction of transition, a relatively long life period is 
possible. It is thus that a molecule requiring large energies for reaction may 
receive such by successive collisions with one excited and one metastable atom. 
There is some evidence that, in this manner, nitrogen may accumulate } 
enough energy to dissociate. It is evident, however, that such processes of 
activation involving several stages must be seldom as compared with the 
transfers of energy in a single collision. 

Photo-ionization and Photochemical Reaction: Paralleling the cases just 
discussed in which excited atoms are the sources of energy for photochemical 
and photosensitized reaction we may imagine cases in which the energy supply 
arises from a recombination of ion and electron produced by absorption of 
radiation at above the ionization frequency. We may illustrate the possi- 
bility in the case of sodium vapor. As already pointed out, sodium vapor when 
it absorbs light of wave-length 2412.8 A. or less is dissociated into a sodium ion 
and an electron 

Na + hv = Nat + 0. 


If now the recombination of these products occur as a three-body collision two 
processes are possible, analogous in many respects to the photochemical and 
photosensitized reactions discussed in (b) and (c) of the preceding section. 
Thus, if hydrogen were the third body, we might expect the two processes: 
(1) the photochemical reaction, 


Nat + 0+ H.= NaH + H, 
and (2) the photosensitized reaction, 
Na+ +0+ H.= Na+ 2H. 


The ionization energy (5.11 volts) is probably adequate for both processes. 
The continuous absorption by atomic sodium and potassium has been observed 
by Harrison? and the predicted photo-ionization has been studied by various 
workers. The absorption is, however, very weak and requires refined methods 
for the detection of ionization. Hence, the photochemical effects, though 
possible, may be expected to be small in amount in such systems and therefore 
difficult of experimental demonstration. 
1 Gaviola and Wood, Phil. Mag., 6, 1154, 1167, 1191 (1928). 


2 Phys. Rev., 24, 466 (1924). 
3B. O. Lawrence, Phil. Mag., 50, 345 (1925); Mohler, Foote and Chenault, Phys. Rev., 


27, 37 (1926). 
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Absorption of Light by Molecular Systems: With molecules, the phenomena 
resulting from light absorption are very much more complex than in the case 
of atoms. This arises from the multiplication within the molecule of effects 
that can succeed the absorption act. For, with molecules, in addition to the 
electronic excitation (changing in the limit to ionization) that obtains with 
atoms, there are also possible changes in the rotational and vibrational energies 
of the molecule. The general method of approach to the problem is, however, 
similar to that used in the atomic systems. Corresponding to the several 
excited atomic states we find various states of electronically excited molecules. 
Thus, with a diatomic molecule AB, we may find electronic excitations which 
we may particularize by the formulae A’B, A’’B, AB’, etc., in which the primes 
indicate the atom whose electronic system has been excited and the degree of 
excitation. There is, however, not one single energy condition of the molecule 
with a given state of electronic excitation. To each such state, as well as to the 
normal molecule without electronic excitation, there belongs a whole spectrum 
of vibrational excitations which manifest themselves in the absorption spectrum 
as discrete bands. That these vibrational energies are revealed as band ab- 
sorption systems and not as single lines, in contrast to the conditions obtaining 
with atoms, is due to the fact that to each vibrational state of the molecule 
there corresponds a whole series of separate rotational states. These rota- 
tional states manifest themselves within a vibration band, with high resolution 
of the band, as a series of fine lines converging to a definite limit, the head of 
the particular vibrational band. In certain cases to be discussed in detail 
below, certain vibration bands disclose, not a fine line structure, but a diffuse 
structure not capable of resolution even with the highest dispersions yet 
available. The significance of such diffuse bands will occupy our special 
attention later. The normal molecule, as well as each state of electronic 
excitation, possess in addition to the discontinuous band absorptions already 
mentioned a region of continuous absorption in which neither vibrational nor 
rotational! structure is revealed. 

In most cases these several band systems are so complex and overlap one 
another so markedly in the absorption regions that their resolution into indi- 
vidual band systems is a laborious exercise even for the expert. Such resolu- 
tion of absorption systems is now the objective of a considerable amount of 
physical research and a degree of success has attended the effort, especially in 
the simpler molecular systems. With triatomic, and still more with tetra- 
atomic molecules, the complexity is already so great that only in special cases 
has the elucidation of the individual bands been partially achieved. For- 
tunately, for the application to photochemistry, it is not so much the resolution 
of the bands that is necessary but rather a definition of the nature of the band 
in the particular absorption region. For, the progress already made in band 
analysis has resulted in particular processes being associated with particular 
types of absorption. The character of the absorption process reveals itself in 
the type of absorption spectrum produced. We may examine the several 
possibilities in reference to a diatomic molecule AB whose absorption spectra 
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in the normal and electronically excited states may be separately indicated in 
the accompanying diagram, Fig. 1. These respresent the absorption spectra 
respectively of the normal 

molecule AB and of the 54° narra eR eae 


electronically excited states 
Diffuse 
vt 
ese all xe 
Fine 
Structure 
A, 


AB’, A’B and A”’B. The 
AB—A'B AB—=A'B 


lowest horizontal line no 
represents the energy level 
of the normal molecule 
without electronic, vibra- 
tional or rotational energies. 
The successive levels 1, no 
and n3 represent the three To 

states of electronic excita- Fre. 1 
tion, without vibrational 

and rotational energy. The band systems, 1, 2, 3, etc., represent individual 
vibrational levels of a given molecule in one or other electronic state, the 
structure of the band ccrresponding to variations in the rotational energies, 
with vibrational and electronic energies constant. For clarity in the diagram 
the band structures in question have not been indicated. 

The diagram indicates that, in each band system, the individual vibration- 
rotation bands converge towards a region of continuous absorption indicated 
in the schematic representation by parallel vertical lines. As already stated, 
these continuous regions do not possess any structure. There is complete 
absence of vibrational and rotational states. This is significant and suggests 
that we may open our discussion of the processes occurring in each separate 
region of the spectrum with these regions of continuous absorption. 

Continuous Absorption by Atomically-bound, Homopolar, Molecules: 
Franck,! in 1924, postulated that, with atomically-bound or homopolar mole- 
cules such for example as Clo, Br2 and Is, absorption in the continuous region 
involves the dissociation of the molecule into two atoms one in the normal 
state, the other in an electronically excited state. At the convergence limit, 
the two atoms separate with negligibly small kinetic energies. Within the 
continuous region the energy in excess of that required for the dissociation in 
question emerges as kinetic energies of the two atoms. The postulate rested 
originally on observations of the change of electronic energy coupled with 
changes in vibrational energy when light absorption occurs in such systems. 
It gained for itself a high degree of credence and acceptability as soon as the 
exact spectroscopic data for the three molecules, Clz, Br2 and I, were available 
to test the postulate. These data were forthcoming from the researches of 
Turner 2 and of Kuhn? on the lowest excitation energies of the three atoms in 
question. The data are collected in the following Table IV in such a manner 
as to indicate the truth of Franck’s postulate. 

1 Trans. Farad. Soc., 21, 536 (1925). 


2 Phys. Rev., 27, 397 (1926). 
3 Z. Physik, 39, 77 (1926). 
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TABLE IV 


Spectroscopic DaTA AND Heats oF DISSOCIATION OF HALOGENS 


Gas | Convergence} Nhy in Kg. Excitation Energy Spectroscopic | Thermochem. 
Limit (Ac) Cal. for Xc of Atom 2?P.—2?P1 Heat of Diss. Heat of Diss. 
(1) (2) (3) (4) (3)-(4) (6) 


Cle 4785 A. 59.4 Kg.Cal. 2.5 Ke.Cal. 56.9 Ke.Cal. | 57.0 Kg.Cal. 
Bre 5107 55.6 10.4 45.2 46.2 
Iz 4995 56.8 21.6 35.2 34.5 


The second column gives the wave length of the convergence limit, the 
third the value in Kg. calories of the quantum corresponding to the con- 
vergence limit. The fourth column gives the lowest excitation energies in 
Kg. calories of the three atoms, the fifth column the difference of (3) and (4), 
being the heat of dissociation into two normal atoms calculated upon the 
assumption of the truth of Franck’s postulate. The excellent agreement with 
the thermochemical data is seen from a comparison of these values with those 
of Column 6, the accepted thermochemical values. 

Actual experimental demonstration of the presence of the atoms in illu- 
minated molecular iodine vapor was achieved by Turner.! He found that 
iodine vapor illuminated by strong light from a carbon are absorbs the light 
of the 1830.4 A. line of the iodine atom more strongly than when not so illu- 
minated. This light should be absorbed by normal iodine atoms so that the 
presence of these on optical dissociation is indicated. That the other fragment 
is the excited atom rests upon the results given in Table IV above. 

These results with the halogens have been extended to other diatomic 
molecules in some cases not previously assumed to be atomically bound or 
homopolar. With hydrogen, according to Dieke and Hopfield,? a continuous 
region of absorption sets in at 894 A. (= 14.53 volts) and continues to shorter 
wave-lengths. The convergence limit corresponds to a dissociation of the 
molecule into one normal atom and an excited atom with the excitation energy 
of 10.15 volts. The difference between these volt energies is 4.38 volts 
= 100,900 calories in satisfactory agreement with the best experimental values 
for the heat of dissociation of hydrogen to yield normal atoms. It is indeed 
the value to which is now attached the highest measure of accuracy. 

The study of the absorption spectrum of hydrogen iodide by Tingey and 
Gehrke * and by Bonhoeffer and Steiner * showed the spectrum to be entirely 
continuous, with no structure in the spectral region 2000-3200 A. The con- 
vergence limit, about 3200 A., corresponds to an energy Nhv = 89,000 calories. 
Since the dissociation energy into neutral atoms is known to be 68,000 calories 


1 Phys. Rev., 31, 983 (1928). 

2Z. Physik, 40, 299 (1926). 

3 J. Am. Chem. Soc., 48, 1839 (1926). 
4Z. physik. Chem., 122, 287 (1926). 
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it is evident that the optical dissociation must yield one normal and one 
excited atom, the latter the iodine atom, since its lowest excitation energy is 
21,600 calories, while that of hydrogen is 234,000 calories. Similarly with 
hydrogen bromide the optical dissociation energy (2800 A. > A, > 2600 A.) 
equals 109,000-101,000 calories whereas the thermal dissociation energy into 
normal atoms is 85,000 calories. This indicates the optical production of 
excited bromine atoms (excitation energy, 10,400 cals.). The discrepancy 
here is large, probably because the convergence limit is not well defined. 

The case of the silver halides vapors was surprising indicating that these 
also belong to the present class. Franck and Kuhn! suggest that these dis- 
sociate into a normal silver atom and an excited halogen atom, that, on this 
assumption, a satisfactory correlation of optical and thermal dissociation data 
is obtained. This would point to the silver halides vapors as atomically bound 
or homopolar molecules. 

We may summarize this section in the conclusion that: Atomically-bound or 
homopolar diatomic molecules dissociate optically within the continuous absorption 
band into one normal and one excited atom. 

Continuous Absorption by Ionically-bound or Heteropolar Molecules: The 
action of light in the region of continuous absorption on ionically-bound or 
heteropolar molecules may yield a variety of products. This phase of the 
subject has been most intensively studied in connection with the vapors of 
the alkali halides. A theoretical treatment of the subject by Hund 2 together 
with an experimental study by Franck, Kuhn and Rollefson ® indicate that, in 
sharp contrast to the case of homopolar molecules, heteropolar diatomic 
molecules may dissociate into two normal atoms when the optical energy is 
just sufficient for this change to occur. Franck, Kuhn and Rollefson found 
that, while the absorption spectra of the alkali halides were continuous, with 
no evidence of band structure, they did show well defined maxima of absorption. 
With the chlorides one such maximum was found, with the bromides two and, 
with the iodides, two and the beginnings of a third. As a result of their study 
of these maxima together with the earlier experiments of Terenin* and of 
Kondratjew * it is now possible to interpret the behavior of such heteropolar 
molecules on absorption in the continuous region. The continuous band on 
the long wave-length side of the spectra corresponds to the dissociation of the 
halide into two normal atoms. The second continuous band corresponds to 
the production of one normal and one excited atom, this latter the halogen 
atom, since the energy of excitation of the halogen is less than that of the 
alkali atom. The third band at shorter wave-lengths would correspond to 
the production of a neutral halogen atom and an excited sodium atom, while 
still shorter wave-lengths would produce a sodium atom in the second stage 
of excitation (3306-3302 A.). We may exemplify these several processes by 

17, Physik, 43, 164; 44, 607 (1927). 

2%. Physik, 40, 742 (1927). 

3 Ibid., 43, 155 (1927). 

4Z. Physik, 37, 98 (1926). 

5 Tbid., 39, 191 (1926). 
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the following equations in which F,, H2, 3, Hs refer to the photo-energies 
absorbed, Einsteins, expressed as calories per gram molecule in the order of 
decreasing wave-length: 

Nal + #, = Na+I, 

Nal + F,= Na+TI’, 

Nal + #3 = Na’ + I, 

Nal + EF, = Na” +1. 


E,, corresponding to wave-lengths longer than 3900 A., has a value less than 
73,000 calories, to be compared with a thermochemical value of 63,000 calories. 
The difference between the two successive maxima on the long wave-length 
side of the continuous absorption spectrum corresponds to an energy H2 max. 
— EF, max. = 22,600 calories, to be compared with an excitation energy of 
21,600 calories for the iodine atom. This points to the validity of the second 
process. Terenin found experimentally that #3; must be from wave-lengths of 
2500 A. or shorter. This is equivalent to 114,000 calories. If from this the 
excitation energy of sodium be subtracted (48,000 calories) a spectroscopic 
value for the heat of dissociation to neutral atoms of 65,000 calories is obtained. 
For FE, the corresponding values are > 1862 A. or < 153,000 calories from 
which we must subtract the second resonance of sodium, 3303 A. or 86,000 
calories. This leaves < 67,000 calories as the heat of dissociation to neutral 
molecules. The satisfactory concordances in each of the four cases is splendid 
support for the point of view. These and other cases are summarized in the 
following Table V. 

These data are regarded as satisfactory confirmation of the point of view 
put forward with respect to the several modes of dissociation of heteropolar 
molecules under the influence of light absorbed in the continuous region of the 
absorption spectrum. For a given process of dissociation, the excess energy 
absorbed over and above that required for the process is transformed into 
kinetic energy of the fragments. Evidence for this is forthcoming in the 
experiments of Hogness and Franck! who showed that, with increasing energy 
of absorbed quanta, the fluorescence lines yielded by the alkali atoms became 
more diffuse owing to an increasing Doppler effect. 

Discontinuous Fine Structure Band Absorption: All evidence concerning 
absorption to yield one or other of the electronic-vibrational rotational states 
outside the continuous region tends to show that such absorption produces an 
excited molecule. It indicates that dissociation of the molecule does not 
occur on such absorption, that collision with another molecule when in this 
energy rich condition is a necessary preliminary to dissociation. This is in 
sharp contrast to absorption in the continuous region previously discussed. 
We may represent the process by the equation: 


AB + E=(AB)’, 


the brackets and the prime indicating that it is an excited molecule. The 
1Z, Physik, 44, 26 (1927). 
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equation has been written reversibly to call attention to the consequence that, 
in absence of collisions, the absorbed energy will be re-emitted as fluorescent 
radiation. That molecules can store up such energy and subsequently give 
it back as fluorescent radiation was shown by Wood! in the case of iodine vapor 
at low pressures. It is pertinent to point out that, in this example, energies, 
considerably in excess of the dissociation energy to neutral atoms, can be thus 
absorbed and emitted as fluorescent radiation. The absorption which produces 
this fluorescence is, however, definitely absorption in the region of discontinuous 
bands. Fluorescence ceases entirely when absorption in the continuous region 
(< 4995 A.) occurs. This was shown by Dymond.2 The conclusion reached 
is that fluorescence occurs only when the absorption process has produced an 
energy-rich molecule. It is absent when absorption produces dissociation 


TABLE V 


Sprecrroscopic DATA AND Heats or DissociaTIon oF ALKALI HALIDES 


BI esa neg oa Passe eno Seen Thar 
g Cals. 2 

stance cess | Length] Kg.Cals Ka Cale, yest oe a 
Nal Na+I 3900 73 — —_ 73 63 
Na+Il’ — = 22.6 Il’ =21.6 — — 
Na’-+I| 2500 114 —— -— 65 63 
Na”-+I]} 1862 153 = Na’ =48 67 63 

Na’”’ =86 

CsI Cs+I | 3800 75 — — 75 75 
Cs’ +1 1862 153 = Cs” =62 91 75 
KI Keer 3800 75 — — 75 84 
NaBr |Na+Br]| 3100 91 — — 91 84 
Na+Br’} — — 9.3 Br’ =10.4 -- — 
KBr K+Br | 3100 91 — — 91 100 
K+Br’ — — 8.5 Br’ =10.4 _ — 
RbBr |Rb+Br’ — a 8.7 Br’ =10.4 — — 
NaCl Na+Cl] 2800 103 = == 103 103 
Na+Cl’/) — — 0 Cl’ = 2.5 — — 


It is known that, at higher pressures of iodine vapor and in presence of 
added foreign gases, the fluorescence phenomenon is suppressed. This is to 
be attributed to the loss of energy by the collisions which occur with greater 
frequency at the higher pressures. It is possible that the collision between a 
sufficiently energy-rich excited molecule and another gas molecule may produce 


1 Phil. Mag., 35, 232, 256 (1918). 
2Z. Physik, 34, 553 (1925). 
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dissociation, in which case the final effect will be the same as in the case of 
absorption in the continuous region. The process would be a two-stage process: 


AB + E = (AB)’, 
(AB)’ +CD=CD+A+B. 


The divergence between this case and that of continuous absorption would 
manifest itself immediately at low pressures. The continuous absorption at 
low pressures produces dissociation, the discontinuous process only fluorescence. 

Discontinuous Diffuse Structure Band Absorption: Predissociation Spectra: 
The case of discontinuous band absorptions which, even on high resolution, 
show no trace of fine line structure has occupied a considerable amount of 
attention in the last few years. For such diffuse band spectra, Henri! sug- 
gested the term ‘ predissociation spectra.’ With a given electronic excitation 
of the molecule, starting from a given vibrational state the bands become 
diffuse; it appears as if all quantization of the rotation disappears although the 
quantization of the vibrationremains. To each electronic state of the molecule 
there may be found a different state of predissociation. It appears that diffuse 
bands occur at higher vibrational levels the lower the level of electronic excita- 
tion. Thus, in the case of SOs, in the band region from 4000 A. to 2600 A., 
the bands are diffuse after the 14th or 15th band. In the far ultraviolet, 
< 2300 A., the third vibrational band is already diffuse. 

The concept of the quasi-molecule, developed by Born and Franck, a non- 
quantized complex formed by collision of two atoms and producing a stable 
molecule only by a third body collision, possess much in common with the 
earlier concepts of Henri in regard to molecules showing pre-dissociation 
spectra. Indeed, Born and Franck sought to interpret the diffuse character 
of certain band systems by assuming a life period of the excited molecule short 
as compared with the period of the state in question. On this basis, the 
absence of rotational structure would indicate a life shorter than the period 
of rotation, of the order of 10 or 107 second. 

More recently, Bonhoeffer and Farkas? sought an explanation of the 
diffuse spectra of molecules by assuming that the broadening of the rotation 
lines was due to a dissociation of the molecule, without collision, by reason of a 
redistribution of the several forms of excitation energy of the molecule. The 
process assumed would be analogous to that already known to occur in ionized 
atoms, the Auger process. In this process, a radiationless transfer of an 
electron from an outer to an inner shell occurs, the energy available being 
consumed in the ejection of an electron with velocity determined by the mag- 
nitude of the energy change. In the molecule, the energies of electronic and 
vibrational excitation of a molecule would spontaneously rearrange to yield a 
normal molecule whose energy was sufficiently great that dissociation into 
fragments, atoms or radicles, would necessarily occur. 


1 Nature, Dec. 20, 1924; Structure des Molecules, Chap. 5, Paris, 1925, 
2Z. physik. Chem., 134, 337 (1927). 
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Bonhoeffer and Farkas offered in support of their contention certain 
observations on ammonia. The bands of the ammonia spectrum, extending 
from 2200 A. to 1600 A. and belonging to one system with the same initial 
state of the absorbing molecule, were shown to exhibit no rotational structure 
at all, even under high resolution and when, owing to the small moment of 
inertia, a wide spacing of the rotation lines could be expected. Furthermore, 
an attempt to obtain ammonia bands in emission and also to excite the gas to 
fluorescence failed. Finally, they showed that, at pressures as low as 0.001 
mm., when illuminated with light corresponding to the diffuse region in ab- 
sorption, ammonia underwent appreciable photo-decomposition into nitrogen 
and hydrogen. This photo-chemical evidence very definitely suggests that 
collisions are not essential to the decomposition process and that spontaneous 
dissociation occurs. 

Henri and his co-workers, since 1924, have investigated more than forty 
compounds showing such diffuse spectra on the short wave side of the spectrum. 
In many cases the transition from sharp to diffuse bands can be very abrupt. 
Thus, in the case of NOs, the two vibration bands at 2491 A. and 2459 A. show 
many fine rotational lines, but the next bands on the short-wave side are with- 
out structure as is evident for the bands 2447 A. and 2425 A. A second ex- 
ample is that of S. vapor which, exactly at the limit 2794 A. shows an abrupt 
change, all fine structure suddenly disappearing. Henri has generalized his 
results 1 concerning the properties of the molecule in the diffuse regions as 
follows: (1) The vibration frequency decreases, indicating an increase in the 
distance between the vibrating masses; (2) the fluorescence disappears; (3) the 
molecule becomes chemically active in this region; (4) the limit of production 
of diffuse bands is displaced towards the red end by raising the temperature, 
the displacement being larger with molecules of high molecular heat. 

This latter effect of temperature in displacing the limit of production 
towards the red arouses certain doubts as to the complete clarity of the subject. 
It seems difficult to assume an influence of temperature on the transition 
probability from the discrete to the dissociated state or an influence on the 
excited molecule by collision with other molecules, since the life is too short. 
Herzberg? believes that this effect of temperature is due to the distribution 
of molecules over the different rotational and vibrational states according to 
the Boltzmann factor e “/*". With increasing temperature, the distribution 
curve for the rotational levels becomes broader and flatter and more vibrational 
levels are excited in the ground state. 

A further aspect of the diffuse hand systems arises from the penetrating 
analysis of the sulphur, S2, bands by Rosen.* As already indicated, a sharp 
change from fine structure to diffuse bands was found by Henri and Teves * 
at 2794 A. Rosen showed that the diffuse ultra-violet bands belonged to the 


1 Trans. Farad. Soc., 25, 766 (1929). 

2 Trans. Farad. Soc., 25, 778 (1929). 

3 Z. Physik, 43, 69 (1927); 48, 545 (1928); 52, 16 (1928). 
4 Compt. rend., 179, 1156 (1924). 
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same system as the fine structure bands, the formula 
vy = 32,140 + (424.4n’ — 2.7n”) — (742.5n — 2.91n?) 


representing successfully all the well-defined bands. Rosen found that the 
diffuse bands are distinguished from the fine structure bands in that they 
represent transitions to higher vibrational levels of the single electronic 
excitation known, whereas the ultra-violet bands with rotational structure 
represent transitions to lower vibrational levels of the same excited state. 
Rosen next showed that the visible bands of the sulphur spectrum also belonged 
to the same system as the ultra-violet bands and were reproducible by the same 
equation given above. With a 6-meter grating he found that, in the range 
from 3000 A. to 5000 A., all bands with wave-lengths longer than 3650 A. 
showed no trace of rotational structure. Rosen concludes that all the bands 
which come from the 7th or higher vibrational level of the normal molecule 
or to higher than the 10th vibrational level of the excited molecule show no 
rotational quantization. Rosen therefore attributes the absence of structure 
to an overlapping of the rotational lines due to the increase in the spheres of 
action of the molecules at the large amplitudes in question even at pressures 
aslowas20mm. The explanation of Bonhoeffer and Farkas cannot be applied 
to the diffuse visible bands since, in this case, the energy is far less than that 
required for the dissociation of the molecule. 

As to the short wave region, Henri and Teves suggested that the bands in 
this region had a group structure. Rosen believes that this supposed group 
structure does not exist but that it apparently arises because the bands with 
n= 0 are much stronger than the others. They form the ‘group edges.’ 
Rosen finds that the band n = 0, n’ = 16 shows group structure but that 
n = 0, n’ = 17 with an edge at vy = 38580 cm. is quite continuous. Changes 
of temperature from 500 to 800° C. and of pressure from 0.1 to 10 mm. do not 
change this limit. The group structure appears again at n= 0, n’ = 20 
and gets stronger towards shorter wave-lengths. Rosen interprets this 
change at vy = 38,580 cm. on the basis of the Bonhoeffer-Farkas theory. The 
absorbed energy is equal to the dissociation energy of the sulphur molecule, 
39,500 + 1500 cm.+ = 112,000 + 5000 cals., as deduced by him from the 
convergence limit of the band series. At this point there is a resonance in the 
Heisenberg sense and a redistribution of the energy of the molecule. Further 
from this resonance-point in the farther ultra-violet the processes of internal 
energy exchange become fewer and the band structures reappear. At 2794 A. 
= 35,778 cm.+, the limit of rotational fine structure, there is still a deficit of 
energy for dissociation. Rosen considers that this may be supplied by col- 
lisions but points out that there also the high amplitude of vibration may be 
responsible for the disappearance of structure. 

More recently still, the existence of diffuse discontinuous spectra has been 
associated by Franck and Sponer! with the existence of the molecule in a dif- 


1 Gott. Nachr., 1928. 
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ferent state of electronic excitation from those showing fine line structure. 
This idea has been developed still further by Herzberg,! who applies the con- 
cept to the cases of sulphur and the methyl halides. 

We have treated in detail this aspect of modern theory concerning diffuse 
spectra in an effort to present the various points of view on a problem which 
still is far from a state of clarity. Precisely in such a region, however, one can 
anticipate important developments. Thus far we have emphasized only the 
physical aspects of the problem of diffuse spectra. The analysis of the chemical 
consequences of the absorption act will be found in the section immediately 
succeeding which deals with the chemistry of those systems resulting from 
one or other of the absorption acts discussed in the preceding pages. 


THE SECONDARY CHEMICAL PROCESSES 


In the preceding sections we have summarized the conclusions that modern 
physical analysis of spectral data reaches concerning the several types of 
absorption which atoms or molecules undergo. The initial stage of every 
photochemical reaction is one or other of these absorption processes. The 
immediate results, whether excitation or dissociation, may be said to complete 
the physical history of the photochemical process. There remain, however, 
the chemical reactions which may occur by reason of the presence, in the reac- 
tion system, of the products of the physical process of absorption. It will be 
shown that these chemical processes are defined by the chemical affinities of 
the reaction system independent of their mode of origin, the primary absorption 
process. In some cases a single chemical action will succeed the physical 
process, in which case these will be exact equivalence between quanta absorbed 
and molecules reacting; the ideal condition of the Einstein concept will obtain. 
In other, and more numerous cases, a whole sequence of chemical processes 
may succeed the absorption act and the equivalence between quanta absorbed 
and reactant molecules will disappear. In these cases the yield will be deter- 
mined by the chemistry of the system produced by light absorption and 
dependent in a secondary manner only on this latter. 

It will be convenient to coérdinate and classify the photochemical processes 
on the basis of the nature of the absorption act producing the reactive system 
and to follow the order obtaining in the preceding section. We shall therefore 
discuss in sequence the chemical processes succeeding (I) Absorption by 
Atomic Systems, (II) Continuous Absorption by Atomically-bound, Homo- 
polar Molecules, (III) Continuous Absorption by Ionically-bound or Hetero- 
polar Molecules, (IV) Discontinuous Fine Structure Band Absorption and 
(V) Discontinuous Diffuse Structure Band Absorption. 

We shall find that we are dealing in each class with two types of process, 
the one purely photochemical, the other a photosensitization. In the former 
the light-absorbing system or its products actually takes part in the subsequent 
chemical processes and undergoes chemical change. In the latter, the light- 


1Z. Physik, 61, 604 (1930). For an extended discussion of the subject see 2d Report, 
Comm. on Photochemistry, Nat. Res. Council, J. Phys. Chem., 34, 2065 (1930). 
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absorbing system is the vehicle whereby the light energy is conveyed to other 
reactants; it is itself unchanged in the total photo-process. The use of such 
sensitizers permits the utilization of light energy which cannot be absorbed 
by the reactant molecules themselves but which is readily absorbed by the 
sensitizer itself. 

Ia. Absorption by Atomic Mercury: In discussing the primary process in 
atomic systems we have already set forth in detail the formation of excited 
mercury atoms and the de-activation of such excited atoms by collisions with 
other atoms or molecules. Typical of such processes is the reaction of excited 
mercury with hydrogen either photochemically 


Hg’ + H. = HgH + H, 
or as a photo-sensitizer 


Hg’ + H.= Hg + 2H. 


Numerous reactions may succeed the formation of atomic hydrogen, whether 
produced by the first or second of these reactions is immaterial. We have 
already cited the demonstration of the presence of atomic hydrogen by the 
clean-up of the gas and by the rapid reduction of metallic oxides at room 
temperatures ! (p. 1468). Dickinson? and later Mitchell * showed that when 
oxygen was present in the system water was formed. Taylor and Marshall 4 
indicated that many chemical reactions could be induced by the atomic hy- 
drogen thus formed including the formation of ethane from ethylene, of for- 
maldehyde with carbon monoxide present as well as the reduction of nitrous 
oxide. No reactions occurred with nitrogen. The kinetics of water and of 
formaldehyde formation were studied by Marshall,> who found also that several 
molecules of product were obtained for each quantum of light energy employed. 
The water formed was shown to be a secondary decomposition product of 
hydrogen peroxide which could be obtained as an almost pure product. The 
rate of reaction was approximately proportional to the molecular fraction of 
hydrogen and at least 6.6 mols. of peroxide were produced per Einstein 
absorbed. According to Klinkhardt and Frankenburger,’ this yield is too 
high and more accurate measurements produced but one mol of peroxide per 
Einstein of 2537 A. absorbed. Marshall obtained a similar yield of formal- 
dehyde but here the rate was given by the equation + d(HCHO)/dt = 
k(Px,)!*(Pco)- 

Olsen and Meyer ® observed the occurrence of three distinct reactions in 
hydrogen-ethylene mixtures in presence of excited mercury, hydrogenation, 
decomposition and polymerization. The reactions of hydrocarbons generally 

1Cario and Franck, Z. Physik, 11, 161 (1922). 

2 Proc. Nat. Acad. Sci., 10, 409 (1924). See also D.R.P. 458756/1924. 

3 Tbid., 11, 458 (1925). 

4 J. Phys. Chem., 29, 1140 (1925). 

5 J. Phys. Chem., 30, 26, 1078 (1926). 

8 See, also, Bonhoeffer, Z. physik. Chem., 119, 385, 474 (1926); Bates and Taylor, J. Am. 
Chem. Soc., 49, 2438 (1927). 

7Z. Physik. Chem., 8B, 138 (1930). 

8 J, Am, Chem, Soc., 48, 389 (1926); 49, 3131 (1927). 
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in such systems have also been studied by Bates and Taylor! and by Taylor 
and Hill? The reaction between ethylene and hydrogen proceeds the more 
quantitatively to form saturated hydrocarbon the greater is the concentration 
of hydrogen. The particular hydrocarbon formed is also dependent on the 
composition of the original mixture illuminated. High hydrogen concentra- 
tion favors ethane formation. The saturated hydrocarbons formed are decom- 
posed by both atomic hydrogen and excited mercury and yield methane (which 
is unattacked) as the stable product in the gas phase. At the same time, a 
liquid polymer C,Hon is deposited.’ 

The action of excited mercury as a sensitizer of reaction is not confined to 
hydrogen as the acceptor. Dickinson and Sherrill4 showed that ozone is 
formed if an oxygen-mercury mixture is illuminated by \ = 2536.7 A.. The 
initial reaction cannot be the photo-process, 


He’ + O. = HgO + 0, 


for at least seven molecules of ozone are produced per atom of mercury used. 
The energy of the excited mercury is insufficient to dissociate O2 so that the 
authors suggest the formation of an excited oxygen molecule and a bimolecular 
collision to yield ozone, 

O's + Oo = Os-+O; 


the atom then, by a three-body collision, producing an additional ozone 
O+ 02+ O2= Os + Or. 


A wide variety of decompositions induced by excited mercury were found 
by Bates and Taylor; *® these are conveniently summarized in the following 
table, the purely photochemical reaction being that occurring with the same 
are system with mercury absent from the reacting gases. 

The kinetics of the ammonia decomposition by excited mercury were studied 
by Dickinson and Mitchell ® and were shown to differ materially from the 
straight photochemical decomposition. Hydrogen has a pronounced inhibiting 
effect undoubtedly due to the greater efficiency of its collisions with excited 
mercury than obtains with ammonia molecules. On this basis, Mitchell and 
Dickinson calculate a specific activation rate by excited mercury for ammonia 
only 4 per cent of that for hydrogen. Work by Mitchell on the fluorescence of 
such systems indicates that an excited ammonia molecule is responsible both 
for emission and reaction. 


1 J. Am. Chem. Soc., 49, 2483 (1927). 

2 J. Am. Chem. Soc., 51, 2922 (1929). 

3 Cf. Lind, Bardwell and Perry, J. Am. Chem. Soc., 48, 1556 (1926) for similar action of 
a-particles which, however, also decompose methane. 

4 Proc. Nat. Acad. Sct., 12, 175 (1926). 

5 Proc. Nat. Acad. Sci., 12, 714 (1926); J. Am. Chem. Soc., 49, 2438 (1927). 

6 Proc. Nat. Acad. Sci., 12, 692 (1926); J. Am. Chem. Soc., 49, 1478, 2699 (1927). 
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TABLE VI 

Ratio of photesens Analysis of gaseous prod- | Analysis of gaseous products 
Substance pivave be nd ucts of the non-photo- of the photosensitized 

photosensitized rake sensitized reaction reaction 

of reaction 
H:0 — 73%H2; 27%O2 

NH3 200: 1 96% He; 4%Ne 89% Ho; 11%Nae 
CoH, — 88%H:2; 12%CHsz ete. 
CH3:0H 600 : 1 58% He; 42%CHs+CO 
C.H;OH 50:1 46% H2; 50%CO+CHa 
CoHis 1000 : 1 96% H2; 4% CH4 
CoHe SOra 60% H2; 40% CHa 
(CH3)2CO DRS 100%CO+CHs 100%CO+CH4 
HCOOH 400: 1 76%CO; 24% He 
C2HsNH2 60:1 96% He; 4% Ne 96% He; 3.7% CHa; 0.8%Ne 


In sharp contrast with this is the decomposition of hydrazine by excited 
mercury, the rate of which is quite uninfluenced’ by the presence of large 
concentrations of ammonia, nitrogen or hydrogen. The lack of retardation 
by hydrogen points to reaction of atomic hydrogen with hydrazine. The 
specific rate is forty times that of ammonia under identical conditions. A 
quantum efficiency of 13 mols per Einstein was calculated. 

Gaviola and Wood ? have studied in detail the effect of hydrogen, nitrogen, 
ammonia and water vapor on excited mercury, by means of the fluorescence 
excited in these systems by the mercury and by the relation between the 
intensity of the exciting radiation and the fluorescence. Many data have thus 
been accumulated with respect to the chemical reactions occurring. These 
authors conclude that collisions with hydrogen produce the reaction. 


Hee Hy = He 2H 


rather than mercury hydride and atomic hydrogen. Collisions with water 
molecules lead mainly to the metastable 2'P) mercury level; in a few cases 
(about 1 in 10,000 collisions) the water molecule is dissociated yielding H and 
OH and finally, in some cases (less than 1 in 1000), a complex quasi-molecule 
Hg-H.O is formed which dissociates emitting a continuous water band at 
2800 A. Nitrogen converts the 2'P; atom to the metastable level. A triple 
collision between a nitrogen molecule and two metastable atoms yields nitrogen 
atoms. From these atoms, NH excited molecules are formed in some manner 
yielding the characteristic band at 3360 A. Gaviola and Wood account for 
Mitchell’s ammonia band at 3400 A. by a mercury-ammonia quasi-molecule 
similar to that possible with water. 

More recently, Beutler and Rabinowitsch* have analyzed the problem of 
the interaction of excited mercury with hydrogen and with water vapor. 

1 Elgin and Taylor, J. Am. Chem. Soc., 51, 2059 (1929). 


2 Phil. Mag., 6, 1154, 1167, 1191 (1928). 
3 Z. Physik. Chem., 8B, 231, 403 (1930). 
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They conclude that the two reactions both initially produce mercury hydride 
according to the equations 


(1a) Hg’(2°P,) + H. = HeH+H, 
(1b) He’ (28P,) + H.O = HeH + OH. 


Ib. Absorption by Atomic Cadmium: Bates and Taylor ! have investigated 
the resonance line of cadmium, \ = 3262 A. as to its photo-activity. They 
find that ethylene is polymerized by the action of excited cadmium atoms but 
ammonia is not decomposed nor are hydrogenation reactions induced in 
hydrogen-ethylene mixture. Bates? found nevertheless that the fluorescence 
of excited cadmium atoms was quenched by hydrogen as strongly as was 
mercury. The transfer of energy must result in an increased vibrational energy 
of the hydrogen molecule, without dissociation to atoms. There is a vibra- 
tional level in hydrogen at 3.84 volts close to that of the excitation energy of 
a cadmium atom, 3.78 volts. 

II. Continuous Absorption by Homopolar Molecules: We have seen that 
the primary absorption has been found normally to produce one normal and 
one excited atom or radical. A variety of secondary chemical processes may 
succeed this primary process. The subsequent chemical reactions may be few 
as in the case of the decomposition of hydrogen bromide and iodide. They 
may be extremely numerous as will be shown to be the case in the hydrogen- 
chlorine combination. Again the extent and nature of the secondary processes 
may be dependent upon temperature as will be found in the hydrogen-bromine 
combination and in the photochemical formation of phosgene. Finally, the 
system excited in the primary absorption process may be a photosensitizing 
agent for a variety of reactions not otherwise photo-active to the light in 
question as, for example in the sensitization by chlorine of the formation of 
water and carbon dioxide, and also the sensitized decomposition of ozone. 

IIa. The Decomposition of Hydrogen Bromide and Hydrogen Iodide: These 
two halides both show continuous absorption, so that the primary process 
must yield a normal hydrogen atom and an excited halogen atom.’ The 
primary process can therefore be represented thus 


HX + H#=H +X’. (1) 
The possible secondary processes are: 
H+ HX = H.+X, (2) 
X + HX = X.+ 4H, (3) 
H+H= H,, (4) 
oh: ar xX = Xo, (5) 
H+X= Hx. (6) 


1J. Am. Chem. Soc., 50, 771 (1928). 
2 Proc. Nat. Acad. Sci., 14, 849 (1928). 
3 To produce an excited hydrogen atom would require energy in the farthest ultra-violet, 


beyond the Schumann region. 
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Of these, (2) is an ‘elementary reaction’ of Polanyi and therefore proceeds 
practically at every collision in the exothermic direction, producing hydrogen 
molecules and halogen atom. Reaction (2) will therefore predominate over 
(4) and (6) as the method of removing hydrogen atoms. Reaction (3), being 
strongly endothermic both with bromide and iodide, will not occur at ordinary 
temperatures. Halogen atoms must therefore be removed by reaction (5) 
which must occur as a wall-reaction or three-body collision. On this basis the 
total photo-process is: 


HX +# =H+X’ (Primary Absorption Process), 
H+HX= H:+H _ (Secondary Chemical Process), 
X+X =X, (Secondary Chemical Process). 


One Einstein of light energy should thus effect the decomposition of two mols. 
of the halide. 

Warburg established this experimentally by his studies! of hydrogen 
bromide decomposition in a stream of hydrogen or nitrogen at the two wave- 
lengths 2090 A. and 2530 A. and of hydrogen iodide at 2090, 2530 and 2820 A; 
The results obtained were decisive from the standpoint of quantum theory. 
Thus, for hydrogen iodide, we may express the results in terms of the number 
of gram atoms of iodine produced per gram calorie of light energy employed. 
We thus obtain the data in the following table. 


TABLE VII 


PHOTOCHEMICAL YIELD OF IODINE FROM HypROGEN IODIDE 


‘WavelbengthrinvA ces sere sere. eee: aes eee 


Mol /2 Te) S< 10h per eramxcallnecircere, fake ee ere ee 1.85 2.09 


2530 | 2820 


These results show that, per gram calorie of light energy, the extreme 
ultra-violet is less efficient than the longer wave-length light. This surprising 
result, completely inexplicable without quantum theory, becomes immediately 
understandable when the quantum relationship is introduced. The calculation 
then shows that, at each wave-length, two mols. of hydrogen iodide are decom- 
posed per Einstein absorbed, with a maximum deviation in all experiments of 
not more than 5 per cent, a deviation well within the experimental error. 
This ratio is also obtained by Bodenstein and Lieneweg? for liquid hydrogen 
iodide at room temperature, for the gas at 150-175° C. and by Lewis for the 
gas at 0.1 mm. pressure. These and similar studies with hydrogen bromide 
exhibit strikingly the importance of the quantum relationship in photochemical 
reactions when the succeeding reactions are few. The following examples show 
how the chemical secondary processes modify the yield of products obtained. 

1 Sitz. ber. preuss. Akad., 314 (1916); 300 (1918). 


2 Z. physik. Chem., 119, 123 (1926). 
3 Proc. Nat. Acad. Sci., 13, 720 (1927). 
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IIb. The Hydrogen-Chlorine Combination: At wave-lengths shorter than 
4785 A. chlorine shows a continuous absorption. Hence the primary absorp- 
tion process yields one normal and one excited atom 


Cl. + EF = Cl’+ Cl. 
Two secondary reactions are possible in hydrogen-chlorine mixtures, 


Cl+H,= HCl+H, 
H+ Chk = HCl+4 Cl. 


Theoretically, then, one might anticipate a long chain of secondary processes 
succeeding the primary absorption. This is confirmed by the measurements 
of Bodenstein and Dux! who found that, in highly purified mixtures of the 
moist gases, at atmospheric pressure, yields of the order of 10® mols. per Ein- 
stein were recorded. Both stages in the proposed chain are known to be 
possible. Taylor and Marshall? showed that hydrogen atoms would produce 
a chain of reactions in a hydrogen-chlorine mixture. Polanyi and Bogdandy 3 
have shown that chlorine atoms from the interaction of chlorine and sodium 
vapor would behave sirnilarly. 

As has long been known, the sensitivity of the gas mixture is very dependent 
on its purity. The induction period, the slow attainment of a maximum 
velocity some time after the initial moment of illumination was elucidated by 
Chapman, Burgess and MacMahon.t This period of retarded action was 
always conditioned by the presence of foreign substances in the containing 
liquid or on the walls of the glass vessel or introduced with the gases into the 
reaction vessel. Various nitrogen compounds including ammonia and albu- 
mens were especially efficient in this induction period. They were removed by 
chlorination. Elimination of such impurities eliminated the induction period. 
Oxygen, however, retards the rate of reaction even in the absence of such 
impurities, and to an extent approximately proportional to its concentration. 
The enormous effect of oxygen in reducing the rate of reaction, even when it is 
present in small concentrations, is consistent with the high yield of the second- 
ary processes. The removal of a hydrogen or chlorine atom by reaction with 
oxygen would eliminate all the subsequent reaction steps that would follow in 
absence of the oxygen. If every chain were stopped after the first stage, the 
velocity would be reduced ~ 10° fold 

Atom chains of the type postulated would be broken by removal of the 
atoms at the walls of the containing vessel owing to recombination. The 
influence of the walls on yield might therefore be anticipated and is actually 
found at low pressures or in vessels of small dimensions. Marshall > and later 

1Z. physik. Chem., 85, 297 (1913). Kornfeld and Miller, Z. physik. Chem., 117, 242 
(1925), obtained yields not exceeding 10° molecules per quantum with most carefully purified 
Fs ts 112, 937 (1923); Marshall, J. Phys. Chem., 29, 842 (1925). 

3 Z. Elektrochem., 33, 554 (1927). 

4 J. Chem. Soc., 98, 1402 (1906) ; 97, 845 (1909). 

5 J, Phys. Chem., 29, 1453 (1925). 
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Trifonoff 1 showed reduced yields per Einstein absorbed at pressures below 
60 mm. and Chapman and Grigg? have shown the same for capillary tubes. 
This effect of capillaries on atom recombination accounts for the failure of 
Bodenstein and Taylor? and later of Marshall‘? to obtain reaction by illu- 
minating the chlorine alone and passing it directly (but, owing to the experi- 
mental demands, through capillaries) to unilluminated hydrogen. No reaction 
was observed under these circumstances even 10~4 secs. after illumination. 
The efficiency of glass in causing the recombination of chlorine atoms has been 
independently demonstrated by Polanyi and Schay,®> in their studies of 
chemiluminescence from the interaction of sodium vapor and chlorine. 

Weigert and Kellermann ® have decisively demonstrated by experimental 
methods the existence of a chain of secondary reactions in the hydrogen- 
chlorine combination. 'The hydrogen chloride produced on illumination from 
a momentary intense spark is not obtained instantaneously but in an after- 
effect extending over 0.01 sec. after illumination. The purer the gas mixture 
the larger the duration of the after-effect. As already mentioned, in order to 
secure this effect, both gases must be illuminated simultaneously or the experi- 
mental arrangement must be such as to obviate recombination of chlorine 
atoms. 

Water vapor has a remarkable influence on the reaction. Within certain 
limits (0.004-2.3 mm.) it is without influence.’ Baker ® and, later, Mellor 
and Russell ® showed that when thoroughly dried over phosphorus pentoxide 
the gases would combine only slowly in bright sunlight. Tramm confirmed 
this using modern vacuum technique and low temperature drying of the gases. 
In the visible region the photo-reaction does not take place. In the ultra- 
violet, between 2200 and 2540 A., Coehn and Jung found !! a slow reaction of 
the very dry gases; it is doubtful whether the chain length of this reaction is 
much greater than unity." This influence of the drying process is extraordinary 
also since it has been shown both by Kistiakowsky 18 and by Kornfeld and 
Steiner 4 that the desiccation has no influence on the convergence limit of con- 
tinuous absorption; the primary absorption must be unchanged and yield one 
normal and one excited chlorine atom. This effect of drying therefore suggests 
that one of the reactions in the secondary chemical processes requires the 


1Z. physik. Chem., 3B, 195 (1929). 

2 J. Chem. Soc., 2426 (1929). 

3 Z. Elektrochem., 22, 202 (1916). 

4 J. Phys. Chem., 30, 757 (1926). 

5 Z. phystk. Chem., 1B, 30 (1928). 

6 Z. Elektrochem., 28, 456 (1922); Z. physik. Chem., 107, 1 (1923). 
7 Bodenstein and Dux, Z. physik. Chem., 85, 297 (1913). 
8 J. Chem. Soc., 65, 611 (1894). 

8 Thid., 81, 1279 (1902). 

10 Z, physik. Chem., 105, 356 (1923). 

U Ber., 56, 696 (1923). 

12 Kornfeld and Steiner, Z. Physik, 45, 325 (1927). 

13 J, Am. Chem. Soc., 49, 2194 (1927). 

4 Z, Physik, 45, 325 (1927). 
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presence of moisture. The reaction 
Cl+H.= HCI+H 


may possibly be the one concerned, since the reaction is not strongly exo- 
thermic, if at all so; the hydrogen molecule apparently is difficult to bring to 
reaction? and seems to manifest a marked stability even towards oxygen 
atoms. On this basis, it would follow that the effect of walls on the reaction 
would be to bring about the recombination of chlorine atoms since these would 
be the atoms surviving the most collisions in the gas phase. There is evidence 
that this is the case. Polanyi and Bogdandy 2 showed that the chain reaction 
induced in hydrogen-chlorine mixtures by sodium vapor was much shorter 
in chain length on clean glass surfaces than on surfaces covered by sodium 
chloride. While this effect might be due either to hydrogen atoms or chlorine 
atoms in this case, there is evidence pointing to the chlorine. For, as already 
mentioned, in the interaction of sodium vapor and chlorine alone, the chemi- 
luminescence, which is due to the reactions of chlorine atoms, 


Cl + Naz = NaCl’ + Na, 
NaCl’ + Na = Na’ + NaCl, 
Na = Na’ + £, 


is also of weak intensity when effected in vessels having clean glass surfaces 
and of higher intensity with surfaces covered with sodium chloride. 

The velocity of combination of the moist gases is directly proportional to 
the intensity of absorbed light and not, as in many photo-reactions involving 
halogens, to the square root of the intensity. This factor in the kinetic ex- 
pression indicates that chlorine atoms are removed singly in the gas phase by 
inhibitors and not by a triple collision of two atoms and a third body to yield 
the molecules; or, alternatively, recombination of chlorine atoms is a wall 
reaction. Recombination of chlorine atoms by triple collisions in the gas 
phase would yield a proportionality to 12;2 in the kinetic expression.® 

The temperature coefficient of this reaction will be discussed separately 
in a later section dealing especially with this problem. 

IIc. The Hydrogen Bromine Combination: The continuous region of ab- 
sorption of bromine extends from short wave-lengths up to a convergence limit 
at 5107 A. Within this region the primary absorption process results in the 
production of one normal atom and one atom excited to the extent of 10.5 
Kg. Cals. 

Br. + # = Br + Br’. (1) 


1 Kistiakowsky, J. Am. Chem. Soc., 52, 1868 (1930). Roliefson (J. Am. Chem. Soc., 51, 
770 (1929) ; 52, 2793 (1930)) has cited evidence which indicated that only the excited chlorine 
atom reacts with hydrogen molecules. This concept might also account for the experimen- 
tally determined influence of water on the reaction (vide supra). 


2Z. Elektrochem., 33, 554 (1927). 
3 See Berthoud, Helv. chim. Acta., 7, 324 (1923); Chapman, Trans. Farad. Soc., 21, 547 


(1925); Kistiakowsky, Photochemical Processes, p. 96; Chem. Catalog Co. 
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With hydrogen present, the various possibilities as to secondary chemical 
processes may be summarized in the equations 


Br + H2.= HBr ie (2) 
H + Bre = HBr + Br, (3) 
H+ HBr = H.+ Br (4) 


Br + Br = Brz. (5) 


The initial production of hydrogen bromide (and simultaneously of atomic 
hydrogen) is determined by reaction (a). This is an endothermic reaction to 
the extent of approximately 17 Kg. Cals. and can therefore only occur with an 
activation energy of at least this amount. ‘The collisions at room temperature 
which have this activation energy are so few that practically no hydrogen 
bromide formation can be detected. At room temperature, therefore, many 
quanta will be absorbed without any hydrogen bromide being formed and the 
quantum relationship is found to be < 0.01 mol. HBr per Einstein absorbed. 
The bromine atoms formed in the primary process of absorption must recombine 
at room temperatures as a three-body gas reaction or a wall reaction according 
to equation (5). 

As the temperature is raised, the efficiency of collisions in reaction (2) in- 
creaingly improves with production of more and more hydrogen bromide per 
unit absorption, giving rise also to the possibility of the succeeding reactions 
(3) and (4) involving the atomic hydrogen produced in (2). Reaction (3) gives 
hydrogen bromide and regenerates Br atom, making (2) again possible. Reac- 
tion (4) indicates that hydrogen bromide formed may have an inhibitory 
influence on the velocity of reaction. The total process will have a temperature 
coefficient determined by the temperature coefficient of reaction (2). 

All these points have been verified in a detailed experimental study of 
Bodenstein and Liitkemeyer of the kinetics! of the photo-reaction in the tem- 
perature region 160-218° C. The rate of reaction was found to be given by 
the kinetic expression 


dl HBr | H. 
| oar eg oa mea 
dt [HBr ] 
Csr 


The results obtained are in entire agreement with the results of Bodenstein and 
Lind? on the thermal combination. The two sets of data are completely 
reconcilable with each other on the basis that both the light energy and heat ° 
initiate the combination by dissociating molecular bromine into atoms—the 
subsequent reactions being identical in the two cases.’ 

1Z. physik. Chem., 121, 127 (1926). 

2Z. physik. Chem., 57, 168 (1907). 


’ For an extended analysis of these results see Kistiakowsky, Photochemical Processes, 
pp. 104-110, Chem. Catalog Co., New York, 1928. 


PHOTOCHEMISTRY 1489 


IId. The Formation of Phosgene: Considerable work on the photochemical 
formation of phosgene from carbon monoxide and chlorine under the influence 
of light of wave-length longer than 4000 A. (transmitted by lead glass) has 
been carried out by Bodenstein and his associates.! The reaction kinetics of 
the photo-process has been studied over a wide temperature range (18-300° C.) 
and compared with the thermal kinetics and equilibrium obtaining in the 
temperature interval 300—450° C. In this case we shall first summarize the 
experimental results and then indicate in what manner these may be coér- 
dinated with the assumed primary process of absorption by the photo-active 
constituent, the chlorine. 

The Thermal Reaction: The thermal formation of phosgene follows the 
kinetic equation, 

al. COCI, ] 


dt — kil Cle B?[CO ]. 


The decomposition process obeys the kinetic expression, 


d[COCl,] 


dt — k[_COCI, || Cl. }?. 


When both reactions are occurring, the net process is 


dLCOCl.] _ 


a kil Cl, }!/2([ CO J[Cl, ] — K[COCI,]), 


where K is the equilibrium constant of the reaction. Oxygen is without in- 


fluence on the reaction. = 
The Photo-Reaction: At room temperatures, the kinetic expression is 


d(COCh] _ 


= ails BeLCO pe= a barre [ Cl. PEO p?. 


The reaction is a chain reaction and for pq, = Poco = 9.5 atm. the chain length 
is about 3X 10? mols. of COCl: per Einstein. The temperature coefficient is 
somewhat less than unity. There is an influence of total pressure and of 
extent of surface, lowering of the former or increase of the latter changing the 
kinetic expression towards 


d[COCh] 


7 = KCl. PLCO }!”. 
The reaction at room temperatures is strongly inhibited by oxygen. The 
oxygen disappears with formation of carbon dioxide, the reaction being photo- 


1 tein and Plaut, Z. physik. Chem., 110, 399 (1924); J. A. Christiansen, zbid., 
103, Hee Bodenstein, ibid., 130, 422 (1927); Schumacher, ibid., 129, 241 (1927), CO2; 
Bodenstein and Onata, ibid., 131, 113 (1928); Bodenstein, Lenher and Wagner, zbid., 3B, 459 
(1929); Schultze, ibid., 5B, 203 (1929); see, also, ibid., 5B, 203, 209, 233 (1929), and forth- 
coming articles. This abstract of the work has been kindly prepared by Dr. Schumacher. 
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sensitized by the chlorine. With large oxygen concentrations the photo- 
sensitized reaction is practically exclusive. Phosgene formation occurs only 
with low oxygen partial pressures. These results were obtained in light longer 
than 4000 A., that is under conditions such that phosgene did not absorb and 
the light absorbed was proportional to the chlorine pressure. 

With rise in temperature the kinetics of the process change. Above 260° C. 
the formation of phosgene takes place according to the equation 


dL COCI, ] 


p= Be Tavs [Cle ]ECO]. 


The inhibitory action of oxygen ceases and no carbon dioxide is formed. The 
thermal equilibrium at 350° C. is not shifted by illumination. The velocity 
of attainment of equilibrium is increased. 

The Sensitized Formation of Carbon Dioxide: The kinetic expression for 
this reaction is 

tCO2d _ argo}, 

where the exponent x lies between 0.5 and 1, the experiments being conducted 
in the temperature range 10—-50° C. The reaction is also a chain reaction 
since for Poo = Po, = 0.5 atm. the yield is about 103 mols. COz per Einstein 
absorbed. The temperature coefficient between 20° and 40° C. is 0.94 per 
10° rise. It is important to note that the reaction velocity is quite independent 
of oxygen concentration. Higher total pressure, small surface and high light 
intensity all tend to make the exponent x more closely 0.5. The reverse. of 
these factors changes the exponent towards unity. For equal chlorine or 
carbon monoxide concentrations with both the phosgene and photosensitized 
reactions the velocity is greatest when [ Cl, ]'/? appears in the kinetic expression. 
Increase in the exponent indicates a decrease of absolute velocity. 

Interpretation of Results: The primary absorption process is certainly 


Cl. + # = Cl’+ Cl. (1) 


The square root of the chlorine concentration indicates recombination by a 
bimolecular process, the exponent unity a consumption of chlorine atoms 
singly or as a wall reaction. 

For the room temperature reaction we may set up the following secondary 
reactions: (2) CO + Cl = COCI, k2; (3) COCl = CO + Cl, ks; (4) CO + Cl 
+ Cle = COCk + Cl, ks; (5) COCL+ Cl= CO+4+ Ch, ks. According to 
modern views (2) must be a three-body and (3) a bimolecular process. It is 
necessary, however, to postulate a reaction yielding COCI (since this is the 
agent for removing chlorine atoms singly) and also that the equilibrium of 
reaction (2) is constantly maintained. The intermediary COCI ensures also 
the square root of the [CO] in the kinetic expression. Reaction (5) predomi- 
nates over a reaction Cl + Cl + X = X + Cl,, if the concentration of COC] 
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is great compared with [Cl]. From these assumptions one derives an ex- 
pression 
dL COCl.] =z fey Kooety an [CO }[Cl.], 
dt ks 

which is identical with that given for the room temperature photo-reaction 
at ordinary pressures. It is also a chain reaction by reason of reaction (4). 

The exponent for [Cl.] changes to 2 at pressures below 10 mm. Hg in 
‘ordinary reaction vessels and below 70 mm. Hg in vessels with a high ratio of 
surface. This indicates that chlorine atoms under these conditions disappear 
mainly by a wall reaction (Cl + Wall = 1/2 Cl, + Wall). 

Temperature increase effects the diminution of the concentration of inter- 
mediary COCI. Reaction (4) determines the phosgene formation and the dis- 
appearance of chlorine occurs either as the three-body reaction Cl + Cl + X 
= X + Cl, (Cl is now large compared with COCI) or as a wall reaction. The 
diffusion constant increases proportionally to the 3/2 or 2-power of the tem- 
perature and at high temperature practically all the chlorine atoms are re- 
moved by the wall even if it be assumed that all three-body collisions involving 
two chlorine atoms are efficient. Hence, at high temperatures, the secondary 
processes become quite simply 


CO + Cl. + Cl = COC], + Cl, ka 
and 
Cl + Wall = 4Cl. + Wall, ks, 
whence there follows 


a[COCh] _ ksks 
at neath 


ive LCL INCO) = kine [Chico 


identical with the experimental result. 
Similarly the reactions of the thermal reaction are 


Clee Clot Cl, 
CO + Cl+ Chk = COCl: + Cl, 
Cl + Wall = $Cl, + Wall, 
and 
ai. COC, | 


= RCL} (COLCL] — KLCOC)). 


The thermal equilibrium is not shifted by illumination since the increased 
chlorine atom concentration so caused increases both forward and backward 
reaction to the same extent, that is, to the same power of chlorine atom con- 
centration, [Cl]. The velocity of attainment is however increased due to the 
higher concentration of [Cl]. 

The efficiency of oxygen in suppressing phosgene formation at room 
temperatures is to be attributed to an influence of oxygen on the concentration 
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of the intermediary COCI. The strong influences of pressure and surface on 
the reaction velocity indicate that the reactions Cl + Cl + X= X + Cl. 
and the wall reaction account for the consumption of chlorine atoms. The 
square root of the [CO] concentration indicates the consumption of a CO- 
containing intermediate by a bimolecular process. The independence of oxy- 
gen concentration indicates that oxygen destroys an intermediate product. 
On this basis the following secondary processes in the sensitized formation of 
carbon dioxide suggest themselves: (2) CO + Cl = COCI, k2; (3) COC] + Oz 
= CO;Cl, ks; (4) COsCl = CO; + Cl, ka; (5) COs + Cl = CO3Cl, ks; (6) 
CU; + Cl = CO. + ClO, ke; (7) ClO + CO = COz + Cl, kz; (8) COs + CO3Cl 
= 2C0 + 0.4+ Cl, ks; (9a) Cl + Wall = $Cl. + Wall; (9b) Cl+Cl+X 
= Cl,+ X. Reactions (4) and (5) are assumed to set up an equilibrium with 
K = ks/ks. From these data, Schumacher deduces a reaction equation 


d[CO.] 


ali CO 


ks, ae 

2 Os iCh)] = adereeNless 

LCOS] = 42 Ione. Ee 

identical with the experimental proportionality to Zaps..CO]!”. With recom- 
bination in the gas phase the expression is 


A.C041 = kLCl. }!?2—CO }?, 
which is the limiting expression for high gas pressures. 

In both the room temperature phosgene reaction and the photosensitized 
carbon dioxide formation there is present a temperature sensitive equilibrium 
(COCI and CO;Cl as the intermediates). The influence of temperature on 
these equilibria suggests the reason for the temperature coefficient being less 
than unity. 

IIe. Chlorine-Sensitized Ozone Decomposition‘ As an example of a sen- 
sitized process involving continuous absorption in the primary process with 
only a short sequence of secondary processes we may cite the case of ozone 
decomposition sensitized to visible light by chlorine. Weigert! showed, in 
this case, a far reaching proportionality between light absorbed and ozone 
decomposition independent of the ozone concentration between wide limits. 
Bonhoeffer ? studied the reaction from the standpoint of yield per unit of 
absorbed light using approximately monochromatic illumination (\ = 4360 A. 
and a group about 4060 A.). Again, the rate was shown to be dependent on 
the light absorbed by the chlorine and independent of the ozone concentration 
between 5 and 0.5 per cent, the photochemical yield being two mols. ozone 
decomposed per Einstein of energy absorbed. Since the light energy absorbed 
lies in the continuous region of chlorine absorption the primary process must 
again be dissociation into atoms. For the secondary processes Schumacher 


1Z, Elektrochem., 14, 591 (1908), 
2Z. Physik, 13, 94 (1923). 
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and Wagner ! suggest the following processes: 


Cl. + # = Cl’+ Cl, 
IACI + Os — ClO + O,, 
ClO + ClO = Cle. + On. 


One difficulty with this is that it is not clear why no long chains result from a 
reaction 


ClO + O3 = O2 + O2 + CL 


It suggests that this reaction may need a high activation energy. 

Discontinuous Fine-Structure Band Absorption: Since there are no well 
defined cases of secondary processes with photo-reactions of ionically bound 
molecules we may turn next to those cases in which the absorption is discon- 
tinuous fine structure band absorption, and of which the primary absorption 
process yields an energy-rich molecule with excitation of the electronic, vibra- 
tional and rotational energies of the molecule. We can show that here also 
the primary act may be succeeded by either a few or many secondary processes 
dependent on the reactivity of the system produced by light absorption. 

IVa. The Ozonization of Oxygen: Lenard? showed that ozonisation could 
be effected by short wave-length light of 1850 A. Goldstein found that in 
the region 1200-2000 A. ozonization occurs, whereas between 2300 and 2800 A. 
the reverse reaction predominated. ‘This latter is dependent, however, on the 
large absorption of ozone and the small absorption of oxygen in this region. 
Warburg compensated for this by using oxygen pressures from 50-300 atmo- 
spheres and studied the yield of ozone with approximately monochromatic 
light at 2070 A. and 2530 A. His yields 4 may be summarized in the following 
table: 

TABLE VIII 


PHOTOCHEMICAL FORMATION OF OZONE 


Gas Composition 95 per cent O2; 5 per cent Ne Air 

Pressure Kg/cm2 47,5 100 100-140 300 140 293 

Wave-Length Mols Ozone per Einstein absorbed Mols Os3 per E.abs. 
2070 A 2.06 1.84 1.82 1.54 1.86 1.30 
2530 A — 1.26 1.10 0.58 — — 


Light of this wave-length is known to be in the region of discontinuous 
absorption by oxygen so that the primary process must be the formation of 


1Z. physik. Chem., 5B, 199 (1929). 

2 Ann. Physik, 1, 480 (1900). 

3 Ber., 36, 3042 (1913). 

4 Sitz. ber. preuss. Akad., 216 (1912); 644 (1913); 872 (1914); Z. Elektrochem., 27, 133 
(1921). 
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excited oxygen molecules. With the light of wave-length 2070 A., the energy 
accumulated is adequate for a secondary collision with oxygen giving two atoms 
(Doz = ca. 128 000 cals.) 


Oot One Oana 0: 


This is not true for the wave-length 2530 A. where the absorbed energy is only 
112,000 cals. per mol. The energy at this wave-length is, however, sufficient 
for the reaction 


0.’ + O2 = O3 + O, 


since the heat of formation from molecular oxygen per mol. of ozone is —34,000 
cals. If either the one or the other of these were the first secondary chemical 
process, a quantum yield of two mols. ozone per Einstein would be accounted 
for by assuming the disappearance of the oxygen atoms by three body collisions 
to form ozone 


A further possibility is a three body collision between excited oxygen molecule 
and two normal oxygen molecules 


O,’ + 205 — 20s. 


This is unlikely in view of the high yield in air at 140 Atm. and light of 2070 A. 
since four-fifths of the three-body collisions would involve nitrogen as the 
third molecule. Increased pressure should also favor such ternary collisions, 
whereas decreased yields are apparent at 300 atmospheres. 

The above considerations do not account for the consistently lower yields 
at 2530A. Wulf} has suggested that the light in these wave-regions is ab- 
sorbed, not by oxygen, but by the polymer, O4. Below 2400 A. a primary 
dissociation of such a molecule to O3; + O would account for the observed 
yield. Above this wave-length activated O, molecules would result. Wulf 
considers the spectral evidence to be in agreement with such an interpretation. 
No satisfactory suggestion is yet available for the diminution of yield with 
considerable elevation of the oxygen pressure. 

IVb. Decomposition of Nitrosyl Chloride: Study of the absorption spectrum 
by Kistiakowsky? indicates that nitrosyl chloride has banded structure 
throughout the visible portion of the spectrum. Energy-yield measurements 
by the same author show two mols. decomposed per Einstein absorbed, with 
approximately monochromatic light in regions between 6300 and 3650 A. 
This suggests a primary process 


NOC! + # = NOCI’ 
followed by 
NOCI’ + NOCI = 2NO + Cl. 


1J, Am. Chem. Soc., 50, 2596 (1928). 
27. Am. Chem. Soc., 52, 102 (1930). 
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Since nitrogen in a seven-fold concentration was found to be without influence 
on the yield, it may be that the secondary processes also include 


NOCI’ + Ne = NO+CIl+N, 


followed by the reaction 
Cl + NOCI = NO 4 Cl. 


Here again, however, the yield would be two mols decomposed per Einstein. 
absorbed. 

IVc. The Hydrogen-Bromine Combination: In the preceding discussion of 
this reaction in section IIc, we dealt with wave-lengths of absorbing light in the 
continuous region of absorption. Recently, the measurements have been 
extended by Jost + to absorptions in the band region of bromine absorption, 
around 5650 A. Jost found that the reaction velocity in this region was prac- 
tically identical with that in the continuum under the same conditions. It is 
evident therefore that the excited molecule produced by the primary absorption 
process must, by collision, decompose into atoms without further energy 
increment and thus set up the chain of secondary reactions already discussed. 
The yield of atoms from the secondary collision must also be high; the products 
are normal atoms. Jost shows by his analysis that the excited bromine atoms 
produced by absorption in the continuum behave exactly as do the unexcited 
atoms so far as reaction velocity and de-activation are concerned. The 
number of secondary processes succeeding the primary absorption is determined, 
as in the case of the absorption in the continuum, by the temperature of the 
reaction system. This most recent communication on the subject gives a 
most exhaustive analysis of the individual steps in the reaction sequence and 
the most authoritative data on the velocities of the individual steps in the 
sequence. 

V. Discontinuous Diffuse Structure Band Absorption: The experimental 
data of reactions by molecules showing diffuse band absorption are meagre 
and are as yet in a very unsatisfactory state of development as to facts and 
conclusions. We shall deal with several cases in which some data have been 
obtained which form a basis for discussion. 

Va. Decomposition of Ammonia: Warburg? was the first to investigate 
the kinetics of this photo-process. He used a static system and found a 
complete decomposition to nitrogen and hydrogen with light in the region 
2025-2140 A. He found the yield to be 0.25 mol. decomposed per Einstein 
absorbed, at room temperature, unchanged by variations in ammonia concen- 
tration or in either hydrogen, nitrogen or both. Kuhn obtained similar 
results but found a yield falling from 0.45 to 0.10 when, instead of a group of 
lines between 2025-2140 A., he used the two lines 2063 and 2100 A. He also 
found a dependence of yield on temperature, the increase being about 50 per 

1Z. physik. Chem., 3B, 95 (1929). 

2 Sitz. ber. preuss. Akad., 746 (1911); 216 (1912). 

3 J. chim. phys., 23, 521 (1926). 
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cent for a 100° temperature rise to a seven-fold value (3.3 mols. per Einstein) 
at 500° C. 

Leifson} found ammonia to have a system of bands below 2260 A. As 
already stated (p. 1477), Bonhoeffer and Farkas found these bands to have no 
rotational structure even under high resolution and, hence, suggested a dis- 
sociation, without collision, by internal energy exchange, for such molecules. 
Furthermore, they showed appreciable photo-decomposition at pressures as 
low as 0.001 mm. where collisions were seldom. This would suggest a quantum 
yield of unity in sharp disagreement with both Warburg and Kuhn’s measure- 
ments. This discrepancy might be accounted for if the light absorbed in the 
yield determinations were not all in the structureless absorption bands; but, 
there is, as yet, no evidence of this. A recombination of the products of photo- 
decomposition would reduce the yield but this must occur as a three-body 
reaction or at the walls. In such case there should be an influence of the size 
of the vessel on the reaction especially marked at low pressures. This point 
has not been studied. Nor has the effect of temperature on yield found by 
Kuhn at higher temperatures been explained. Kuhn found that the reaction 
was retarded by hydrogen at high temperatures in contrast to Warburg’s result 
at room temperatures. Were NH; one of the fragments of the primary decom- 
position process this effect of hydrogen at elevated temperatures might be due 
to a reaction 


NH: + lle = NH; + Jal. 


If this reaction does occur, Kuhn’s quantum yield of 3.3 mols. per Einstein at 
500° C. represents a lower limit of the ammonia brought to decomposition by 
the initial absorption act. It is evident that even this relatively simple photo- 
process requires further quantitative investigation. 

Vb. Decomposition of Aldehydes: Henri and his co-workers found that 
aldehyde vapors showed diffuse spectra in certain regions. The aldehydes also 
undergo decomposition and polymerization on illumination. Henri suggests 
that the polymerization occurs when fine structure absorption produces excited 
molecules but that diffuse structure absorption leads to dissociation. De 
Hemptinne * tested this in the case of benzaldehyde vapor. He found the 
light efficient in production of benzene and carbon monoxide at ordinary 
temperatures was confined to that region of the ultra-violet showing diffuse 
spectra. With rising temperature longer wave-lengths were effective. The 
effect of temperature in producing diffuse spectra has already been discussed. 
Whether diffuse spectra so produced should have the dissociating effect postu- 
lated by Bonhoeffer and Farkas warrants further experimental test. 

The photochemical action of ultra-violet light on acetaldehyde vapor has 
been studied from this point of view in Henri’s laboratory by Smith. The 
bands with structure extended from 3489 to 3173 A. The structureless bands 
are from 3173 to 2824 A. Smith found that polymerization was effected by 

1 Astrophys. J., 63, 73 (1926). 

2 J. phys. radium, 9, 357 (1928). 

3 Carnegie Inst. of Washington, 27, 177 (1928). 
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both long and short waves. He found that decomposition was slow with wave- 
lengths longer than 2870 A. even though here the absorption curve is near its 
maximum and even though there is a distinct range of wave-lengths above 
2870 A. still in the diffuse region. Here, therefore, as in the case of ammonia, 
there is evidence of quantum yields considerably less than unity in the diffuse 
region. Smith states a result, for an average wave-length of 2650 A., of the 
order of 0.04 mol. per Einstein absorbed. It should be noted that this wave- 
region is outside the diffuse limits given above but possibly in the continuum. 

With unfiltered ultra-violet light Bowen and Watts! obtained both poly- 
merization and decomposition. By operating with saturated and unsaturated 
acetaldehyde vapor they divided the total reaction between the two com-. 
ponents. Their net quantum yield was approximately two mols. of acetalde- 
hyde disappearing per Einstein absorbed of mean wave-length 3130 A. of 
which approximately one-fifth or 0.4 mol. was ascribed to decomposition. 
This deviates markedly from Smith’s result and suggests the need for further 
work. 

Vc. Decomposition of Nitrogen Dioxide: This reaction, investigated by 
Dickinson and Baxter ? and by Norrish * has several interesting features. The 
photo-reaction is limited by the reverse dark reaction, the recombination of 
nitric acid and oxygen: 4 

Light 
2NO, = 2NO- O;. 
Dark 


The yield of the photo-process was determined at six different wave-regions of 
the mercury vapor are and a zero yield at 5750, 5460 and 4360 A. was obtained. 
At 4050 A. the yield rises sharply to 0.74 mols. NO: decomposed per Einstein 
absorbed and at 3650 and 3160-2650 A. the yield is, within the experimental 
error, two mols. NO, decomposed per Einstein. There is therefore a sharp 
photochemical threshold between 4360 and 4050 A. 

According to Henri,’ the absorption spectrum of nitrogen dioxide vapor is 
composed of two regions; the first from the red to about 2900 A., the second 
from 2695 to about 2200 A. These two regions correspond to two different 
electronic excitations of the molecule. The first region is fine-line structure 
from the red to about 3700 A. Between 3800 and 3700 A. the fine structure 
disappears and a diffuse band structure obtains. In the second region there is 
fine line structure from 2695 to 2459 A. at which latter wave-length the bands 
become abruptly diffuse. To 2200 A. there are nine such diffuse bands. 
Mecke ° interpreted the first diffuse region as involving the dissociation 


NO. + #=NO+0 


1 J. Chem. Soc., 129, 1607 (1926). 

2 J. Am. Chem. Soc., 50, 774 (1928). 

3 J. Chem. Soc., 761 (1927); 1158, 1604, 1611 (1929). 

4¥or a special discussion of photo-stationary states see a later section, p. 1505. 
5 Nature, 125, 202 (1930). 

6 Naturwiss., 17, 996 (1929). 
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and hence deduced a dissociation energy for oxygen of 5.6 volts. Using 
3700 A. as the limit of the diffuse region Henri deduces 5.5 volts or 128,000 
calories. The second predissociation region he ascribes to the process 


NO. + #=NO+0, 


whence with 2459 A. as the efficient wave-length, an excitation energy of 
oxygen atom equal to 39,000 calories is obtained. 

On this basis one might deduce a zero quantum yield for nitrogen dioxide 
decomposition in the fine structure region at wave-lengths longer than 3700 A. 
although there is a yield of 0.74 at 4050 A., outside the diffuse region. Ac- 
cepting Henri’s description of the spectrum it is evident that a quantum 
yield measurement at 2536 A. would be highly interesting since this is in the 
second region of fine line structure but with energy much greater than that of 
dissociation into NO and O. Norrish finds that, with 4360 A .and 4050 A., 
orange and greenish yellow fluorescences are respectively produced. With the 
shorter wave-length the intensity of the fluorescence is very much less than the 
light of 4360 A. Norrish interprets the absence of photoactivity with the 4360 
A. to an insufficiency of energy available for thermal activation of the nitrogen 
dioxide since the energies corresponding to the exciting light and fluorescence 
are 65,700 (4360 A.) and 43,500 (6550 A.) calories, respectively. The differ- 
ence, 22,200 calories per mol., is inadequate for the thermal activation. With 
the violet light the respective quantities are 70,100 and 43,500 calories with a 
difference of 26,600 calories, an energy approximately sufficient for the thermal 
reaction, estimated by Norrish to be 26,000 calories. The quantum yield is 
deficient in this latter case because some of the molecules give yellow or yellow 
green fluorescences and these require auxiliary activation greater than is 
available from thermal sources. With light of wave-length 3650 A., there was 
an almost complete absence of fluorescence indicating practically quantitative 
reaction, in agreement with the observed yield. These views with reference to 
the relationship between fluorescence and photochemical reactivity are novel 
and, for the present, in absence of other experimental examples, may be 
accepted with reserve 


PHOTOCHEMICAL REACTIONS IN Liqguip Systems 


The method of classification used in the preceding discussion is not applic- 
able to those photo-reactions which occur in liquid systems. The analysis of 
spectra in liquid systems has not, as yet, been brought to the state of develop- 
ment that has now been attained in gaseous absorbing systems. Generally, 
the absorption in liquid systems is manifested as a broad region of general 
absorption frequently without group structure and from which all fine structure 
is missing. Similar behavior is manifest with vapors at high pressure or in the 
presence of high pressures of foreign inert constituents, as has recently been 
found by Teves! with benzene vapor in presence of high pressures of nitrogen. 


1Z. Phystk, 48, 244 (1928). 
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The structure of the benzene vapor spectrum becomes increasingly washed-out 
with increase of nitrogen pressure. This environmental influence is paramount 
in liquid systems. In the absence of a solution to the physical problems in- 
volved in the interpretation of spectra in liquid systems, the photochemist 
must content himself meanwhile with a study of promising examples of photo- 
reactions in liquid systems from the kinetic and energetic standpoints and 
must endeavor to obtain an understanding of the reaction processes with the 
aid which such studies yield. We shall discuss, by way of exemplification, 
some reactions in which this method has been pursued. 

Decomposition of Aqueous Solutions of Potassium Nitrate: Warburg! 
studied the photochemical yield of nitrite in solutions of potassium nitrate by 
the action of ultra-violet light of wave-lengths 2070, 2530 and 2820 A. The 
yield was in all cases less than one mol. nitrite per Einstein but increasing with 
increasing concentration, decreasing with increasing wave-length. The yield 
below unity recalls the decreasing quantum yield of ozone at the higher oxygen 
pressures. Warburg suggested that, in such condensed systems, the absorbed 
quantum was dissipated by ‘damping’ in the act of absorption, the energy 
being shared with solvent molecules. The broadening of absorption bands by 
increased pressure, about which not too much is yet known, is involved in this 
problem. In the meantime, we may think of the total process in terms of the 
formation of an excited molecule (or ion, in aqueous solution) by the primary 
process, its reaction or alternatively its deactivation, without reaction, by 
collision with solvent molecules. 

Warburg’s data are set forth in the following Table IX. 


TABLE IX 
PHOTOCHEMICAL DECOMPOSITION OF PoTasstum NITRATE SOLUTIONS 


(0.0033 N NaOH) 


Wave Length = 2070 2530 2820 A 
Concentration 
0.33 N 0.25 0.17 0.024 
0.033 N 4 0.19 = = 
0.0033 N 0.10 = — 


Villars 2 has extended these results of Warburg. He determined the effect 
of hydrogen ion concentration on the quantum yield, a variable which Warburg 
had indicated as existing. Using light of wave-length 2540 A. Villars showed 
that from pH = 6 to pH = 10 the quantum yield rose from 0.1 to 0.3 and was 
reasonably constant beyond this pH. He also showed, in agreement with 
Warburg, that with increasing wave-length of light beyond 2540 A. the quantum 
yield at pH = 9.9 steadily fell. At 2700 A., the value was 0.07; at 3020 A., 
0.013; at 3660, 0.00. 


1 Sitz. ber. preuss. Akad., 1228 (1918). 
2 J. Am. Chem. Soc., 49, 326 (1927). 
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Decomposition of Oxalic Acid Solutions: Early work of Berthelot and 
Gaudechon?! on this reaction has been extended recently by Allmand and 
Reeve.2. They find that in the initial stages of the reaction the acid is decom- 
posed quantitatively to formic acid and carbon dioxide in agreement with the 
earlier investigators. Light of wave-length longer than 3000 A. is algo active 
photochemically but the quantum yield decreases very rapidly with increase 
of wave-length. At 2650 A., a value of 0.01 was obtained; at 3650 A., the 
yield had fallen to 0.00095 mol. per Einstein. 

This reaction in sensitized by uranyl salts. It has been most thoroughly 
studied by Biichi* who finds three reactions possible, 


(1) H2C20,4 == H.0 a CO + CO,:, 
(2) H.C.0,= HCOOH + CO, 
(3) C.04” + UYt = UY + 2C0.. 


The third is generally negligible (< 1 per cent.) unless the acidity is high due 
to excess oxalic acid or sulphuric acid. Reaction (2) may amount to 30 or 40 
per cent. under favorable conditions but if the acidity is maintained fairly 
high it may be reduced to a few per cent of the total process. Biichi concludes 
that in presence of excess oxalic acid practically all the uranium is present in 
the form of a uranyl complex (UO2.C20.4H2) and that this is the photosensitive 
component. Upon absorption of a quantum of light energy by this complex, 
decomposition results. The quantum yield is of the order of unity, a result 
confirmed by measurements of Bowen and Watts. 

The Reaction of Potassium Oxalate with Halogens: The existence of atomic 
chains even in aqueous solutions may be indicated by results obtained first by 
Dhar ® and later by Berthoud and Bellenot * on the interaction of iodine with 
potassium oxalate. Both dark and light reactions are found. In the dark, 
the velocity is unimolecular with respect to iodine and potassium oxalate, 
inversely proportional to potassium iodide concentration. This latter fact 
indicates a reaction involving iodine molecules and not the triiodide ion, the 
concentration of molecules being determined by the equilibrium I’+I1.=I,’. 
The dark reaction had an abnormally high temperature coefficient of 4.6 per 
10° in the interval 66° to 78° C. 

The photo-reaction is sensitive to the spectrum from 7000-4100 A. Red 
light is only slightly absorbed, blue and violet practically completely. The 
rate with either type of light is proportional to the oxalate concentration, 
inversely proportional to the potassium iodide as in the dark process. The 
velocity data indicate also that in red light the rate is proportional to the square 


1 Compt. rend., 158, 1791 (1914). 

2 J. Chem. Soc., 129, 2834 (1926). 

3Z. physik. Chem., 111, 269 (1924). 

4 J. Chem. Soc., 129, 1607 (1926). 

5 Proc. K. Akad. Wetens. Amsterdam, 16, 1097 (1916); Ann. Chim., 11, 130 LOT ON a 
Chem. Soc., 123, 1856 (1923); Z. Elektrochem., 31, 621 (1925). 

5 Helv. Chim. Acta., 7, 307 (1923); J. chim, Phys., 21, 308 (1924). 
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root of the iodine concentration, and in blue light inversely proportional to 
the square root. These indicate a possible proportionality to the square root 
of the light intensity, a conclusion which experiment confirmed. The tem- 
perature coefficient of the light reaction is also high, 3.22 in red and 3.15 in 
blue light per 10° at 25-40° C. 

Berthoud and Bellenot conclude that the observed kinetic relations involve 
the assumption that the primary light absorption produces a dissociation of 
iodine molecules to atoms. The I;’ ions are not assumed to produce atoms by 
light absorption. It is assumed that iodine atoms can recombine to molecules 
only if an iodide ion is present, the triiodide ion resulting. For red light, with 
weak absorption, we may set up the following kinetic equations: 


A 


+ == = bylovs. [Ie], 
m ro = kT PCN, 
a. 0.0.7 = ks[K2C20.][1], 
EN ee 


LIs’ ] 


From these four equations the expression derived for the rate of reaction is 


d[K.C.0.] RiKT ee [K2C.0.] | 
7 pre ae fie el area ied 


Since K is small and most of the iodine is present in solution as I’ the equation 
is in conformity with the experimental results. The rate in blue light can be 
made to conform to a similar but more complex set of velocity equations. 

The yield is small; only about 3 mols. of oxalate are oxidized per Hinstein. 
The short length of the reaction chain is accounted for by the slowness of the 
assumed first stage in the secondary processes 


K.C.O4 + ie KC.O, + a bee “PF 1”. 


an activation energy of about 19,000 cals. being required so that only a small 
fraction of the collisions are successful. This activation energy is suggested 
by the high temperature coefficient of the light reaction. It should be pointed 
out that the assumption that the atoms only recombine in presence of iodide 
ionis anomalous. One might anticipate that any three body collision involving 
two iodine atoms would produce atom recombination. 

Berthoud and Bellenot also studied the corresponding reaction with 
bromine, finding many similarities but also some differences." 

1 For a fuller discussion of these reactions see Kistiakowsky, Photochemical Processes, 
Chem. Catalog Co., New York, 1928. 
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The Oxidation of Sodium Sulphite Solutions: That very many secondary 
processes may succeed an initial absorption in liquid systems has been con- 
vincingly demonstrated by Backstrém ! in the case of sodium sulphite oxida- 
tion in aqueous solution. Biackstrém found that as many as 50,000 molecules 
of sodium sulphite react per absorbed quantum of light of wave-length 2536 A. 

It has long been known that the thermal oxidation of these solutions at 
room temperatures was suceptible to inhibition ? and also that the reaction was 
very sensitive to minute amounts of accelerating agents, notably, according to 
Titoff,? copper salts. The association of these facts led to the Luther-Titoff 
theory that inhibitors act by suppression of a positive catalyst. While this is 
one possible mechanism of inhibition it will be seen that the phenomenon of 
inhibition may be expected in any reaction in which a large number of secondary 
processes succeed the primary activation process, whether thermal or photo- 
chemical. This point of view was first put forward by Christiansen. Any 
reagent which reduces or suppresses the chain of reactions succeeding the 
primary activation will produce inhibition. 

The photochemical oxidation of sulphite solutions was found by Matthews 
and Dewey ® and Matthews and Weeks * to be faster than the thermal reaction 
and inhibited by a variety of added agents. The chain character of the process 
follows from Backstrém’s yield measurements. A link between the thermal 
and photo-processes was provided by his observation that alcohols affect both 
rates alike, the relative rates in presence of such inhibitors being satisfactorily 
represented in both cases by the equation 


fee! 
Si koc + ka’ 


where c is the concentration of inhibitor, the constants k. and k; are common to 
both thermal and photochemical reactions, k, varying according as the reaction 
was thermal or photochemical, being dependent on the rate of activation or 
formation of the initial stage in the chain process. The inhibitor constant ke 
is specific for a given inhibitor. The presence of k3 indicates the possibility 
of ending chains other than by the added inhibitor. 

The correctness of these general conclusions and the mechanism of inhibitor 
action in this particular case was established later by Alyea and Bickstrém.’ 
The inhibition involves an induced oxidation of the inhibiting alcohol, two 
molecules of the oxidation product (aldehyde or ketone) being formed whenever 
a chain is broken. The experimental results which support this conclusion 
may be summarized. At low alcohol inhibitor concentrations the amount of 
alcohol oxidized increases with increasing alcohol concentration. At high 

1J. Am. Chem. Soc., 49, 1460 (1927) 

2 Bigelow, Z. physik. Chem., 12, 329 (1893); 26, 493 (1898). 

3 Z. physik. Chem., 45, 641 (1903). 

4 J. Phys. Chem., 28, 145 (1924). 

5 J. Phys. Chem., 17, 211 (1918). 


6 J, Am. Chem. Soc., 39, 635 (1917). 
7 J. Am. Chem. Soc., 51, 90 (1929). 
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inhibitor concentrations the amount of alcohol oxidized per unit time is constant 
independent of its concentration, in both the thermal and photochemical reac- 
tions. In this latter concentration region the number of inhibitor molecules 
oxidized per unit time is quantitatively the same for different alcohols of widely 
different inhibitory powers. Two alcohols present in a solution have an addi- 
tive inhibitory effect and are oxidized in the ratio of their inhibitory powers, 
the total number of alcohol molecules oxidized is, however, the same as when 
only one alcohol is present. The number of successive secondary processes is 
the same in both thermal and photochemical reaction and is equal to the 
efficiency (mols. per LHinstein) as determined photochemically. Copper 
sulphate accelerates the thermal reaction without altering the ratio of sulphite 
oxidized to alcohol oxidized. This means that the positive catalyst in this 
case initiates the chain process, the inhibitor quite independently breaks the 
chain of secondary reactions. This is a definite disproof of the Luther-Titoff 
theory in this particular case. 

The autoxidations of benzaldehyde and oenanthaldehyde were shown by 
Backstré6m to be of the chain type also. As many as 10,000 molecules of 
benzaldehyde were oxidized per quantum of absorbed light. Another type of 
reaction in liquid system showing the same abnormal yield is the decomposition 
of hydrogen peroxide where yields as high as 80 mols. of peroxide decomposed 
per Einstein absorbed have been obtained.!. This reaction also shows inhibition 
the details of which were studied by Anderson and Taylor.?. Inhibitors may 
show a screening action but may also break the chains involved in the high 
yield decomposition process. Processes of polymerization, e.g., of styrene and 
of vinyl acetate, are also photo-reactions which show inhibition phenomena and 
high yields per Einstein absorbed by the liquid system. We have already cited 
cases of halogenation involving chains. Further examples of this type are the 
chlorination of toluene studied by Book and Eggert 4 at — 80° C. with a quan- 
tum yield of 27, and the sensitized conversion of maleic ester to fumaric ester 
by bromine in carbon tetrachloride solutions. For this reaction Eggert and 
Borinski ® found yields as high as 300 mols. per Einstein. 


PHOTOCHEMICAL REACTIONS IN SOLID SYSTEMS 


The Light Sensitivity of Silver Compounds: The reactions already treated 
have been confined to gaseous and liquid systems. The energetics of photo- 
change has been investigated thoroughly in two solid systems. Weigert ° 
has studied the photo-chemistry of silver chloride in a printing out paper; 
Eggert and Noddack ’ have studied specially prepared silver bromide-gelatine 
emulsions on plates. 

1 Kornfeld, Z. wiss. Phot., 21, 66 (1921). 

2 J, Am. Chem. Soc., 45, 650, 1210 (1923). 

3 Vernon, Thesis, Princeton, 1930. 

47 Blektrochem., 29, 521 (1923). 

5 Physik. Z., 24, 504 (1923); 25, 19 (1924); 26, 865 (1925). 

6 Sitz.-ber. preuss. Akad., 641 (1921). 

6 Tbid., 631 (1921); 116 (1923). 
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Pure silver halides show little if any sensitivity to light. The blackening 
action of visible light is the more pronounced the more the adsorbed silver 
salt.1 Adsorption extends the spectral sensitivity of the photo-halide. Photo- 
graphic experience has shown that the gelatin of the emulsion and the colloidal 
silver produced during the ‘“‘ripening” of the emulsion also increase the photo- 
sensitivity of the silver halide.’ 

Weigert’s measurements show that, with a silver chloride gelatine emulsion 
containing a known excess of soluble silver salts, the silver produced on ex- 
posure to light comes practically exclusively from the soluble silver salts. 
With increasing time of illumination, the curve for increase of silver produced 
is a typical S-shaped curve of the autocatalytic reaction type or what is perhaps 
better characterized as the type shown by reaction at the boundary of phases 
(see Chapter XV, p. 1067). Thesilver produced increases the spectral sensitivity 
of the emulsion. With monochromatic blue light, Weigert established that 
the photochemical yield was considerably less than the absorbed light. As- 
suming, however, that the metallic silver was the real photosensitive con- 
stituent of the system, Weigert showed that the ratio of reaction produced to 
light absorbed by metallic silver was much more nearly unity, 1 molecule per hy, 
and approached unity for low concentrations of metallic silver in the emulsion. 

Eggert and Noddack used for their investigations silver bromide-gelatine 
emulsions containing respectively 0.90 mg. and 0.42 mg. silver per square cm. 
They measured the reflected, absorbed and transmitted light, and determined 
the silver produced by fixing the plates with sodium thiosulphate, estimating 
the residual silver in the gelatine. They conclude, from the experimental 
measurements, that, with weak illumination, the law of the equivalent is ful- 
filled for both types of plate at wave-lengths of 4360, 4050 and 3650 A. With 
increasing illumination the yield falls, which they attribute to recombination 
of the silver and bromine atoms produced in the light, when these are pro- 
duced in that portion of a grain around which the surrounding gelatine, which 
normally acts as an acceptor for the bromine, is already brominated. When 
other acceptors for bromine are present in the reaction system, e.g., silver 
nitrate, alkalis or water, the proportionality between silver produced and 
light energy absorbed obtains at much higher proportions of absorbed light. 
This is evident from the accompanying table for dry and wet plates. 


TABLE X 


PHOTOCHEMICAL YIELD FOR SILVER BRomMIDE EMULSIONS 


Molecules per hv Molecules per hy 
No. 
o. of quanta absorbed Deyiplates Wettolires 
pee ee UL a EAS Cine © Hod ob cb00 ca‘ 0.50 0.89 
DO OK LOM 5, sts, ethene seep teeeeee 0.22 0.43 


1 Frankenburger, Z. physik. Chem., 105, 255 (1923). 
2 For comprehensive discussion see Renwick, Hurter Memorial Lecture, J. Soc. Chen: 
Ind., 39, 156 T (1920). 
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Weigert objects! to some of the assumptions involved in the calculations 
of Eggert and Noddack and claims that the photochemical yield is considerably 
less than that calculated by the authors from their results. A further study of 
silver chloride emulsions by Eggert and Noddack 2 suggests however that the 
quantum yield is, in this case, also, unity. 


Tue Einstein Concert AnD A SEconD LAW oF PHOTOCHEMISTRY 


The data of the preceding sections dealing with gaseous, liquid and solid 
systems demonstrate adequately the applicability of the Einstein concept of 
quantized absorption for the initiation of photochemical reactions. The 
examples given show, however, that, succeeding the initial absorption act, a 
variety of secondary chemical processes may occur. The fruitfulness of the 
Einstein. concept is best exemplified in the gaseous systems in which, with the 
aid of the physicist’s interpretation of the spectral evidence, the precise nature 
of the light absorption process has been ascertained. In these systems it has 
in general been found that the secondary reactions are those that would 
normally occur without light action in a reaction system containing the 
products of the absorption process. With liquid and solid systems this is not 
so evident, since here the immediate consequences of the absorption process 
are not so well understood. The evidence available does not, however, suggest 
any difference in such systems from the conditions obtaining in gases. We 
can therefore summarize the experience derived from photochemical investi- 
gation of the past two decades with respect to the relation between light ab- 
sorption and chemical change by means of a Second Law of Photochemistry 
(the Grotthuss-Draper Law being the First Law) in the following manner: 
The absorption of light is a quantum process involving one quantum per absorbing 
atom or molecule. The photochemical yield is determined by the thermal reactions 
of the system produced by the light absorption. Such a generalization is an ade- 
quate expression of the facts now known. 


Tue STATIONARY STATE 


Every reversible reaction, in which one or both directions of change are 
sensitive to light, will produce, with a given intensity of illumination, a definite 
“equilibrium” or stationary state. This state will be dependent, obviously, 
on the concentrations of the reacting substances, on the temperature, on the 
illumination employed both as to intensity and frequency, and on the velocity 
with which the two reactions occur under such conditions. It follows also, 
from thermodynamic considerations, that the shift of the normal ‘“dark”’ 
equilibrium shall never be in that direction in which a perpetuum mobile is 
possible; * that is, the change in free energy occurring must come from the 
radiant energy supplied. 

The simplest case will be found with a reaction light sensitive in one direc- 
tion only. Such a case has been well investigated and will now be discussed. 

1Z. Physik, 18, 232 (1923). 

27. Physik, 31, 922, 942 (1925). 

3 Bodenstein, Z. physik. Chem., 85, 382 (1913). 
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The Polymerization of Anthracene: Solutions of anthracene when exposed 
to ultraviolet light undergo polymerization of the anthracene to form di- 


anthracene. The reaction 
2C14 Hio = CosHo20 


is reversible, the depolymerization process, which is not photosensitive, having 
been found to take place spontaneously in the dark. Upon illumination, there- 
fore, a definite stationary state is finally attained dependent, at a given temper- 
ature, on the light intensity. The reaction has been studied in detail by 
Luther and Weigert.! The depolymerization or dark reaction was found to be 
pseudo-unimolecular at all temperatures, practically complete, and to have a 
large temperature coefficient (circa 2.8 for 10°). The polymerization or light 
reaction was of zero order for complete absorption, between zero order and 
first order for partial absorption. The reaction is, therefore, evidently de- 
termined by the amount of light absorbed. The photoreaction shows approxi- 
mately one mol of anthracene polymerized per Einstein of light absolved. 
The temperature coefficient for the light reaction is small and equal to about 
1.1 for 10° C. Several solvents were tried, including phenetol, anisole and 
xylol. The solvent exercises a specific influence upon both the velocities and 
the equilibrium. It is evident that the reaction occurring at a given temper- 
ature can be expressed by an equation of the form 
da 


— = kil as — kat, 


dt 


where x is the dianthracene formed, Ia», the light energy absorbed, k; and ka 
specific constants of the light and dark reactions. At equilibrium, or the 


stationary state, 
Kaditns — kat. 


This equation summarizes the influence of various factors upon the equilibrium 
state. It is apparent that 2 depends on the value of the specific constants k, 
and kg and on the intensity of light absorbed. It will also vary, at constant 
intensity, with temperature, since, under such conditions, 


ky 
r= Iqs—° 
ie 


As already pointed out, k; and ka vary differently with temperature, k; has a 
temperature-coefficient of 1.1 per 10° and kg 2.8 per 10° C. The equilibrium 


concentration at a given intensity will therefore decrease in the ratio tea a 
2.8 


10° rise in temperature. These conclusions were experimentally verified. 
Stationary State in Gas Reactions: Coehn and his co-workers have in- 
vestigated a number of cases of photo-equilibria in gaseous systems. The 


1Z. phystk. Chem., 51, 297 (1905); 53, 385 (1905); 62, 454 (1908); Ber., 42, 859 (1909). 
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most thoroughly investigated is the photo-equilibrium in the reversible re- 
action ! 


250; = 280, + Or>. 


In this case, in quartz reaction vessels, neither reaction proceeds thermally 
at the temperatures employed. It was shown that the reaction was truly 
reversible in that the same stationary state was reached from both sides. The 


mass action law equation 
ic = [OzI80.} 
LSO; P 


was fulfilled in all cases with variable reactant ratios. The extent of dis- 
placement of the thermal equilibrium may be judged from the fact that at 
45° C., at which temperature sulphur trioxide is practically undecomposed, 
as much as 35 per cent decomposition occurred under the given experimental 
conditions. With increasing intensity of illumination the decomposition of 
the trioxide increased. With constant illumination, between reaction temper- 
atures of 50 and 800° C., the photo-equilibrium is the same, independent of the 
gas temperature. This indicates that the temperature coefficient of the two 
photo-processes is the same, since the thermal reaction does not occur under 
the given conditions. 
Coehn and Wassiljewa ? investigated the equilibrium 


2HCl = H. + Cl, 


in the same apparatus as was used by Coehn and Becker. A stationary state 
at 0.25 per cent decomposition of hydrogen chloride was obtained. Coehn 
and Becker? found a photo-equilibrium with phosgene at 3.3-4 per cent de- 
composition. Coehn ‘found a similar equilibrium with water at 0.2 per cent 
dissociation, all these equilibria being attained under the conditions of the 
quartz-mercury vapor lamp which gave 35 per cent decomposition of sulphur 
trioxide. In the water vapor equilibrium the law of mass action does not 
apply. This might result if one of the reactants was not activated by the 
incident radiation. 

Treatment of photochemical stationary state from the standpoint of the 
phase rule has been given by Wildermann ® and by Bancroft.6 The latter 
assumes an additional degree of freedom for each kind of light present. 


Tur TEMPERATURE COEFFICIENT OF PHOTOCHEMICAL CHANGE 


The temperature coefficient of most photochemical reactions is small in 
contrast to those of most thermal reactions. We have, however, already seen 


1Coehn and Becker, Z. Elektrochem., 13, 545 (1907); Z. physik. Chem., 70, 88 (1909). 

2 Ber., 42, 3813 (1909). See also Coehn and Stuckardt, Z. physik. Chem., 91,722 (1916). 
3 Ber., 43, 130 (1910). 

4 Ber., 43, 880 (1910); Nernst Festschrift, p. 136, Halle, 1912. 

5 Z. physik. Chem., 42, 331 (1903). 

6 J. Phys. Chem., 10, 721 (1906). 
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one case in which the coefficient is as high as 3.22 (page 1501). Goldberg ? 
in 1903 first called attention to the normally small coefficient. According to 
Perrin,? so long as the temperature is so low that the isothermal radiation 
practically does not contain the exciting light the velocity of a photochemical 
reaction will not depend upon the temperature of the body but solely on the 
intensity of the exciting light. There may however be a temperature coefficient 
of absorption. 

Tolman’s Theory of Photochemical Temperature Coefficients: Tolman * 
has presented a detailed general theoretical treatment of the problem of 
temperature coefficient of a photochemical reaction. The earlier paper 
of two gives a treatment based on classical statistical mechanics and ap- 
plicable only to unimolecular processes. In the latter, the methods of the 
quantum theory are used and the application is to uni- and bimolecular 
processes. In the unimolecular process, the mechanism is regarded as con- 
sisting in the absorption of a quantum, hv, which raises the molecule to such 
an energy level that reaction can take place. The velocity of such a process 
will be given by the equation 

init “ az ku, Ca, 
where k, may be called the specific photochemical reaction rate, the rate at 
unit concentration of the reactant, A, with unit energy density of frequency v. 
Tolman obtains an expression for k, in terms of the probability that a molecule 
in a given quantum state will acquire a quantum of energy and of the proba- 
bility that such a molecule will then undergo the given unimolecular trans- 
formation. His expression when differentiated with respect to temperature 
gives the equation 

Olnk,.€' — 

oT kT 


where e”’ is the average energy before activation of the molecules which actually 
pick up radiant energy and react, e’ is the average energy of all the molecules. 
For a bimolecular process in which only one reactant, A, of the reactants, 
A + B, is activated by the radiant energy an equation similar in form to the 
preceding is obtained, 
Oink, A e’’ — e! 
oT pa KT? 


where e”’ is the average energy of the pairs of molecules of A and B that actually 
react and e’ is the average energy of any pair of molecules A and B. The term 


a * 5 
oT arises from the assumption that the number of collisions of the molecules 


of the gas is proportional to the square root of the absolute temperature. 


1Z. physik. Chem., 41, 1 (1903). 
2 Trans. Farad. Soc., 17, 560 (1922). 
3 J. Am. Chem. Soc., 42, 2506 (1920); 45, 2285 (1923). 
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Differentiation of either of these equations with respect to the frequency 
gives the result 
Or/POlnks Vert) oe” 
av\ aT kT? bv 


which gives the variation of the temperature coefficient with frequency. 
To compare these theoretical equations with experimental results it is 
obviously necessary to make the following transformations: 


— Kesr0 
—— 9 
ke 
Olnky _ Kex10 — kt suet atl ih Ss 1 i 
oT 10(Kes10 + kx) Oriel) 


2 


Now, since r is approximately unity in a number of cases, it follows that, 
neglecting the small term arising from increased frequency of collisions, 
Oli eh i= 6" 
oT kT? 


The average energy of the reacting molecules is practically identical with the 
average energy of all the molecules. This conclusion merely means that the 
average molecule has as good a chance of picking up energy and becoming 
activated as the molecules in some special quantum state far removed in energy 
content from the average. 

If some molecules are in low quantum states, unable to absorb radiant 
energy of the frequency used, or if the energy level which they attain is not 
high enough to lead to chemical reaction, then preliminary activation of the 
molecules may be advantageous. In such case, 


Oink awe = 6 


eee) 
or kT? ~ 


and therefore 
ey ke+10 


ke 


>i 


In the case of second order reactions, in addition to the effect of the term 
e’’ — e’ in determining temperature coefficients, it is also necessary to consider, 
as pointed out above, the effect of temperature in increasing the number of 
collisions between the reacting molecules. In gaseous systems the number of 
collisions will be roughly proportional to the square root of the absolute temper- 
ature and this will produce a negligible increase in reaction velocity with in- 
creasing temperature. In liquid systems the decrease in viscosity with rising 
temperature may be large enough to produce a measurable effect on reaction 
velocity. Similar considerations will apply to heterogeneous diffusions where 
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diffusion of the reacting substances to a catalytic surface is necessary for 
reaction. 

Further evidence as to the tenability of the theory of temperature coefficient 
presented by Tolman is afforded by a calculation of the magnitude of e”’ — ee’, 
If we write 


and take r = 1.40 and T = 300° as typical, we obtain for e’’ — e’ the value 
6000 cal. per mol. This corresponds to a value of 0.26 volt per molecule, 
which is an entirely reasonable figure for the difference in energy contents 
between successive quantum levels in a molecule. 

For test of Tolman’s equation on the variation of temperature coefficient 
with frequency the data are scanty. Nevertheless, silver citrate paper has 
the temperature coefficient r = 1.19 in the blue and 1.07 in the ultraviolet; 
the phototropic substance, salicylidene-6-naphthylamine, has the values 1.8 
in the green, 1.45 in the blue and 1.39 in the violet; and the reaction between 
chlorine and hydrogen has the values 1.50 for green light (5500 — 5300 Ay, 
1.31 for blue light (4900 — 4700 A.) and 1.21 for violet light (4000 — 3500 A.). 
These results are in complete agreement with the theory. Their reliability 
is not known. 

Wulf + has recently endeavored to apply the ideas in Tolman’s development 
to the case of a bimolecular reaction in which there is no necessity of activating 
the second constituent, in which, therefore, the influence of temperature on the 
reaction depends upon the influence of temperature on the light absorption. 
The reaction is the hydrogen-chlorine combination. The chlorine is the active 
constituent and absorption is assumed to produce dissociation. In the work 
of Kuhn and others? on the absorption spectrum it has been observed that 
absorption from the first five vibrational levels occurs. One can decide also 
from which level the absorption of chlorine in the regions from green to ultra- 
violet occurs and the energy of the levels is known. Thus, the energies from 
n'’ = 0 ton’’ = 6 are respectively 813, 2420, 4002, 5556, 7085, 8586 and 10,064 
calories. The fraction of the molecules possessing this energy, # at any 
temperature, 7’, is given by the Boltzmann expression e—”/*", the variation of 
which with temperature gives the following temperature coefficients for 10° 
in the neighborhood of room temperature, 0.994, 1.09, 1.19, 1.31, 1.42, 1.55 and 
1.68. Wulf compares these data with experiments of Padoa and Butironi 3 
who find for green (5500-5300 A.) a temperature coefficient of 1.50, for blue 
(4900-4700 A.) of 1.31, for violet (4600-4400 A.) 1.21 and for ultra-violet 
(4000-3500 A.) 1.17. The levels n’” = 5 and higher correspond to the green. 
The level n’’ = 6 is however weak compared with n’’ = 5 owing to the higher 
energy content and lower Boltzmann quota. The temperature coefficient of 

1 Proc. Nat. Acad. Sci., 16, 27 (1930). 

2Z. Physik, 39, 77 (1926). 

3 Atti. accad. Lincei, 25, 215 (1916). 
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1.55 for n’’ = 5 is in excellent agreement with the experimental result. Cor- 
responding comparisons give for the greenish-blue, 1.31 found and 1.20 from 
the temperature coefficient of light absorption for n’/’ = 2, for the blue region 
the observed value is high 1.21 compared with the theoretical value for n/’= ii; 
namely, 1.09. In the ultra-violet absorption is probably nearly complete and 
no appreciable temperature coefficient of absorption can be expected. The 
data therefore may be said to illustrate fairly well the theory of Tolman in its 
simplest form, the influence of temperature being in an important part its 
effect on the absorption of light by the photoactive constituent. 

A recent contribution by Lind and Livingston ! raises, however, some doubts 
as to the correctness of the data by Padoa and Butironi and therefore of the 
applicability of the Wulf treatment. Lind and Livingston find that the 
temperature coefficient increases with increasing chain length, which would 
indicate that the chain-breaking reactions lowered the true temperature 
coefficient. The increase in temperature coefficient with chain length is found 
alike when the activating agency is either white light from a tungsten lamp or 
alpha particles. These latter induce the reaction of hydrogen and chlorine, 
the reaction being also a chain reaction of the same chain length as the photo- 
chemical process. From Wulf’s point of view, the temperature coefficient with 
alpha particles should be unity. For sensitive gas mixtures, with long chains, 
there is a constant maximum value of the temperature coefficient of 1.20. For 
white light this value is in excellent agreement with Wulf’s calculations since 
with the white light of a tungsten filament lamp the main light energy con- 
sumed by the chlorine would be in the blue-violet region. But this conclusion 
would not apply to the alpha-particles. For green light, transmitted by satur- 
ated nickel sulphate solution, the temperature coefficient for the high sensitivity 
gas mixture was 1.29 unmistakably larger than for white light but much smaller 
than the value of 1.5 found by Padoa and Butironi and that computed by Wulf 
for such a light source. 

CHEMILUMINESCENCE 


Trautz,? in his comprehensive memoir on the subject of chemiluminescence 
drew attention to the idea that photochemistry and chemiluminescence are 
two branches of the same subject. From this point of view, photochemical 
reactions are endoactinic and chemiluminescent processes are exoactinic reac- 
tions. It might be expected that developments in one branch of the subject 
might operate favorably in promoting development in the other branch. The 
revolutionary change in photochemistry during the last two decades has 
influenced also the trend of development in the study of the luminescences 
produced by chemical reactions. | 

The connexion between the two branches of study may well be illustrated 
by comparing certain photosensitized reactions involving atoms with the 

1 J, Am. Chem. Soc., 52, 593 (1930). 

2 Taylor, J. Am. Chem. Soc., 37, 24 (1915); 38, 280 (1916); Porter, Bardwell and Lind, 


ibid., 48, 2603 (1926). 
3Z. physik. Chem., 53, 1 (1905). 
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exactly reverse reactions producing chemiluminescence. The simplest example 
is the Cario-Franck photosensitized decomposition of hydrogen molecules by 
excited mercury atoms (see page 1468). The reverse of this process would be 
the recombination of two hydrogen atoms on a normal mercury atom to yield 
the molecule and an excited mercury atom which emitted its excitation energy 
as light. While this does not occur to yield chemiluminescence with mercury 
vapor Bonhoeffer has shown that the recombination of hydrogen atoms at a 
liquid mercury surface yields both the band spectrum of mercury hydride and 
also the resonance line of mercury, 2536.7 A.1_ Since this latter emission is 
equivalent to 112 Kg. Cals. per gram atom Hg, some energy other than that 
of the hydrogen recombination (100 Kg. Cals.) must have come into play. 
Similarly, Bonhoeffer has shown that the combination of hydrogen atoms will 
stimulate the D-sodium line when the reaction is carried out in presence of 
sodium vapor. 

Chemiluminescent Reactions of Alkali Vapors with Halogens and Halides: 
Among the best understood chemiluminescent processes are those involving 
reactions of alkali vapors with halogens and halides. Haber and Zisch showed 
that sodium vapor and chlorine at low partial pressures react to form sodium 
chloride and yield the D-sodium line? as chemiluminescence. Lialikov and 
Terenin * studied the excitation of alkali spectra by reaction of the alkali metals 
with iodine in the vapor phase. Only those lines of the principal series occur 
of which the energy of excitation is less than the heat of reaction. This is 
seen from Table XI, in which the observed lines are marked with a star. 


TABLE XI 
Heat of reac- Excitation 
Reaction tion Kg.Cal. » energy Kg.Cal. 
per Mol. per Mol. 
Nas loa eres Soe 63.5 5890 48* 
3302 86 
Ne Ae oe wasters ee eee 71 7665 Sie! 
4044 70* 
3446 82.5 
beets lan, actoteieess ceeae rae TiN 7800 36* 
4202 67.5* 
3349 85 


There were also band spectra present, pointing to the excitation of alkali 
molecules, since the spectra were similar to the bands found in the spectra 
of alkali vapors. The D-sodium lines were noticeably broadened, D, more 

1Z. physik. Chem., 116, 391 (1925). 

2 Li nysike, Od 02i( 1922. 

3 Naturwiss, 14, 83 (1926). 
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than D2, pointing to the conclusion that the emitting atoms have high speeds; 
they apparently carry the excess of reaction energy over exciting energy as 
kinetic energy. 

A penetrating analysis of these reactions as to mechanism has been made 
by Polanyi and his co-workers,! using reaction pressures of both vapors of the 
order of 10 to 10mm. _ The principal results and conclusions may be sum- 
marized. For opposing streams of alkali vapor and halogen the maximum of 
the precipitation curve of halide on the reaction walls does not coincide with 
the position of maximum emission, but is displaced several centimeters to the 
alkali side. Increasing temperature of the reaction zone causes a diminution 
of the intensity of emission. Increasing partial pressure of alkali vapor causes 
an exponential increase in light yield. Atomic chlorine is produced with 
chlorine as the halogen since, in this manner, chains may be initiated in the 
hydrogen-chlorine combination (see page 1485). Polanyi concludes that the 
sequence of reactions, may be summarized thus for an alkali, M, and a halogen, 


Xe 


(1) M+xX,= MX+X (Primary Process), 

(2) M+ X= MX (Wall reaction, no light emission), 
(3) M.,+ X= MX’+M _ — (Gas reaction), 

(4) MX’ + M= M’+ MX — (Gas reaction). 

(5) M’ = M+hp (Chemiluminescent process). 


It is reaction (3) which is the cause of the temperature sensitivity, since 
increase of temperature dissociates alkali molecules and so reduces the con- 
centration of M» in the process. From the exponential variation of emission 
with temperature, Polanyi calculates a heat of dissociation of Naz = 18 + 2 
Kg. Cals. This is in excellent agreement with the best data available from 
spectroscopic analysis (see Chapter 19). The light yield is small, 1 quantum 
per 1000 molecules of primary NaCl and 1 in 2000 for Nal. This arises by 
reason of the low concentration of M» and the competing wall-reaction (2) 
as well as by the loss of the excitation of MX’ produced in (8) by collisions of 
this latter with the wall without a prior collision with an alkali atom as in (5) 

For reaction (1) it is concluded that reaction occurs at every collision 
Indeed a collision radius three times that demanded by kinetic theory is indi- 
cated for Na + Clo. Reaction (3) also occurs at every collision. The gas 
phase reaction between atoms does not appear to occur more frequently than 
once in 10,000 collisions. For reaction (4) a two-fold gas-kinetic cross section 
is deduced in the sodium-chlorine reaction. 

In the interaction of alkali vapors and halides, for example mercuric chloride, 
there is an important divergence from the cases just discussed. Increase in 
the temperature of the reaction zone does not influence the light-yield. The 
position of maximum precipitation of alkali halide and of maximum light 

1 Beutler and Polanyi, Z. Physik, 47, 379 (1928); Z. physik. Chem., 1B, 3 (1928); Bogdandy 
and Polanyi, tbid., 1B, 21 (1928); Polanyi and Schay, 2bid., 1B, 30 (1928). 
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emission coincide. The increase in light yield with increase in alkali vapor 
pressure is not so marked as in the case of the halogens. These several facts 
point to the absence of any influence of molecular alkali in the reaction 
processes. Polanyi concludes that the data are explainable by the typical 
reaction sequence: 


(1a) Na + HgCl. = NaCl + HgCl + 24 Kg. Cals., 
(2a) Na + HgCl = NaCl’ + HgCl + 57 Kg. Cals., 


this second NaCl’ molecule being the energy-rich product producing the ob- 
served luminescence by collision with an alkali atom as in (4) and (5) of the 
preceding case. The light yield in these reactions is also much higher, amount- 
ing to as much as 30 quanta per 100 primary processes. This again points to 
the absence of the reaction involving molecular alkali. 

The sodium or potassium reactions with mercuric chloride also yield band 
luminescences and, to a minor degree, the 2536.7 A. resonance line of mercury. 
This latter points to multiple activation. Beutler and Josephy attribute this 
excitation to a collision of two energy-rich sodium chloride molecules from (2a) 
with a mercury atom,! since the available energy 2 X 57 = 114 Kg. Cals. is 
slightly superior to that required by mercury (112 Kg. Cals.). 

In the Na-Cl, and K-Cl, reactions in presence of mercury, energies of 
activation as high as 180 and 220 Kg. Cals. respectively have been observed 
by the emission of lines in the mercury spectrum such, for example, as the 
triplet 2°S 4047, 4358, 5461 A., and the 4°D lines, $026, 3022 and 2654. Such 
large energies even exceed that available from two excited molecules colliding 
with a mercury atom (2NaCl’ = 151 Kg. Cals.; 2KCl’ = 167 Kg. Cals.). 
Beutler and Josephy suggest that the activating ternary collision 2NaCl’+Hg 
yields Hg” + (NaCl)2, the latter as the first stage in the formation of solid 
sodium chloride and yielding an extra 30 Kg. Cals. approximately. 

The band emissions, observed by Haber and Zisch? and by Franz and 
Kallmann? in the reactions between alkali metals and mercuric halides and 
between mercury and halogens, are attributable to the molecule HgCl as the 
light emitter. The extension of these band systems into the ultra-violet points 
to the necessity of multiple activations. 

Chemiluminescent Oxidation Processes: The oxidation of yellow phos- 
phorus is the most intensively studied of the chemiluminescent oxidation pro- 
cesses as well as the earliest to excite attention to such light producing reac- 
tions The literature of this reaction is very voluminous and cannot even be 
summarized here. A resumé of the main facts and of the present point of 
view must suffice. 

The oxidation occurs in air or oxygen at reduced pressure and over a 
temperature range between approximately — 10 and 40° C. is accompanied 

1Z. physik. Chem., 139, 482 (1928). 

2Z. Physik, 9, 302 (1922). 

3 Z. Physik, 34, 924 (1925). 

4See, for example, Backstrom, Medd. K. Vetenkapsakad. Nobel Inst., 6, No. 16, 1927. 
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by a greenish white chemiluminescence. The final product is phosphorus 
pentoxide, the heat of formation of which has the remarkably high value of 
370 Kg. Cals. Phosphorus trioxide and the tetroxide have, however, also 
been isolated as intermediates. The oxidation of the pure trioxide is not 
accompanied by chemiluminescence as was formerly supposed to be the case. 

The spectrum of the glow is continuous in the visible region with a maximum 
intensity in the green. In the ultra-violet there are groups of bands between 
3400 and 2300 A. The ultra-violet bands are obtained with the cold flame at 
low air pressures or at high flame temperatures with enriched air. Inthe latter 
case the bands merge into a single band. The same band systems in the ultra-. 
violet are given by burning phosphine or by the trioxide undergoing oxidation.} 
The bands arise from the molecule of an oxide of phosphorus, though the precise 
nature of the emitter had not been established with certainty.” 

The light yield is small: Bowen and Pells? found that one quantum of 
visible light was obtained for every 2000 molecules of P, reacting. The ratio 
of the energy radiated as visible light to the total reaction energy was about 
SOx a0n*: 

The glow is accompanied by ionization, ions of both sign being produced; 
the ambient air is also found to contain ozone. The ionization has been shown 
by Busse to be a secondary effect, the ions being formed in the dissociation of 
an acid, probably pyrophosphoric acid.t| The formation of ozone appears to 
be connected with the presence of oxygen atoms in a chain of reactions to be 
discussed below 

The oxidation is now generally recognized as a ‘chain reaction.’ Bick- 
stré6m ® showed that the oxidation of solutions of phosphorus by oxygen was 
photosensitive and that 30 molecules were oxidized per absorbed light quantum. 
Little is known about the exact mechanism of the oxidation stages, but the 
energy of the total process is adequate for five stages each yielding 150,000 cals. 
of energy. This is equivalent to a wave-length of 1900 A. and is therefore 
adequate to account for the observed range of frequencies and also the ozone 
formation. Like chain reactions generally, the luminous process is sensitive 
to inhibitors. The glow will not occur at room temperatures in pure oxygen 
until the pressure is reduced well below atmospheric pressure. The ‘ boundary 
pressure’ is higher the higher the temperature. Similarly, there is also a 
lower limit of oxygen pressure, of the order of a fraction of a mm., below which 
the reaction between phosphorus and oxygen does not occur. This lower limit 
is a function of the size of the containing vessel and the presence or absence of 
inert gases. Semenoff ® considers that at this lower limit reaction chains are 
being broken at the walls of the containing vessel, and that at the upper 
boundary pressure deactivation occurs in the gas phase. A large number of 

1 Downey and Emeleus, J. Chem. Soc., 125, 2491 (1924) ; Emeleus, tbid., 126, 1362 (1925). 

2 Petrikaln, Z. Physik, 51, 395 (1928). 

3 J. Chem. Soc., 1096 (1927). 

4 Ann. Physik, 82, 873 (1927); 83, 80 (1927). 


5 Loc. cit. 
6 JZ, Physik, 39, 547 (1926); 46, 109 (1927); Chem. Rev., 6, 347 (1929). 
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organic substances, such as ethylene, acetone or carbon disulphide, are also 
able to inhibit the oxidation. At low concentrations they dim the luminescence 
and also lower the upper boundary pressure, whilst at high concentrations the 
glow is extinguished. The ease of oxidation of these substances suggests that 
they break chains by themselves being oxidized by the products of the phos- 
phorus chains. 

Chemiluminescent Oxidation of Silicon Compounds: Kautsky and his 
co-workers! have investigated the chemiluminescences produced when various 
unsaturated silicon compounds are subjected to oxidation. By the action of 
hydrochloric acid on calcium silicide there is produced as an intermediate in 
the complete conversion to silicic acid, a compound siloxen having the empirical 
formula Sig03H¢ to which is ascribed a cyclic structure, with the silicon atoms 
at the corners of a hexagon, with oxygens between alternate silicon pairs. A 
hydroxy compound of empirical formula Sis0;H;OH, known as silical hydroxide 
or oxy-siloxen, has also been identified. There are also a number of other 
oxidation products intermediate between oxy-siloxen and silicic acid, of unde- 
termined composition and known as leuco-compounds. The products are 
solids, having a lamellar structure similar to graphitic acid, and are character- 
ized by the high ratio of surface to mass, the surfaces between the lamellae 
being accessible to the action of reagents. For the chemiluminescent experi- 
ment Kautsky has normally employed a yellow colored mixture of siloxen 
and oxy-siloxen which he terms silikone. The color is due to the oxy-siloxen 
as, with increasing oxidation to this product, the color changes through yellow 
to dark red. Further oxidation then yields the colorless leuco-compounds. 

Silikone is oxidizable by air or oxygen slowly, more rapidly by a variety of 
oxidizing agents such as hydrogen peroxide or chromic acid. The luminescence 
accompanying these oxidations is feebly green with low concentrations of oxy- 
siloxen in the mass, changing to a greenish yellow and brighter luminescence 
with increase in the content of oxy-siloxen in the mass. This points to the 
oxy-siloxen as the emitter in the luminescent process. 

The colored oxy-siloxen also acts as a sensitizer for the photochemical 
oxidation of siloxen. Diffuse daylight produces such a photochemical oxida- 
tion with siloxen, ethyl iodide and water, with a brighter luminescence than 
the purely thermal oxidation, sufficiently intense to be visible in an undarkened 
room and varying with the degree of oxidation from green through yellow to 
red. The brightness is really due to an enhancement of the true chemilumi- 
nescence by a fluorescent effect, since oxysiloxen illuminated with daylight at 
liquid air temperatures gives a brilliant fluorescence without chemical change. 
The light emitted, being independent of the nature of the excitation, whether 
chemical, or by illumination or even by cathode rays, points to a single emitter 
in each case, the oxy-siloxen. 

That the energy of such chemical reactions may be utilized in exciting other 
materials than the products of reaction is demonstrated by the work of Kautsky 

1 Kautsky and Zocher, Z. Physik, 9, 267 (1922); Kautsky and Herzberg, Z. anorg. Chem., 


139, 135 (1924) ; 147, 81 (1925) ; Kautsky and Zocher, Z. Elektrochem., 29, 308 (1923) ; Kautsky 
and Nietzke, Z. Physik, 31, 60 (1923); Kautsky, Trans. Farad. Soc., 21, 591 (1926). 
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on the oxidation of silico-oxalic acid by potassium permanganate. The acid 
has a similar structure to those already discussed and adsorbs basic fluorescent 
dyes such as rhodamine-B, rhodamine sulphate and isoquinoline-red. The 
energy of the oxidation process may be utilized to excite these dyes, when 
adsorbed on the acid, to the fluorescence characteristic of these dyes when 
illuminated in solution. The excitation of non-adsorbed dyestuffs does not 
occur. It is the energy of oxidation of the silicon compound which produces 
the fluorescence, not the oxidation of the adsorbed dye, though this oxidation 
does occur. For, oxidation by permanganate of the dye adsorbed on unon- 
oxidizable silicic acid produces no fluorescence. 

Chemiluminescent Reactions of Grignard Reagents: Certain Grignard 
reagents, either in the solid state or in ethereal solution, yield chemilumines- 
cences when oxidized in air or oxygen.!_ The reaction of these reagents with 
chloropicrin, first discovered by Wedekind, is also luminescent 2 

The luminescences are greenish-blue, continuous in nature, the emission 
varying in intensity and maximum with the nature of the reagent and also the 
reaction taking place. Dufford and Evans claim that there must be present 
a magnesium atom attached to an unsaturated carbon atom for emission to 
occur. Peroxides which produce intense oxidation do not produce visible 
emissions. Ethers of different types are suitable as solvents as is also dimethyl 
aniline. A certain ‘‘boundary concentration”’ of reagent is found above 
which there is a diminution of emission intensity. 

Dufford and Evans attempted to correlate the luminescence with the 
fluorescence of the reagents and of their oxidation products. The parallelism 
is however poor. There is some evidence to indicate that it is the reaction 
product which is excited to luminescence by the very energetic oxidation 
processes occurring with these highly reactive substances. A study of the 
possible chain characteristics of these oxidations would be of interest. 

Chemiluminescence of 3-Amino Phthalic Acid Hydrazide: The oxidation 
of alkaline solutions of this compound gives a chemiluminescence of great 
intensity. Various oxidation agents may be employed but the substance only 
yields luminescence when oxidized in alkaline solutions. Calcium hypochlorite, 
hydrogen peroxide and persulphates are useful oxidation agents. With hy- 
drogen peroxide the process is slow but is accelerated by agents which decom- 
pose the peroxide such as hypochlorite, potassium ferricyanide and ammoniacal 
solutions of copper salts. Solid agents for peroxide decomposition such as 
manganese dioxide, colloidal platinum, blood and peroxidases also increase the 
rate of oxidation and, accordingly, the intensity of luminescence. 

Oxidation occurs very rapidly and is very profound since aliphatic acids 
are formed in the process. The reaction is accompanied by the development 

1 Lifschitz and Kalberer, Z. physik. Chem., 102, 393 (1922); Evans and Dufford, J. Am. 


Chem. Soc., 45, 278 (1923); Dufford, Calvert and Nightingale, zbid., 45, 2058 (1923); J. Opt. 
Soc., 9, 405 (1924); J. Am. Chem. Soc., 47, 95 (1925); Evans and Diepenhorst, ibid., 48, 715 
(1926). 

2 Physik. Z., '7, 805 (1906). 

3 Albrecht, Z. physik. Chem., 136, 321 (1928). 
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of a brown color which involves the — NH, group; but this is not essential to 
the luminescence since acetylation of the amino-group eliminates the brown 
color development during oxidation but does not materially diminish the chemi- 
luminescence. The experiments conducted to determine the nature of the 
emitter have not, thus far, been successful. The fluorescence of the reacting 
substances in neutral or acid solutions is blue and different from the somewhat 
greener but still blue chemiluminescence in alkaline solutions which latter do 
not fluoresce. In spite of this difference, however, there is reason to believe 
that the molecule itself is responsible for the emission. Albrecht inclines to the 
view that the oxidation of the hydrazide yields an azo compound which im- 
mediately hydrolyses giving, as a hypothetical intermediate, di-imid. This 
latter then reacts with other azo molecules to yield energy-rich hydrazide 
molecules which emit light. Albrecht rejects the possibility that the energy- 
rich oxidation products supply the energy of excitation of unchanged molecules, 
since luminescence is still visibie in a 100-million fold dilution. To the present 
writer this would militate still more against the acceptance of Albrecht’s 
suggested sequence involving di-imid, since this involves interaction of two 
intermediates each in low concentration as contrasted with one of low concen- 
tration in the transfer of energy from oxidation products direct to unchanged 
material. Albrecht showed that the chemiluminescence was homogeneous in 
nature in contrast to those already discussed in the case of siloxene. 


CHAPTER XIX 


INFRA-RED RADIATION IN CHEMICAL PROCESSES 


BY” H. AUSTINe TAYLOR, Px.D., 


Associate Professor of Physical Chemistry, New York U niversity, New York, N. Y. 


Since 1800, when Herschel first showed that a delicate thermometer having 
a blackened bulb evinced a rise in temperature when placed in the “dark” 
region beyond the red end of a visible spectrum, the cause and results of the 
existence of infra-red radiation have been of interest to both physicists and 
chemists. Succeeding work has shown plainly that such radiation is similar 
in character and general properties to ordinary visible light in that it is caused 
by a wave-emission at the velocity of light from a body oscillating with a 
definite frequency, and suffers absorption and reflection in a manner identical 
with visible light. The fact of its invisibility renders the demonstration of 
such properties more difficult than in the case of visible light; we shall see how 
such examinations are carried out and what bearing in general infra-red radia- 
tion has on chemical processes. 

Limits of Infra-red: Those who are familiar with spectroscopic work in the 
visible region will realize that the limit of the visible red is by no means fixed, 
the visibility varying with the individual eye. In defining the limits of the 
infra-red region, therefore, it is only possible to give an average result. The 
visible portion of the spectrum is usually taken as extending from 0.4 u to 
0.8 wu but recent work! has shown that 0.75 uw and in a few cases 0.77 uw is the 
longest wave-length to which the average eye is sensible. It may be assumed, 
therefore, that from a wave-length 0.75 w onwards constitutes the infra-red 
spectrum. A definite limit, however, is not at all necessary, since the usual 
methods adopted for measuring infra-red rays are also capable of detecting 
visible and even ultra-violet rays, and data of an infra-red spectrum may quite 
well be given from 0.7 uw onwards. 

On increasing the wave-length from this point, one continues to pass 
through similar waves, and, up to the present, measurements have been ob- 
tained at a wave-length of 314 u.2 It is only as a result of experimental diffi- 
culties that no longer wave-length has been reached. It has been shown that 
Hertzian waves, familiar now in wireless telegraphy, are precisely similar to 
the waves producing visible and infra-red radiation.? The shortest wave- 

1 Coblentz, Bull. Bur. Stands., 14, 167 (1919). Hyde and Forsythe, Astrophys. J., 42, 
285 (1915); P. Reeves, Phil. Mag., 35, 174 (1918); Gibson and Tyndall, Bur. Stands. Sci. 


Papers, No. 475 (1923). 
2 Rubens and von Baeyer, Phil. Mag., 21, 689 (1911). 
8 Levitska, Physik. Z., 27, 177 (1926); 28, 821 (1927). 
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length of these electrical radiations so far detected is of the order of one milli- 
meter, that is, 1000 u, and, since there is no apparent reason for a discontinuity 
in the series, in view of the results already obtained in other spectroscopic 
regions, it is reasonable to surmise that the limit to the infra-red radiation of 
extremely long wave-length has not so far been reached. Of the known wave- 
lengths, those up to 10 uw lie in the short wave infra-red region, whilst beyond 
10 pw the region is known as the long wave infra-red region. Such a distinction 
is convenient as will be seen later from the fact that each region has its own 
particular properties from the point of view of chemical constitution and 
reaction. 

Sources of Infra-red Radiation: One of the earliest investigations in infra-red 
measurements was made by Langley! in his study of the solar spectrum. As 
a general source of infra-red radiation, the difficulties of focussing the sun in a 
constant direction, coupled with its rather weak and ever-varying intensity 
due to atmospheric conditions, render it useless for spectrum work. For total 
radiation work, where a certain region may be isolated by light filters, the sun 
forms a convenient source. 

The incandescent gas mantle was used as a source of infra-red rays by 
Nichols and Rubens? in their study of the absorption, refractive indices, and 
residual rays from rock salt and sylvine. Later, a Linnemann zircon burner 
was substituted for the ordinary gas mantle, and, still more recently, Rubens 
and von Baeyer (loc. cit.) examined the emission from quartz mercury lamps % 
and various metallic arcs. All these sources and more especially the latter 
are extremely strong in the very long wave radiation but are of comparatively 
little use in the short wave region. 

The Nernst lamp and heater is a particularly useful source for wave-lengths 
between 1 uw and 5y. It can be used up to about 20 u, but beyond 8 uw the 
intensity falls off rapidly and measureinents become less precise. The ad- 
vantage of the Nernst lamp over a carbon arc, which also burns in air and 
requires no cover like electric filament lamps, lies in its constant intensity. 
Using an accumulator battery giving a constant current, a Nernst lamp fitted 
with an iron-wire resistance lamp in series can be maintained constant without 
attention, provided the lamp is protected from draughts. The carbon are, 
on the other hand, though of stronger intensity, cannot be maintained constant 
owing to sputtering of the are even when automatically fed, and is thereby 
useless for infra-red spectrum work. 

In the very short wave-length region, an ordinary nitrogen-filled tungsten 
lamp may be used. The glass covering of the lamp absorbs very little, whilst 
with a quartz cover such a lamp is extremely constant in intensity and useful 
up to 4 or dun. 

The efficiency of any source of radiation for a given purpose, however, 
will depend entirely on the delicacy of measurement which may be obtained 

1 Phil. Mag., (5) 17, 194 (1884). 

2 Ann. Physik, 60, 402 (1897). 


’ Harrison and Forbes, J. Optical Soc. Am., 10, 1 (1925); Dearle, Proc. Roy. Soc., 954, 
280 (1919). 
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for registering such radiation. The Nernst lamp, for example, which has a 
maximum intensity between 2 and 3 uw, depending on the composition of the 
filament,’ is generally used as a source in this region, although Rubens has 
obtained readings at 60 u, using very delicate measuring instruments. Never- 
theless, in general, it is more useful to restrict a given source of radiation to a 
given region in the manner pointed out above, unless measurements are being 
made over a wide range, necessitating the use of the same source throughout, 
which normally would cover the efficient regions of two different sources. 


MEASUREMENT OF INFRA-RED Rays 


Methods of Analysis: The point of primary importance in the analysis of 
infra-red radiation is that, as a rule, it is practically impossible to use a diffrac- 
tion grating alone, owing to the overlapping of the spectra of different orders. 
Gratings have been used, however, in conjunction with prisms, a good example 
being that due to Langley (loc. cit.). A grating with 18,050 lines, 142 to the 
millimeter on aspherical mirror 1.63 meters focus, was used. The Fraunhofer 
line Dz of the third order spectrum was focused on the slit of the measuring 
instrument when there was also present, by the theory of the grating, 0.888 pu 
of the second order spectrum and 1.767 uw of the first order spectrum. By 
interposing a prism in this beam, these lines were refracted at different angles 
which could be calculated, and could be measured at their respective positions. 
The work is tedious, however, and subject to much experimental error. 

Another method of using a grating is that adopted by Rubens (loc. cit.) 
in the Reststrahlen method where all other wave-lengths than the one desired 
could be suppressed. The grating employed was a transmission grating of 
silver wire 0.1858 mm. diameter and the same spacing. The rays from the 
grating were successively reflected from four or five blocks of quartz, rock salt 
or sylvine, the final ray being then found to be practically monochromatic, the 
other rays having been absorbed by the blocks and not reflected. In this way, 
Rubens found what wave-lengths were selectively reflected from many sub- 
stances and, therefore, what wave-lengths were absorbed by the substances, 
the advantage of the method being that absorption data were obtainable in- 
directly at positions where direct observation was impossible. The figure 
314 w previously quoted as being the longest wave-length so far measured was 
obtained in this way, using rock salt blocks, showing that rock salt absorbs 
at this position, a fact which could not be obtained by the ordinary spectro- 
scopic methods used in the infra-red. 

A special type of grating known as the echelette ? grating has been made on 
gold-plated copper surfaces, the rulings of which are so large as to make a 
certainty of the exact form of the groove. Using such an echelette with only 
1000 lines to the inch, Wood has shown that the emission band for carbon 
dioxide from a bunsen burner, found by others at 4.40 y, is directly observed 

1H. D. Griffiths, Phil. Mag., 50, 263 (1925). 

2 Wood, Phil. Mag., 20, 770 (1910); Trowbridge and Wood, ibid., 20, 886 (1910); Physik. 
Z., 11, 1109, 1114; Badger, J. Optical Soc. Am., 15, 370 (1927). 
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and is resolvable into two maxima at 4.30 and 4.43. The dispersion of 
such gratings is said to be nearly seventeen times that of rock salt and four 
times that of fluorite in the region between 4 and 5 p. 

On account of this overlapping with ordinary ruled gratings it became 
the rule to use prisms of substances which do not absorb infra-red rays and 
yet have good dispersive power. Prisms of rock salt, sylvine, fluorspar and 
quartz are the most frequently used. Fluorspar becomes practically opaque 
to radiation of wave-length 11 yu, whilst rock salt and sylvine transmit as far as 
20 w and 25 pw respectively. Quartz, on the other hand, which possesses strong 
absorption bands at 3yu, 8m and 21 yu and is thus opaque to comparatively 
short wave-lengths, is very transparent for wave-lengths in the region of 50 p. 
Up to about 20 yu, therefore, a prism of rock salt which gives good average 
dispersion is the more usual analyzer used, whilst beyond this point quartz 
will be found more suitable. 

As in a spectroscope used for visible light the collimated beam is focused 
on to a glass prism and from the prism into the eyepiece by glass lenses, so also 
may the infra-red rays be treated by using a prism and lenses made of rock 
salt.1 The drawback to this arrangement is the doubled or trebled absorption 
by the rock salt of the rays passing through the spectroscope and the consequent 
weakening of the radiation in the beam finally emitted. Asaresult, the method 
now universally adopted is to focus the rays by means of highly polished concave 
metallic mirrors. Measurements of the reflectivity of infra-red radiation by 
various metals have aided the choice of suitable metals to be employed. Plati- 
num, electrodeposited on a glass surface, on account of its resistance to the 
action of the atmosphere and high reflective power, is now in frequent use. 

Instruments of Measurement: The measurement of radiant energy, more 
especially in the infra-red region of the spectrum, is a difficult and somewhat 
tiresome proceeding, demanding extreme care and patience on the part of the 
investigator. The fact that such radiation is usually from surfaces, the temper- 
ature of which cannot be obtained, necessitates its transformation into other 
forms of energy, the effects of the latter being then measurable. Such a 
receiver, however, being subject to losses of energy by conduction within itself, 
by reflection and radiation from its surface and by convection round its surface, 
can hardly be expected to yield results of precision without much care being 
paid to these points. 

Various instruments of this kind have been devised wherein the infra-red 
radiation is received and converted into another form of energy, being measured 
as such in some units. It is impossible in the scope of this chapter to give 
details of the construction of all such instruments. The works of Coblentz 2 
must be referred to for more particular detail, where an excellent treatment is 
given of the comparative merits of the various instruments. Let it suffice that 
some of the more important instruments are mentioned and the mode of 
operation given. 

1 Langley, Brit. Ass. Rep., p. 465 (1894). 


2 Coblentz, Bull. Bur. Stands., 4, 391 (1907-8); 9, 7 (1913); H. Witt, Z. Physik, 28, 236 
(1924). 
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Microradiometer: The microradiometer was one of the earliest instruments 
devised, but has now been superseded by more delicate types of receivers. 
It consists of a narrow glass capillary tube, containing, in the center, a drop of 
mercury in a solution of zine sulphate in water, into which dip two platinum 
electrodes. The ends of the tube widen out into bulbs containing air or a gas 
with a high coefficient of expansion, the bulbs being closed with rock salt 
windows. In use, the instrument forms part of a Wheatstone bridge circuit. 
On exposure to infra-red rays, the gas expands, driving the column of liquid 
away and thereby affecting the resistance between the platinum electrodes and 
producing a deflection in a delicate galvanometer. Such an instrument can 
be made very sensitive but is more adaptable to total radiation from a body 
than to more particular spectral analysis. 

Boiometer: The bolometer is simply a Wheatstone bridge, two arms of which 
are made of very thin blackened metal strips of high electrical resistance and 
high temperature coefficient, one or both being exposed to the radiation. When 
thus exposed, their temperature changes, which unbalances the bridge and 
causes a deflection in the galvanometer, corresponding to the amount of energy 
absorbed. ‘The sensitivity of the bolometer depends, therefore, on that of the 
galvanometer and, for the moving coil type, a gain in the sensitivity has the 
drawback of an increase in the period of the deflection. Langley (loc. cit.) was 
one of the first to use a bolometer, his instrument being so sensitive that a 
rise in temperature of less than one millionth of a degree Centigrade produced 
a readable deflection in the galvanometer. 

Thermopile: The formation of an electrical current when the junction 
between two metals is heated has given rise to the thermopiles in general use 
today. The more usual types consist of about twenty junctions between iron 
and constantan, or bismuth and silver wires, blackened to receive the infra-red 
rays. The multiple effect of such a series of junctions gives rise to a small 
electrical current which is directly measurable on a delicate galvanometer. 
Coblentz has developed some extremely sensitive piles for use both in air and 
in vacuo in which latter he finds the sensitivity increased three or four times. 
Johansen ! also gives details of a vacuum thermopile, using iron and constantan 
junctions. 

The instruments mentioned so far have necessitated the use of delicate 
galvanometers. Of the many types in use mention may be made of the 
Paschen, Broca and Thomson galvanometers. The former have a moving 
magnet system whilst the latter is a moving coil galvanometer. Such instru- 
ments have to be free from external vibrations, of fairly short period and 
shielded from stray magnetic effects. The attainment of good experimental 
results is only realized by one experienced in the removal of such difficulties, 
and it is with a view to removing the necessity of such galvanometers that the 
radiomicrometer and radiometer have been developed. 

Mention may be made in passing to the use of the thermionic triode valve 
and telephone in place of the galvanometer. By placing an electrically con- 


1 Ann. Physik, 33, 517 (1910); Coblentz, J. Franklin Inst., 176, 671. 
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trolled wire dipper in a mercury cup in the thermopile circuit and passing the 
interrupted current through a step-up transformer to the valve-telephone 
receiver, delicate audible records may be obtained due to the amplification. 
Bellingham ! points out that this method is more delicate than a galvanometer, 
is unaffected by vibrations or magnetic fields and is instantaneous in action, 
a point quite unattainable even in the most dead-beat galvanometers. Another 
possibility which suggests itself is a direct amplification of the thermopile or 
bolometer current using a radio tube of suitable characteristics, the variation 
in the plate current being measured directly on a milliameter. 

More recently Dr. Moll in Holland has devised a thermopile and galva- 
nometer of extreme sensitivity and very great utility. The outstanding feature 
of the pile is its very small heat capacity, ensuring rapidity of action without 
loss of sensitivity. Thus, in Rubens’ thermopile, more than 15 seconds were 
required for the current due to constant radiation to reach its final value, 
whilst any attempt to decrease this period was made at the expense of sensi- 
tivity. The Moll piles consist of thin strips, each consisting of two strips of 
different metals joined end to end and soldered at the other ends to copper bars. 
Such strips may be exposed along their whole length and, by reason of the 
difference in heat capacity between the junctions which rest on the copper 
bars and the middle junction, the latter, when irradiated, attains a much 
higher temperature than the others, while the high conductivity between the 
junctions and the small heat capacity of the middle junction cause equilibrium 
of temperature to be reached very quickly. 

The Moll galvanometer used in connection with these piles has a coil of 
about 64 ohms resistance moving in an electromagnetic field actuated by 1 to 
1.5 amps. at 4 volts. The instrument is extremely quick in action, having a 
period of approximately one second, and is very sensitive. The deflection 
per microampere with scale at one meter distance is over 200 mms. The 
build of the electromagnetic coil is so heavy that the usual earth tremors and 
building vibrations do not affect it at all, whilst the constancy of zero may be 
shown by the fact that after a ten minutes deflection of 200 mms. the creep is 
less than 3 mms.? 

A self-registering spectrograph has recently been employed by Ellis? in 
which the thermopile current is automatically measured by the photographic 
trace of the light reflected from the galvanometer mirror during deflection. 
In this way, by causing the various parts of the spectrum to pass successively 
Across the thermopile, a continuous intensity distribution curve is easily and 
satisfactorily obtained. 

1 Nature, 111, 534 (1923). 

2 This new combination of thermopile and galvanometer goes far on the way to a solution 
of most of the problems which are encountered in infra-red work, and is to be recommended 


strongly, especially to those new to the work, who are inexperienced in the usual difficulties 
to be overcome in other instruments. 


3 Phys. Rev. 23 48 (1924) sof 298 (1926) > di Op } oc 
, ’ ’ ’ ’ . tical S . Am., 8, 1 1924 ; 
Soc., 49, 347 (1927). ( Np J. Am. Chem. 
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Radiomicrometer: The original instrument as used by Boys and by Paschen ? 
consisted of a very small bismuth-silver thermocouple connected in series with 
a loop of copper or silver wire suspended in vacuo between the poles of a fixed 
magnet, the weight of the whole suspension being from 10 to 15 milligrams. 
On exposing the thermocouple to radiation, the junction becomes heated, 
causing an electrical current to flow through the wire loop, which is immediately 
deflected in the magnetic field. In this simple state, although not susceptible 
to extraneous electrical or magnetic effects, the lightness of the suspension 
and its sensitivity render it liable to outside radiation effects as well as vibra- 
tions, causing a poor zero reading. Great improvement was afforded by H. C. 
Jones * who added a second thermocouple, identical with the first but connected 
in opposition with it. External heat effects then affected both couples simul- 
taneously, the net effect being zero. For use with an infra-red spectrometer, 
radiation was only focused on one element, the second being temporarily out 
of action. Unpublished work of the author, however, has shown that the 
element exposed under such conditions acts itself as a radiator, affecting the 
auxiliary couple and consequently causing incorrect readings. The extent of 
this effect is small but nevertheless is sufficient to affect the accurate determina- 
tion of intensities. 

Radiometer: The principle of the radiometer differs entirely from that of 
any of the above instruments in that it is not electrical in nature. Two small 
strips of blackened mica or platinum, of about one or two milligrams weight 
each, balance one another vertically about a fine glass rod, from two to three 
centimeters long, to which is attached also a small mirror, the whole suspended 
by a quartz fiber. The suspension is enclosed in a convenient receptacle which 
can be exhausted to a very high vacuum. On exposing one of the vanes to 
radiation by means of a slit, the vane becomes warmed and the traces of air 
which remain in the instrument bombard the surface more violently and cause 
it to be deflected. The deflection, too, is partially due to the light pressure on it. 
The sensitivity depends on the lightness of the suspension and fineness of the 
quartz fiber, and on the vacuum in the instrument. A critical point is reached 
on exhausting after which, on further decreasing the pressure, the sensitivity 
also decreases. 

The radiometers as used by Nichols * and Coblentz 4 were extremely sensi- 
tive instruments but had long periods and were consequently very slow in 
working; they were susceptible to the slightest vibration, necessitating an 
isolation from all possible mechanical vibrations during the course of an in- 
vestigation. One of Coblentz’s radiometers, however, which possessed a 
heavier suspension, though not being quite so sensitive, was nevertheless 
capable of being used under quite ordinary conditions, and it would seem that, 
with care, one could assemble a radiometer to suit any given conditions. 


1 Ann. Physik, 48, 272 (1893). 

2 J. Am. Chem. Soc., 37, 776 (1915). 

3 Ann. Physik, 60, 402 (1897). 

4 Investigation of Infra-red Spectra, Carnegie Inst. Pubs., 35 (1905), 65 (1906), 97 (1908). 
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Such instruments as the radiometer and radiomicrometer must necessarily 
be built up by the investigator, as the instruments generally on the market do 
not in any way approach the sensitivity required in infra-red work and it is 
probably for this reason that greater use has not been made of them, especially 
the radiometer, which is undoubtedly the most sensitive instrument obtainable. 

Photo-electric Cells: More recently, the change of resistance of selenium on 
exposure to light has been used as a means for measuring radiation, but, since 
the maximum sensitivity occurs only in the near infra-red, selenium cells are 
only adaptable for special limited portions of the spectrum. The same applies 
to the potassium and potassium hydride photoelectric cells, which are more 
useful in the visible and ultra-violet than in the infra-red region. Coblentz? 
finds that the thalofide cell, that is, a cell containing thallium oxysulphide, is 
sensitive up to 3 u and may conveniently be used in this region as a general 
measuring instrument. Such cells are worked in conjunction with a delicate 
galvanometer, the cell forming one arm of a Wheatstone bridge, which becomes 
unbalanced by a change in resistance in the cell on exposure. 

Photography: In concluding these methods of registering radiation the 
applicability of photography to the infra-red region should be mentioned. 
One of the earliest attempts at infra-red investigation was made by Abney 
and Festing * who used photographic plates in which the silver bromide emul- 
sions in the collodion appeared red by transmitted light. Data were obtained 
up to 1.2 uw and in some cases even to 2 yu, though subsequent attempts to 
reproduce similar effects have failed. 

Using dicyanin as a sensitizer on ordinary panchromatic plates, Meggers 4 
obtained the spectra of various metallic arcs to 0.9 uw and the solar spectrum 
to 1.0u. Other dyes ® used as sensitizers for this region include neocyanine, 
pinacyanol, dicyanin A, nigrosine SS, alizarin blue S and Eastman red 700. 
The spectral detail attainable by phctographic means makes it far superior 
to any other mode of examination. It is limited, however, in range, as shown, 
but serves to give exceedingly valuable information in a region where the dis- 
persion is small. The numerous bands obtaining in this region are difficult to 
detect by other radiometric means. The importance of this region will be seen 
later in discussing the relations between absorption spectra and chemical 
reaction. 

Raman Effect: In 1928 C. V. Raman ° whilst conducting experiments on the 
scattering of visible light by liquids and vapors observed that the scattered 
light of the original wave-length is always accompanied by a small quantity of 

1 Coblentz, Bull. Bur. Stands., 14, 512 (1918-19) ; Bur. Stands. Sci. Papers, 319, 507 (1918): 

? Coblentz, Bull. Bur. Stands., 16, 253 (1920). 

3 Phil. Trans., 172, 887 (1882). 

4 Bull. Bur. Stands., 14, 371 (1918-19). 

5 Geiger, Ann. Physik, 39, 752 (1912); Eder, Sitzb. Akad. Wiss. Wien. Abt., IIa, 124, 231 
(1915); Meyer, Astrophys. J., 45, 93 (1917); Kiess and Meggers, Bull. Bur. Stands., 16, 51 
(1920); Lubovitch and Pearem, Trans. Roy. Soc. Canada, 16, 195 (1922); Gibson, J. Optical 
Soc. Am., 13, 267 (1926); Schoen, J. Optical Soc. Am., 14, 179 (1927); Babcock, Nature, 121, 
830 (1928); Majumdar, zbid., 123, 131 (1929). 

8 Nature, 121, 501 (1928). 
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scattered light of lower frequency. The frequency differences between the rays 
incident on the substance and the new rays scattered by it were found to give 
the molecular frequencies of the scattering substance. The phenomenon was 
interpreted as similar to the Compton effect and as such was not to be unex- 
pected. Smekal? in 1923 in a critical discussion of the question of the equi- 
hibrium between matter and radiation predicted the possibility of a wave-length 
shift of light scattered by excited molecules. The analogy between the effects 
of electrons (Compton effect) and of light quanta (Raman effect) on atomic 
systems as well as with collisions of the second kind is discussed elsewhere. 
There remains here merely to indicate the importance of the observation and 
its bearing on the exploration of molecular spectra in a region where direct 
observation is extremely difficult. 

Since the initial discovery of the phenomenon a large literature has already 
grown up on the subject,? most of which has reference to observations con- 
firming the Raman effect in different systems or to the question of the best 
technique to be adopted. The earlier work has been carried out mostly using 
monochromatic light from a mercury are although Wood has recently shown 
that the helium lines are more adaptable for quick and accurate measurement. 
The experimental procedure consists simply of photographying the incident 
and scattered lines and measuring the difference in frequency between these. 

To give some idea of the range over which the Raman effect has been ob- 
served mention may be made on the one hand of the work of Davis and 
Mitchel * who discovered three new lines, in addition to the molybdenum Ka 
line scattered from graphite, all on the long wave side and identified by 
Krishnan (loc. cit.) with transitions of K and L electrons, and on the other hand 
of the observations of Krishnan on the light scattered from quartz correspond- 
ing to 118 p, the longest so far observed. Already by this means new lines in 
the rotation spectra have been found although whether all Raman lines cor- 
respond to actual absorption lines seems as yet in doubt. For example Raman 
lines are found in quartz at 38.2, 48.0 and 80 uw among others. Czerny using 
a grid spectroscope found actual absorption at 38 and 78 uw but none at 48 wu 
beyond the experimental error; the 38 4 band was the most intense under direct 
observation whilst the corresponding Raman line was the weakest. The 
observed Raman “lines”? are frequently not sharp, however, but diffuse, 

1 Naturwissenschaften, 11, 873 (1923); 16, 612 (1928). 

2Raman and K. S. Krishnan, Nature, 122, 278, 882 (1928); Indian J. Physics, 2, 399 
(1928); Proc. Roy. Soc., 122A, 23 (1929); Krishnan, Nature, 122, 477, 961 (1928); Pringsheim 
and Rosen, Z. Physik, 50, 741 (1928); 51, 511 (1928); R. W. Wood, Phil. Mag., (7) 6, 729, 
1282 (1928); Nature, 123, 205, 279 (1929); I. Ramakrishna Rao, Indian J. Physics, 3, 123 
(1928) ; Nature, 123, 87, (1929); S. Venkateswaran, Indian J. Physics, 3, 105 (1928); Z. physik. 
Chem., B, 1, 466 (1928); Kimura and: Uchidi, Japan J. Phys., 5, 97 (1928); P. Daure, Comot. 
rend., 187, 940 (1928); McLennan and McLeod, Trans. Roy. Soc. Can., (8), 22, 413 (1928) ; 
Pokrovskii, Z. Physik, 52, 448 (1928); Bleeker, zbid., 50, 781 (1928); Ramdas, Indian J. 
Physics, 3, 131 (1928); Coblentz, Phil. Mag., (7) 7, 203 (1929) ; Gerlach, Ann. Physik, (5), 1 
301 (1929); Ellis, Nature, 123, 205 (1929); Allen, abid., 123, 127 (1929) ; Czerny, Naiurwissen- 
schaften, 17, 12 (1929); Landsberg and Mandelstan, Z. Physik, 50, 769 (1928). 

3 Phys. Rev., 32, 331 (1928). 
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differing in intensity between the middle and the edge. In the case of water, 
only one modified band is obtained, at 2.94. The nearest absorption band 
known is at 3.0 u which has prompted Ellis to suggest that the latter is probably 
double, one an overtone of the 6.1 ~ band and the other the fundamental at 
2.9 u. The experimental possibilities seem to be unlimited though the inter- 
pretation may not as yet be as clear as may be desired. 

Calibration of Spectrometer: The determination of the wave-length of a 
particular ray emerging from an infra-red spectrometer depends on the type 
of instrument used. In calibrating a spectrometer which employs a grating 
to spectrolyze the radiation, the size of the rulings and the angles of diffraction 
at the grating will give at once the wave-lengths emitted. With a prism, 
however, the calibration is more difficult. The first method used was an inter- 
ference method due to Mouton.!. The work of Rubens and Paschen (loc. cit.) 
has now given us very accurately the indices of refraction of rock salt, sylvine, 
quartz, namely, those substances which are generally used for prisms; con- 
sequently, the wave-length of the rays from such prisms may be calculated for 
a given angle of emergence of the ray.? 

Since, as a rule, the receiving instrument must remain stationary, the 
successive portions of the spectrum are projected thereon, by rotating the 
prism, maintaining the latter at constant deviation by means of a mirror-prism 
device described by Wadsworth.* The prism may then be rotated by a drum- 
head on which is calibrated directly the wave-length of the ray emerging at 
any given position. That the receiving instrument is then correctly situated 
relative to the spectrometer is determined by observing such a definite band 
head as the 4.40 u emission band for carbon dioxide in the following way. 
The deflections given by the receiving instrument, which has been set approxi- 
mately in position relative to the spectrometer, of the radiation from a Hefner 
lamp burning amyl acetate or from a bunsen burner, are taken for several wave- 
lengths around 4.40y. These deflections on plotting against wave-length 
should exhibit a maximum at 4.40. If such is not the case, the receiving 
instrument is moved slightly until, finally, the emerging ray from the spectrom- 
eter is focused centrally on the receiving plate of the receiver, as evidenced 
by the correctness of position of the observed emission band. 

With such an arrangement of spectrometer and measuring instrument, 
one is then in a position to measure the quality of infra-red radiation from 
various sources in precisely the same manner as that just given. Plotting the 
deflections against wave-length, a smooth curve is obtained which exhibits 
certain maxima and minima, from which a comparative knowledge is obtained 
of the emission at various wave-lengths of the source of radiation employed. 
Such emissive intensities are not in absolute units, but depend on the receiving 
instrument employed. It is possible, however, knowing the absolute sensi- 


1 Ann. Chim. Phys., (5) 18, 145 (1879). 

2 Cf. Coblentz, Part 1, Carnegie Inst. Pub. No. 35 (1905); Robertson and Fox, Nature, 
119, 818 (1927). 

3? Phil. Mag., (5) 38, 346 (1894). 
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tivity of the instrument used, to give such intensities in absolute units. We 
shall see later that such is seldom necessary as comparative methods are 
usually employed. 

If, now, a cell holding a liquid be interposed between the source of radiation 
and the spectrometer, and the deflections at various wave-lengths are again 
taken, the resulting curve no longer resembles that previously obtained, due 
to the absorption by the liquid at certain wave-lengths. The data so afforded 
depend on the intensity of the source of radiation at the various wave-lengths 
and do not give absolute measures of the absorption. If the intensity of the 
source were known in absolute units, the true absorption could be calculated. 
As previously mentioned, a comparative method offers a solution of the problem 
more easily. 


INFRA-RED ABSORPTION SPECTRA 


Let us consider at the outset somewhat theoretically the method of ob- 
serving absorption spectra in the infra-red. Coblentz observes the intensity, 
as measured by the deflection of his measuring instrument, of the radiation 
passing through either a rock salt plate or a cell made up of two rock salt 
plates, each of which is half the thickness of the first plate, the cell containing 
the substance under investigation.1 The ratio of these two transmission in- 
tensities is taken as the fractional transmission of a thickness of the substance 
in the second cell. H.C. Jones (loc. cit.) points out that, by using a ‘‘differ- 
ential method,” that is, by comparing two cells each containing the same sub- 
stance to be examined but of different thicknesses, corrections for reflection 
at the outer surfaces of the cells and also for the difference in the refractive 
index of cell wall and substance examined are eliminated. Coblentz,? on this 
point, states that the loss of energy by reflection or absorption of cell wall is 
uniform up to 2.4 u, but he employs the method as far as 10 and 15 u. 

Comparing two cells, containing the substance under investigation, of 
different thicknesses d; and d», the intensity of the incident light Io is related 
to that emitted after passing through each cell by the ordinary absorption 
equations, namely: 

Th —_ Io: Cat. 
I, cm Io: pains. 


where k is the absorption coefficient of the substance. The effective thickness 
of substance examined is, however, 


Hence, the intensity of radiation emitted by a thickness d is 


Like = e 4 = Ce 


1 Laski and Tolksdorf, Natwrwissenschaften, 14, 488 (1926). 
2 Bur. Stands. Sci. Papers, No. 418 (1921). 
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which, from the above equations, is seen equal to I1/I2 Hence, we have: 
I/Io == I;/L», 


that is, the ratio of the intensities of radiation transmitted through two 
different thicknesses of substance is equal to the fractional transmission of a 
: thickness which is the difference be- 
tween the two thicknesses examined.. 
Liquid Liquid Up to this point, only the actual 

7 1 bach a b tA- substance in the cell has been con- 
sidered. It is necessary to consider 


Quartz +t Quartz +t 


----d-- --ds - also the effect of the cell walls on 
Cell A CellB the transmissions. 
Fic. 1 Consider two cells A and B, as 


shown in Fig. 1, each consisting say 
of two quartz plates of equal thickness enclosing a certain depth of liquid. Let 
To be the intensity of the incident light, the same in both cases. On meeting 
the first quartz plate 7 suffers some reflection from the quartz-air surface, 
again identical in the two cases. In passing through the quartz plate there 
is some absorption by the quartz, and at the quartz-liquid surface again a 
reflection, which, since the plates are both the same thickness and the surfaces 
of reflection are the same in the two cells, will not differ one from the other. 
The intensity Io of the light actually incident on the liquid is therefore the same 
in both cells. 

Let I; and J, be the intensities of the light after passing through the liquid 
in A and B respectively, and 7, and 1; the final emerging rays. In going from 
I, to T;, and from I, to T'; there is again a reflection at the liquid-quartz surface, 
an absorption by the quartz, and a reflection at the quartz-air surface. 

At the first reflection I, suffers a decrease fractionally proportional to its 
ntensity. Denoting this fraction by x, the intensity after the first reflection 
becomes: 


Lila Ii — 2). 


The subsequent absorption by the quartz follows the above absorpton law, 
giving as emerging intensity 


Tie "nese 


where a is the coefficient of absorption of quartz and ¢ is the thickness of the 
quartz plate. 

At the last reflection at the quartz-air surface there is again a fractional 
decrease, say y, of the incident intensity. The final intensity 7, is therefore 
given by 


Ws == I, _ x): e7%te ie — Y). 
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For cell B, in a similar manner, we have 
De ele a ens Li.) 


since the fractional decreases due to reflection depend wholly on the surface, 
which is identical in the two cells, and the quartz plates are the same thickness 
throughout. Whence it follows that 


I,/I. a Polls, 


that is, the ratio of the intensities of the radiation finally transmitted from the 
cells gives the fractional transmission, and therefore the percentage trans- 
mission, of a thickness of liquid which is the difference in thickness between 
the two cells examined. 

Strictly speaking, then, any other method than the comparison of two 
different thicknesses of the same substance is inaccurate, in that the reflections 
in the two cells will not be identical. The work of Coblentz, however, would 
show at least that, for mere identification of position of a band head, the other 
method suffices. Nevertheless, on attempting to deduce a value for the ab- 
sorption coefficient & in the above expressions, the values of the fractional 
transmissions are not found to yield a constant which is independent of thick- 
ness, as should be the case from the expression. Lindholm! states that Beer’s 
law holds true for the infra-red absorption of benzene and solutions of benzene 
in carbon disulphide and carbon tetrachloride, although the law is not generally 
applicable to all aqueous solutions nor to gaseous mixtures. 

Incidentally, it may be mentioned that unpublished work by the author 
shows that the determination, with a reasonable degree of precision, of the 
absorption coefficient of a liquid such as water, benzene or heptane, in the 
short infra-red region is one of the greatest difficulty, owing to the enormous 
heating effect, due to the large physical absorption, which occurs in an ex- 
tremely thin layer on the exposed side of the liquid. In fact, the only satis- 
factory mode of working is to renew the liquid rapidly during exposure. This 
matter of temperature control? would appear to be of greater account in the 
“differential method” of observation than in the method used by Coblentz, 
because, in the former case, one compares two cells of different thickness and 
therefore of different heat capacity which would give rise to different temper- 
atures in the two cells and hence to transmission intensities which are not truly 
comparable. Coblentz, on the other hand, could utilize this effect in main- 
taining such a body as phenol as a liquid during a complete examination from 
1» to 7 » whilst at the same time obtaining transmission data for the phenol, 
which was at approximately the same temperature throughout. 

We are now in a position to give a definite practical method for determining 
the absorption spectrum of any body. Let us assume, for convenience, that 


1 Ark. Mat. Astron. Fysik, 7, 1 (1924). See Dreisch, Z. Physik, 30, 200 (1924). 
2 Robertson and Fox, Nature, 119, 818 (1927). 
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we wish to plot the absorption spectrum of nitrobenzene, using a radiometer 
as measuring instrument. First, two cells are constructed which are virtually 
small boxes possessing quartz windows having an inlet and outlet through 
which the liquid passes continuously during the examination. The distance 
between the windows in each cell gives the thickness of the cell, that is, the 
thickness of the layer of liquid examined. The cells are mounted on a carrier 
immediately in front of the radiometer window. By means of suitable stops 
the cells may be brought in turn before the window in exactly the same position 
throughout the run. With the cells in this position, the light passing through 
them is practically monochromatic, having already passed through the spec- 
trometer. The heating effect is thereby greatly reduced from what it would 
have been had the cells been exposed to the full radiation of the source before 
being analyzed by passing through the spectrometer. 


It must be noted that the sensitivity of the receiving instruments previously mentioned 
is so great that it is imperative for precise observation to take readings at a distance of about 
eight feet from the apparatus, preferably enclosing the instruments in a small room with an 
observation window, or taking observations through a large glass screen as a precaution 
against the heating effect of the body. 


The source of radiation is separated from the spectrometer by a water- 
cooled shutter which can be raised when required by means of a cord running 
to the observer behind the screen. The deflections of the radiometer are taken 
by observing, with an illuminated scale and telescope, also behind the screen 
away from the instruments, the reflection of the scale in the mirror in the radi- 
ometer. The prism is then set at a certain wave-length and the deflection for 
one cell observed by noting the zero of the radiometer through the telescope, 
raising the shutter and thereby exposing the cell, and noting the maximum 
deflection obtained. This is repeated three or four times. The cells are then 
interchanged by sliding the carrier along, and the process repeated for the 
second cell at the same wave-length. The ratio of the mean of these readings 
gives the fractional transmission at that wave-length. By repeating these 
observations at frequent intervals throughout the region to be examined, a 
series of transmissions are obtained which, on plotting graphically against wave- 
length, gives a transmission curve or, what is almost identical, an absorption 
curve. A typical example is shown in the graph in Fig. 2. The curve is for a 
layer of net thickness 0.2686 cm. of nitrobenzene from 0.8 u to 3.4u. From 
the curve, one observes that nitrobenzene absorbs to differing extents at posi- 
tions 1.0 yu, 1.4 yu, 1.7 yu, 2.8m and 3.25 py. 

The question naturally arises as to what is the cause, and what the mecha- 
nism of such absorption? It was with a view towards the elucidation of this 
problem that Coblentz made his extensive investigations into infra-red ab- 
sorption spectra. Having pointed out that emission spectra generally imply 
a high temperature and therefore an uncertainty of the composition or con- 
stitution of the radiator, the absorption spectra as ordinarily measured at 
room temperatures will correspond to a constitution of which we have full 
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knowledge. Although, in gases, the molecules have a greater free space in 
which to vibrate, yet, even in highly complex organic bodies, it is possible 
for single groups of atoms in the 
molecule to exhibit the natural fre- 
quencies which they would have in 
simpler bodies. 6 

With this end in view Coblentz 
examined the absorption spectra of 
over 130 organic compounds up to 
15 uw. They include solids, liquids 
and gases and belong to all the prin- 
cipal groups of organic compounds. 
The work of previous investigators,} 
which need not be considered here, 
was repeated and extended, whilst 
corrections were made where 
obvious errors had occurred. 

From a study of isomeric as op- 
posed to stereoisomeric compounds, 


on 


Percentage Transmission 


w 
S 


Coblentz showed that the arrange- __tWavelength 2 aos 
ment of atoms in the mole cules, that als al Thickness=0.2686 cm. 
is, the structure of the molecules, Fie. 2 


has a great influence on the absorp- 

tion, in contrast to the spatial configuration which has no effect. Thus, 
dextro and levo-pinene have identical spectra. Various subgroups were found 
to have particular bands, for example, the amino and methyl groups at 2.96 u 
end 3.48 w respectively. The occurrence of harmonics in the band positions of 
various compounds was pointed out. Thus, in bodies exhibiting the effects of 
a methyl group, maximum absorption occurs at 0.84 uw, 1.70 w, 3.43 uw, 6.8 uw, and 
13.6 uw. The effect of the ortho, meta and para disubstitution of benzene was 
studied, showing the dissymmetry of the ortho compounds and increased 
symmetry up to para. compounds, by a larger shifting of the head of the 
benzene band at 3.25 w towards the longer wave-length by the former than 
by the latter. 

Coblentz finally concluded that the source of absorption bands in the infra- 
red is a “nucleus” or “ion”? within the molecule, but refrains from identifying 
definitely between any certain group and the ‘‘ion.”” The more recent ad- 
vances made on the constitution of the atom and the molecule have led to the 
observation that the atoms within the molecule are the cause of infra-red 
absorption, whilst the electrons in the atoms are revealed only in the ultra- 
violet region. 

1 Angstrom, Ofversigt. af. Kon. Akad. Forhandl. Stockholm, Nr. 7 (1890). Julius, Verhl. 
Kon. Akad. Amsterdam (1892). Paschen, Ann. Physik, 53, 336 (1894). Kriss, Z. physik. 


Chem., 2, 372 (1888), zbid., 18, 559 (1895). Ransohoff, Diss. Berlin (1896). Rubens and 
Aschkinass (inter alia), Ann. Physik, 64, 584 (1898). Puccianti, Nuov. Cim., 11, 241 (1900). 
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The ideas set afoot by Coblentz’s work have been greatly advanced recently 
in the hands of Henri! and Baly,? working independently on the problem of 
absorption spectra and chemical reactivity. Whereas, in Coblentz’s work, 
the spectra were restricted to the infra-red only, Henri and Baly have extended 
the relations to absorption in the visible and ultra-violet regions. From a 
study of 240 bodies, chiefly organic, Henri shows that it is possible to obtain 
some idea of the mechanism of molecular structure from a study of absorption 
spectra. He claims to have shown that there is a strict relationship between 
the positions of absorption in the ultra-violet and infra-red regions, namely, 
that the former are integral sub-multiples of some fixed infra-red wave-length 
in the absorption spectrum of that body; where there is more than one infra-red 
band, the ultra-violet bands are the same integral submultiples of them. From 
this he concludes that the molecule is composed of vibrators varying in size 
from that of the electron to that of the molecule as a whole and that their 
separate motions are interdependent in much the same manner as the wheels 
of a clock depend one upon the other. Such a view of the molecule offers a 
reasonable explanation of the mechanism of physical absorption whereby a 
body becomes heated. Any absorption which does not go towards producing 
chemical reaction provokes within the molecule movements of other vibrators 
at a lower frequency. This will proceed until the final vibration corresponds 
with the far infra-red frequencies, and it is these vibrations which heat the body. 

From these conclusions, Henri proceeds to demonstrate with remarkable 
accuracy how it is possible to calculate the absorption spectra from a knowl- 
edge of the constitution of a body and vice versa; he finally concludes that the 
stability of a body may be measured by the energy necessary to decompose a _ 
molecule, which energy may be measured from the absorption of the body. 

Whereas Henri arrived at these conclusions from a purely practical point 
of view, Baly attempted a more theoretical theory of absorption, fluorescence 
and phosphorescence, with much the same results. The theory ‘is developed 
along two lines. First, the electromagnetic fields surrounding the atom, as 
used by Humphreys to explain the Zeeman and pressure-shift effects, are 
applied to molecules. The separate existence of such atoms in the molecule 
must be metastable and the electromagnetic force fields will condense with the 
escape of energy. A molecule in which the atomic fields are fully condensed 
will be extremely stable and show no reactivity. Such closed fields can be 
opened to promote reaction either by other molecules possessing residual 
affinity, that is, only partially closed fields, such as solvents, or by the action 
of light which is selectively absorbed. Obviously, there will be definite equi- 
libria between the closed fields of the molecule and the partially closed ones 
of the solvent. Such stages will be characterized by a definite absorption. 
The light absorbed is emitted sometimes as infra-red and at other times as 
visible or ultra-violet, when fluorescence or phosphorescence is manifested. 
These latter, therefore, mean energy emission at a frequency also characteristic 


1 Photochimie, 1919. 
2 Astrophys. J., 42, (1) 4 (1915). 
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of the molecular system. Experimental proof is afforded by the existence of 
intermediate stages in chemical reactions, by the variation of absorption with 
progressive dilution and by the fact that the fluorescence emission of certain 
organic compounds in one solvent has the same frequency as the light absorbed 
by the same compound in a different solvent. 

Combining these observations with the work of Bjerrum! on rotational 
frequencies, Baly deduces the integral relationships also found by Henri and 
shows, too, that the absorption spectra may be calculated from the molecular 
frequencies which, according to Bjerrum, may be obtained directly from the 
moment of inertia of the molecule. The conclusions of Baly would therefore 
seem to be more theoretical than those of Henri, though the practical con- 
firmation of the theory in the latter case would also confirm Baly’s views.® 

The study of infra-red absorption in organic compounds has been furthered 
along lines similar to those which Coblentz used, by a number of investigators.‘ 
An interesting use of infra-red absorption study was made by van der Lingren 5 
to demonstrate that the bonding of the atoms in the radicals of organic bodies 
in the mesomorphic state is the same as in normal radicals. 

The extensive investigations of Bonino * and his co-workers attempting to 
correlate maximum molecular absorption coefficients in the infra-red with the 
number of hydrogen atoms in the molecules of members of an homologous 
series, are somewhat opposed to Coblentz’s earlier conclusions. Bonino shows 
that the band at 3.43 uw previously considered as due to the methyl group is in 
reality due to a carbon-hydrogen linkage, the intensity but not the position of 
the band depending on the number of hydrogen atoms attached to the carbon. 
A similar treatment holds for a carbon-hydroxyl grouping, the work of Le- 
comte 7 to the contrary being repeated and shown to be in error. 

The work of Ellis * and of Dennison ® still further verifies the suggestions of 
Bonino and offers a definite picture of molecular structure. Assuming for 
example that methane in the normal state consists of four hydrogen nuclei 


1Z. Elektrochem., 17, 731 (1911); 18, 101 (1912). 

2 Eucken, Verh. deut. physik. Ges., 15, 1159 (1913). von Bahr, zbid., 15, 731, 1154 (1913). 

3 Stang, Phys. Rev., 9, 542 (1917); Marsh, Phil. Mag., (6) 49, 971, 1206, 1216 (1925). 

4List of absorption spectra of organic compounds: Dobbie, Baly and Stewart, Brit. 
Assoc. Report, 131 (1916); J. Chem. Soc., 112, 435 (1917); Westphal, Naturwissenschaften, 2, 
621 (1914); McDowell, Phys. Rev., 26, 155 (1925); Marton, Z. physik. Chem., 117, 97 (1925) ; 
Capper and Marsh, J. Chem. Soc., 129, 724 (1926); Smith and Boord, J. Am. Chem. Soc., 
48, 1512 (1926); Ross, Proc. Roy. Soc., 113A, 208 (1926); Herzog and Laski, Z. physik. Chem., 
121, 136 (1926); Meyer and Levin, Proc. Nat. Acad. Sci., 13, 298 (1927); Daniels, J. Am. 
Chem. Soc., 47, 2856 (1925) ; 49, 50 (1927) ; Weniger, Phys. Rev., 31, 388 (1910). 

5 J. Franklin Inst., 192, 511 (1921). 

6 Gazz. chim. ital., 55, 335, 341, 576 (1925); 56, 278, 286, 292, 296 (1926). See also 
Dreisch, Z. wiss. Phot., 23, 102 (1924). 

7 Compt. rend., 180, 825, 1481 (1925); 183, 27 (1926). 

8 Phys. Rev., 27, 298 (1926); Proc. Nat. Acad. Sci., 13, 202 (1927). 

9 Astrophys. J., 62, 84 (1925); Phil. Mag., 1, 195 (1926) ; Phys. Rev., 31, 503 (1928). See 
also J. Barnes and Fulweiler, J. Am. Chem. Soc., 50, 1033 (1928) ; Levin and Meyer, J. Optical 
Soc. Am., 16, 187 (1928). 
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situated at the corners of a regular tetrahedron! with a carbon nucleus at the 
center and that following an infinitesimal displacement, potential energy is 
built up depending on the square of the displacement along lines between the 
nuclei, four normal frequencies are calculable which agree remarkably with the 
data of Cooley on methane absorption. Furthermore, from a study of electric 
moments, the relative intensities of these four bands are predictable with 
accuracy. 

The same type of investigation has been pursued in an elucidation of the 
structure of organic nitrogen compounds. The studies of Ellis* and Bell * 
are notable, although many other investigators * have partly covered the same 
field. 'The whole question of infra-red analysis of molecular structure has been 
recently considered by Rawlins in a book under that title.® 

An interesting result in this connection is the observation by H. 8. Taylor 
and Hill” that the aliphatic hydrocarbons, methane excepted, are all decom- 
posed when photosensitized by mercury vapor. The stability of methane is 
noteworthy. If it is argued that the C—H bond is alike in all the members of 
the series, the above observation is without explanation. The position of the 
infra-red absorption band shifts towards the longer wave-lengths as the series 
is ascended. Thus from Coblentz’s earlier data we have for CH4, 3.31 yp; 
for CoHe, 3.389 uw; CaHio, 3.42 uw; CeHus, 3.43 uw and the value 3.43 uw remains 
fixed up to and including C2sHs9. That the C-H bond in methane should be 
more stable seems reasonable on that basis.® 

A further example of the work done in the short infra-red region is that 
due to H. C. Jones ® and co-workers, which comprises an examination of the 
infra-red absorption coefficients of a number of inorganic salts in various 
solvents. The investigation bore in a general manner on the concept of solu- 
tion and the theory of solvation advanced by Jones. The region covered in 
the investigation was from 0.6 4 to 1.8. Determinations were made of the 
absorption of water and five simple alcohols as solvents, and salts of cobalt, 
nickel, iron and chromium in those solvents, as solutions, using a grating 
spectrometer and radiomicrometer. The similarity of position of maxima and 
minima in the curves of the solvents was pointed out and likewise the magnitude 
of the absorption coefficients. The molecular absorption coefficients of solu- 
tions of varying concentration were measured and plotted against wave-length 

1J. K. Morse, Proc. Nat. Acad. Sci., 14, 166 (1928). 

2 Astrophys. J., 62, 73 (1925). 

3 J. Optical Soc. Am., 8, 1 (1924); Phys. Rev., 23, 48 (1924); 28, 25 (1926); J. Am. Chem. 
Soc., 49, 347 (1927); 50, 685, 2113 (1928). 

4J. Am. Chem. Soc., 47, 2192, 2811, 3039 (1925); 48, 813, 818 (1926); 49, 1837 (1927); 
50, 2940 (1928); Ber., 60B, 1749 (1927); 61B, 1918 (1928). 

'Spence, Astrophys. J., 39, 243 (1914); Stang, Phys. Rev., 9, 542 (1917); Salant, Proc. 
Nat. Acad. Sci., 12, 74 (1926); Stinchcomb and Barker, Phys. Rev., 29, 213, 923 (1927); 
Badger, Nature, 121, 942 (1928). 

6 Macmillan Co., New York, 1929. 

7J. Am. Chem. Soc., 51, 2922 (1929). 

8 Ellis, Phys. Rev., 33, 27 (1929). 

° Hulbert and Hutchinson, Carnegie Inst, Washington, No, 260 (1918). 
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and also against concentration. It was found, qualitatively, that, in general, 
the molecular absorption coefficient is not a constant as would be necessary 
from Beer’s law, but varies with the dilution, in some cases increasing and in 
others decreasing on dilution. The deviations are comparatively small except 
at certain points in the spectra near a solvent band head, but no quantitative 
explanation is offered beyond the general hypothesis of solvent complex or 
solvate formation, which, in fact, would nullify their original assumption that 
the absorption coefficient was made up of that of the solvent and that of the 
solute as such. There remains the possibility, however, that Jones was finding 
the same difficulty as that experienced by the author mentioned previously, 
namely, that the apparent absorption coefficient, as directly measured by the 
instrument employed, is not a constant but depends on the thickness used 
(a point apparently peculiar to the radiomicrometer); the results would not 
then be comparable between different solvents, even using the same thickness 
of solution throughout, as was actually the case. Nevertheless, the data 
collected may be useful and would probably repay the time spent in an attempt 
to elucidate an explanation. 

The general study of infra-red absorption by inorganic substances both 
alone and in solution has been carried on by a number of workers! and the 
data in isolated cases are quite extensive. One particular branch in which such 
study has proved useful is in the determination of the composition and structure 
of various colored glasses by comparison of the infra-red absorption of the 
glass and of the coloring salt in aqueous solution. A similarity, in general, 
appears so that the compound in the glass may be identified from its absorption 
spectrum.” 

Schaefer and Schubert * whilst examining the reflection, as opposed to the 
absorption spectra, of various solid carbonates and sulphates up to 20 yw, find 
that the infra-red properties of these bodies may be deduced from their optical 
behavior in the visible and, since such properties as dispersion and double 
refraction depend only on the electronic vibrations and therefore on the ultra- 
violet frequencies, they conclude that there must exist some relation between 
the infra-red and ultra-violet. 

Such relations between ultra-violet and infra-red would seem to imply some 
connection between the electronic, atomic and molecular vibrations and rota- 


1 Dreisch, Z. Physik, 30, 200 (1924); Houston, Proc. Roy. Soc. Edin., 31, 521, 538 (1911); 
Coblentz, Bull. Bur. Stands., 7, 619 (1911); Hulbert and Hutchinson, J. Phys. Chem., 21, 
534 (1917); Grantham, Phys. Rev., 18, 339 (1921); Reinkober, Z. Physik, 5, 192 (1921); 305 
179 (1926); Collins, Phys. Rev., 20, 486 (1922); Plyler, J. Optical Soc. Am., 9, 545 (1924); 
Pfund, 8th Int. Congr. Appl. Chem., 20, 279; Rawlins, A. M. Taylor and Rideal, Z. Physik, 
39, 660 (1926) ; Narayan and Gunnaya, Proc. Indian Assoc. Cult. Sci., 7, 15 (1924); 9, 1 (1924) ; 
Ingersoll, Astrophys. J., 32, 265 (1910); Nielsen, Phys. Rev., 32, 773 (1928); Hettner and 
Simon, Z. physik. Chem., B, 1, 293 (1928); A. M. Taylor, Phil. Mag., (7), 6, 88 (1928). 

2A. W. Smith and Sheard, J. Optical Soc. Am., 2, 26 (1919); J. Soc. Glass Tec., 3, 253 
(1919); Grantham, Phys. Rev., 16, 565 (1920); Rosengarten, Phys. Rev., 13, 173 (1920); 
Liana, Compt. rend., 180, 578 (1925); Dreisch, Z. Physik, 40, 714 (1927). 

3 Ann. Physik, 50, 283 (1916). 
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tions, as would also be the case from the semi-empirical relation due to Haber.* 
His relation connects the characteristic infra-red frequency, v,, that is, the 
frequency of the residual ray which is capable of accounting for the specific 
heat of the substance, and the characteristic ultra-violet frequency v» which 
corresponds with the maximum of the selective photoelectric effect, in the 


following way: 
V/V» = VM/m, 


where m is the mass of the electron and M is the molecular weight of the sub- 
stance. A discussion as to the significance of M is given by Lewis ?; in general, 
good agreement is to be found between the results experimentally observed 
and those calculated from the above expression. 

So far, we have dealt only with the causes and results of absorption in the 
near infra-red. Mention has already been made of the residual ray method of 
Rubens for finding the absorption of bodies in the far infra-red, and a rough 
outline of the method given. The original papers* should be consulted to 
obtain some idea of the extent and thoroughness of the work. To take but 
one example, quartz was found to absorb, amongst other positions, at 8.85 wu 
and 20.75 yu. The question again arises, how are we to account for these 
positions from the point of view of the constitution of the quartz molecule? 
The answer may be best given by an example due to Campbell. Assuming the 
validity of the electronic theory of dispersion, it may be shown that the electrons 
are not the only charged systems in a medium which, under the action of 
elastic forces, have free periods capable of affecting the refractive index; there 
are also the atoms and molecules containing these electrons. On displacement 
of an electron, such systems become positively charged and come under the 
influence of forces due to the neighboring molecules, possibly causing them to 
vibrate with periods approximately the same as that of light. Making due 
allowance for such possible changes, it is found that agreement between experi- 
mentally determined infra-red frequencies and those calculated on the above 
basis is only rendered possible by ascribing to the molecule under considera- 
tion a definite constitution. Thus, on the simple basis of the theory, it may 
be shown that 
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where N,, is the number of electrons of mass mo» and charge e in unit volume, 
having a free period corresponding to Az, c is the velocity of light in vacuo and 
B is a constant measurable experimentally for each wave-length dy, Ao, As °° * Nn 
Assuming now that, together with the electrons, a part of the molecule is also 
1 Haber, Verh. dewt. physik. Ges., 13, 1117 (1911); See Birge and Hopfield, Phys. Rev., 
30, 365 (1927). 
2J. Chem. Soc., 111, 1086 (1917). 


3 Inter alia, Rubens and Aschkinass, Ann. Physik, 65, 241 (1898). Rubens and Wood, 
Phil. Mag., 21, 249 (1911). 
4Campbell, Modern Electrical Theory, 2d Ed., pp. 46-48. 
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capable of vibrations corresponding to A», we must replace N, by N the number 
of molecules per unit volume, e by ke where k is an integer and my by Wm where 
W is the molecular weight of that part of the molecule which is capable of 
vibrating and m is the mass of the hydrogen atom (taking hydrogen as the 
basis of atomic weight). Hence, 


Rubens found, for quartz, that the values of B, corresponding to the absorp- 
tion wave-lengths 8.85 uw and 20.75 mu were 


JB ee ARS SK Ire and ‘Bs = 5.930) < 10=* 
when 
MES LS XO een, Ney = SAO SK UO iain 


Substituting in the above expression we obtain: 
W = Fk? X 1.68 and W = k? X 4.05. 


If we put k = 4 and 2 respectively in these equations, we get W = 27 and 16 
approximately. However, since the atomic weights of silicon and oxygen are 
28 and 16, it is reasonable to infer that the infra-red frequencies corresponding 
to the wave-lengths observed are due to (a) an atom of silicon carrying four 
electrons and (6) an atom of oxygen carrying two electrons. Thus, with the 
aid of present electronic theories, we are able to ascribe each definite absorp- 
tion frequency to the vibration of a definite arrangement within the molecule, 
which is of great assistance in the elucidation of constitution.! 

The practical investigations in this direction have been carried out to a 
large extent by a study of reflection spectra both in the near and far infra-red. 
The technique of such work is similar to that for absorption spectra but is 
capable of being used more easily in the cases of solid materials. The work of 
Schaefer and Schubert mentioned previously is typical of this class. The 
reflection spectra of a number of solid carbonates, sulphates, nitrates, silicates, 
selenates, chromates, chlorates, bromates, iodates and sulphides led to the 
same general results as were obtained from absorption studies, namely that the 
bands were compounded of fundamental oscillations of the metal and ion, 
each particular ion possessing its own characteristic frequency and exhibiting 
this regardless of the metal with which it may be combined.2 Numerous other 
workers * have examined special cases, such as calcite and aragonite, in detail 
too great to enter into here. 

1 See also, Eucken, Jahrb. f. Rad. u. Elektronik, 17, 361 (1920). 

2 Schaefer and Schubert, Ann. Physik, 50, 283 (1916); 55, 577 (1918); Z. Physik, 7, 297, 
309, 313 (1921); Z. tech. Physik, 3, 201 (1922). 

3 Nyswander, Phys. Rev., 28, 291 (1926); Kock, Ark. Mat. Astron. Fysik, 7, 1 (1924); 
Schaefer, Bormuth and Matossi, Z. Physik, 39, 648 (1926); Breiger, Ann. Physik, 57, 287 
(1918); K. Angstrom, Phys. Rev., 3, 137 (1896); Gehrts, Ann. Physik, 47, 1059 (1915); 
Paschen, Ann. Physik, 26, 120 (1908); 35, 1005 (1911); 41, 670 (1913) ; Pfund, Astrophys. J., 


1540 A TREATISE ON PHYSICAL CHEMISTRY 


A study of infra-red emission spectra has recently been made in connection 
with flame and the explosive properties of various gases, there being found a 
marked change in the emission with only slight changes in the gas mixtures.’ 


Errect oF TEMPERATURE ON ABSORPTION 


Coblentz (loc. cit.) finds in his investigations of the infra-red absorption 
spectra that, for a rise of 10 or 15° C., the effect on the absorption is practically 
negligible, but notices that there may be a slight shift of the head of the band 
towards the longer wave-lengths. Grantham ? studying the effect of temper- 
ature on the absorption of certain colored glasses, over the range 80-300° C., 
finds that, as the temperature rises, the absorption decreases slightly in the 
region of an absorption band and causes a shift of the transmission band 
towards the longer wave-lengths; the shift is greater on the more refrangible 
side of the band. 

Reinkober ? arrives at the same conclusions from a study of the selective 
reflection of ammonium salts in the infra-red, over the temperature range 
— 175° C. to 120° C. He finds that decreasing the temperature gives an 
increase in the reflection intensity (which is equivalent to an increase in the 
absorption) and that the selective bands become sharper and shift towards 
the shorter wave-lengths. The effect is not very large considering the temper- 
ature range, but is sufficiently marked to be determinable accurately. A 
similar shift was observed by Crandall‘ in the reflection spectra of some sul- 
phides at liquid air temperature. 

A more detailed study of the temperature effect on absorption is due to 
von Bahr.’ The absorptions of CO, N20, COz and CH, were studied at room 
temperature and at 170° C. showing that a rise in temperature had a damping 
effect on the absorptive particles which was probably not due to molecular 
collisions. The effect of an increase of pressure on the absorption by the gases 
was studied as a comparison with the increase of temperature and the increase 
of molecular collisions. 

This definite temperature effect must not be confused with that previously 
mentioned, where a difference in temperature was giving rise to fictitious 
24, 19 (1906); Proc. Nat. Acad. Sci., 11, 53 (1925); Nichols and Day, Phys. Rev., 27, 225 
(1908); Trowbridge and Spence, Phys. Rev., 31, 61 (1910); Eckert, Ber. physik. Ges., 15, 
307 (1913); Forsterling and Freedericksz, Ann. Physik, 40, 201 (1913); Plyler, Science, 65, 
578 (1927) ; Phys. Rev., 28, 284 (1926); Rubens, Ann. Physik, 26, 619 (1908) ; Sitzb. kgl. preuss. 
Akad., 45 (1910); 513 (1913); Rubens and von Wartenberg, Ber. physik. Ges., 13, 796 (1931); 
Sitzb. kgl. preuss. Akad., 169 (1916); J. Chem. Soc., 106, 236 (1914); Rubens and Hollnagel, 
Ber. physik. Ges., 12, 83 (1910); Laski, Z. Krist., 65, 607 (1927). 

1 Garner and C, H. Johnson, Phil. Mag., (7) 3, 97 (1927). See also, A. H. Poetker, Phys. 
Rev., 30, 418, 812 (1927); C. R. Bailey and K. H. Lih, J. Chem. Soc., 51 (1929); Trans. Faraday 
Soc., 25, 29 (1929); Allibone, Proc. Roy. Soc., 112A, 196 (1926). 

2 Phys. Rev., 16, 565 (1920); Rosengarten, Phys. Rev., 13, 173 (1920). 

3 Z. Physik, 3, 318 (1920); Pfund, J. Optical Soc. Am., 15, 69 (1927). 

4 Phys. Rev., 2, 343 (1913); Reinkober and Kipcke, Z. Physik, 48, 205 (1928); A. Hi. 
Pfund, J. Optical Soc. Am., 15, 69 (1927). 

5 Ann. Physik, 38, 206 (1912). 
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readings in the transmission values, although the above true effect would also 
be entering in as well. 


GENERAL CONSIDERATIONS ON BAND SPECTRA 


The striking success which the quantum theory has had in all branches of 
physics, particularly in the hands of Einstein and Bohr in an explanation of 
atomic spectra, has led within the last ten years to attempted treatments of 
the band spectra which so frequently occur in the infra-red, especially in the 
absorption spectra of gases. It would be impossible here, to enter into all the 
details of such attempts. Suffice that the broader outlines of the present day 
views are presented so that the material of the numerous references quoted may 
become intelligible to the reader. 

It has already been pointed out that the absorption spectra of many gases 
in the infra-red exhibit a series of bands occurring at somewhat definite intervals 
over large ranges. These series of bands which are found to occur not only in 
the short wave region but also in the far infra-red, have a complexity which 
prohibited substantial progress towards a satisfactory explanation until ten 
or fifteen years ago. Some of the earlier tentative suggestions have already 
been mentioned, though no quantitative treatment on the basis of these is 
possible. 

Rotation Bands: The primary difficulty was in the decision of what caused 
such spectra in the emitting or absorbing materials. The later belief that band 
spectra are the characteristic of molecules containing at least two atoms was 
the starting point for a quantitative treatment. In 1904 Drude! concluded 
that the near infra-red spectra must be due to electrically charged atoms and 
molecules rather than to electronic vibrations within the atoms. In 1912 
Bjerrum ? indicated that the magnitude of bands in the far infra-red suggested 
molecular rotations, whilst in the short infra-red, a compounding of molecular 
rotations and molecular vibrations would account satisfactorily. 

The basis of a quantitative treatment along such lines may be traced to 
Rayleigh. He pointed out that classical electromagnetic theory would require 
that if an oscillator which at rest emits and absorbs light of frequency vo is 
caused to rotate with a frequency v, about an axis perpendicular to the line 
of vibration, it should emit and absorb also the frequencies yo + vy, and 
Yo —v, It is to be expected then that the absorption band would have a 
doublet structure. The data of Burmeister* and von Bahr® exhibit this 
predicted doublet in the case of HCl, HBr, and CO at 3.5 y, 3.9 u and 4.6 b 
respectively.6 The data of Burmeister for CO are shown diagrammatically 
in Fig. 3. 

1 Ann. Physik, 14, 677 (1904). 

2 Nernst Festschrift, p. 90 (1912); Ber. deut. physik. Ges., 16, 640 (1914); Verh. deut. phystk. 
Ges., 16, 737 (1916); J. Chem. Soc., 110, 505 (1916). 

3 Phil. Mag., (5) 34, 410 (1892). 

4 Verh. deut. physik. Ges., 15, 589 (1913). 

5 Verh. deut. physik. Ges., 15, 710, 731 (1913); Ann. Physik, 33, 585 (1910). 

6 Kemble, Phys. Rev., 8, 701 (1916); 15, 95 (1920). 
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The energy of rotation of a molecule may be measured in terms of the mo- 
ment of inertia and the rotational frequency. It is possible to calculate there- 
fore, from the separation of the maxima of the absorption doublets in the above 
examples, the moments of inertia of those molecules. The results so obtained 
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seem highly plausible. Again, since the energy of rotation is directly propor- 
tional to the absolute temperature, the frequency of rotation should vary as 
the square root of the absolute temperature. The above doublet separation 
then, should so vary also. von Bahr! and Spence and Holley? have shown 
that the two heads of the doublet band alter their relative positions with a 
change in temperature as predicted. Finally, the difference between the 
frequencies of the doublet should be twice the value of the pure rotation fre- 
quency on the Rayleigh view. Examining the meagre data in the far infra-red, 
von Bahr was again able to show evidence in favor of the theoretical prediction. 

Such theoretical ideas with their experimental confirmation were not to be 
long lived. The absorption bands in the infra-red were shown to be in reality 
much more complex than mere doublets. Further resolution of the spectra 
showed them to consist of numerous lines closely packed together and grouped 
more or less symmetrically around a central frequency, which however was 
apparently absent. Such resolution was first obtained for the 6.3 uw band of 
water vapor by von Bahr and later also for the 3.5 uw band of hydrogen chloride. 
More recent work by Brinsmade and Kemble,’ by Imes‘ and again by Schaefer 

1Zoc. cit. 

2 J. Optical Soc. Am., 7, 169 (1923). 


3 Proc. Nat. Acad. Sct., 3, 420 (1917); Kemble and Bourgin, Nature, 117, 789 (1926). 
4 Astrophys. J., 50, 251 (1919). 


INFRA-RED RADIATION IN CHEMICAL PROCESSES 1543 


and Thomas ! has given us the fine structure of the two HCl bands (see Figure 
4) and the fundamental bands of HBr and HF, in extended detail. By raising 
the temperature of HCl gas to 300° C. in order to increase the rotational energy 
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of the molecules, Colby, Meyer and Bronk? were able still further to extend 
the data on the absorption bands. There seems every reason to believe there- 
fore that all gaseous band spectra would be similarly resolved into fine lines if 
sufficient resolution were experimentally possible. This fact, namely, that 
continuous bands do not appear in the spectra of gases, is of fundamental 
importance in the rejection of the classical treatment which would require a 
broadening of the spectral lines due to molecular rotations. The discontinuity 
of the spectra itself was suggestive of a quantum treatment, which suggestion 
was quickly forthcoming from Nernst * and from Lorentz.’ Bjerrum 5 there- 
fore identified the frequency of the radiation absorbed with the actual frequency 
of rotation of the molecule, quantizing such motion by merely setting the energy 
equal to an integral multiple of Planck’s constant. Such a mode of treating 
an oscillator, while in agreement with Planck’s original concepts, is totally at 
variance with the Bohr form of the quantum theory. The Bohr treatment was 


1%. Physik, 12, 330 (1922); Bourgin, Phys. Rev., 29, 794 (1927); Badger, Proc. Nat. 


Acad, Sct., 13, 408 (1927). 
2 Astrophys. J., 53, 300 (1921); 57, 7 (1923); Becker, Z. Physik, 34, 255 (1925). 


3 Z. Electrochem., 17, 265 (1911). 
4 First Soluay Conference, p. 447 (1912). 
5 Loc. ct. 
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as yet in its infancy however and its application to rotation spectra only ap- 
peared at a later date. 

On the Bjerrum view the energy of rotation could be expressed in two ways 
which were equivalent, yielding: 


31 (2rv,)? = mhv, 
or 
mh 


ne Qn°I’ 

where J is the moment of inertia of the molecule, h is Planck’s constant, v, 
is the rotational frequency and m takes on values 0, 1, 2, 3, ---, etc. A later 
expression set the energy equal to an integral number of half-quanta 3hr,, 
since the rotational energy is kinetic only, yielding: 


v, = mh/4n°l. 
Combining this with the Rayleigh expression 
Vp = Vo + P;, 


a series of absorption frequencies are obtained which are in general agreement 
with experimental observations. Furthermore, a calculation of the moment 
of inertia on the basis of the above expression from a measurement of the spacing 
of the absorption lines yields a value which is in agreement with other modes of 
calculation. 

Electronic and Vibrational Bands: Mention has been made so far only of 
band spectra as they appear in the near and extreme infra-red. Band spectra 
appear also however in the visible and ultra-violet and, as Birge! has pointed 
out, there seems no essential difference in structure between them. ‘There are 
apparently then three classes into which band spectra may be divided. First 
there are the rotation bands involving, according to Bjerrum, the rotational 
frequencies of the molecules; secondly, the vibration-rotation bands involving 
both vibrational and rotational frequencies and finally electronic bands in 
which are compounded the electronic frequencies with the others. In general, 
in absorption spectra, each class lies in a well defined region of the spectrum 
namely, the extreme infra-red, the near infra-red and the ultra-violet, re- 
spectively. In electronic emission, however, where the energy levels lie close 
together and frequencies are low, the bands may extend down into the infra-red 
and overlap the vibration-rotation bands causing some confusion in an attempt 
at theoretical analysis. 

The application of Bjerrum’s theory to electronic bands is due to Heur- 
linger.? The lines of a typical electronic band differ from those of the infra-red 
bands in that they are not equally spaced but converge towards a head in such 


1 Astrophys. J., 55, 273 (1922). 
2 Arkw, Mat, Astron. Fysik., 12, 1 (1917). 
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a way that, numbering the lines from the head, the frequencies fit an equation 
of the type! 


y=», + CM’, 


where »; is the frequency of the head, C is a constant characteristic of the band 
and M takes on successive integral values. Heurlinger, treating the moment 
of inertia of the molecule as a variable, deduces, on the basis of Bjerrum’s work, 
an equation of the form 


p= YotoM + coo.M?+>--, 


which is remarkably similar to the above equation. Depending on the value 
of cz the equation may be fitted either to the electronic bands or to the infra-red 
bands for, when cy is small, the lines will be nearly equidistant in the neighbor- 
hood of vo, a state which holds in the infra-red bands, and, when c2 is large, the 
lines of one of the branches will crowd together and eventually turn back on 
itself forming a head as in the electronic bands. 

Despite this apparent success of the Bjerrum treatment its abandonment is 
now practically complete,? having given way to the Bohr quantum concepts 
which had proved so successful in the treatment of line spectra. One experi- 
mental fact deciding against the Bjerrum theory lies in the relation between the 
frequencies of the centers of the harmonics of vibrational bands. The first 
harmonic of the 3.4637 uw band of HCl should appear according to Bjerrum at 
3.4637/2 or 1.7319 uw. The center is actually observed at 1.7646 u a displace- 
ment of 0.0327 uw towards the long wave side. The Bohr theory has been able 
to account for this displacement. The striking success of the Bjerrum treat- 
ment in the interpretation of many experimental facts is no doubt due to the 
intimate relation between classical and quantum theory. The exactness of 
classical theory in the extreme case and its approximate nature in the average 
case is, in fact, the basic idea of Bohr’s correspondence principle. It is natural 
therefore that the Bohr treatment should prove more exact. 

The application of the earlier treatment by Bohr of line spectra to band 
spectra is due principally to Schwarzschild* and Lenz. The fundamental 
Bohr concept of quantization is in its application to angular momentum rather 
than to energy, as in Bjerrum’s theory. According to Bohr, there exists no 
necessary relation between the frequency of a spectral line and the frequency 
of rotation of an electron in an orbit in a given stationary state. The spectral 
line appears solely as the result of a jump from one stationary state to another. 
The rotational frequencies on this basis will then be due to quantum transitions 
in which the rotational quantum number changes. The same will be true for 
the rotational and vibrational frequencies and finally the electronic bands 

1 Deslandres, Compt. rend., 181, 387, 410 (1925). 

2 The precessional vibrations of Kriiger, Ann. Physik, 50, 346 (1916); 51, 450 (1916), 
suffer also many serious objections. See Reiche, Z. Physik, 1, 283 (1920). 


3 Sitzb. preuss. Akad. Wiss., 548 (1916). 
4 Verh. deut. physik. Ges., 21, 632 (1919). 
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involving these, together with the electronic quantum numbers with their 


Fourier components. 


The frequency of a quantized rotating diatomic molecule, as has been shown 
above, is given by 
mh 
"dd 


The energy of rotation is therefore given by 
mh? 

Weare 

where m may have successive values 0, 1, 2, 3, +++, etc. The moment of inertia . 

T is that about an axis perpendicular to the line joining the nuclei. Considering 


now, according to Bohr, a transition from the m”’ rotational state to the m’ 
rotational state, the energy change is given by 


hy = E’ — E”, 
that is, 
h2 
eg eee | 3 12 
hv aT (m i?) 
or 
nee [LID 
TET: (m Mee 


Such an expression will give the frequency of the radiation emitted during a 
transition from the m’ to the m’’ state, or absorbed during a transition in the 
opposite direction. On the basis of the selection principle,! m can change by 
one unit only during a transition; hence 


m =m’ +1 
and 


h 
v= oa (2m + 1). 


Giving to m its successive integral values a spectrum is obtained consisting of 
evenly spaced lines which constitute a pure rotation spectrum. The interval 
between successive frequencies is constant, given by ? 


h sie h 
Srl 4721 


[Di Ge 


a value which was also obtained from the Bjerrum treatment. The data actu- 
ally available on pure rotation spectra are meagre * and do not permit of choice 


1See Fowler, Phil. Mag., 49, 1272 (1925). 

2See Fermi, Atti. accad. Lincet, (6) 1, 386 (1925). 

3 HCL. Czerny, Z. Physik, 34, 227 (1925). 

H20. Rubens and Hettner, Verh. deut. phys. Ges., 18, 154 (1916); Chem. Zentr. 1, 916 
(1916); Sitzb. kgl. preuss. Akad. Wiss., 167 (1916). Hettner, Ann. Physik, 55, 476 (1918); 
Witt, Z. Physik, 28, 249 (1924). 
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between the Bohr and Bjerrum theories at this stage. The calculation of the 
moment of inertia from the frequency difference is naturally identical in both 
cases. 

Turning to the more general case where the atoms in the molecule are 
executing vibrations! at the same time as rotation occurs, the expression for 
the energy of a stationary state will contain besides the energy of rotation a 
term due to the interaction between rotation and oscillation as well as a term 
for the energy of vibration. The interaction term may as a first approximation 
be neglected in comparison with the other terms. The energy of such a sta- 
tionary state characterized by m quanta of angular momentum and n quanta 
of vibrational momentum becomes as a first approximation 

mh? 
En, n = nhvy + gr? 
where v, is the frequency of vibration. 

Suppose a transition occurs with emission of radiation from state EH’ to H’”’. 
Since the energy of vibration is in general greater than that of rotation an 
increase in m during emission would lead to a negative value of the frequency 
and is therefore excluded. A decrease then in the vibratory motion from 
state HL’ to EH” will involve n’ and n” yielding v, a frequency determining the 
nuclear vibration alone. Again, as before, there will be the corresponding 
rotational energy change involving m’ and m” giving in all 


h 
= pee ae Wy 112, 
V= nt 321 (m mm’), 


Again m may change by one only and we have 
= Wat 3x2 7 | m : 


Giving to m integral values, the positive sign furnishes what is termed the 
positive (R) branch of the emission band corresponding to a decrease in the 
energy of rotation during the transition, whilst for an increase in the energy 
of rotation the negative sign yields the negative (P) branch. For absorptions, 
the transitions are naturally in the reverse direction. The accompanying 
diagram, Fig. 5, illustrates the results so obtained. 

The line obtained by putting m = 0 is seen to lie to the right of the origin, 
the nuclear vibration frequency vn, but does not coincide with it. The fre- 
quency interval naturally, is the same as in the case of a single branch of the 
pure rotation spectrum and an examination of the vibration-rotation spectrum 
therefore will yield accurate information on the pure rotation spectrum. The 
vibration-rotation spectra now so extensively studied in detail ? show reasonably 


1See Mecke, Z. Physik, 32, 823 (1925). 

2HCl. Loc. cit. 

H.O. Sleator, Astrophys. J., 48, 124 (1918); 62, 28 (1925); Ingersoll, Phys. Rev., 23, 
489 (1924); Ellis, Phil. Mag., 3, 618 (1927). 
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good agreement with the above theoretical treatment with the exception, 
however, that the line corresponding to vy, as also for the transition 1 to 0 
(emission) is absent, as can be seen from the figure of the 3.5 uw band in HCl 
(Fig. 4). Furthermore, there is a closing together of the lines in passing from 


m23 2 ii 0 / 2 
2>5 lez 0+] | ]~0O Dall Bee 
th, oe 
Bry,  5hp>Fr Jp>'lz Ip>¥Y2  Yer*l2 Shp 
vy 
Fries 5 


the long wave-length side of the band to the short wave side which is satis- 
factorily accounted for if we include in the above treatment the term involving 
an interaction between vibration and rotation. 

The difficulty regarding the missing bands has been the subject of much 
conjecture! and it was by no means well settled until the proposal was made 
to alter the numbering so as to make the initial values of m odd multiples of 4. 
Interpreted physically, this may be regarded as due to an electronic angular 
momentum parallel to the nuclear angular momentum with a value also in 
units of h/2m yielding a net angular momentum with a series of values 1/2, 
3/2, 5/2 +++ times h/2z in place of a series of integral multiples of h/2m here- 
tofore assumed. ‘Transitions, however, are still in units and the correspondence 
principle is unaffected, but now the missing v, comes at the center of the band 
and its absence may be interpreted physically, on the Bohr basis, that a change 
from one vibrational state to another is impossible without simultaneous change 
in rotation. 

The more recent application of the Heisenberg and Schrédinger wave- 
mechanics in this connection yields for the energy of a linear harmonic oscillator 
the expression 


geal i 
Qa 


an expression of the same form as that required by the classical quantum 


NHs. Schierkolk, Z. Physik, 29, 277 (1924); Spence, J. Optical Soc. Am., 10, 127 (1925). 

CO2. Hertz, Ber. phys. Ges., p. 617 (1911); Statescu, Phil. Mag., 30, 737 (1915); Ellis, 
Phys. Rev., 26, 469 (1925); Dennison, Z. Physik, 38, 137 (1926). 

CO. Schaefer and Philipps, Z. Physik, 36, 399 (1926); Eucken, Z. Physik, 37, '714 (1926). 

1 Kratzer, Z. Physik, 3, 289 (1920); N erage naar 47, 1054 (1925); Heurlinger, 
Z. Physik, 1, 82 (1920). 
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treatment but differing notably in the half-quantum number. In a similar 
manner the energy of an oscillating rotor is found as 


1)2p72 
Hie—" Const. pagal 2) + (n SS a ear wae 

8771 Q7 
For the deduction of these and other expressions on the basis of the new wave 
mechanics the reader is referred to Sommerfeld’s recent supplement on the 
subject.! 

To account for the ordinary bands in the visible and ultra-violet regions it 
is necessary to assume that simultaneously with the changes in the vibration 
and rotation already considered, there is also a change in the electronic con- 
figuration of the atoms in the molecule.2. Such a change would involve, on the 
simplest assumption, a term vy, involving the frequency of the emitted radiation 
due to the change in the electronic energy. Such a change will modify however 
the forces holding the atoms together and it is now no longer legitimate to 
assume that the moment of inertia of the molecule remains constant during 
the change. We obtain, then, the modified formula for the frequencies of the 
electronic band 3 

hm” hm’? 
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For the positive (R) branch as before m’ = m’’ + 1 whence, putting 


A=vetin th/8rl’, 
B= h/8x°!’, 
O= hf/sr(/l’ AA”), 
and replacing m’’ by m, 
y= A+ 2Bm + Cm’. 


In general C is small compared with B and may be either positive or negative. 
For the negative (P) branch where the energy of rotation increases 
m’ = m’’ —1 and 
y= A — 2Bm + Cm’. 


One new possibility, however, now enters. When the rotation of the molecule 
is around the line of atomic vibration instead of, as before, perpendicular, the 
rotation will have no effect on the atomic vibration and m remains unaltered 
during a transition giving rise to the so-called zero (Q) branch. 


V= Ve ty, + Cm’. 


The appearance of an electronic band as already pointed out is different from 


1 Wellenmechanischer Ergiinzungsband. Atombau und Spektrallinien. 1929. 
2 Duffendack, Astrophys. J., 61, 209 (1925). 
3 Lenz, Verh. deut. physik. Ges., 21, 632 (1919). 
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the vibration-rotation bands in that it appears to converge to a ‘“ head,” the 
lines at this point being so closely packed together as to present the appearance 
of continuity. The above considerations show that such a band must be com- 
posite of three branches, the “head” of the band being merely the turning 
point, as m increases, of the negative (P) branch when C is positive. The 
significant line in the band, however, is not the “head” but is the origin 
given by ». + vn, that is when m = 0. Further, since y, is, in general, large, 
nm may increase as well as decrease during a transition yielding an emission of 
radiation. 

In Fig. 6 is shown the result of plotting the above parabolas in terms of m 
and y for the three branches indicated.!. The points of intersection of these 


curves with the horizontal lines corresponding to integral values of m have 
been projected below the abscissa giving rise to a diagrammatic spectrum 
showing the characteristic close packing at the head of an electronic band. It 
is plain that the head of the band is only of secondary importance. The origin 
where the zero branch cuts the v axis is at a frequency ve + vp, the point of 
intersection of the other two branches being a distance h/87°I’ to the right. 


1¥Fortrat, These, Paris, p. 109 (1914). 
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Band Spectrum Analysis: It would be impossible here to cite a systematic 
account of known band spectra: ! suffice that typical methods be given showing 
the more general trend in spectral analyses. The electronic bands, which, 
under low dispersion, appear as broad lines sharp at one edge, are resolved under 
higher dispersion into groups of single lines each representing monochromatic 
radiation. The apparent dissymmetry of some of these lines seems to be due, 
in the lack of sufficient dispersion, to a superposition of two or more lines of 
almost the same frequency but differing in intensity. Where the lines are 
more widely spaced, that is, where high dispersion is possible and no over- 
lapping occurs, the lines all appear uniformly sharp and symmetrical. It is 
naturally, then, in such cases that analysis of a complex band system is most 
simple. These lines in the typical band can be arranged in series in such a way 
that the intervals between the lines expressed in wave numbers constitutes 
an arithmetical progression diminishing towards zero. The “head” is 
therefore the point where the frequency interval becomes zero. In contrast 
to the vibration-rotation bands in the infra-red where the bands are all degraded 
towards the red, the electronic bands may be degraded either towards the 
red or the violet depending on whether the head is on the shorter or longer wave- 
length edge of the band. 

The complete analysis of a band spectrum resolves itself into a solution of 
two major problems, first, the determination of the relations between the bands 
forming a system and, second, the-relations between the lines forming a band. 
A system is the series of bands resulting from a single transition between two 
major electronic levels in the molecule coupled with the accompanying changes 
in vibrational energy. The lines forming a band correspond in general to a 
definite change in the rotational quantum number. 

It has already been pointed out that the quantum theory indicates that the 
“ origin’? and not the ‘‘ head” of the band is the important feature. The 
location of band origins, however, is extremely difficult without some knowledge 
of the band structure and, consequently, use is made in general of band heads 
which are more easily located: it being found as a rule that the distance between 
the head and the origin is reasonably constant. On this basis, it is possible 
to pick out sets of bands in a system such that the frequency intervals between 
successive bands are in arithmetical progression. Such sets can be chosen in 
two different ways, the frequency intervals increasing in opposite directions 
so that the entire system may be represented in terms of two parameters p 
and n, that is, p remaining constant while n varies and vice versa. The spacing 
of the bands is therefore the same as that of the lines in a particular band, 
namely arithmetical progression. The intensities in the two cases are however 
quite different. Thus, it is usually possible to follow the lines in a band series 
to a head where the spacing becomes zero but the bands in a progression cannot 
usually be so followed. Deslandres to whom is owed the pioneer work in this 
field suggested an analogous method of attack in the two cases. Since the 
frequency intervals form an arithmetical progression, the frequencies them- 


1 See Konen, Das Leuchten des Gase und Dampfe, 1913. 
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selves will lie on a parabola, a value zero may then be given to the line in a 
band series lying nearest to the vertex of the parabola which if necessary is 
extrapolated. The parameter in a band series will have values 0, 1, 2, 3, etc., 
each corresponding to a single line, whereas, in a set of bands, the actual values 
of p and nm may vary over large ranges. 

The parameters p and n are in reality related to the vibrational quantum 
numbers n’ and n’’ of the upper and lower energy levels. Since the frequency 
intervals in a band progression should decrease as the value of the quantum 
number increases, the numbering of the latter will always be in the opposite 
direction to that of pand mn. In general therefore 


1 OD => 


Ti — Cosi, 
or v=a—-Nn, 
n = co — 2, 


where ¢c, and ¢c2 are constants, depending upon whether the set of bands in a 
given system has a common initial vibrational state corresponding to n’ or 
n’’. The latter point can usually be judged from the experimental data, since 
bands with a common initial vibrational state exhibit in general similar per- 
turbations. Finally the grouping of bands by sequences, that is, sets of bands 
having a common value of n’’ — n’ (or of n — p), may be easily judged, since 
they are usually adjacent. The in- 
tensity distribution in a sequence 
indicates definitely such grouping. 
The direction of degradation of such 
a sequence is the same as that of 
the bands composing it, particularly 
for diatomic molecules. 

With the foregoing data, and 
especially in cases where data of the 
pure vibration-rotation bands are 
known, the hypothetical values of 
p and n previously assigned may be 
Fie. 7. Scuemaric DraGRAM oF ENERGY corrected by trial, the constants c1 

LEVELS and cy being thereby evaluated and 


(a) n’’ progression usually Deslandres’ first a true assignment of vibrational 
progression: all bands showing similar quantum numbers made 


perturbations. : * 
(6) n’ progression usually Deslandres’ second The BCD an EDS diagram 
Droeresciom shows schematically such relations 
(c) A sequence n/’ — n’ = constant. between the vibrational energy levels 
(d) Vibration-rotation bands. in a hypothetical case. The ver- 


tical lines represent two sets of vi- 
brational energy levels. The horizontal distance between n’” = Oandn’ = 0 
represents the energy associated with the common electronic change for the 
band system. Each horizontal line then, represents one band. 
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Considering now the lines which form a particular band, the problem is to 
discover the changes which occur in the rotational quantum number since each 
line corresponds to one such change. Fortrat, as already mentioned, was the 
first to suggest this correspondence from the quantum standpoint. His 


Fig. 8 


diagrams, a typical one of which is shown, demonstrate the presence of two 
branches, the R or (+ M) branch and the P’ or (— M) branch, originating at 
a point A which is practically coincident with what has previously been termed 
the ‘‘origin” of the band. Both branches constitute a parabola representable 


in form by 
y=A++2BM + CM?. 


The line at A in the diagram which is missing in the spectrum is obtained by 
putting M = 0. When M has positive integral values the & branch is obtained 
and when M has negative values the P’ branch. The head of the band will 
obviously appear when M = — B/C, for then the frequency interval between 
successive lines becomes zero. In the above, B will always be positive though 
C may be positive or negative. When C is negative the head is in the & 
branch, as in the diagram, whilst when C is positive the head is in the P 
branch as in the previous Fortrat diagram (Fig. 6). If both branches are 
plotted in terms of positive values of M the branches & (M) and P (M) in the 
figure are obtained. If negative values are used the P’ (M) branch is obtained. 
Thus P’ (M) is obtained from P (M) by taking the mirror image in the axis, 
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M =0. The branches R (M) and P’ (M) appear to form a smooth curve, 
although recent work seems to show evidence of a slight discontinuity at A, 
necessitating different formulae for the two branches. Furthermore, the 
simple parabolic formula is far from accurate and polynomial functions in M 
are required to represent accurately the different branches. 

The missing line A, which, in vibration-rotation bands, has been shown to 
be a conspicuous feature, useful in the band analysis, is seen here to be con- 
cealed by the returning R branch. Furthermore, in many bands, the point A 
lies so near to the head that resolution of the lines between is well nigh im- 
possible, whilst the intensity distribution is frequently such that the lines in 
the branch forming the head are strongest at the head and fall off rapidly as 
the branch crosses the origin again. The consequent difficulty of analysis is 
alleviated somewhat by a study of the ‘“ perturbations’ so well known in 
many band series. (See Fig. 9.) One fact in connection with these has already 
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Fic. 9. a. Strongest sequence of BeO bands. Iron are comparison spectrum. b. First part 
of (0,1) band, showing intensity anomalies near the origin. The line R(1) is exceptionally strong, 
while R(0) is weaker than the corresponding line, P(1). c. Region \\ 4435-4450 of the (1, 0) 
band. The perturbation of R(49) shows as a discontinuity in the width of the doublets formed 
by R and P lines 


been mentioned, namely that bands forming a Deslandres first progression 
possess similar perturbations. Another fact observed by Fortrat and used 
extensively by Heurlinger + is that, in the same band, the perturbations occur 
in pairs, the lines R (M) and P (M + 1) showing similar irregularities of posi- 
tion and structure. <A study of these therefore is of excellent assistance in the 
determination of which of the branches is the P and which the R. 

Having thus considered the band series corresponding to transitions in 
which the rotational quantum number increases or decreases by one unit, the 
possibility must be considered of a zero change, that is, that the resultant 
angular momentum of the molecule remains the same. Such a condition will 


1 Diss., Lund, 1918. 
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give rise to a third branch termed Q or zero branch. This branch which has 
already been mentioned in connection with the vibration-rotation bands is also 
a parabola having its vertex however at M = 3 in the case where there is one 
missing line between the P and R branches. The first observable line of the 
Q branch coincides in frequency with the missing line M = 0 for the R and 
P branches. The frequency given by the vertex of the Q branch parabola 
defines definitely the “ origin” of the band. Kratzer, from considerations of 
the correspondence principle, concludes that any one of the three branches 
P, Q or R may be absent. 

The difficulties involved in this type of analysis are obviously great. It has 
been considered more convenient therefore to consider first a theoretical 
formulation of the spectral terms and then to compare these with experimental 
data. The combining of the spectral terms by means of the combination 
principle under the guidance of the corresponding principle will specify the 
possible transitions giving rise to the spectral lines which may be determined 
experimentally. The theoretical treatment, which is due principally to 
Kratzer,! takes into consideration the fact that a change in electronic con- 
figuration changes all the properties of the molecule and the usual ‘“ con- 
stants ” no longer have their original values. The same is true, though to a 
less extent, for a change in vibrational and rotational energies. The energy of 
the molecule as a whole, therefore, becomes a complex quantity made up as 
follows: 

E= Be E+ Ein 1 Lam + Len, 


where L, is the energy a molecular dipole would have if it were neither rotating 
nor vibrating: E, is the additional energy due to vibration: En, Enm and Eem 
are the terms representing the additional energy due to the rotation of the 
molecule, Z,, being dependent upon the rotational quantum number alone 
Enm representing the mutual influence of rotation and vibration and Hem that 
of rotation and electronic configuration. The evaluation of each of these terms 
leads then to the possible calculation of the spectral terms. 

It should be noted here that the derivations previously indicated for the 
above E terms were made on the basis of the simplest possible assumptions, 
which as a matter of fact cannot possibly hold in actual cases even for vibration- 
rotation bands, much less for electronic bands. In the latter, due to the 
presence of electrons there must be an angular momentum associated with 
their motion quite apart from the nuclear angular momentum. For vibration- 
rotation bands, Kratzer has shown that the replacement of m by (7 — €) where 
j is an integer is satisfactory, but a further complication presents itself in 
electronic bands since the various electronic states may correspond to different 
amounts of electronic angular momentum, that is to different values of e. 
Kramers and Pauli? assuming that the electronic angular momentum makes a 
fixed angle with the molecular axis have resolved this into two components 

1 Brg. exak. Naturwiss., 315 (1922); Ann. Physik, 71, 72 (1928) ; Z. Physik, 3, 289 (1920). 

2Z. Physik, 13, 351 (1923). 
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oh/2m parallel to that axis, and eh/2m perpendicular to that axis, whence m 
in the preceding expression is replaced by m = Vj? — 0? — e. The quantity 
e, according to Kramers and Pauli, can only be positive for reasons of dynamical 
stability but Kratzer has shown in certain cases (e.g. the CH bands and bands 
of the HgH type) negative values to be a necessity to explain the observed 
facts. It is convenient therefore to write p = + « yielding 


m= Vj? — 07 — p. 


According to the correspondence principle, the possible changes of 7 should be 
limited to Aj = + 1 giving the R or positive branch, 0 giving the Q or zero 
branch and — 1 giving the P or negative branch where Aj = 7’ — j’’, the 
difference between the j values of the initial and final states. 

Assuming that the P, Q and R branches have been analyzed in terms of the 
empirical M unit it is possible by correlating these with the theoretical quantum 
number to deduce what is the constant difference between them and hence 
assign the true quantum numbers. In this latter operation, the distribution 
of intensity in the band series is of particular assistance. The intensity dis- 
tribution function in each branch is such that for small values of the effective 
rotational quantum number the intensity is in direct proportion to the number. 
Since, however, the distance of any line in the P or & branches from the origin 
is also approximately proportional to the quantum number under like con- 
ditions (small values), it follows that the lines in the P and R branches have an 
intensity which is proportional to their distance from the band origin, a fact 
of extreme importance, which furthermore serves as an added basis of “ cor- 
respondence ”’ between classical and quantum theory in that this is precisely 
the relation obtained from classical considerations of the near infra-red bands. 

Space does not permit that the numerous examples of electronic bands which 
have been examined most satisfactorily on this basis should be considered. 
Suffice that the extension of the infra-red band treatment to electronic bands 
has been indicated.! 

The Isotope Effect: An interesting chemical aspect of the importance of 
band spectra lies in what is now generally termed the isotope effect. The 
moment of inertia of two molecules containing different isotopes will naturally 
vary and one would expect therefore a slightly different rotation and vibration- 
rotation spectra. Loomis,? examining the first harmonic band in HCl at 1.76 y, 
pointed out that each line was in reality a doublet consisting of a strong line 
accompanied by a fainter satellite on the long wave side. These secondary 
maxima, already noticed by Imes himself, but unexplained by him, are un- 
doubtedly due to the two isotopes of chlorine in the HCl. It is readily seen 
that since the atomic weight of natural chlorine is 35.46 and the two isotopes 
have atomic weights of 35 and 37 they must be present in any sample in the 
ratio of 3.5 to 1 which appears to be approximately the ratio of the intensities 


1 See Molecular Spectra in Gases, Bull. Nat. Res. Council, No. 57, 11 (1926). 
2 Astrophys. J., 52, 248 (1920). See also Kratzer, Z. Physik, 3, 460 (1920) ; 4, 476 (1921). 
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of the lines in the doublet. That such a doublet is real and not merely an 
experimental irregularity seems confirmed by the fact that the absorption band 
in HF, fluorine having no isotopes, consists of single lines alone. The essential 
difficulty in pursuing this examination of vibration-rotation spectra is the 
experimental difficulty in their measurement. The electronic band spectra, 
where greater accuracy is possible experimentally and analysis of the bands is 
available according to the modified Bohr treatment indicated above, have 
recently yielded a more fruitful source of investigation for the theoretically 
predicted isotope effect. Such a case was reported by Mulliken! in con- 
nection with a band system attributed by Jevons? to BN. Boron has been 
shown by Aston to consist of two isotopes 11 and 10 which must occur in natural 
boron in the proportion of 4.6 to 1. It is to be expected that the band system 
would be complex containing a strong system due to B" and a fainter one due 
to B%”. On rephotographing the spectrum, Mulliken has succeeded in showing 
that the spectrum consists of an a, 8 and combination a8 system each with 
its light isotopic companion system, a’, B’ and a’B’. Not only was the iso- 
topic effect found to be quantitatively exact but the identity of the emitter 
was fixed not as BN but as BO, a decision which would have been almost 
impossible in the absence of the exact isotopic effect. Along similar lines, 
Mulliken * has also examined CuH, SiN and Cul, and Watson 4‘ MgH. 

A recent very interesting result in this connection is the possibility of exist- 
ence of an isotope of oxygen of mass 18 suggested to account for certain weak 
bands in the atmospheric absorption of oxygen,> and also of carbon, mass 
Ie 

Analogous Atomic and Molecular Spectra: With a knowledge of the exist- 
ence of known isotopes of a particular element the complete analysis of a 
complex band is frequently simplified. A further simplification would be 
possible if some idea could be obtained of the actual electronic states of the 
molecules. It is reasonable to assume that these will be more or less similar 
to those of the component atoms. The first evidence of such a parallelism was 
the discovery of a Rydberg series in the spectrum of He,’ with signs of probable 
series in other cases. An attempt at a systematic analogy between atomic and 
molecular spectra by Mecke® seems open to objection on the basis of the 
improbability of the molecular model required. Evidence of a real analogy 
affording a means of assigning definite term-designations and quantum numbers 
to the electronic states of molecules has recently been offered by a number of 

1 Science, 58, 164 (1923). 


2 Proc. Roy. Soc., 91A, 120 (1915). 3 

3 Nature, 113, 423, 489 (1924); 114, 349 (1924); 116, 14 (1926); Phys. Rev., 25, 119, 259, 
275 (1925); 26, 1, 319 (1925). 

4 Nature, 117, 692 (1926); Astrophys. J., 63, 20 (1926). 

5 Giauque, H. L., and Johnston, J. Am. Chem. Soc., 51, 1436 (1929). 

6 Birge, Trans. Farad. Soc., 25, 718 (1929). ys 

7A. Fowler, Proc. Roy. Soc., 91A, 208 (1915); Curtis and Long, tbid., 108A, 513 (1925); 
Mulliken, Proc. Nat. Acad. Sct., 12, 158 (1926). 

8 7. Physik, 28, 261 (1924); 31, 709 (1925). 


1558 A TREATISE ON PHYSICAL CHEMISTRY 


investigators. Mulliken! pointed out the similarity existing between the 
spectra emitted by a class of diatomic ‘‘ odd molecules ”’ containing one easily 
excited electron. Except for this electron, these molecules have just enough 
electrons to form one or more rare gas shells and should therefore resemble 
the alkali metals, e.g. BO, CN, compared with Na. It was suggested that the 
ninth electron in these molecules (outside their K shells) would be loosely 
bound, as in Na, possibly in a 3, orbit, carrying through the Langmuir 
“ octet’ model of the No, CO, CN~ and NO molecules. The normal and 
second excited states of BO, CN, COt, Not, etc. would then be ?S states, the 
first excited state being a 2P state. The supposed 2S states are both charac- 
terized by a single electron level and the ?P state by a double level as in Na. 
The experimental verification of this doublet analogy is striking. A very 
simple illustration is afforded by the following Figure 10 for the cases of HgH and 


2%p 
2/80 , 
1995 2°P 
1308 2S 
HgH Au. 
Fia. 10 


Au. The energy levels of COt, CN and Net are qualitatively identical with 
those of BO, those of N:2 are like those of CO, and in O.* there is a system of 
double-headed ultra-violet bands which seem to correspond with certain bands 
in NO as shown by Birge? and by Birge and Sponer.* The parallelism both 
in nature (single or double) and arrangement of the electron levels is obvious. 

In a recent paper Hund 4 has considered the question of possible molecular 
electronic levels from a theoretical standpoint by calculating the order of 
magnitude which might be expected from magnetic and electrical interactions 
in a system composed of two nuclei with varying numbers of electrons. As- 
suming each electron to have orbital angular momentum made up from the 
azimuthal quantum number (k) and a half quantum (s) of spin, Hund shows 
that the net quantum number should be subject to the usual selection rule of 
Q or +1. The multiplicity above mentioned both in line and band spectra 
is evidently due to the existence of different orientations of s with respect to 

1 Phys. Rev., 25, 291 (1925); 26, 1, 561 (1925). 

2R. T. Birge, Nature, Feb. 27, 1926. 


’ Birge and Sponer, Phys. Rev., 28, 259 (1926); Sponer and Hopfield, ibid., 27, 640 (1926). 
4Z. Physik, 36, 657 (1926). 
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the resultant orbital angular momentum k. The coupling of s and k, con- 
sidered as of magnetic character will cause the change in mutual energy due 
to these different orientations to be of the same order of magnitude for mole- 
cules as for atoms which is in agreement with experiments on the spacing of 
electronic multiplets in the two spectra as already mentioned. The reader 
should refer to the original paper for additional details or to the discussion 
by Kemble.t_ The whole subject is at the present time in a rapid state of de-: 
velopment the progress of which is being frequently recorded in the scientific 
literature.” 

A most important result of the analysis of band structure is the information 
afforded by it on the values of molecular constants such as the frequency of 
vibration and moment or moments of inertia particularly of diatomic molecules. 
From a study of the frequency of vibration as well as the moment of inertia 
and its variation with rotation of the molecule it is possible? to deduce in- 
formation on the law of force of the molecule, the force acting on the two 
nuclei. 

Band Spectra and Heats of Dissociation: In conclusion it seems desirable 
to indicate one other exceedingly important deduction which has been made 
from band spectra namely the determination of heats of dissociation. The 
first attempt was made by Dymond ‘in the case of iodine. It was pointed out 
that just beyond the last resolvable absorption band where continuous ab- 
sorption sets in, any absorption must correspond to dissociation of the mole- 
cule. The long wave-length limit then of this region should correspond to the 
heat of dissociation. Franck,> suggesting that the dissociation yields one 
normal and one excited atom of iodine, obtained a value for Dy, of about 1.5 
volts. A later value by Turner ® of 1.53 volts seems more accurate and in 
excellent agreement with thermal measurement. (See Chapter XVIII, p. 1472.) 

It has already been shown that band spectral analysis allows us to make 
the assignment of the true vibration quantum numbers, n, for a given band 
system. From these, the average values of Z,/h may be calculated and hence 
the actual frequency of vibration also. Plotting this frequency w, as a func- 
tion of n it is found, for the molecule in the normal state, that the curve is 
linear. Extrapolating to w, = 0 includes an area which is proportional to 
the work required to separate the two atoms to infinity, that is, is proportional 
to the heat of dissociation, assuming that the molecule dissociates into two 
normal atoms. The error between this extrapolated value and the most 
probable value is often useful in predicting the products of dissociation. The 


1 Bull. Nat. Research Council, Molecular Spectra, 57, 326 (1927). 

2 See for example, Report on Molecular Spectra and Molecular Structure, Trans. Farad. 
Soc., 25, (1929); Mulliken, Rev. Mod. Phys., 2, 60 (1930); Chem. Rev., 6, (1929). 

3 Kratzer, Z. Physik, 3, 289 (1920); Kemble, J. Optical Soc. Am., 12, 1 (1926); Born and 
Huckel, Physik. Z., 24, 1 (1923). 

4Z. Physik, 34, 553 (1925). 

5 Trans. Faraday Soc., 21, 536 (1925). See Ludloff, Z. Physik, 39, 528 (1927). 

6 Phys. Rev., 27, 397 (1926). 
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extension of these ideas by Birge and Sponer! to the general problem of heats 
of dissociation from band spectra has yielded accurate values in the case of 
CO, COt, Nst, and O.*. Still more recently, values for the heats of dissoci- 
ation of the halogens have been obtained by Kuhn? which agree well with 
values found in a thermodynamic way and are considerably more accurate. 

An illustration of the varied kinds of evidence which lead to the adoption 
of a particular heat of dissociation may be seen in the case of the neutral N2 
molecule. Three electron levels of N2* are known, two 2S levels at 16.9 and 20.1 
volts (X’ and A’) and a third at 24 volts. According to Hund’s theory an 
unexcited (48) N atom and an unexcited (#P) Nt ion can give only one *S state 
of N2+ on adiabatic union. Hence other 2S states must involve an excited 
atom or ion. Sponer, by linear extrapolation from the vibrational levels for 
the lowest electronic state (X) of No, obtained a value of 11.75 volts for the 
heat of dissociation (D,) of this state. The similar result 11.9 obtained for 
state A gave support to this value. The quantity 11.8 volts would seem then 
to be reasonable. However, a lower value of 9.5 volts seems to be indicated 
by numerous facts. The following table by Mulliken shows values of the 
total energy required to excite and dissociate N2* calculated on the basis of the 
two values 11.8 and 9.5. 


Electrons Levels Total Energy (volts) 
Term Volts Obs’d ale’d 
D=11.8 D=9.5 
X’ (28) 16.9 26.0 23.1 (N= Ne) 26.4 (N’+N?*) 
A’ (28) 20.1 24.0 26.3 (N +N?*) 24.0 (N +N?) 
2 29 24 24.0 28.7 (N’-+-N+) 26.4 (N’-+N+) 
or higher or higher 


The agreement is obviously good only in the case D, = 9.5 volts. The 
value 11.8 by extrapolation would seem to be in error by a surprisingly large 
amount. The extrapolation is however a very long one, and calculations 
similar to the above for N2 rather than N,+ show a similar better agreement 
with the 9.5 value. Turning to NO the observed D value is 6.8 volts whilst 
those calculated according to D, = 9.5 or 11.8 are 7.3 or 8.4. The former 
obviously gives the better agreement. The same also is truefor NOt. Finally 
the fact that the energy transferred by active nitrogen to other molecules is 
usually limited to around 9.4 volts is further support of the 9.5 value. One 
difficulty so far unexplained is that the chemically less stable molecule CO 
appears to have a well established D value of 11.2 volts. 

1 Phys. Rev., 28, 259 (1926). See Sponer, Erg. exak. Naturwiss., 6 (1928). See Birge, 
International Critical Tables, 5, 409 (1929); Birge, Trans. Farad. Soc., 25, 718 (1929). 


* Naturwissenschaften, 14, 600 (1926); Franck, Kuhn and Rollefson, Z. Physik, 43, 155, 
164 (1927). 
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A recent paper by Herzberg, discusses the case of oxygen once more from 
band spectral data and concludes that the earlier value is from 1 to 2 volts 
too high, and that the dissociation energy must lie between 5 and 6 volts. A 
value of 5.5 volts would give Do, = 126,750 calories, considerably below that 
formerly accepted. From this new value for oxygen the derived values for 
Deo and Dyo are 10 volts and 6.5 volts respectively. 

Such considerations have also been useful in affording information on the 
linkages between the atoms in a molecule. The emission of the D lines of 
sodium during the decomposition of NaI vapor has led Kondratjew 2 to conclude 
that the dissociation is into a normal iodine atom and an excited Na atom. 
This is also borne out by the appearance of a third maximum in the continuous 
absorption of NaI noted by Franck, Kuhn, and Rollefson. These authors 
have shown that HI, despite its apparent polar character, has atoms which 
are not bound by the same type of forces as exist in the alkali halides. These 
latter are termed ion-linkages with forces acting between the ions whilst in HI 
the forces exist between the two nuclei, a distinction based on the constituents 
into which the molecule decomposes. The calculations of Bell ? made from the 
infra-red absorption bands of the halogen halides lead to the conclusion that 
the hydrogen nucleus is within the electron shell of the halogen, at a depth which 
is the same for all. The binding therefore would appear to be between the 
nuclei rather than an ionic one. Indeed Simon and Simon ‘ have shown that 
the lattice structure of HCl is atomic and not ionic. The results originally 
initiated spectroscopically are therefore substantiated in numerous ways and 
lend credence to further extensions of the study of absorption data. 


RADIATION THEORY OF CHEMICAL REACTION 


The study of infra-red absorption spectra has, of late years, received a 
definite impetus owing to the recent theories of chemical reaction. The funda- 
mental problem for the chemist today is the determination of the primary 
cause of reaction. That this is to be identified with the radiational environ- 
ment and the ability of molecules to absorb energy is the simple basis of the 
Radiation Hypothesis as suggested by Trautz,® Lewis ®and Perrin.’ Kruger ® 
had shown that such phenomena as solution, solubility, solution pressure and 
electrolytic dissociation may be explained qualitatively on the basis of radia- 
tion, since each could be linked up with the dielectric constant. Trautz, too, 
had pointed out that even thermal reactions, that is, reactions in which the 
temperature of the effective radiation is identical with that of the system, 

17. physik. Chem., 4B, 223 (1929). See also Chapter XVIII, p. 1498. 

2Z. Physik., 39, 191 (1926). 

3 Phil. Mag., 47, 549 (1924). See Kondratjew, Z. Physik, 48, 583 (1928); also F.I.G. 
Rawlins, ibid., 50, 440 (1928). 

4, Simon and C. Simon, Z. Physik, 21, 168 (1924). 

5 Z. anorg. Chem., 102, 81 (1918); 106, 149 (1919). 

6 J. Chem. Soc., 1914-22. Quantum Theory (3d Edition), p. 223, 

7 Ann. de Phys., 11, 4 (1919). 

8 Z, Elektrochem., 17, 453 (1911). 
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may be regarded as ultimately photochemical, namely, brought about by the 
absorption of radiation, with the distinction that such thermal reactions are 
due to absorption of infra-red radiation. 

The work of Lewis and Perrin was to extend this idea and to make it 
applicable in a quantitative manner. The definite advance made is due to 
the quantization of the radiation which could effect reaction. The theoretical 
treatment of the theory being more fully dealt with elsewhere, it remains only 
for us to consider the general bearing which infra-red absorption spectra have 
on the theory. 

The simplest formulation of the radiation theory of ordinary or thermal 
reactions as developed by Lewis assumes that chemical change is due to a 
specific frequency of radiation characteristic of the substance involved. Intro- 
ducing the concept of activation inherent in Marcelin’s ! statistical treatment 
and combining Marcelin’s equation for the critical increment or energy of 
activation with the radiational equation based on the above assumption, we 
are led, of necessity, to a relation for thermal reactions which is identical with 
that of Einstein for photochemical processes. One quantum of energy, of the 
characteristic frequency v involved, is necessary to decompose or activate a 
single molecule. From the numerical values of critical increments (which are 
obtained directly from measurements of the temperature coefficients of velocity 
constant), together with the above relation, it 1s possible to calculate the 
activating frequency or wave-length. Such calculations show that for the 
majority of reactions this lies in the short infra-red. 

Thus, according to Marcelin and Rice, 


where k is the velocity constant of the reaction, 7’ is the absolute temperature, 
R is the gas constant, and H is the amount of energy necessary to raise the 
average internal energy of the molecule to the critical energy, having which 
the molecule will react. 
On integrating the expression we have 
ke E 
log— = —(1/7T, — 1/T:). 
g a R /T, /T2) 
Knowing the velocity constant at two temperatures or, what is equivalent, 
the temperature coefficient of velocity constant, we may calculate the critical 


increment EH. Then, employing the radiation expression, which is identical 
with Einstein’s photochemical law, namely, 


E = Nh, 


where N is the Avogadro number, h is Planck’s constant and vis the frequency 
characteristic of the absorbable radiation, we may find the value of the frequency 


1 Compt. Rend., 158, 161 (1914). See also Rice, Brit. Ass. Rep., 397 (1915). 
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v and hence calculate the corresponding wave-length \. As has been said, 
for most reactions, this wave-length is found to lie in the short infra-red region, 
and to confirm the theory most directly there remains to show, first that the 
reacting substance will absorb radiation at this position, and, secondly, that 
on absorbing this energy the system will react more rapidly than it would if 
it were unexposed to such radiation. 

The first direct proof that a substance which is undergoing change exhibits 
a characteristic absorption band the position of which is in quantitative agree- 
ment with that calculated on the radiation hypothesis was obtained by the 
author recently... The reaction studied was the decomposition of triethyl 
sulphonium bromide in various solvents, the kinetics of which reaction had 
been previously studied by von Halban.2 A Hilger infra-red spectrometer, 
and a radiomicrometer as measuring instrument were used. The absorption 
spectra of the pure solvent and of a solution of the triethyl sulphonium bromide 
in the solvent were examined and superimposed. It was found that the curve 
for the solution exhibited in every case a small band which was not present in 
the solvent curve. This new band was due to the bromide present and the 
position was found to agree satisfactorily with that calculated according to 
thetheory. Thus, from the results of von Halban, for the rate of decomposition 
of the bromide in eight different solvents, the position of absorption was calcu- 
lated according to the theory and compared with the positions observed. The 
following table shows the values obtained. 


TABLE I 
ABSORPTION OF TRIETHYL SULPHONIUM BROMIDE 
Observed Calculated 
Salvont Wave-length Wave-length 

in ph In 
INT rOHen ZENE hss. seh ty cree Renate epetolees ae ote 1.05 1.00 
Metrachloroethane s/s i ryis kotekeia.t ie 14, 0lie are se als 0.90 0.91 
Propyl Alcohol oe ise cissesssatie eos steasters aotey cise 0.89 0.84 
AMY AL CONOMS press ithtncee atessveune a. Sar eue oeiaie sion oie 0.83 0.85 
Ben zy lAICOHOE sone seis Setecsie cre be easy e chase 0.80 0.78 
A COLICEACIO Mon tats Ae ie ATES ae a ee eee eke 0.93 0.97 
TNS} HON tC Pounce < Pec eid PETE OREO Ari OTRO OR TORIES 1.30 0.96 
C@hloroforny seer et a haere On stea te new 1.00 0.85 


The agreement between the calculated and observed positions of absorption 
is satisfactory in the case of the first six solvents. In the case of acetone, von 
Halban shows that triethyl sulphonium bromide is ionized in that solvent, 
whilst it polymerizes in chloroform, yielding velocity constant data which show 
little or no concordance among themselves and are therefore not strictly 
amenable to the above calculation. In the latter case, however, one is led to 
conclude that the polymerized molecule does not decompose as a whole but 
first depolymerizes before decomposing into ethyl bromide and diethyl sulphide. 


1 Taylor and Lewis, J. Chem. Soc., 121, 665 (1922). 
2Z. physik. Chem., 67, 129 (1909). 
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Other examples which have not only offered confirmation of the theory but 
have led to a definite indication of the mechanism of the reaction have been 
studied.! In this case, the temperature coefficient of the velocity of inver- 
sion of sucrose as found by Moran suggested on the radiation theory that 
sucrose should absorb in aqueous solution at 0.815. The position of the 
band observed at 0.875 p is in satisfactory agreement when allowance is made 
for the fact that sucrose in water is possibly present as a tetrahydrate whereas 
the inversion process is said to proceed from sucrose dihydrate. Further, 
since an aqueous solution of fructose also absorbs at 0.875 uw whilst a glucose 
solution does not, the result suggested that the sucrose inversion originates in 
the fructose portion of the sucrose molecule. 

That the energy required for reaction may be absorbed not in a single 
quantum of a certain frequency as required by the first simple statement of 
the theory, but in terms of several quanta at a correspondingly lower frequency 
is evident from the experiments of Daniels and Johnston.? From their data 
it is found that the critical increment of nitrogen pentoxide is 24,700 calories 
and this should correspond to a wave-length 1.16 4. The authors find, how- 
ever, that radiation of this wave-length does not decompose nitrogen pentoxide. 
Hence, the thermal process does not occur through one quantum at this 
frequency. Daniels and Johnston point out that 1.16 corresponds to a 
frequency exactly five times the most marked band in the infra-red spectrum 
of nitrogen pentoxide, namely, at \ = 5.81 w observed by Warburg and Leit- 
hauser; * even though the authors do not explicitly connect the two observa- 
tions, it is evident that the possibility of making up the required energy in 
terms of five such sub-quanta presents itself. Further, nitrogen pentoxide 
possesses another band at 3.4 wu which is approximately three times that calcu- 
lated, in which case three sub-quanta at 3.4 4 would be sufficient to furnish 
the required energy for the reaction. 

Further investigation of the effect of radiation at 3.4m and 5.81 uy has 
since been made by Taylor‘ and also by Daniels,’ both workers finding no 
such increased decomposition as the radiation hypothesis demands. Daniels 
shows that 99.5 per cent of the radiation actually absorbed is photochemically 
inactive. In the cases of carbon dioxide and hydrogen chloride decompositions 
and the oxidation of alcohol vapor, infra-red radiation is also without influence. 

Attempts which have been made so far towards the second confirmation of 
the theory, namely, to show that radiation of the characteristic frequency is 
photochemically efficient in accelerating the reaction, have not met with the 
success which was expected. The results in the increased hydrolysis of 
methyl acetate in presence of sunlight as studied by Rideal and Hawkins © 


1 Moran and Taylor, J. Am. Chem. Soc., 44, 2886 (1922). 
2 J. Am. Chem. Soc., 43, 72 (1921). 

3 Ann. Physik, (IV) 28, 313 (1909). 

4J. Am. Chem. Soc., 48, 577 (1926). 

5 J. Am. Chem. Soc., 48, 607 (1926). 

8 J. Chem. Soc., 117, 1288 (1920), 
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can be explained on the basis of experimental error alone. The acceleration 
of the inversion of sucrose, maltose and other sugars under the action of tropical 
sunlight as given by N. Dhar! has been questioned by Lindemann and Taylor? 
and by H.S. Taylor.? Other cases than those of the sugars are also quoted by 
Dhar.‘ The reaction between oxalic and chromic acids in presence of manga- 
nous sulphate and sulphurie acid as catalyst is said to proceed four times as 
fast when exposed to sunlight as when unexposed. Oxalic acid and potassium 
permanganate react in presence of the same catalyst with twice the speed when 
exposed as when unexposed. Similarly sodium formate and iodine have their 
speed of interaction increased threefold on exposure, whilst potassium oxalate 
and iodine show a marked increase in reaction velocity when exposed to sun- 
light. In the latter case Dhar states that the reaction is accelerated by blue, 
green or violet lights but to a different extent in each case, suggesting that the 
activating light is not necessarily restricted to one frequency. Perrin, in this 
regard, has suggested that, in place of one single frequency being active, it 
might be a series of frequencies acting consecutively and giving rise to the well- 
known intermediate compounds. 

The difficulty of observing an increased rate of reaction in solution when 
under the influence of infra-red radiation may be due to the fact, as Lewis has 
pointed out, that the thickness of the illuminated solution is generally confined 
to a fraction of a millimeter, owing to the high absorption coefficient of the 
solvent. Any observed acceleration therefore may be due to a purely localized 
heating effect and not to a true photo effect, if such a distinction can be made 
at all, in a region where the solvent is strongly absorbing. The evidence against 
a photochemical acceleration, however, in the case of gaseous reactions, into 
which the problem of solvent media does not enter, seems definite proof 
against the radiation hypothesis. 

Furthermore contradictory to the suggestion of Perrin ® the author ® has 
recently shown that the abnormal decaying effect of radiation on zinc sulphide 
phosphorescence is not confined to a particular frequency, as the radiation 
theory demands, nor even to a particular region of the spectrum. All fre- 
quencies, apparently, which are incapable of causing phosphorescence will 
cause its more rapid decay. Later unpublished work has shown the same to 
be true in the case of calcium sulphide phosphorescence, the temperature coef- 
ficient of the rate of decay in both cases being of the order of that of a photo- 
chemical rather than of a thermal reaction. 

Finally, the extensive researches of Hinshelwood’ have shown definitely, 
that at least for gaseous reactions, the energy of activation can be accounted 


1N. Dhar, Proc. Akad. Vetensk. Amsterdam., 14, 1324 (1916), 23, 308 (1920); Z. anorg. 
allgem. Chem., 119, 177 (1921). 

2 Lindemann and Taylor, Nature, 110, 210 (1921). 

3H.S. Taylor, J. Franklin Inst., 197, 15 (1922). 

4N. Dhar, J. Chem. Soc., 123, 1856 (1923). 

5 Trans. Faraday Soc., 17, 566 (1922). 

6 J. Phys. Chem., 21, 115 (1927). 

7 Inter alia Proc. Roy. Soc., 115A, 215 (1927); Chem. Reviews, 3, 227 (1926). 
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for satisfactorily on the basis of molecular collisions, even for unimolecular 
reactions, denying therefore the necessity of postulating any effect of the 
radiant energy of the surroundings. 

To the research chemist of today, particularly in the physical branch, 
there are many widely differing fields for promising investigation. The subject 
of this chapter forms one of those fields, which, up to the present, has received 
less attention, perhaps, than any other, the reason probably lying in the 
difficulty of the work. It has been the aim of the writer to interest the research 
student in this branch by placing at his disposal accurate methods for the 
measurement of infra-red radiation, and by pointing out, though in a somewhat 
meagre manner, the manifold applications of such measurements to other 
branches of science. The lack of data generally in this region is of constant 
trouble to the worker in other fields. More exact data on the infra-red region 
would well repay the efforts of a number of investigators. 


CHAPTER XX 


COLLOIDS ! 


BY ELMER O. KRAEMER, Px.D., 


Experimental Station, E. I. du Pont de Nemours and Co., Wilmington, Del. 


About the beginning of the modern period in chemistry, as the science 
began a rapid development along descriptive and analytical lines and the con- 
cept of solubility became well defined, investigators observed that substances 
ordinarily considered insoluble (gold, arsenic trisulfide, sulfur, aluminum 
hydroxide, etc.) could sometimes exist in apparently homogeneous solutions. 
On account of the instability of these solutions, the indirect manner in which 
they often had to be prepared, and a special deportment in certain other 
respects, it gradually became customary to distinguish between these ‘‘ pseudo- 
solutions,” as Selmi (1847) called them, and ordinary solutions of sugar, 
common salt, alcohol, and the like. The pioneéring work of Richter, Berzelius, 
Wohler, Frankenheim, Schneider, Wackenréder, Baudrimont, Selmi, Kiihn, 
Faraday, Crum, Péan de Saint Gilles, and others? in preparing and describing 


1Some recent general references to this subject are: Alexander, ‘‘Colloid Chemistry, 
Theoretical and Applied,’ Chem. Catalog, New York; Vol. I, Theory and Methods, 1926; 
Vol. II, Biological Applications, 1928; Vol. III, Technical Applications, in press; a com- 
pilation of papers by different authors. Bancroft, ‘‘Applied Colloid Chemistry,’ 2d ed., 
McGraw-Hill, New York, 1926. Bogue, ‘‘The Theory and Application of Colloidal Behavior,” 
2 vols., McGraw-Hill, New York, 1926; a compilation of papers by different authors. Kruyt, 
“Colloids,” translated by van Klooster, Wiley, New York, 1927. Freundlich, ‘‘ Kapill- 
archemie,”’ 3d ed., Akad. Verlag., Leipzig, 1923; English translation by Hatfield, ‘Colloid 
and Capillary Chemistry,’’ Dutton, New York; the most comprehensive monograph on the 
subject. Holmes, ‘‘Laboratory Manual of Colloid Chemistry,’’ Wiley, New York, 2d ed., 
1928. Liesegang, ‘“‘Kolloidchemische Technologie,’ Steinkopff, Dresden, 1927; a compila~ 
tion of papers by different authors. Rideal, ‘‘An Introduction to Surface Chemistry,’’ Univ. 
Press, Cambridge, 1926. Svedberg, ‘‘Colloid Chemistry,” 2d ed., Chem. Catalog, New 
York, 1928. Zsigmondy, ‘‘ Kolloidchemie,” 5th ed., 2 vols., Spamer, Leipzig, 1925 and 1927. 
Duclaux, ‘‘ Les Colloides,’’ Gauthier-Villars, Paris, 1929. 

2 Summaries of early work in the field of colloids may be found in the following references, 
which include the monographs of a general nature published before 1910: Hatschek, ‘‘The 
Foundations of Colloid Chemistry,’’ Macmillan, New York, 1925; a selection of classical 
papers. Svedberg, ‘‘Die Methoden zur Herstellung kolloider Lésungen anorganischer 
Stoffe,’’ Steinkopff, Dresden, 1909, contains references to most of the experimental work 
antedating 1908. V. Weimarn, ‘‘Die Allgemeinheit des Kolloidzustandes,” 2d ed., Vol. I, 
Steinkopff, Dresden, 1925. Guareschi, ‘Colloid Contributions of Selmi,” Kolloid-Z., 8, 113 
(1911). Bancroft, ‘‘Baudrimont as Colloid Chemist,” J.Phys.Chem., 28, 256 (1924). Bredig, 
“Anorganische Fermente,’’ Engelmann, Leipzig, 1901. Lottermoser, ‘‘ Ueber anorganische 
Colloide,” Ahrens Sammlungen, Stuttgart, 1901. Zsigmondy, ‘Zur Erkenntnis der Kol- 
loide,’’ Fischer, Jena, 1905. Miiller, ‘‘Allgemeine Chemie der Kolloide,” Barth, Leipzig, 
1907. Freundlich, ‘‘Kapillarchemie,’’ Akad. Verlag., Leipzig, 1909. Wo. Ostwald, “‘Grun- 
driss der Kolloidchemie,’”’ Steinkopff, Leipzig, 1909. Kolloid-Z., Vol. I, (1907) contains a 
collection of abstracts of papers published after 1850. 
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the ‘“pseudo-solutions” was given a certain unity by the classification and 
lasting nomenclature proposed by Thomas Graham.1 

By means of a new technic (the separation of dissolved substances by 
differential diffusion through membranes), which he called dialysis, Graham 
distinguished between the inorganic pseudo-solutions mentioned above as well 
as solutions of proteins, gums, tannin, polysaccharides and the like, on the one 
hand and ordinary solutions containing small molecules of known composition 
on the other hand. The dissolved materials of the former class, displaying 
a very low rate of diffusion and leaving apparently amorphous solids upon 
evaporation of the solvent, were called “colloids” (glue-like) in contrast with 
the other class of substances, the ‘‘crystalloids.” Solutions of colloids were 
designated as ‘‘sols,’”’ or specifically as “‘hydrosols,” “alcosols,’’ ‘‘etherosols,” 
etc., depending on the vehicle; and the gelatinous amorphous solids obtainable 
from sols were referred to as “gels,” or specifically, as ‘hydrogels,’ “‘alcogels,”’ 
etc. The process of dispersing a gel or colloidal solid to form a sol was called 
‘‘peptization.”’ The spontaneous shrinkage of a gel with the separation of a 
free liquid phase was termed ‘‘syneresis.’””? Although Graham recognized that 
certain substances could form either colloidal or crystalloidal solutions, he 
often disregarded these and spoke as if the classification of substances into 
colloids and crystalloids were mutually exclusive. 

During the five decades following Graham’s work, the ever increasing 
number of experimental and theoretical investigations of colloidal solutions 
provided a richness of data that encouraged efforts toward systematizing them 
into a new branch of science.2 It gradually became clear that the feature 
common to colloidal solutions and responsible for their characteristic behavior 
is a state of subdivision intermediate in coarseness between that of the ordinary 
or crystalloidal solutions and gross homogeneous bodies of pure substances; 
the emphasis shifted from “colloidal substances” to a “‘colloidal state of 
aggregation,” as universal as the gaseous, liquid, or solid states.* 

Both ordinary solutions and colloidal solutions are now recognized to be 
in a broad sense dispersed systems that comprise a dispersion medium and a 
dispersed part,t and differ principally in degree of heterogeneity. In the 
typical ordinary solution, the dispersed part or solute is subdivided into units, 
often single small molecules or ions, that are of the same order of magnitude 
as atomic dimensions and the range of molecular forces, that is, a few 
Angstroms. Whenever one or more dimensions of the dispersed units 
appreciably exceeds this magnitude, regardless as to whether the unit is one 

1 Trans. Roy. Soc. London, 151, 183 (1861); J. Chem. Soc., 17, 318 (1864). 

2 At this stage appeared the first books of a general nature (see footnote, p. 1567) and the 


first special periodical, Zeitschrift fiir Chemie und Industrie der Kolloide, now Kolloid- 
Zeitschrift, which began in 1907. 

’ The new point of view was experimentally developed by v. Weimarn (1905-1908) and 
summarized in ‘‘Grundziige der Dispersoidchemie,”’ Steinkopff, Dresden, 1911. It was also 
explicitly stated by Wo. Ostwald, Kolloid-Z., 1, 291, 331 (1907), and ‘‘Grundriss der Kol- 
loidchemie,’’ 1909. 

* Terminology introduced by Wo. Ostwald, loc. cit. 
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or more molecules, behavior characteristic of colloidal solutions may be 
expected to appear in some form or another. In some cases, as in the gold 
sols, it has been possible by X-ray analysis to demonstrate that the dispersed 
unit is a very small crystal fragment identical in structure with ordinary gold 
in bulk, even when its size is no greater than 10-20 Angstréms.1 At the 
surface of such a particle there must be a relatively abrupt transition in 
properties from those peculiar to bulk crystalline gold on the one side to those 
characteristic of the surrounding medium in bulk on the other side. When 
the particle is so exceedingly small, it is obvious that a relatively large fraction 
of the gold atoms in the particle are in or closely adjacent to the surface. 
Inasmuch as it is now rather generally believed that atomic and molecular 
forces are not effective over distances much exceeding atomic dimensions, it 
has become customary to generalize from the case of gold and similar sols and 
to consider that any dispersed unit over a few Angstréms in diameter, whether 
a single molecule or not, constitutes a distinct phase with an interfacial region 
where it comes in contact with its environment.? In the range of dimensions 
represented by typical colioidal solutions, this interfacial region becomes 
enormous, compared with that of the same amount of material in bulk (Table I), 
and any phenomenon associated with the surface may become very pronounced 
even though it is imperceptible under ordinary conditions. 


TABLE I 


INcREASE IN NUMBER AND ToTAL SURFACE OF PARTICLES AS A ONE- 
CENTIMETER CUBE IS DECIMALLY SUBDIVIDED 


Number of Length of Total Surface 
Pieces Edge in Cm. in Sq. Cm. 
1 1 6 
103 10-1 6x10 
108 1072 6 X10? 
10° 10-3 6 X10 + Ordinary suspensions and emulsions 
Size of cream globules 
10” LOIC=1 i) 6 X104. Slight Brownian motion 
1015 10-5 6 x08] Limit of resolving power of microscope 
| Well-defined Tyndall effect 
1018 10-6 6 <108 ¢ Typical colloidal solutions 
| Hemoglobin molecule 
1071 1057 G=—11mp) 6 X107} Faraday gold sol 
( =1.48 acres) 
1074 10-8 (=1 A) 6xX<108 Atomic dimensions 


1 Scherrer, in Zsigmondy’s, ‘‘Kolloidchemie,” 3d ed., 1920, 387ff. 

2 An opposite point of view is defended by Buchner, in Alexander’s ‘Colloid Chemistry,” 
Vol. I, Chap. 4, 1926, and by Procter, Trans. Faraday Soc., 16, Symposium on Colloids, p. 40 
(1921). 
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If the diameter of an average cream globule were magnified to equal the 
height of this page, a period would represent a particle in a Faraday gold sol, 
the hemoglobin molecule would be ‘somewhat larger, and the carbon atom 
would require two or three times further magnification to become visible. 

Ostwald’s classification of dispersed systems! according to the state of 
aggregation of the phases involved naturally follows: 


TABLE II 
Dispersion Dispersed * 

Nodiuih Phase Dispersed System 
lc Gas Gas (Capable of only a transient existence). 
2: ie Liquid Mists. 
3h. es Solid * Smokes, solid foams. 

4, Liquid Gas Foams and gas emulsions. 
Os Mg Liquid Emulsions 

6. es Solid * Suspensions }sou and gels. 
ais Solid * Gas Solid foams. 

8. we Liquid Solid emulsions. 

9. is Solid Gold ruby glass, alloys. 


* When one phase is solid, both phases may be continuous and intertangled as in a sponge 
so that no distinction can be made between the dispersion medium and the dispersed phase. 


As this classification indicates, colloidal solutions represent but two types of 
dispersed systems in general. However, the behavior in large part of all eight 
types of dispersed systems is found to be controlled by the same fundamental 
factors: heterogeneity and interface effects resulting therefrom. Asa consequence 
modern colloid science has expanded beyond the limits of colloidal solutions 
into the science of finely divided matter—i.e., ‘‘dispersoidology”’ (according to 
v. Weimarn) or “capillary chemistry” (according to Freundlich)—selecting, 
classifying, coordinating, and interpreting those phenomena that become evi- 
dent when matter is highly subdivided and interfaces are much extended. 
Inasmuch as colloidal solutions and gels (types 5 and 6 of dispersed systems) 
have received by far the most extensive investigation and the discussion of 
all types would have to be exceedingly superficial in a work of this scope, it 
will suffice to restrict the discussion‘ largely to colloidal solutions and gels as 
typical of dispersed systems. Other types will be dealt with only to the ex- 
tent that they have contributed significantly to the understanding of the 
behavior of colloidal systems in a narrow sense. 

In order to emphasize the two features largely controlling colloidal behavior 
—(a) small dimensions and (b) the special properties of interfaces—the dis- 
cussion of colloidal solutions will be developed from two points of view: 


(a) The Molecular-Kinetic Behavior of Dispersed Systems, and 
(6) The Physical Chemistry of Interfaces. 


1 Exclusive of ordinary solutions in which the solute can not be identified as a solid, 
liquid, or gas. 
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(a) leads naturally to most of the physics of colloidal solutions, while (b) pro- 
vides a foundation for the chemistry of colloidal solutions so far as it is pecul- 
iar to the colloidal state. 


THE PHYSICS OF COLLOIDAL SOLUTIONS 


The rational interpretation of the behavior of a colloidal solution depends 
upon a satisfactory understanding of its physical structure. As Svedberg has 
emphasized, the adequate characterization of the physical structure requires 
the specification of the size, shape, and structure of the colloidal particles. 
Inasmuch as the direct determination of these magnitudes for typical colloidal 
systems is difficult or impossible, their evaluation must depend upon indirect 
methods. It has been possible, particularly by the utilization of the molecular- 
kinetic behavior, to gain considerable information concerning particle size, 
but our knowledge of shape and structure is rather meager. It is therefore 
usually necessary to use the ‘‘equivalent radius” as a measure of dispersity, 
ie., the radius of the sphere which would behave under the given conditions 
like the particle being measured. Fortunately, calculations by Rinde! show 
that the shape must depart widely from sphericity before the ‘equivalent 
radius” loses its usefulness. But shape and structure, as well as size, often 
play an important part in determining the properties of colloidal systems. 

In case the particles of a dispersion are known to be nearly uniform in 
size, the “‘average”’ 2 (equivalent) radius may serve practical purposes. More 
often, many sizes are present and a size-frequency specification is desirable. 
A useful form of expression is that of a graph in which the relative frequency 
of a given size (dn/dr) is plotted with r (Figure 1), so that the ratio of the area 
between two radii values to the total area under the curve represents the 
fraction of the particles having radii within the limits selected. Analogous 
curves showing the distribution of weight (Figures 6 and 11) or surface among 
the various sizes of particles present are obtainable by plotting 


dw _4 3 dn ds = 4 , an inst 
a aru Ppa, 0 re (a 1) against r. 


The important experimental methods for determining such curves are in 
large part due to the work of Svedberg, Odén, and their associates.4 They 
depend upon bringing about within the dispersion a partial and differential 


1 Diss., Upsala, 1928. 

2" Average”’ is here used rather loosely; its real meaning varies with the procedure used 
to determine it. 

3 Svedberg and Estrup, Kolloid-Z., 9, 259 (1911). For other methods, see Odén, Bull. 
Geol. Inst. Upsala, 16, 125 (1916); Loveland and Trivelli, J. Franklin Inst., 204, 193, 377 
(1927); v. Hahn, “ Dispersoidanalyse,’’ Steinkopff, Dresden, 1928. 

4General summaries for the determination of particle size: Svedberg, in Alexander’s 
“Colloid Chemistry,” Vol. I, Chap. 56, 1926; in Abderhalden’s “‘ Handb. biologischen Arbeits- 
methoden,”’ Vol. IIIB, p. 679, 1927; ‘‘ Colloid Chemistry,”’ 2d ed., 1928. Odén, in Alexander’s 
“Colloid Chemistry,” Vol. I, Chap. 58, 1926. V. Hahn, ‘“Dispersoidanalyse,”’ 1928—a very 


detailed discussion of the subject. 
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separation of the particles according to size by some agency such as gravity, 
centrifugal sedimentation, or diffusion. This grading process (cf. Figure 7) is 
analysed by some means, and molecular-kinetic equations are applied to cal- 
culate particle size or molecular weight. When ions are associated with or 


Relative Frequency, go 


0 02 044% 2 06 0.8 1.0 
Radius in Microns 


Fic. 1. The Distribution of the Particle Sizes in a ‘‘ Ripened”’ Silver Bromide Suspension ! 


bound to the dispersed material, as is often the case, the particles must be 
considered, from the kinetic point of view, as colloidal electrolytes, for which the 
kinetic equations resemble those for polyvalent electrolytes of large molecular 
weight.? Specific methods for determining particle size and shape are further 
described on pages 1580, 1584, 1587-99, 1608, 1611, and 1615. 


Mo.uecunar-KInetic BEHAVIOR OF COLLOIDAL SOLUTIONS 3 


A colloidal solution closely resembles the model from which the classical 
Kinetic Theory of ordinary solutions has been developed; the colloidal particles 


1Sheppard and Lambert, Sixth Colloid Symposium, 1928, p. 265. 

2 Cf. Svedberg, in Alexander’s ‘‘Colloid Chemistry”; Kolloid-Z., Zsigmondy Festschrift, 
36, 53 (1925). Tiselius, Z. physik. Chem., 124, 449 (1926). 

’ General references: R. Firth, ‘‘Schwankungserscheinungen in der Physik,’ 1920; 
Jahrb. Radioakt. Electronik, 16, 319 (1920). deHaas—Lorentz, ‘‘Die Brownsche Bewegung,” 
1913. J. Perrin, Ann. chim. phys., 18, 5 (1909); translation by Soddy, ‘‘Brownian Motion and 


, 
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suspended in a fluid are equivalent to the solute molecules of an ordinary so- 
lution. In fact, the laws of so-called true solutions are to a considerable extent 
the laws of colloidal solutions. Furthermore, the agreement between fact and 
theory is often closer for colloidal than for ordinary molecular solutions. In 
connection with the comparison of experimental facts with the Kinetic Theory 
colloidal systems possess two important advantages: first, the possibility of 
perceiving the kinetic unit in them with ultramicroscopes permits a much 
more detailed and searching test of theoretical deductions; and second, their 
kinetic behavior may be studied in concentrations (expressed in terms of the 
number of kinetic units) far lower, and therefore nearer the ‘‘ideal” of infinite 
dilution, than in the case of ordinary solutions of small molecules. 

The significance of the investigations of dispersed systems from the kinetic 
point of view extends far beyond the confines of colloid science. For example, 
these studies have contributed 

(a) Some of the earliest direct evidence for the existence of molecules, 

(b) A visual confirmation of the Kinetic Theory of Heat, 

(c) A model for gases and molecular solutions, 

(d) A mechanical interpretation of such molecular processes as diffusion, 
osmotic pressure, evaporation, and condensation, 

(e) Insight into the nature of the limitations to the second law of thermo- 
dynamics and of the statistical basis of thermodynamics, 

(f) Independent values for such important constants as N, the num ber of 
molecules per gram-molecule, and e, the charge of the electron, 

(g) A detailed and extensive confirmation of the theory of probabilities. 

The first significant step was made by the English botanist Brown ' when 
he took particular notice of the continuous irregular vibratory motion, now 
called Brownian motion, that is shown by pollen grains and other microscopic 
objects suspended in a liquid. He convinced himself that the motion was 
not due to capillary forces, evaporation, or mutual attraction or repulsion of 
the particies. The phenomenon was then generally neglected until the latter 
half of the century when the development of the Kinetic Theory of gases re- 
awakened some interest. By the gradual elimination of such external factors 
as light, vibrations, electrical effects, convection currents, etc., as possible 
causes of the motion,” it became generally accepted that the oscillations of the 
small particles directly reveal the molecular movement of the surrounding 
liquid as pictured in the Kinetic Theory. It was suggested that the summated 
impacts of the liquid molecules on all sides of a very small particle do not at 
every instant cancel exactly. Efforts naturally were then made to measure 
the speed of the moving particles in order to compare their kinetic energy 
with that of the liquid molecules at the same temperature.’ Only later did it 
Molecular Reality,” 1912; ‘‘Les Atomes,’’ 1913, translation by Hammick, ‘‘Atoms,’’ 1920. 
The Svedberg, ‘‘Die Existenz der Molekiile,” 1912; Jahrb. Radioakt. Electronik, 10, 467 
(1912); ‘‘Colloid Chemistry,” 1928. Herzfeld, “Kinetische Theorie der Wirme,” Vieweg, 
Braunschweig, 1925. 

1 Phil. Mag., 4, 161 (1828); 6, 161 (1829); 8, 41 (1830). 

2 See, for instance, Wiener, Ann. Physik, 118, 79 (1863); Gouy, J. phys., 7, 561 (1888). 

3 Exner, Ann. Physik, 2, 843 (1900). 
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become evident that the path of a suspended particle is too irregular and zig- 


zag to permit the determination of its velocity. 


Ap 


Displacements parallel to the X-axis : 


Het ae 
1,3 <_—____. 
3,4 Ry 
45 bd or Po 
5,6 rar 
6,7 SS 
7,8 Ean, aa 
8,9 hat 
9,10 her 
Fic. 2. Brownian-Motion Displacements. 


The continuous line represents the projection 
of the approximate path of a particle onto a 
fixed plane. The points locate the successive 
positions of the particle at uniform time inter- 
vals. The projections on the X-axis of the 
straight lines joining the successive points mea- 
sure the separate displacements, indicated by 
A, or simply A. The straight lines themselves 
represent the displacements parallel to the XY- 
plane, i.e., Ary. The segments joining the ac- 
tual spatial locations of the particle are symbol- 
ized as Agyz. 
Aiy = 24% = 202 = 203; 

and 

ate we <2 — 

Aiyz = 3A;,; and A, = 3A; 
These relations express the fact that the dis- 
placements have no preferred directions. In 
each case the bar over the symbol indicates the 
average of a large number of values. In the 
figure the displacements are obviously too few 
to give equality between the average positive 
and average negative displacements. 


It has been calculated that a 
colloid particle changes its direc- 
tion over 10° times in a second.t 
With the invention of the slit 
ultramicroscope, which revealed 
the very much more striking mo- 
tion of ultramicroscopic particles, 
and with the independent applica- 
tion of the Kinetic Theory to dis- 
persed systems by Einstein ? and v. 
Smoluchowski,*? progress became 
rapid. The experimental investi- 


gations in the laboratories of 
Svedberg and of Perrin kept pace 
with the theoretical develop- 
ments. 


In the following paragraphs a 
number of the theoretical deduc- 
tions in the form of equations are 
summarized, their concordance 
with experiment indicated, and 
their application to the determina- 
tion of particle size briefly described. 
The classical equations are in part 
limited to spherical particles or 
molecules. For non-spherical par- 
ticles the theory becomes more 
complicated.! 


Kinetic Behavior in the Absence 
of External Forces 


The Brownian Motion of a Single 
Particle may be quantitatively 
characterized by measuring a large 
number of displacements A occur- 
ring in uniform time intervals 
parallel to a fixed line regardless of 
the actual path followed (Figure 2). 
If the Kinetic Theory provides an 
adequate explanation of the mo- 


1 Fowler, ‘Statistical Mechanics,” 1929, p. 328. 

2 Ann. Physik, 17, 549 (1905); 19, 289, 371 (1906); Ostwald’s Klassiker, No. 199. 

3 Ann. Physik, 21, 756 (1906) ; Ostwald’s Klassiker, No. 207. Physik. Z.,17, 557,585 (1916). 

‘ Cf. the analysis of Brownian motion and diffusion for such cases: R. Gans, Ann. Physik, 
87, 935 (1928); 3, 429 (1929); Przibram, Sitzb. Akad. Wiss. Wien, Abt. Ila, 121, 2339 (1912). 
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tion, and if Stokes’s law! for the frictional resistance between the fluid and 
moving particle is valid, then the average of the squares of a large number 
of displacements, A?, must be related to the time interval t, the radius of 
the particle r, the temperature 7, the viscosity of the median yn, Avogadro’s 
constant N, and the gas constant R by the expression 


a RTt 
il OS : 
(1) N3rnr 


the corresponding average square of the rotatory displacements about a 
specified axis is given by the equation 


= RES 
Ys Sip aig 3 Benes 
@) - N4Arnr 


and the variations in A from the mean should be described by the normal 
probability curve, i.e., 
(3) P(A;) = 


il eile? 
V QrA? 


where P(A;) measures the relative frequency for the occurrence of the dis- 
placement A;. 

Numerous observations have been compared with these equations in one 
form or another. The earlier ones by Svedberg,? Seddig,? Seelis,‘ Henri,> and 
de Broglie ® partially confirmed equation (1) by showing the relative effect 
of one or two variables upon A, the others remaining unknown. Complete 
tests of the equation were made by Perrin 7 and his coworkers, Chaudesaigues,? 
Dabrowski,? and Bjerrum,” using relatively large particles of mastic or gamboge 
(r = 210-520 mu). Values of N calculated from the experimental values of 
the other variables fell between 5.6 and 9.4 X 10%; 6.9 X 10% was considered 
the most trustworthy value, whereas the present accepted one is 6.06 X 10%. 
With more refined methods involving semi-automatic or automatic photo- 
graphic recording of the Brownian motion, Svedberg and Inouye " and Sved- 
berg and Nordlund ” obtained values for N of 6.2 and 5.9 X 10?’ with aqueous 
dispersions of gold (r = 22 my) and of mercury (r = 120-266 my) respectively. 

1 Frictional resistance equals 677rV, where 7 is the viscosity of the medium, r is the radius 
of the sphere, and V is its velocity [Trans. Cambridge Phil. Soc., 8, 287 (1847); 9, 8 (1851)]. 


2Z. Elektrochem., 12, 853, 909 (1906). 

3 Sitzb. Naturw. Marburg, 182 (1907); Physik. Z., 9, 465 (1908); Z. anorg. Chem., 73, 360 
(1912). 

4Z. physik. Chem., 86, 682 (1914). 

5 Compt. rend., 146, 1024; 147, 62 (1908). 

8 Compt. rend., 146, 624, 1010 (1908); 148, 1163, 1315 (1909). 

7 Ann. chim. phys., 18, 5 (1909); Compt. rend., 152, 1380 (1911). 

8 Compt. rend., 147, 1044 (1908). 

9 Compt. rend., 149, 477 (1909). 

10 Compt. rend., 152, 1569 (1911). 

u Arkiv Kemi erral, Geol., 4, No. 19 (1911); Svedberg, ‘‘ Die Existenz der Molekiile.”’ 


12 Z. physik. Chem., 87, 40 (1914). 
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A painstaking investigation of the Brownian motion of oil drops suspended 
in a gas was made by Fletcher! in Millikan’s laboratory under particularly 
favorable conditions: wall effects were absent, the frictional resistance exerted 
by the gas on the moving drop was accurately ascertainable, and a statistically 
adequate number of observations could be made upon a single particle. For 
dispersions in a gas the usual form of Stokes’s law is invalid. To correct it, 
the displacement equation must be multiplied by (1 + 0.86 l/r) where J is 
the mean free path in the gas. From about 19,000 displacements of 12 oil 
drops, a mean value for N of 6.03 + 0.12 was obtained, in excellent agreement 
with the accepted value. 

By means of equation (3) for rotational motion, Perrin? calculated N to 
be 6.5 X 10%, using mastic particles 6.5 uw in radius. 

The distribution of displacements observed by Chaudesaigues for gamboge 
particles in water (r = 210 mu) and by Fletcher for oil drops in air are illus- 
trated in Figure 3. 

Spontaneous Concentration Fluctuations: If attention is focussed upon a 
small region of a colloidal solution as seen in the ultramicroscope, particles 
are seen to move into and out of the region as they execute a normal Brownian 
motion. That is, the number of particles or the concentration in a microscopic 
volume varies spontaneously and continually on both sides of the mean value. 
By counting the number of particles every 1.54 seconds in a small element of 
volume optically defined, Svedberg * obtained such a series of figures as follows: 


... 1000322 1012302012 1213211101 1002331224 2110001203 0101022173 441010... 


Although the average concentration was 1.55, momentary values as low as 0 or 
as high as 7 were observed. Such fluctuations are apparently contradictory 
to the second law of thermodynamics, for a spontaneous increase in concen- 
tration or the reversal of diffusion involves a spontaneous decrease in entropy. 
Superficially the series of numbers appears meaningless, and yet it can be shown 
to obey a rather elaborate set of laws. 

The kinetic and statistical analysis of such fluctuations 4 has been worked 
out in great detail by v. Smoluchowski ® and in general confirmed by the investi- 
gations of Svedberg,® Westgren,’ Costantin,® Iljin,® and Lorenz and Eitel.2 
If v is the average of the numbers, the difference between any number n of 
the series and the average, (n — v), measures the momentary fluctuation, 

1 Phys. Rev., 4, 440 (1914). 

2 Compt. rend., 149, 549 (1909). 

3“ Die Existenz der Molekiile,” p. 148. 

4See Furth, ‘““Schwankungserscheinungen in der Physik,’ for a general discussion of the 
topic. 

5 Ostwald’s Klassiker, No. 207; Ann. Physik, 25, 205 (1908). 

6“ Die Existenz der Molekiile.’’ 

1 Arkw Mat. Astron. Fysik, 11, Nos. 8 and 14 (1918); 13, No. 14 (1918); Z. anorg. Chem., 
95, 39 (1916). 

8 Ann. phys., 3, 101 (1915). 

9 Z. physik. Chem., 83, 592 (1913). 

10 Z, anorg. Chem., 87, 357 (1914). 
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=v 


and may be defined as the relative fluctuation 6. Now if the particles 


are in a kinetic sense equivalent to molecules in an ideal gas or solution, the 
mean relative fluctuation 6 must be given by the equation 


- Weal 


(4) Ut Senrnt 


when » is a small number, and k is the largest integer not exceeding v. Further- 


. | Chaudesaigques 


-4 =e) -2 1) 0 1 2 3 4 
Projection of Displacement on a Fixed Axis 


Fic. 3. Distribution of Brownian-Motion Displacements. The smooth curves are 
theoretical, the irregular curves are experimental. The sign of the displacements was dis- 
regarded by Chaudesaigues 


more, the mean square relative fluctuation ® should equal the reciprocal of 
the average number, 1.e., 


(5) = 


Seiit 


? 


1578 A TREATISE ON PHYSICAL CHEMIST RY 


and the probability for the occurrence of any particular n should be given by 
the expression 


(6) P(n) = 


—Yin 


n!\ 


Observations by Westgren on a gold sol (r = 25 my) satisfactorily verify these 
equations (Table III). Using gold pa ticles of radius 62.5 mp Westgren 
showed in this way that no departure from ideal behavior occurs in concentra- 
tions as high as 72 X 10° particles per cubic centimeter, corresponding kinetic- 


ally to 1.2 X 107?° molar. 
TABLE III 


SPONTANEOUS FLUCTUATIONS IN CONCENTRATION 
y = 1.43. 6 (obs.) = 0.70; (cale.) = 0.69. 6? (obs.) = 0.74; (cale.) = 0.70 


Momentary Concentration 7 = 0 1 2 3 4 5 6 7 
Relative Frequency obs. 381 568 357 175 67 28 5 2 
P(n) 


cale. 380 542 384 184 66 19 5 2 


V. Smoluchowski also showed that a discrepancy in these equations may 
be considered as indicating a condition equivalent to non-ideal compressibility 
in a gas; the “ osmotic compressibility ”’ B of colloidal particles may be defined 
and measured in terms of its ratio to the ideal compressibility 8» by the equation 


B ok! \? 

@ mero) 
0 Cay 

For the data of Table III this ratio is equal to unity within the limits of experi- 
mental error (i.e., 1.02), demonstrating that the ideal gas laws are applicable 
to the colloidal solution investigated. In concentrated dispersions of gamboge 
(> 2.5 per cent by volume) Costantin! found B/Bo to be less than unity; 
by analogy with the case of a non-ideal gas he interpreted this as due to repulsive 
forces between the particles. 

V. Smoluchowski has also successfully described the speed of concentration 
fluctuations in terms of the Kinetic Theory. The speed may be characterized 
in several ways, among which may be mentioned the following: 

(a) The change from one observation to the next, for which the mean 
square value is theoretically given by the equation 


(8) A, = 20P, 


where P is a complicated function of the mean square displacement A?2, the 
time interval between successive observations, and the size and shape of the 
element of volume in which fluctuations are observed. For special cases of 
practical importance Westgren has calculated tables of the function, from 
which he was able to determine the mean square displacement of particles 


1 Compt. rend., 158, 1171, 1341 (1914). 
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from the concentration fluctuations and, in turn, the value of Avogadro’s 
constant through equation (1). 75,000 values of nn; for gold particles of 
radius 62.5 my gave the satisfactory value for N of 6.09 X 10%. The frequency 
of occurrence of any two successive counts n and n; can also be calculated. 
The first section of Table IV, based upon the same data as Table III, presents 
a comparison of observed and calculated frequencies. 

(b) The average duration of a given number n without change, symbolized 
by Tn. Table IV contains calculated and observed values from the work of 
Westgren. 

(c) The average interval between two successive occurrences of any given 
number n, represented by 0,, for which also Table IV gives examples. It is 
interesting to note that the average duration of a state departing widely from 
the mean does not decrease as rapidly as the frequency with which the wide 
departure occurs. 


TABLE IV 


RELATIVE FREQUENCIES OF CONCENTRATIONS 2 AND 71 FOR Two 
SUCCESSIVE OBSERVATIONS 


m= 0 al 2 3 4 5 6 Gi 
0 obs. 210 126 35 7 0 1 — — 
cale 221 119 32 6 1 — —_— —_ 
1 obs 134 281 7 29 1 1 _ —_— 
cale 119 262 122 31 5 1 — _— 
2 obs 27 138 108 63 16 3 — — 
n cale 32 122 149 63 15 3 _— —_ 
3 obs. 10 20 76 38 24 6 0 — 
cale 6 31 63 56 22 5 1 — 
4 obs. Z 2 14 oD, 13 11 3 ae 
cale 1 5 15 22 15 6 2 —_ 

obs a 0 2 10 10 1 3 2 
2 pale = 1 3 5 6 Sel 


Sprep or FriuctruaTion ! 


n= O 1 2 3 4 5 
Tn obs. 2.20 1.98 1.43 1.27 1.22 1.08 

cale. 2.41 1.93 1.63 1.43 1.30 1.21 
On obs. 6.90 3.53 4.90 9.62 24.6 52.0 

cale. 7.63 3.71 5.90 10.88 29.9 99.6 


ee Dee ee 
1 Calculated by Furth, ‘‘ Schwankungserscheinungen in der Physik.” 
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The phenomenon of fluctuations is thus seen to give a detailed and subtle 
confirmation of the Kinetic Theory of dispersed systems, including the under- 
lying assumptions of Stokes’s law, the equipartition of energy between small 
molecules and gross particles, and the validity of the ideal gas laws applied to 
suspended particles. 

Osmotic Pressure: If the behavior of colloidal particles is really equivalent 
to that of molecules in an ideal solution, a colloidal solution should display an 
osmotic pressure in accordance with van’t Hoff’s laws. As a matter of fact, 
Einstein (loc. cit.) showed that the Kinetic Theory of Brownian motion leads 
directly to van’t Hoff’s equation: 


9 LwRT 
(9) Pa Nw 


where n is the number of particles or molecules per cubic centimeter. The 
direct measurement of osmotic pressure with semipermeable membranes 
cannot be carried out satisfactorily with colloidal solutions in which Brownian 
motion can be observed because of the very low pressure, even in the most 
concentrated dispersion that can be prepared. The gold particles in the 
most concentrated sol mentioned on p. 1578 theoretically exert an osmotic 
pressure of only 27 my of water. The changes in vapor pressure, boiling 
point, or freezing point are unobservable. 

Considerable attention has been given to the osmotic pressure of solutions 
of proteins, polysaccharides and their derivatives, dyes, and other macro- 
molecular substances on the border line between colloidal and ordinary solutions 
in an effort to determine molecular weights (or particle sizes). Although the 
pressures are measurable, the significance of the results is often rather un- 
certain owing to a swelling pressure if the particle imbibes solvent,! membrane 
complications, or a pressure due to the presence of small molecules and ions, 
which, weight for weight, have a very much greater osmotic activity than the 
colloid. Since the membranes used with colloidal solutions are usually 
permeable in some degree to ordinary ions, and the colloid often functions as 
a “ colloidal electrolyte ” by giving off or taking on ions, Donnan membrane 
effects may occur in addition to the membrane difficulties normal to all 
osmotic pressure measurements. The dependence of the stability of many 
aqueous dispersions upon the presence of suitable electrolytes often makes it 
impossible to avoid these effects. 

The Donnan Theory of Membrane Equilibria?: Membrane equilibria are 
usually illustrated by the simplest case, in which two completely dissociated 
uni-univalent electrolytes with a common ion are separated by a membrane 
that is impermeable to one non-common ion. 

Regardless of the initial conditions, the equilibrium state must meet the 
thermodynamic criterion that the activities of any diffusible component 

1 Wo. Ostwald and Miindler, Kolloid-Z., 24, 7 (1919). 

2 Z. Hlektrochem., 17, 572 (1911); Chem. Rev., 1, 73 (1924); Nat. Research Council Bull., 


No. 69, 51 (1929). Cf. Gibbs, “‘ Collected Works,” Vol. I, p. 83; Hiickel, Kolloid-Z., 36 
(Zsigmondy Festschrift) 204 (1925); this book, Chap. VII. 
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(solvent and one salt in this case) should be equal on both sides of the mem- 
brane; i.e., in the system 
I II 
x 
HO Nat Nat Cl- H,0 

Ck 
the activities at equilibrium must correspond to the equations: 
(10) Ay,0 = aH,0 and aNact = aNact = Nat X aor = Nat x ae 
As an approximation for a dilute solution and complete dissociation, activities 
may be replaced by stoichiometric concentrations: 


(11) Cie x (Gee = Cle x Ca. 


The spontaneous maintenance of electroneutrality imposes the additional 
restriction that 
(12) Gra CE Ce Wand Ch = Ci 


The combination of these two conditions gives the theoretical description of 
the membrane equilibrium: 


Cra ) Ce 
ile? (3s =j,4~—™. 
\ CNact Cyac 


In other words, since all quantities are positive, the presence of the non- 
diffusible ion X~ leads to an unequal distribution of the diffusible ions, the 
concentration of salt being less in the compartment containing X~. Table V 
illustrates the relations that equation (13) requires between the ratio of salt 
in compartment II to salt in I and the concentrations of non-diffusible 
electrolyte and salt in compartment I. 

TABLE V 


Errecr or A Non-DIFFUSIBLE ION ON THE DISTRIBUTION OF A DIFFUSIBLE SALT 
(SIMPLIFIED THEORY) 


Ratio of salt concentration in IT to that in I. 


I 
cLx 0.001 0.01 0.1 1.0 
PS Ud ee ee ee 

| 
0.001 1.42 3.32 10.05 31.64 
: 0.01 1.05 1.42 3.32 10.05 
CNact 0.1 1.005 1.05 1.42 3.32 
1.0 1.0005 1.005 1.05 1.42 


a Ss [occ nn etd ttttttdttdEt EES 


The inequality of the ionic concentrations gives rise to electrical potential 
differences, the “ membrane potentials.” which are expressed like those of 
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the equivalent concentration cells; i.e., 


(14) R= — —ih t= ee 


In addition, a difference in osmotic pressures exists in the two compartments. 
Each pressure is equal to the sum of the partial osmotic pressures of all ionic 
and molecular species in the compartment, including non-diffusible ions. 
It is this difference (P’) that is measured rather than the osmotic pressure of 
the salt NaX whenever diffusible electrolytes are present in the osmosis 
set-up. P’ is given by the expression 


/ 


(15) RT 


a 20u- + 20h ae 20 

whereas the osmotic pressure Py due to the non-diffusible electrolyte alone is 
2RTCL_. Combining these expressions with the condition for equilibrium, 
equation (13), and solving for Po gives 


(6. 
as / NaCl ~ NaCl 
0 ‘ 
(16) 12 =P (14580 ) where OF eal 
CNaci CNact 


This signifies that when the concentration of diffusible electrolyte is relat vely 
I 


Cna 
high—for instance, when Ch,c; > 100 Chax and = cu a approaches 1—the net 
NaCl 
osmotic pressure P’ is approximately one-half the partial pressure of the non- 


diffusible salt, or approximately equal to the pressure of the non-diffusible ion 
alone. When the concentration of diffusible salt is relatively low (e.g., referring 
to Table V, for Chax/Chac) = 1000), the distribution of salt becomes very un- 
equal (1 : 31.64) and Py and P’ approach equality; but even with as high a ratio 
as 1000 for Chax/Chacy, the discrepancy between Py and P’ exceeds three per 
cent. 

The importance of the theory for colloidal behavior rises from the fact that 
aqueous colloidal solutions often, if not normally, function as non-diffusible 
electrolytes. Accordingly, the theory as here sketched has been developed for 
a number of special cases and made the basis of experimental investigations. 
Donnan,! Loeb,? Bjerrum,’? Rinde,*‘ Northrop and Kunitz,®> and Adair ® have 
measured the membrane potentials and compared them with values calculated 
from measurements of the partition of diffusible ions across the membrane. 
The results on the whole agreed with the simple theory for ideal solutions. 

1 Donnan with Allmand, Trans. Chem. Soc., 105, 1941 (1914); with Garner, ibid., 115, 
1313 (1919) (ferrocyanides). 

2 “Proteins and the Theory of Colloidal Behavior,” 2d ed., 1924, p. 177 (proteins). 

5 Z. physik. Chem., 110, 656 (1924) (colloidal chromium hydroxide). 

4 Phil. Mag., 1, 32 (1926) (colloidal sulfur). 

5 J. Gen. Physiol., 9, 351 (1926) (proteins). 

° Proc. Roy. Soc. London, 120A, 573 (1928) (hemoglobin). 
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On the other hand, efforts to compare osmotic pressures with membrane 
potentials or to calculate the osmotic pressure of the colloidal component from 
observations have not been so successful. The magnitude of the effect due 
to the colloid is often a small part of the total measured effect so that experi- 
mental errors and inexactness of the theoretical treatment prevent the attain- 
ment of satisfactory results. The present inadequacy of the theoretical and 
thermodynamic treatment of osmotic pressure in these systems will have to be 
remedied before this property can be used in a quantitative way to estimate 
the molecular weight or to investigate the thermodynamic properties of colloidal 
solutions, such as the proteins, ‘containing electrolytes... The difficulties are 
not only those common to the interpretation of ordinary strong and weak 
electrolytes; they are further aggravated by the nature of the colloidal com- 
ponents—their high and usually variable valence, their great chemical reac- 
tivity, lack of homogeneity, and narrow zones of stability,—the failure of rules 
and methods applicable to the thermodynamic treatment of ordinary electro- 
lytes, and often a complicated amphoteric behavior.2- The care necessary to 
secure reliable results is well illustrated by the refined work of Sdrensen * and of 
Adair * on egg albumin and hemoglobin, for which molecular weights of 34,000 
and 67,000 were obtained; these values have since received independent and 
very direct confirmation with the ultracentrifuge. But even under the best 
imaginable conditions with respect to theory as well as experimental technic, 
osmotic pressure can have only a limited importance as a means of estimating 
the dispersity of solutions because it gives no information concerning the 
uniformity in particle size or molecular weight as the case may be. 

The occurrence of Donnan effects is not restricted to systems containing a 
permeable membrane. Whenever the diffusivity of a positive or negative com- 
ponent is spatially restricted in the presence of free ions, a non-uniform dis- 
tribution of ions and, consequently, osmotic and electrical-potential differences 
arise: for instance, in a sedimentation equilibrium of a “colloidal electrolyte,” ® 
where gravity or centrifugal force substitutes for a membrane in separating 
the colloidal and ordinary ions; at a surface that dissociates (i.e., possesses a 
mobile electric double-layer), where the bulkiness and rigidity of the surface, 
in a sense serving simultaneously as colloidal ion and membrane, restrict the 
diffusivity of electric charges fixed to it;® and in certain permeable solids, 
like gels, where the gel framework also functions both as colloidal ion and as 

1 Cf, also the anomalous osmotic pressures recorded by Hammarsten, Biochem. Z., 144, 
383 (1924), and Linderstrgm-Lang, Compt. rend. Carlsberg, 16 (1926). 

2 See Adair, J. Am. Chem. Soc., 51, 696 (1929); loc. cit. Simms, J. Gen. Physiol., 11, 618, 
629 (1928). Stadie, J. Biol. Chem., 77, 303 (1928). 

3 Z. physiol. Chem., 106, 43 (1919). 

4 Loc. cit.; Proc. Roy. Soc. London, 108A, 627; 109A, 292 (1925). 

5 The term, used here in a more general sense than customary [McBain, in Bogue’s 
“Colloidal Behavior,” Vol. 1, Chap. 16, 1924], refers to any system containing a colloidal 
component that tends to migrate in an electric field. 

6 Michaelis, ‘‘ Dynamik der Oberflichen,”’ 1909; ‘‘ The Effects of Ions in Colloidal 
Systems,’”’ 1925. Gouy, J. phys., 9, 457 (1910); Ann. phys., 7, 129 (1917). Wilson, J. Am. 


Chem. Soc., 38, 1982 (1916). 
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membrane. The last case is the basis of the Procter-Wilson theory for the 
swelling of gelatin in the presence of electrolytes (see p. 1715), which in turn 
was shown by Loeb to go far in correlating the effects of electrolytes upon the 
viscosities of certain protein solutions (cf. p. 1617). 

Diffusion: Although diffusion may be reversible on a microscale, as indi- 
cated by the concentration fluctuations, on a macroscale colloidal solutions 
with normal osmotic behavior should obey the normal laws of diffusion. 
Sutherland! and Einstein 2? independently showed that the Kinetic Theory 
leads to the expression 


RT 
(17) D= NF = (for a sphere) 
for the diffusion coefficient D where f is the friction coefficient, which is equal 
to 6anr for a sphere obeying Stokes’s law. Comparison of equation (17) with 
equation (1) shows the simple theoretical relation between diffusion and 
Brownian motion, i.e., 


(18) 2Dt = A’. 


R 
N6rnr 


In this case also, the Kinetic Theory cannot be tested rigorously for small 
molecules. It is probable that the equation is approximately correct if 
allowance is made for the uncertainty in the size and shape of molecules and 
for the inaccuracy of Stokes’s law when the ratio of the mean free path in the 
medium to the size of the diffusing molecule is not much less than unity.* 
Rather good confirmation of the equations has, however, been obtained with 
colloidal solutions. For a Faraday gold sol Svedberg 4 found the particle 
size calculated by equation (17) from the diffusion coefficient to agree within 
the limits of experimental error with the size determined by the nuclear method. 
Westgren > measured the microdiffusion of a number of colloidal dispersions 
directly with the ultramicroscope. The satisfactory agreement between theory 
and experiment is illustrated by Fig. 4. Y 

Diffusion has a practical value since it provides one of the few available 
methods for estimating the dispersity of colloidal solutions that cannot be 
resolved in the ultramicroscope. Admitting the validity of the ‘“‘ideal’’ 
Kinetic Theory of diffusion (i.e., uniform particle size, D independent of con- 
centration, and the validity of Fick’s law) one may calculate the equivalent 
particle radius by equation (17). This has been done for a great variety of 
solutions by Herzog and his associates ® using the Oeholm method.? For 

1 Phil. Mag., 9, 781 (1905). 

2 Loc. cit., also Z. Elektrochem., 14, 235 (1908). 

3 Cf. a corresponding situation for Brownian motion in gases, p. 1576. 

4“ Die Existenz der Molekiile,”’ p. 78. 

5 Z. physik. Chem., 89, 63 (1915); Diss. Upsala, 1915. 

6 Herzog, Z. Elektrochem., 16, 1003 (1910); with Kasarnowski (proteins and ferments), 
ibid., 13, 533 (1907); with Polotzky (dyes), tbid., 17, 679 (1911); Z. physik. Chem., 87, 449 
(1914); with Kriiger (cuprammonium cellulose), Kolloid-Z., 39, 250 (1926); (cellulose nitrates 
and acetates), J. Phys. Chem., 30, 457 (1926); 33, 179 (1929); J. Textile Inst., 19, 138 (1928); 


Pulp Paper Mag. Can., 24, 699 (1928); (rubber), Gummi Z., 42, 1471 (1928). 
7 Z. physik. Chem., 50, 309 (1905). 
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example, it was thus concluded that the particle size in nitrocellulose solutions 
is constant in acetone, methyl ethyl ketone, ethyl formate, and methyl alcohol 
and about equal to the size of the micell in the original solid cellulose or 
nitrocellulose, as estimated by X-ray methods. The particle size is less in 
nitrocellulose from mercerized cellulose, viscose silk, or beaten cellulose. The 
particle size in rubber dispersions was shown to decrease with milling of the 
rubber before dispersion. 
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Fic. 4. Distribution of Colloidal Particles during Free Diffusion. The straight lines 
represent theoretical distributions after definite periods of diffusion, starting with all particles 
at the bottom (h = 0). The points are experimental observations by Westgren 


Owing to the instability of many colloidal solutions, the slowness of the 
Oeholm method, besides its lack of precision, severely limits its usefulness. 
Of importance therefore are the more rapid and refined micro and semimicro 
diffusion methods, in which the process is followed, without disturbing the 
system, by such optical means as fluorescence,! light absorption,! * Tyndall 
effect,‘ or refractive index.?» > The measurement of diffusion coefficients in the 
ultracentrifuge may also be classed with the micro methods. The time 
necessary for an experiment may thereby be reduced from weeks to a few days, 
or even to a few hours with the micro methods. These newer methods possess 
the even more important advantage of analyzing the process in greater detail, 
for it has become evident that diffusion may be far from ideal in colloidal 
solutions. Under different conditions inconsistent values for the diffusion 


1 Svedberg, ‘° Colloid Chemistry,” p. 140 and in Alexander’s “‘ Colloid Chemistry,” Vol. I, 
Chap. 56 (proteins). 

2 Firth, Physik. Z., 26, 719 (1925). 

3 Furth, Kolloid-Z., 41, 300 (1927); with Ullmann, ibid., 304; Ullmann, Z. Physik, 41, 
301 (1927); Nistler, Kolloidchem. Beth., 28, 296 (1929) (dyes). 

4 Herzog and Gaebel, Kolloid-Z., 35, 193 (1924); 39, 253 (1926) (viscose). 

5 Lamm, Z. physik. Chem., 138, 313 (1928). 


1586 A TREATISE ON PHYSICAL CHEMISTRY 


coefficient, as it is ordinarily calculated, are found, which may be due to non- 
uniform particle size, failure of Fick’s law, or variation of the diffusion coefficient 
with concentration.t Unfortunately, the anomalies persist into such low con- 
centrations that it is difficult to estimate appropriate corrections by extrapo- 
lation to zero concentration. It is hoped that the simultaneous measure- 
ment of diffusion and sedimentation, as is possible in the ultracentrifuge, will 
give independent information concerning the heterogeneity of dispersions and 
the departures from ideal Kinetic Theory so that diffusion measurements may 
be consistently interpreted, or at least so that reliable relative values may be 
obtained for the quantities of interest. 

Graham pointed out the parallelism between the rates of free diffusion and 
the rates of diffusion through porous septa.2 To avoid the experimental 
difficulties connected with free-diffusion observations, such partitions are 
sometimes used in estimating relative diffusion coefficients.? This technic, 
however, combines the theoretical complications of osmotic pressure and free 
diffusion so that results obtained in this way for D or r, if presumed to be 
quantitative, can only be accepted as provisional until independent con- 
firmation is obtained. 


Influence of External Forces upon Kinetic Behavior 


Thus far, the application of Kinetic Theory to colloidal particles has been 
considered only for cases in which external influences are absent. Several 
cases involving gravity or centrifugal force are of importance. 

Velocity of Sedimentation: By equating Stokes’s law ‘4 for the frictional 
force offered by an infinite liquid medium to a slowly moving sphere (677n7V) 
and the force of gravity on the sphere [$77°9(p» — pm)_], it may be shown that 
the constant velocity of fall is theoretically 


27?(D» — Dm 
(19) y= T?(Dp> — Pp dg 
9n 


in which (pp — pm) is the difference in the densities of particle and medium, 
g is the acceleration of gravity, 7 is the viscosity of the medium, and V is the 
velocity of the particle. This equation has been used in the calculations 
summarized in Table VI. In practical cases corrections > sometimes need to 
be applied for the retarding effect of adjacent solid walls,® the relatively large 


1Ullmann, loc. cit.; Svedberg and Chirnoag3, J. Am. Chem. Soc., 50, 1399 (1928) ; Svedberg 
and Sjégren, ibid., 51, 3594 (1929); 52, 279 (1930); Stamm, ibid., 52, 3047 (1930). 

2 Confirmed by Herzog and Polotsky, loc. cit. Cf. diffusion in gels, p. 1711. 

’ Dabrowski, Bull. Acad. Sct., Cracovie, 1912, 485. Northrop and Anson, J. Gen. Physiol., 
12, 543 (1929). 

4 Trans. Cambridge Phil. Soc., 8, 287 (1847); 9, 8 (1851). 

5 V. Smoluchowski, Intern. Congress Math., Cambridge, 1912. 

6 For tubes, Ladenburg, Ann. Physik, 22, 287; 23, 447 (1907); for 1 plane wall, Lorentz, 
“‘Abhandl. theor. Physik,’”’ 1906, Vol. I, p. 23; for 2 parallel plane walls, Faxén, Ann. Physik, 
68, 89 (1922). 
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mean free path in a gas,! or a ‘‘cloud” effect for many particles.2. The equations 
have been confirmed to about 0.5 per cent by direct measurements of the 
quantities involved by Arnold,? Nordlund,‘ and others, using particles 0.37 u 
and larger in radius. 

TABLE VI 


Time REQUIRED FOR PARTICLES TO SEDIMENT ONE CENTIMETER IN WATER 
AS CALCULATED FROM STOKES’s Law 


Radius Gold Spheres Benzene Spheres 
0.1 mm. 2.5 sec. 6.3 min. 
LS pe 4.2 min. 10.6 hr. (homogenized emulsion) 
100 my (abr: 4.4 days (invisible in microscope) 
LO) ame 29 days 12) -yr: 
oe 3.5 yr. (Faraday scl) 5.4 centuries 


For colloidal particles, the question concerning the influence of the Brownian 
motion arises. In the classical theoretical treatment it is assumed that a 
drift due to external forces is simply superimposed upon the Brownian dis- 
placements. Although this assumption is challenged by some investigators,® 
the bulk of the experimental evidence seems to confirm it. In fact Nordlund 
and Fletcher 7 both made successful use of it in determining N by measuring 
the velocity of falling particles that also showed Brownian motion. The 
agreement found in careful determinations of particle size by ultramicroscopic 
counting and by gravity sedimentation also supports the assumption.® 

The rate of sedimentation and equation (19) may therefore be used for 
determining the equivalent particle radius. To obtain an average size, it is 
sufficient to measure the rate (with a millimeter scale) at which the principal 
boundary moves as the suspension is allowed to settle undisturbed. With 
the more refined ‘‘accumulation” or ‘sedimentation gradient” procedures, 
complete size-distribution analyses can be made. 

Accumulation Methods for Coarse Dispersions: When a well-mixed dispersion 
is allowed to sediment quietly, all the particles of a given size move downward 
(if pp > pm) aS a group with the constant velocity given by Stokes’s law. 


1Cunningham, Proc. Roy. Soc. London, 83A, 357 (1910); Millikan, Physik. Z., 11, 1097 


(1910). Cf. p. 1576. 

2 Cunningham, loc. cit. This may ordinarily be neglected for concentrations less than a 
few per cent by volume. 

3 Phil. Mag., 22, 755 (1911). 

4 Arkiv Mat. Astron. Fysik, 9, No. 13 (1913). Also Silvey, Phys. Rev., 7, 87, 106 (1916) 
Perrin, Ann. chim. phys., 18, 5 (1909). 

6 Burton, in Bogue’s ‘‘Colloidal Behavior,” Vol. I, Chap. 5; in Alexander’s ‘Colloid 
Chemistry,’”’ Vol. I, Chap. 6. 

6 Kraemer, Fifth Colloid Symposium, 1927, p. 81, discusses the pros and cons of the 
question. 

7 Loc. cit, p. 1576. 

8 Westgren, Z. physik, Chem., 89, 63 (1915); Z. anorg. Chem., 93, 231 (1915). 
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Each class therefore accumulates on the bottom at a constant rate (cf. Fig. 7) 
until the upper boundary of the group, starting from the meniscus, has just 
deposited—the class of largest particles first, of smallest ones last. Hach 
decrease in the total rate of accumulation of sediment indicates that some 
size-class has just completed its deposition. To follow the process, Odén * 
devised an ingenious automatic balance onto one pan of which the sedimenting 
particles deposited. From a weight-time curve (Fig. 5), a weight-distribution 
curve (Fig. 6) can be calculated directly.’ 


1.0 


08 


Fraction Accumulated 


0.2 


Time ot Sedimentation in Hours 
5 5 6 iu 8 9 10 
5 


82 ES) 67. 6.2 58 5.5 
Radius in Microns 


Fic. 5. The Accumulation Curve for the Benzene-Water Emulsion having the Distri- 
bution Curve of Fig. 6.3. W, the weight-fraction deposited, is plotted against time, the cor- 
responding radius being calculated. 


At time f, (Fig. 5), the group of particles having a radius 7, (given by 
Stokes’s law for ¢ = t, and x = depth of balance pan from meniscus) just com- 
pletes its deposition, all larger particles having previously completely de- 
posited; and all smaller particles continue to deposit at a rate equal to the 
slope of the tangent at t, as they have done from the beginning of the 
sedimentation. W1-— w, is therefore equal to the weight of the particles 

1 Intern. Mitt. Bodenkunde, 5, 257 (1915). The first arrangement for the purpose, by 
uel) pére, Compt. rend., 136, 1608; 137, 369, 398 (1903), was rather crude and unsatis- 
actory. 


2 Svedberg, ‘‘ Colloid Chemistry,” 2d ed., p. 178. 
3’ Kraemer and Stamm, J. Am. Chem. Soc., 46, 2709 (1924). 
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smaller than r; that have deposited in time ti, and w, is the total weight of all 
particles larger than 7; originally in the dispersion. Similarly for t2, we is the 
weight of all particles larger than ro. (we — wy) is therefore the weight of 


° : ° We — W1 dw 
particles having a size between r; and r2, and ———— approaches ap 28 (r1—12) 
Ti —AS r 
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Fie. 6. A Weight-Distribution Curve for the Particle Sizes in a Benzene-Water Emul- 
sion. The dotted curve is the corresponding number-distribution curve obtained by calcu- 
lation from the weight curve (cf. p. 1571). The low-radius portion of such a calculated num- 
ber-curve is illusory owing to the rapid multiplication of errors as the radius falls below the 
maximum of the weight curve 


decreases. The whole curve is treated in this way with a series of short radius 
W2.— Ww 

intervals. Rectangles of height rail and of width (ri; — 72) are plotted to 
Leer 


give a weight-distribution curve as illustrated in Fig. 6. 

Various modifications and improvements in the recording balance have 
been introduced. The chainomatic principle is used at the Eastman Kodak 
Laboratory, and electromagnetic control by Coutts, Crowther, Keen, and 
Odén?! and by Svedberg and Rinde.? The last workers so greatly increased 
the sensitivity that the total deposit need not exceed 0.02 gram. 


1 Proc. Roy. Soc. London, 106A, 33 (1924). 
2 J, Am. Chem. Soc., 45, 943 (1923). 
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The expensive and complicated automatic balance may in some cases be 
replaced by a hand-operated balance! or by a simple manometer connected 
to the side of the sedimentation vessel,” the plane at the connecting point being 
equivalent to a balance pan. As the particles pass this plane, the changes in 
hydrostatic pressure above it are indicated on the manometer and can be 
translated into an accumulation curve. The sensitivity has been improved * 
and a photographic recording device ‘ added. As the sensitivity is still rather 
low, dispersions must be of rather high concentration (a few per cent) to be 
analyzed by the convenient forms of Wiegner’s method. However, it is ap- 
plicable to emulsions with particles sedimenting upwards (cf. Fig. 5). 


: p 4 
Fic. 7. The Distribution of Three Size-Classes of Particles in a Polydispersed System 


after a Period of Sedimentation. 0, p, and q give separate views of the different size-classes 
present in the complete dispersion, 0 + p + q 


In any case, the accumulation methods are limited to fairly large particles, 
say over 80 my for heavy metals in water, which have an appreciable sedi- 
mentation rate and a negligible diffusivity. They have been used in the inves- 
tigation of clays, soils, technical powders such as cements, carbon blacks, and 
pigments, oil-water emulsions, silver halides for photographic “‘emulsions,” ete. 

Sedimentation-Gradient Methods: The different rates of sedimentation 
for the various groups of particles of uniform size produce an echelon grading 
of the particles in the body of a dispersion (Fig. 7). At any moment the 
difference in concentration at two adjacent levels equals the concentration in 
the original dispersion of those size-groups whose top boundaries have settled 
into this region. The time, the distance of the two levels from the top, and 
Stokes’s law permit the calculation of ri and re, the radii of the smallest and 


1 Holmes, “ Lab. Manual of Colloid Chemistry,’ 1928, p. 10. Bérjeson, Diss. Upsala, 
1921. 

2 Wiegner, Landw. Versuchsstat., 91, 41 (1918). 

’ Hahn, Z. Hlektrochem., 27, 501 (1921), and ‘“‘ Dispersoidanalyse,’”’ 1928; Kelly, Ind. 
Eng. Chem., 16, 928 (1924); Kraemer and Stamm, J. Am. Chem. Soc., 46, 2709 (1924). 

4Lambert and Wightman, J. Opt. Soc. Am., 11, 393 (1925); Gessner, Kolloid-Z., 38, 
115 (1926). 
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largest particles in these groups. Analysis gives the two concentrations 


¢, and cz. A series of the ratios of such pairs ee may be plotted 
ea 


on a distribution curve (cf. p. 1589). Or the concentration gradient de/dz at any 
level in such a system multiplied by dz/dr, obtained by the differentiation of 
Stokes’ law and substitution therein with the specific values of x and t, gives 
directly the quantity dc/dr, which is plotted against the radius of the particles 
whose top boundary is at the given level. Whenever the dependence of some 
optical property (like absorption! or Tyndall effect?) upon radius is known, 
the concentration gradient is easily obtained without disturbing the sedi- 
mentation process by direct observation at different levels. 

Sedimentation Equilibrium: As sedimentation in a solution takes place, the 
gradual accumulation of particles at the bottom (if the particles are denser 
than the medium) locally increases the osmotic pressure and the tendency of 
the particles to diffuse upward. Gouy and Chaperon * showed that these two 
opposing tendencies, regardless of the initial conditions, should eventually give 
rise to a steady state analogous to that of the atmosphere, in which the con- 
centration decreases with increasing height.4 According to Kinetic Theory 
this sedimentation equilibrium is described by the equation 


(20) Inn=1 sae 
nn=In tm — Ba mgh, 


i.e., the logarithm of concentration (or gaseous or osmotic pressure) decreases 
linearly with increasing height for a gas, dissolved molecules, or particles 
dispersed in a liquid. n is the number of kinetic units per cubic centimeter 
at the height h, no is the number of units in unit volume at the bottom, g is the 
acceleration of gravity, and m is the effective weight of the molecule or particle. 


M 4 
(21) Weng (1 — vp) = (for spheres) 3 TT (Pp — pm) 


where M is the molecular weight, v is the partial specific volume of the solute, 
and p, pp, and pm are the densities of the dispersion, the particles, and the solute, 
respectively. 


1 Svedberg and Rinde, J. Am. Chem. Soc., 45, 943 (1923) and Rinde, Diss., Upsala, 1928, 
analyzed various gold sols prepared by the nuclear method. 

2 Svedberg and Stamm, J. Am. Chem. Soc., 47, 1582 (1925), investigated the influence of 
various factors upon the degree of dispersion of emulsions by this means. 

3 Ann. chim. phys., 12, 384 (1887). Their treatment was a thermodynamic one. Einstein 
and v. Smoluchowski independently developed the Kinetic Theory for this case; see p. 1574, 
ref. 2 and 3. 

4 The theoretical analysis of the transient state preceding the attainment of sedimentation 
equilibrium, starting from a uniform initial distribution, has been worked out by Mason and 
Weaver, Phys. Rev., 23, 412 (1924); Weaver, ibid., 27, 499 (1926); Z. Physik, 43, 296 (1927); 
49, 311 (1928). Cf. Firth, Z. Physik, 40, 351 (1926); 45, 83 (1927); Lederer, Kolloid-Z., 46, 
173 (1928). The time required for the attainment of equilibrium under these conditions is 
ess than twice that necessary for a single particle to fall through the depth of the dispersion. 
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Perrin ! first offered experimental verification of these theoretical deductions 
for colloidal solutions by observing the variation in the number of particles 
within microscopic heights (< 0.1 mm.). For example, in the case of gamboge 
particles 0.37 u in radius, the concentration decreased 50 per cent in the height 
of 0.1 mm. The great range of conditions dealt with by a single theory is 
strikingly demonstrated by comparing this 0.1 mm. with the 5 X 10° mm. 
for a 50 per cent decrease in the pressure of the atmosphere. 

More extensive studies were made by Westgren? who found the theory 
confirmed over heights as great as 1.1 mm. Greater ranges could not be 
investigated by the same method. The same equilibrium could be attained 
by sedimentation and by diffusion. From his observations, Westgren calcu- 
lated N to be 6.05 X 10%, in agreement with the accepted value. Figure 8 
reproduces some of the results. 


x~ Equilibrium from both sides 


200 400 «00 800 1000 
h in microns 
Fic. 8. Variation of Concentration with Height in Gold Sols after the Attainment of 
Sedimentation Equilibrium. The straight lines represent theoretical distributions, the points 
indicate experimental observations by Westgren 


Casual observation of the absence of sedimentation in many of the colloidal 
solutions commonly met with in the laboratory suggests that equation (20) 
fails over appreciable heights. However, as Svedberg * pointed out, any non- 
uniformity in temperature sets up convection currents, which prevent normal 
sedimentation. The stratification of sedimenting systems‘ is usually due to 
such convection currents. Whenever the calculated rate of sedimentation does 

1 Compt. rend., 146, 967; 147, 530, 594 (1908); 152, 1380 (1911); Ann. chim. phys., 18, 
5 (1909). 

2 Arkw Mat. Astron. Fysik, 9, No. 5 (1913); Z. anorg. Chem., 93, 231 (1915). 

3“ Handb. Arbeitsmethoden,” ed. by Stihler, 1916, Vol. IV, p. 142. 

4Odén, Kollaid-Z., 26, 100 (1919); Rinde, Diss., Upsala, 1928, p. 54. Observations of 
Barkas, Phil. Mag., 2, 1019 (1926), probably illustrate the effects of convection currents. 


Experiments showing these currents have been made b 
y Mason and Mend 
Acad. Sct., 9, 199, 202 (1923). ae 
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not exceed a millimeter a day, a very thorough elimination of convection 
currents is necessary if sedimentation is to be detectable. In several cases 
the author has found that rather simple precautions suffice to allow sedi- 
mentation in sols which under ordinary conditions remain uniform. In high 
concentrations the ideal equation of course breaks down because of interaction 
of the particles,? just as in gases. 

The Ultracentrifuge: * By the use of centrifuges, the force causing sedimen- 
tation can be controlled and, what is very important, much increased over 
that due to gravity. Corresponding to equation (19), the velocity of sedi- 
mentation in a centrifuge may be expressed by the equation 


In x2/t1 _ 2r?(op — Pm)w* 


22 
( ) to — ty 9n 


where w is the angular velocity, and az, and 2 are the distances of the particle 
from the axis of rotation at times t, and f;. Stokes’s law and the assumption 
of simple additivity of Brownian motion displacements and sedimenting drift 
ln Xo/x1 
w? (te — ti) : 
constant characteristic of the particle in the given dispersion and is designated 
the “specific sedimentation velocity ” or ‘‘ sedimentation constant.” The 
sedimentation equilibrium in a centrifuge is described by an equation re- 
sembling equation (20), namely 


underlie this equation. The velocity due to unit force, is a 


(23) Inc = Inc — app eee — 2), 


where c and cp represent the relative concentrations at distances x and vo from 
the axis of rotation. These equations form the basis for the powerful ultra- 
centrifugal methods of investigating the dispersity of colloidal solutions, which 
have been so brilliantly developed in recent years by Svedberg and his 
associates. In these centrifuges phenomena occur in highly dispersed or even 


1 The objections raised to the sedimentation-equilibrium equation by Burton and Bishop 
[ Proc. Roy. Soc. London, 100A, 414 (1922) ], Porter and Hedges [ Phil. Mag., 44, 641 (1922) ], 
and Barkas [Trans. Faraday Soc., 21, 66 (1925) ], are discussed by Kraemer [Fifth Colloid 
Symposium, 1927, p. 81] and shown to be inadequately supported by facts. Cf. Johnston 
and Howell, Phys. Rev., 35, 274 (1930). 

2 Costantin, Compt. rend., 158, 1171, 1341 (1914). Perrin, 2bid., 1168. 

3 Svedberg and Rinde, J. Am. Chem. Soc., 46, 2677 (1924). See also Lash Miller, Trans 
Am. Electrochem. Soc., 21, 209 (1912), and especially Tolman, J. Am. Chem. Soc., 33, 121 
(1911), for an historical summary. 

4 General summaries and theory: Svedberg, (1) ‘Colloid Chemistry,” 2d ed., 1928; (2) Vol. 
IJIB, p. 679, in Abderhalden’s ‘‘Handb. biol. Arbeitsmethoden,” 1927; (3) Chap. 56, Vol. I. 
in Alexander’s ‘‘ Colloid Chemistry,” 1926; (4) Z. physik. Chem., 121, 65 (1926); (5) Kolloid-Z. 
Zsigmondy Festschr., 36, 53 (1925). (6) Nichols, Sixth Colloid Symposium, 1928, p. 287; (7) 
Diss. Univ. Wisconsin, 1927. (8) Tiselius, Z. physik. Chem., 124, 449 (1926). (9) Lamm, 
Z. physik Chem., 143A, 177 (1929). (10) Arkiv Mat. Astron. Fysik, 21B, No. 2 (1929). (11) 
Faxén, Arkiv. Mat. Astron. Fysik, 21B, No. 3 (1929). (12) Svedberg and Rinde, J. Am. Chem. 
Soc., 45, 943 (1923). (12a) Svedberg, Kolloid-Z., 51, 10 (1930). 
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molecular systems on the same scale as in coarse dispersions under the influence 
of gravity; moreover they can be quantitatively observed or recorded while 
the centrifuges are in operation.! f 

The ingenious experimental arrangements are in themselves of considerable 
interest. Two types of ultracentrifuges are in use—one for low and medium 
centrifugal forces (50—10,000 times gravity), the other for forces up to 110,000 
times gravity when running at 44,000 r.p.m.2 In both, the sector-shaped 
cells with plane glass or quartz windows are carried in the disc rotor between 
corresponding windows in the rotor housing (Fig. 9). In the smaller instru- 
ment, the rotor is driven by an electric motor either directly connected or 
through a flexible coupling and gears; the larger instrument is driven by high- 
pressure ojl turbines mounted directly on the rotor shaft. Great care is taken 
to eliminate vibration and temperature inequalities. Gas friction on the rotor 
is reduced and heat interchange is facilitated by the use of a hydrogen 
atmosphere in the housing—atmospheric pressure for the smaller instrument, 
15 mm. for the larger. 

Due to the persistence of vision, an apparently continuous view of the 
rotating cell and its contents may be had through the windows. When the 
dispersion is colored, the process of sedimentation can be followed visually. 
For quantitative work the cell may be photographed by transmitted light. The 
photographs (Figure 12) recording the light absorption at different points of 
the sedimenting column are photometered and converted to distance-con- 
centration curves analogous to those described under ‘‘sedimentation-gradient”’ 
methods. The light must be adjusted in accordance with the absorption of the 
solute and solvent in order that accurate analyses can be made. The short 
ultraviolet (254 my) has been used for several of the colorless proteins. 
Recently, a photographic, refractive-index method has been devised for quanti- 
tatively recording the distribution of concentration.* This method has two 

Preliminary experiments with relatively coarse dispersions: (13) Svedberg and Nichols, 
J. Am. Chem. Soc., 45, 2910 (1923); (14) Nichols and Liebe, Third Colloid Symposium, 1925, 
p. 268. 

Investigations of proteins: Svedberg, (15) with Fahraeus, J. Am. Chem. Soc., 48, 430 
(1926); (16) with Nichols, ibid., 48, 3081 (1926); (17) with Nichols, ibid., 49, 2920 (1927); 
(18) with Lewis, zbid., 50, 525 (1928); (19) with Chirnoagd, ibid., 50, 1399 (1928); (20) with 
Sjogren, ibid., 50, 3318 (1928); (21) with Heyroth, ibid., 51, 539, 550 (1929); (22) with Car- 
penter and Carpenter, ibid., 52, 241, 701 (1930); (23) with Sjogren, ztbid., 51, 3594 (1929); 
(24) with Stamm, <bid., 51, 2170 (1929); (24a) with Katsurai, ibid., 51, 3573 (1929); (24b) 
with Sjogren, ibid., 52, 279 (1930). 

Cuprammonium cellulose solutions: (25) Stamm, ibid., 52, 3047, 3062 (1930). 

Particle size of gold sols.: (26) Svedberg and Rinde, ibid., 46, 2677 (1924); (27) Rinde, 
Diss., Upsala, 1928. 

Oil-turbine ultracentrifuge: (28) Svedberg and Lysholm, Nova Acta Upsal., Vol. Extra 
Ord., 1927; (29) Svedberg, Z. physik. Chem., 127, 51 (1927). E 

1 By fractional centrifuging, commercial instruments, like the Sharples Supercentrifuge, 
may be used to gain semi-quantitative information concerning size-distribution in moderately 
fine dispersions according to Bradfield, J. Am. Chem. Soc., 44, 965 (1922). 

2 The latest model of the smaller instrument is described in Reference 23; the larger is 
described in References 1, 2, 17, 28, 29. A still more powerful instrument is under con- 
struction. 

8 References 9, 10, 24, and 25; also Z. physik. Chem., 138A, 313 (1928). 
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important advantages over the first one: freedom from restrictions imposed by 
light-absorption requirements and a greater directness in calculating results. 
The quantity of material necessary for a run is surprisingly small. <A few 
cubic centimeters (in special cases, less than one) of a dilute dispersion, de- 
pending upon its optical properties, usually suffice for an analysis. At 38,750 
r.p.m. (85,000 X gravity) the actual rate of sedimentation of hemoglobin 


i 
Cell for Dispersion 


Fic. 9. Schematic Diagram of Ultracentrifuge 


was 1.7 mm. per hour (Fig.12). Sedimentation equilibrium in a 5.6 mm. column 
of 1.1 per cent egg albumin was attained in less than 60 hours running at 10,700 
r.p.m. (5900 X gravity). 

Molecular weight or particle size can be determined with the ultracentrifuge 
in three independent ways, corresponding to the sedimentation-equilibrium, 
sedimentation-velocity, and diffusion methods mentioned above. In the first 
method, data obtained from the photographic record at centrifugal sedi- 
mentation equilibrium are plotted as log c against x? (Fig. 10). If the line so 
obtained is straight, the dispersed system is assumed to be kinetically ideal 

2 
and monodisperse! ; from the slope of the line, which equals 230% = by 


1A linear relationship between log c and 2? would also be characteristic of gels and 
other elastically compressible bodies in case they obeyed Hooke’s law. It is conceivable 
that some of the ‘‘anomalous”’ results referred to on p. 1598 are due to this resemblance 


between a gel and an ideal soiution. 
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equation (23), m is calculated and converted into the corresponding equivalent 
radius or molecular weight by equation (21). Such a molecular weight is a 
thermodynamic quantity in the same sense as molecular weight by ebulliscopic 
and other classical methods. If the slope is not constant, the particle size 
may be non-uniform, or the dispersion may be kinetically non-ideal. In the 
former case, it is possible to resolve the curve into a series of straight lines 
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Fic. 10. The Sedimentation Equilibrium of a 1.5 Per cent Egg Albumin Solution in the 
Ultracentrifuge.1 The straight line represents the ideal distribution for a molecular weight 
of 35,150; the points are experimental. Centrifugal foree—6000 X gravity 


representing superimposed equilibria of different size-classes and thereby 
to obtain an approximate size-distribution curve (Rinde, Ref. 27, p. 1594). 
The sedimentation-velocity method gives a more accurate estimate of the 
size-distribution. The concentration gradient in the sedimenting column 
before back diffusion from the bottom occurs is treated as in the case of gravity 


1 Experiment 28, Svedberg and Nichols, Reference 16, p. 1594, 
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sedimentation, corrections being made for the non-uniform field of force and 
for the blurring of the boundaries of the various size-classes by diffusion. The 
radii are calculated by means of equation (22). 

The blurring of the boundaries also can be utilized to determine particle 
size and, theoretically, size-distribution by the application of the Sutherland- 
Einstein equation, (17). Moreover by assuming that the frictional resistance 


5 
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= 
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Fie. 11. Size-Distribution in a Fria. 12. Rate of Sedimentation in a 1 Per Cent 


Faraday Gold Sol as Determined Solution of Carbon Monoxide-Hemoglobin in the Ul- 
with the Ultracentrifuge. The  tracentrifuge.2 pH of solution was 7.56; speed of 
mean apparent molecular weight centrifuge was 38,750 r.p.m., giving an acceleration 
of the particles is about 1,300,000 about 85,000 times gravity 


exerted by the solvent in free diffusion is equal to the frictional resistance 
determining the sedimentation velocity, equations (22) and (17) can be com- 
bined to eliminate the friction term giving 


RL. 


4 ee , 
(24) 3 77(p — Pm) = Fp * 0% by equation (21), M = p>, 


ND 


where s is the specific sedimentation velocity (cf. p. 1593). 

These methods have already been applied to a variety of colloids (cf. Figs. 
10, 11, and 12), but of particular interest and importance are the compre- 
hensive results on the proteins, which are summarized in Table VII. The 
particles in a solution of a native protein, after suitable purification and under 
stable conditions, are of equal size. This fact suggests that the particles are 
also essentially identical chemically, and accordingly, that they are single 
macromolecules. In general, the molecular weights of a protein by the two 
methods agree within the experimental error, estimated to be about 3-5 per 
cent, but definite discrepancies frequently occur in the radius values from 


1 Rinde, Reference 27, p. 1594. 
2 Svedberg and Nichols, Reference 17. 
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TABLE VII 


Mo.LecuLaR WEIGHTS AND PARTICLE SIZES IN PROTEIN SOLUTIONS 


Diffusion Radius Radius Mol. Wt. Mol. Wt. 


Ref. Coefficient by Dif- by Sedi- |by Sedimen-| by Sedimen- 
Diati205C: fusion mentation | tation and tation 

em2./sec. 107 my my Diffusion | Equilibrium 
16, 7|Egg albumin 9.58 2:23 2.18 34,500 34,500 
23 |Bence-Jones protein 2.18 35,000 
15, 17} Hemoglobin 6.36 3.59 2.44 68,000 66,800 
20 |Serum albumin 6.10 3.49 2.39 67,000 68,000 
20 |Serum globulin 5.40 3.96 2.75 104,000 103,000 
18 |Phycocyan 5.28 4.04 2.76 105,000 106,000 
24a |Phycoerythrin S27 4.05 3.93 214,000 213,000 
24 |Edestin 5.62 3.80 4.16 215,000 208,000 
24b |Amandin 3.89 208,000 
24b |Excelsin 3.93 212,000 

21 |Limulus-hemocyanin 1.87 11.40 6.96 2,000,000 | 0.3-1.9 «108 
19, 21}Helix-hemocyanin 1.78 12.20 12.00 4,900,000 5,000,000 


sedimentation and diffusion. Since the development of the kinetic theory 
for a centrifugal field is confirmed in detail in certain cases, it is legitimate to 
consider discrepancies as significant and to interpret them in terms of such 
factors as solvation, adsorption, particle shape, dissociation, gel formation, 
Donnan potentials, etc. (summarized in Reference 6). Particularly interesting 
is the marked increase in the diffusion radius of hemocyanin and Bence-Jones 
protein as the concentration increases, while the sedimentation radius remains 
about constant (also cuprammonium cellulose solutions, Reference 25); even in 
very low concentrations, the differences are quite pronounced. It appears 
that the particles unite very loosely so as to hinder their free diffusional motion 
without appreciably changing their rate of sedimentation or the character 
of the sedimentation equilibrium. The effects may be related to the variation 
in apparent viscosity with shearing stress (p. 1618), which colloidal solutions 
often display, but the complete explanation is still obscure.1 

A comparison of the molecular weights of the different proteins reveals a 
surprisingly simple relationship: ? the weights are approximately simple integral 
multiples of the smallest value, 34,500, exclusive of the hemocyanin values, for 
which the experimental precision does not permit a decision. Furthermore, 
the weights of centrifugible products formed upon gentle disaggregation are 
also integer multiples of 34,500. Curiously, of 12 stable proteins reported on, 
none has a weight of 4, 5, or more than 6, times 34,500. There is a correspond- 
ing regularity in molecular shape, as judged by the discrepancies in radius values. 
Molecules with weights of 1 or 6 times 34,500 are spherical; those with weights 
of 2 or 3 times 34,500 are presumably non-spherical. Perhaps the larger 
molecules consist of assemblages of 2, 3, or 6 spherical building units packed 


1 Cf. footnote on p. 1595 and pp. 1609 and 1610. 
2’ Svedberg, Nature, 123, 871 (1929). 
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together. The elucidation of these relationships should have an important 
bearing upon questions concerning the origin and teleology of the native 
proteins. 

The application of the ultracentrifuge is not limited to molecules as large 
as the proteins. Nichols! has recently reported successful ultracentrifugal 
determinations of the molecular weights of sodium eosinate and sodium 
erythrosinate, which are small enough to permit comparisons with apparent 
molecular weights by boiling point. Having the direct centrifugal results, he 
was able to make reasonable assumptions concerning corrections to the boiling- 
point results for the effect of electrolytic dissociation and to conclude with 
some certainty that the actual molecular weights in dilute aqueous solutions 
are approximately double the formula weights, i.e., 1380 and 1760. We may 
therefore expect the ultracentrifugal methods to clear up questions concerning 
the dispersity and physical structure of many important macromolecular 
solutions in which colloidal behavior just begins to appear. 

Miscellaneous External Influences: Under suitable conditions, dispersed 
particles may respond in some way to other external influences such as electric 
and magnetic fields or light. Only for the effect of an electric field on an 
isolated spherical particle in a gas medium has the molecular-kinetic behavior 
been theoretically and experimentally investigated in detail.2 For this case, 
the velocity V is given by the expression 


eH l eHVo 
(24) V = —(1+0.36- }=—, 
6rrn r mg 


where e is the electric charge on the particle, H is the strength of the electric 
l 

field, ( 1+ 086+) is the correction for the large mean free path of a gas 
r 


(cf. p. 1576), Vo is the velocity in the gravitational field g, and the other symbols 
have their usual meaning. The combined effect of gravity and an electric 
field is simply the algebraic sum of the separate effects; neither modifies the 
Brownian motion of spherical particles. A particle in a liquid medium also 
may move in an electric field, but quantitatively its behavior is much more 
complicated in that the electrical conditions at the surface of the particle 
largely determine the response; the nature of these “electrokinetic effects ” 
will be considered in connection with the properties of interfaces? Particle 
shape also influences the effects of electric and magnetic fields (cf. p. 1608). 
The effect of unidirectional illumination may take the form of direct radiation 
pressure (Arrhenius’s theory for the deflection of comet-tails) or indirect thermal 
or radiometer effects. Most of the ‘‘photophoretic” effects in liquid colloidal 
solutions are probably due to convection currents caused by temperature 
gradients resulting from the illumination (cf. p. 1592). 

1 Nature, 125, 841 (1930). 

2 Millikan, ‘‘The Electron,’’ 1917; Gibbs, ‘‘Clouds and Smokes,” 1924. 

3 The laws for a particle in a gas are, however, sometimes applied in a formal manner to 
colloidal solutions (Harkins, Sixth Colloid Symposium, 1928, p. 17). 
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OpricAL PROPERTIES OF COLLOIDAL SOLUTIONS 


Color: ! The variety and strength of color in colloidal solutions of absorbing 
substances soon attracted the attention of colloid investigators. Gold hydro- 
sols may be ruby red, various shades of violet, or blue; Carey Lea’s silver sols 
are yellow in all shades to brown, bright red, dark red, violet, greenish blue, 
olive green, or black; ether sols of sodium, potassium, rubidium, and cesium 
vary in color from violet to bluish green, resembling the corresponding vapor 
colors. The colors persist in extraordinarily high dilutions;? the color of 
colloidal arsenic trisulfide is detectable in more than 10° parts of water, colloidal 
ferric hydroxide has several times the color strength of ferric thiocyanate, and 
colloidal gold possesses a detectable color in about 500 times as great a dilution 
as ionic gold. The color of a sol may change under the influence of specific 
agencies; for instance, the addition of a small quantity of common salt to a red 
gold sol converts it to a blue one. 

These manifestations show that the color and condition of the colloidal 
material are intimately related. Efforts have not been lacking to provide a 
rational interpretation of the phenomena. Using the absorption coefficient 
and refractive indices measured on bulk gold, Mie * calculated the absorption 
curve that a dispersion of very small gold spheres should show, and in approxi- 
mate agreement with experiment,’ he found a pronounced absorption maximum 
in the green, corresponding to the actual red color by transmitted light. With 
increasing radius the theory indicated a shift in the absorption. maximum 
toward greater wave lengths, producing bluish-red, violet, and blue colors, 
as actually occurs in certain gold sols. Some further success was attained by 
R. Gans,° who extended Mie’s theory to non-spherical particles. Nevertheless, 
the theories fall short quantitatively. Sols ordinarily contain many sizes of 
particles, and in addition, the particle shape and structure and the surface 
composition are undoubtedly more complicated than assumed. Color and 
absorption are sensitive indicators of differences in the physical structure of 
dispersions, but they do not always yield definite conclusions concerning the 
exact nature of the differences. 

The Tyndall Effect: ° Faraday 7 noticed that the path of a narrow beam 

1 General references: Bancroft, ‘‘ Applied Colloid Chemistry,’’ 1926, p. 238, and numerous 
articles in J. Phys. Chem.; R. Gans, ‘‘ Lichtzerstreuung,” in Wien-Harms’s ‘‘ Handb. Experi- 
mental Physik,” Akad. Verlag., Leipzig, 1928, Vol. 19, p. 363; Wo. Ostwald, ‘‘ Licht und 
Farbe in Kolloiden,” Steinkopff, Dresden, 1924, a detailed summary of work antedating 1914; 
Wood, “‘ Physical Optics,’’ Macmillan, New York, 1911, Chap. 22. 

* Svedberg, Kolloid-Z., 4, 168 (1909); 5, 318 (1910); Z. physik. Chem., 67, 249 (1909); 
“Die Existenz der Molekiile,”” Akad. Verlag., Leipzig, 1912. 

8 Ann. Physik, 25, 377 (1908). Cf. Maxweil Garnett, Trans. Roy. Soc. London, 203, 385 
(1904) ; 205, 237 (1906). Lange, Z. physik. Chem., 132, 27 (1928). 

4Steubing, Ann. Physik, 26, 329 (1908). Observations by Pihlblad, Diss., Upsala, 1918, 
and by Rinde, Diss., Upsala, 1928, on gold sols agree with theory to ca. 10-25 per cent. 

5 Ann. Physik, 37, 881 (1912); 47, 270 (1915). 

6 General reviews: Wells, Chem. Rev., 3, 331 (1927); Freundlich, ‘Colloid and Capillary 
Chemistry,”’ p. 379; Ostwald, ‘‘Licht und Farbe”; Toy, Davies, Crawford, and Farrow, 


“Seventh Intern. Congress Photography,’ 1928, p. 53. 
7 Trans. Roy. Soc. London, 147, 154 (1856). 
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of sunlight passing through a colloidal gold solution was plainly visible when 
examined against a dark background although the sol appeared quite trans- 
parent under the microscope. He suspected that very small particles of gold 
were responsible for the light emitted or ‘‘scattered” by the solution laterally 
to the incident beam. In the course of a detailed examination of the effect, 
Tyndall + took note of the biue color and polarized character of the scattered 
light and the yellowish-red color of the transmitted light for dispersions of 
transparent materials. This capacity to scatter light, usually called the 
Tyndall effect, is now recognized to be a general property of matter ? that is 
particularly marked in colloidal solutions. 

The first successful mathematical analysis of the Tyndall effect was carried 
out by Lord Rayleigh,? who calculated the theoretical relationship for very 
small non-conducting particles between the intensity I of the scattered light 
at a distance x from the specimen and the amplitude A of the incident light, 
the number of particles per unit volume », their radius r and index of refraction 
m1, the wave-length of the unpolarized incident light \, the refractive index of 
the medium n, and the angle between the incident beam and the direction of 
observation @: 


pels [a(n m) \2 
(25) l= Prt (& @ =) (1 + cos? 6). 


The fourth power of the wave-length expresses the effective scattering of the 
shorter waves, which accounts for the bluish Tyndall beam in dispersions of 
colorless substances when the incident light is white. The appearance of the 
sixth power of the radius indicates that the Tyndall intensity is exceedingly 
sensitive to variations in the degree of dispersion, other factors being constant. 
It is evident that there can be no scattering unless the refractive indices of 
particle and medium differ. The distribution of the scattered light and its 
state of polarization are contained in the (1 + cos? @) term and can be graphic- 
ally represented by a polar diagram resembling that of Fig. 13, but with 7; as a 
circle and 72 as a symmetrical cos? @ curve about the particle as center. The 
lengths of the radii from the particle to the curves are proportional to the 
intensities of the two polarized components of the scattered light, 71 for the com- 
ponent vibrating perpendicular to the plane containing the incident beam and 
the direction of observation, and 72 (proportional to cos? @) for the component 
at 90° to 7;. The total intensity in any direction is given by the sum of 7; and 
72 along any radius vector, and the net intensity of the polarized light is pro- 
portional to the difference between 7, and iz. At 90°, the scattered light 
theeretically is polarized completely. 

The Rayleigh formula has frequently served as a starting point for investi- 
gations of dispersions. Considering all variables except concentration and size 

1 Phil. Mag., 37, 384 (1869). 

2Summaries of molecular scattering are given by Martin, in Alexander’s ‘Colloid 
Chemistry,’ Vol. I, Chap. 16; Gans, in Wien-Harms’s ‘“‘ Handb. Experimentalphysik,” loc. cit.; 
and Joos, ‘‘ Raman-effekt,’’ in Wien-Harms’s ‘‘ Handb.,”’ Vol. 22, 1929. 

3 Phil. Mag., 47, 375 (1899). 
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of particle constant, one may rewrite equation (25) in the form J = kev where k 
is an unknown constant of proportionality, c is the concentration, and » is 
the average volume of the particles. Therefore, by means of measurements of 
relative Tyndall intensities of dispersions of the same kind and size of particle, 
relative concentrations can be estimated (this is the basis of nephelometry) ; * 


60° 70" 80° 90° 100° 110° 120° 155° 


Fia. 13. Theoretical Polarization and Relative Intensity of Light Scattered by a Flint 
Glass Particle (radius = 50 my; refractive index = 1.67) in Water. The arrow indicates 
the direction of the incident non-polarized light, which is about 300 times as intense as the 
light scattered at 180° 


or differences in particle size can be estimated by the comparison of dispersions 
of a given material in equal concentrations. This principle has been applied 
in numerous investigations of degree of dispersion and of the effects of time, 
added agents, and external conditions upon colloidal systems.” 


1 Yoe, ‘‘Photometric Chemical Analysis,” Vol. 2, ‘‘Nephelometry,” Wiley, New York, 
1929. 

2 Some examples are: Steubing (metal sols), Ann. Physik, 26, 329 (1908); Mecklenburg 
(nature of stannic acids), Z. anorg. Chem., 74, 207 (1912); (particle size in Odén sulfur sols), 
Kolloid-Z., 16, 97 (1915); Arisz (sol-gel transformation in gelatin solutions), Kolloidchem. 
Beth., 7, 1 (1915); Tolman with others (smokes and mists), J. Am. Chem. Soc., 41, 297, 300, 
304, 575 (1919); Mardles (cellulose acetate solutions), Trans. Faraday Soc., 18, 318 (1923); 
Raman and Ramdas (interfacial films), Proc. Roy. Soc. London, 109, 272 (1925); Kraemer and 
Dexter (effect of pH and temperature on gelatin solutions), J. Phys. Chem., 31, 764 (1927); 
Krishnamurti (agar gel formation), Proc. Roy. Soc. London, 122, 76 (1929). The measure- 
ment of the Tyndall effect involves the photometry of low intensities of more or less polarized 
light; visual, photographic, and photoelectric methods have been used. Instrumental 
details are discussed by Weigert, ‘* Optische Methoden der Chemie,” Akad. Verlag., Leipzig, 
1927; Walsh ‘“‘ Photometry,” Van Nostrand, New York, 1926. 
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The Rayleigh theory represents a much simplified analysis, which does not 
adequately describe the whole phenomenon of the Tyndall effect. A more 
refined treatment of certain aspects makes it possible to obtain more detailed 
information concerning the physical structure of colloidal solutions. For ° 
instance, if the particle size is an appreciable fraction of the wave length of the 
incident light ! or the particle shape is non-spherical,? the theoretical intensity- 
polarization diagrams are asymmetrical, with a greater portion of the scattered 
light directed at 180°. The results by the more exact analysis do not, however, 
differ by more than 1 per cent from those given by Rayleigh’s formula for 
particles with a radius of 25 mu and arefractive index 1.25 X that of the medium; 
even for a radius of 50 my (cf. Fig. 13), the discrepancy is not great. But when 
the refractive index relative to the medium is larger (e.g., for sulfur in water), 
Rayleigh’s simple formula becomes insufficient at smaller radii, i.e., at ca. 
20my. The very complicated nature of the light scattered from particles 
visible under the microscope is illustrated in Fig. 14, which was calculated and 


135° 


Fia. 14. The Calculated Polarization and Intensity of Light Scattered by a 
Sulfur Sphere (7 = 400 my) in Water 


in part experimentally confirmed by Ray.? In the intermediate ranges of 
sizes, the maximum polarization is less than 100 per cent and occurs at angles 
greater than 90°. Lack of sphericity also decreases the maximum __ polar- 
ization without, however, shifting its angle from 90° for very small particles. 
The reduction in maximum polarization, i.e., the “ depolarization,’’ may be 
1 Mie, Ann. Physik, 25, 377 (1908). 
2 Gans, ibid., 37, 881 (1912); 47, 270 (1915). 


3 Proc. Indian Assoc. Cultiv. Sct., 7, 1 (1921); 8, 23 (1923). Many diagrams have also 
been calculated by Blumer, Z. Physik, 32, 119 (1925); 38, 304 (1926). 
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te 


expressed by the ratio In dispersions that are resolvable in an ultra- 


Ot — 5 

microscope, polarization relations can be studied for a single particle. In 
this way, Schirmann! concluded that particles in mercury, oil, gold, silver, 
copper, lead, and certain sulfur and selenium dispersions in air, all formed by 
pulverization, were approximately spherical. Iodine, tin, bismuth, and solid 
paraffin, on the other hand, appeared to give non-spherical particles. Even if 
the single particles cannot be perceived, as in colloidal solutions of proteins, 
cellulose derivatives, etc., the polarization of scattered light is significant, for 
Gans? has shown how measurements of depolarization at two concentrations 
of a dispersion may be converted into a “ single-particle ” depolarization, from 
which the shape may be judged. From observations of this sort, it seems likely 
that the particles in sols of gamboge,? mastic,‘ arsenic trisulfide,* and ceric 
oxide‘ are practically spherical, whereas those in collargol,* ferric oxide,‘ 
aluminum hydroxide,‘ vanadium pentoxide,‘ and nuclear gold sols (r= 3-80 my)‘ 
are non-spherical. 

More direct methods for investigating the light scattered by non-spherical 
particles may be employed. Since the intensity of scattered light from a 
rod- or disc-shaped particle is a maximum with the larger dimensions parallel 
to the electric vector of the incident beam, the Brownian motion of such 
particles causes them to twinkle or scintillate when they are suitably illuminated 
along one axis and examined in an ultramicroscope.® If the elongated particles 
are at rest, as in a gel, their visibility may be much changed by appropriate 
adjustment of the direction of illumination.® 

The differences in Tyndall effect in different directions may be made 
macroscopically evident by giving the non-spherical particles a common 
orientation by means of external agencies that exercise a directive force upon 
the particles. Such agencies are shear (i.e., mechanical) or electric or magnetic 
fields. The effects of shear are quite simply illustrated by the silky streaks or 
“‘schlieren’’ induced by stirring a dispersion of non-spherical particles.’? The 
particles become oriented by the velocity gradients with the longer dimensions 
in stream planes of constant velocity; depending upon the direction of the eddy 
currents at different points with respect to the illumination and the position 

1 Ann. Physik, 59, 493 (1919); Physik. Z., 23, 441 (1922). Polarization was also studied 
on single particles by Steubing, loc. cit. 

2 Ann. Physik, 62, 331 (1920). 

3 Isnardi, Ann. Physik, 62, 573 (1920). 

4 Lange, Z. physik. Chem., 132, 1, 27 (1928). Cf. Krishnamurti, loc. cit. 

8 (a) Amann, Kolloid-Z., 7, 70 (1910); 8, 11 (1911). (b) Siedentopf, Z. wiss. Mikros., 
29,1 (1912). (c) Diesselhorst, Freundlich, and Leonhardt, ‘‘ Elster-Geitel Festschrift,” 1915, 
453. (d) Diesselhorst and Freundlich, Physik. Z., 17, 117 (1916). (e) Freundlich, Z. 
Elektrochem., 22, 27 (1916); (f) ‘Colloid and Capillary Chemistry,” p. 403. (g) Kruyt, 
Kolloid-Z., 19, 161 (1916). (h) Szegvari, Physik. Z., 24, 91 (1923); G) Z. Physik, 21, 348 
(1924) ; (j) Z. physik. Chem., 112, 277, 295 (1924). 

6 Szegvari, loc. cit. 


7 Lottermoser, in ‘‘ v. Bemmelen Gedenkbuch,” 1910, p. 154. See also References a, 
ce, and d, in footnote 5, above. 
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of the observer, variations in the intensity of the Tyndall effect marking 
out the topography of the eddy currents produce the characteristic silky 
appearance. 


For quantitative measurements Diesselhorst and Freundlich used a flow-tube with a 
thin rectangular cross-section in order to control the type of particle orientation (Fig. 15). 
The particles of a dispersion at rest in the flow-tube have no preferred orientation, but on 
the average it may be assumed that one third of them have the same axis parallel to each of 
the three perpendicular axes of the tube (left side of Fig. 15). During flow, all particles should 
have the common orientation indicated at the right of F ig. 15. With illumination A, the 
electric vector being in the plane of the paper and the direction of observation being per- 
pendicular to the same plane, one would expect the Tyndall intensity of a dispersion of either 
rods or discs to be increased by flow. Since the condition of flow increases the fraction of 
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Fie. 15. Determination of Particle Shape by the Effect of Flow upon the Tyndall Effect 


rods parallel to the electric vector from 1/3 to 3/3, and increases the fraction of discs with a 
long dimension similarly oriented from 2/3 to 3/3, the relative increase should be greater for 
the case of rod-particles. For analogous reasons, illumination B should result in a decreased 
Tyndall effect for rod particles and an increased effect for discs during flow. 

These relations were realized, and through them it was shown that approximately spher- 
ical particles occur in dispersions of gold (red), collargol, platinum (electro-pulverized), arsenic 
trisulfide, and mastic; discs or platelets probably occur in blue gold sols and aged ferric 
hydroxide sols; and rod-like particles exist in sols of vanadium pentoxide, tungstic acid, 
benzopurpurin, aniline blue, and some other dyes! 


Ultramicroscopes: ? Zsigmondy’s effort to examine the Tyndall effect under 
a microscope led to the development of an important tool for colloid investi- 
gations: the ultramicroscope. With this instrument it is possible to perceive 
the light scattered by a single particle too small to give an image by transmitted 
light in even the most powerful microscope. According to Abbé’s theory a 


r : , 
particle smaller than aNA? where \ is the wave length and NA is the numerical 


aperture of the optical system, cannot give an image and is therefore invisible 
in the microscope. For aqueous colloidal solutions (VA < 1-3) and “white” 


1 The dyes were investigated by Zocher, Z. physik. Chem., 98, 293 (1921). Bjornstahl, 
Diss. Upsala, 1924, using models, could not confirm the assumed orientation of discs. Cf. 
Pokrowski, Kolloid-Z., 45, 158 (1928). 

2 Gage, “‘ The Microscope,’ Comstock Publ. Co., Ithaca, 14th ed., 1925; Schirmann, 
“‘Ultramicroscopie” in Abderhalden’s ‘‘Handb. biol. Arbeitsmethoden,”’ Urban & Schwarzen- 
berg, Berlin, 1926, Abt. II, Teil I. 
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light (A = ca. 550 my), the limit is reached at 200 my. Provided the intensities 
are adequate, a self-luminous particle, regardless of its smallness, gives rise 
in the microscope to a diffraction pattern, which is visible when viewed against 
a dark background. The pattern of an ultramicroscopic particle of any shape 
is a circle of light surrounded by rings of diminishing intensity. Its size 
depends only upon the optical characteristics of the observing microscope. 
An ultramicroscope is a ‘modified microscope with which very small particles 
may be rendered effectively self-luminous by indirect illumination in order 
that their diffraction patterns may be examined microscopically. 


Several appliances for such dark-field illumination were designed by early English micro- 
scopists,2 but received little attention. Special arrangements were invented almost simul- 
taneously by Siedentopf and Zsigmondy * and by Cotton and Mouton 4 for the examination 
of colloidal solutions. In the former, which is the much 
used ‘‘slit-ultramicroscope ’ a reduced image of a highly 
illuminated adjustable slit is projected by means of a mi- 
croscope objective I (Fig. 16) into the specimen C at right 
angles to the axis of the observing microscope O. The 
specimen is contained in a black cell with small windows 
for illumination and observation, so that in the absence 
of particles in the illuminated cone, no light enters the eye 
through O. Any particle in the beam becomes a second- 
ary source of light (the scattered light), which within a 
certain solid angle enters the front lens of the observing 
microscope and forms a diffraction pattern. The visibil- 

Fig. 16. Bee ity of particles 5 depends upon their scattering capacity— 
with Orthogonal Illumination as described approximately by the equations of Rayleigh, 
Mie, et al.,—the intensity of theilluminating beam, the 
light-collecting power or numerical aperture of the observing microscope, and the com- 
pleteness with which extraneous light is eliminated. The illuminating intensity is deter- 
mined by the specific intensity of the source, which is usually the carbon arc, and by the 
numerical aperture of the incident beam. The diffraction rings due to metallic particles 
larger than 5-10 my are visible; with less dense particles (lower scattering capacity), the 
limit of ultramicroscopic visibility rises. 

In the immersion ultramicroscope, Zsigmondy § has increased the numerical apertures by 
the use of special immersion objectives. Gold particles less than 2 my in radius have been 
detected with this instrument.’ 

Another form of ultramicroscope has been developed in which special substage condensers 
resembling Wenham’s primitive device form a hollow cone of light with the apex in a thin 
layer of the specimen. The objective of the observing microscope may then be inserted into 


1 The resolving power may be about doubled by microinterferometric methods, according 
to Gerhardt, Z. Physik, 35, 697, 718 (1926); 44, 397 (1927); Fortschr. Chem. Physik phystk. 
Chem., 20B, 1 (1928). 

* For example, Wenham, Trans. Micro. Soc., 3, 83 (1850). 

3 Ann. Physik, 10, 1 (1903). Zsigmondy, ‘‘ Zur Erkenntnis der Kolloide,”’ Fischer, Jena, 
aaa translated by Alexander, ‘‘Colloids and the Ultramicroscope,” Wiley, New York, 

909. 

4 Compt. rend., 136, 1657 (1903) ; ‘‘ Les ultramicroscopes,’’ Masson, Paris, 1906—practically 
identical with the arrangement of Dubern (1888), according to Raman, Phil. Mag., 17, 
495 (1909). 

5 Siedentopf, Z. wiss. Mikroskop., 26, 391 (1909). 

6 Physik. Z., 14, 975 (1913); Kolloid-Z., 14, 281 (1914). 

7 King, J. Soc. Chem. Ind., 38, 4T (1919). 
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the portion that receives no direct illumination. As indicated in Fig. 17, only light scattered 
by particles in the incident beam enters the eye through O. The best known instruments of 
this type are the Paraboloid! and the Cardioid 2 made by Zeiss, the Jentzsch 3 and the Bi- 
centric made by Leitz, and similar ones 
made by other manufacturers. In all of 
them, the illuminating beam falls in the 
angle corresponding to the larger numerical 
apertures, say above 1.0 to 1.25 depending 
upon the model, while the scattered light is 

collected with objectives of lower aper- ——— ONES g: eS 
tures. For the examination of smears or hin BRR a OP de 
specimens with a refractive index above Za 
1.3, special condensers, such as Nelson’s 
Cassegrain or Siedentopf’s Leuchtbild, have 
recently been introduced that permit the 
use of objectives of high resolving power 
(NA = 1.3). High resolving power has 
also been attained with the Spierer con- 
denser and special objective + by reversing 
the usual relation between illuminating 
and observing apertures; i.e., the incident 
beam occupies the low apertures and is 
prevented from entering the eye by a cen- 
tral stop in the objective, whereas the high apertures are utilized for observation. Some 
dark-field condensers have a useful ‘‘change-over’’ device by means of which the type of 
illumination may be quickly changed from bright- tc dark-field or vice versa without 
disturbing the specimen. Another attachment for dark-field condensers is the Szegvari® azi- 
muth diaphragm, with which the illuminating beam may be limited to desired azimuths, 
giving conditions resembling the unilateral illumination in the slit ultramicroscope (cf. p. 
1604 and Fig. 19, p. 1610). 


Fic. 17. Ultramicroscopes with Co-axial 
Illumination (Schematic) 


The slit and condenser types of ultramicroscopes each have certain ad- 
vantages. The former is preferable for the rapid examination of fluid systems, 
particularly if the influence of the chamber walls is to be avoided. The latter 
must be used on thin films and is better adapted to photomicrography.°® 
In any case considerable care must be exercised in interpreting ultramicroscopie 
observations, particularly by distinguishing between particles of the colloid 
supposed to be present and particles of extraneous matter that are almost 
always present. 

The ultramicroscope played an important part in putting colloid science 
an a quantitative basis. Much of the experimental work on the molecular- 


1 Siedentopf, Z. wiss. Mikroskop., 24, 104 (1907). 

2 Ber. physik. Ges., 12, 6 (1910); Kolloid-Z., 37, 327 (1925). 

3 Jentzsch, Verh. deut. physik. Ges., 12, 975, 992 (1910). 

4 Arch. sct. phys. nat., 8, 121 (1926). 

5 Z. physik. Chem., 112, 277 (1924); Physik. Z., 24, 91 (1923). 

6 Dark-field photographs: Fig. 19; Siedentopf, Z. wiss. Mikroskop., 26, 391 (1909); 
Nordlund, Z. physik. Chem., 87, 40 (1914); Darke, McBain, and Salmon, Proc. Roy. Soc. 
London, 98A, 395 (1921); Bachmann, Z. anorg. Chem., 73, 125 (1912); v. Weimarn, ‘‘Jellies 
and Gelatinous Precipitates,’’ 1928, and other publications. Motion pictures have been 
made by Eddy and Eddy, J. Ind. Eng. Chem., 13, 1016 (1921); Hauser, ibid., 18, 1146 (1926) ; 
Wightman and Trivelli, ibid., 17, 164 (1925); Kraemer, Second Colloid Symposium, 1924, 
p. 57. 
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kinetic behavior of colloidal solutions would not have been possible without 
this instrument. The first reliable estimates of particle size in colloidal 
solutions were made by dividing the analytically determined mass of dispersed 
material per unit volume by the average number of particles in the same 
volume as determined by counting in the ultramicroscope. 

Induced Double Refraction: ! External vectorial forces give rise to optical 
anisotropy in other properties than the Tyndall effect. Of special interest for 
the question of physical structure is the double refraction and dichroism that 
appear in certain colloidal solutions when in a magnetic” or electric field,’ 
or when flowing non-turbulently.4 According to Bjérnstahl a magnetic field 
produces positive double refraction in sols of gold (r = 6-100 mp by nuclear 
method), Biltz’ ferric oxide, Schultze’s antimony trisulfide, vanadium pent- 
oxide, gelatin, and silver and platinum (by hydrazine reduction). No double 
refraction appears in very fine grained dispersions, as of Faraday gold, electro- 
pulverized metals (except when ferro-magnetic), and precipitated sulfur. 
Mechanically pulverized sulfur sols, coarse congo red, and Gutbier silver sols 
give negative double refraction. Streaming double refraction with a negative 
sign is shown by dispersions of Carey Lea silver and gold (nuclear), and with 
a positive sign by Graham’s ferric oxide, Gutbier’s silver (AgO?), collodion, 
agar, gelatin, silicic acid, sodium oleate, and several oils. Zocher has described 
the streaming double refraction of sols of vanadium pentoxide, ferric oxide, 
tungstic acid, silver cyanate, clay, bentonite, soaps, benzopurpurin, benzo- 
brown, aniline blue, alizarin, sodium alizarinsulfonate, anthracene, cerasin- 
orange, p-azoxyphenetol, p-azoxyanisol, and primuline. 

Although induced double refraction is certainly due in most cases to the 
orientation of non-spherical particles, the detailed interpretation of the effects 
may be rather involved. A distinction must be made between a double 
refraction caused by the orientation of anisotropic particles (intrinsic double 
refraction) and a double refraction due to the orientation of isotropic particles 
in an isotropic medium of different refractive index (rod double refraction). 
The former may be positive or negative, the latter is always positive.6 Both 

1See Ambronn and Frey, ‘‘ Das Polarisationsmikroskop,”’ Akad. Verlag., Leipzig, 1926. 

2 Called the Majorana effect and investigated by (a) Majorana, Rendi. accad. Lincei, 11, 
536, 539 (1902); 12, 90, 139 (1902); (b) Schmauss, who found an appreciable relaxation time 
for the effect, Ann. Physik, 12, 186 (1903); (c) Cotton and Mouton, Ann. chim. phys., 11, 145, 
289 (1907). (d) Diesselhorst, Freundlich and Leonhardt, ‘‘ Elster-Geitel Festschrift,’’ 
1915, p. 476, observed the effect in vanadium pentoxide sols, and (e) Bjérnstahl, Phil. Mag., 


42, 352 (1921), and Diss. Upsala, 1924, quantitatively measured the effect under a variety 
of conditions for a number of colloidal solutions. 

3 (d) and (e) above; Bjérnstahl, Phil. Mag., 2, 701 (1926). 

4 Kundt, Ann. Physik, 13, 110 (1881); de Metz, Ann. Physik, 35, 497 (1888); Compt. rend., 
136, 604 (1903); Umlauf, Ann. Physik, 45, 304 (1892); 2 (c) and 2 (d) above; Diesselhorst and 
Freundlich, Physik. Z., 16, 419 (1915), and 17, 117 (1916); Zocher, Z. physik. Chem., 98, 293 
(1921); 2 (e) above; Freundlich, Schuster, and Zocher, Z. physik. Chem., 105, 119 (1923) ; 
Freundlich, Stapelfeldt, and Zocher, Z. physik. Chem., 114, 161, 190 (1925); Arcay bad 
Etienne, Compt. rend., 185, 700 (1927). 

> The theory of this effect has been dealt with by Wiener, Abhandl. Sachs. Akad. Wissen. 
Leipzig, 32, 575 (1912), and Havelock, Proc. Roy. Soc. London, 77, 170 (1906) ; 80, 28 (1908). 
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effects may occur simultaneously. In the case of the vanadium pentoxide 
sols, which have been most carefully investigated, and probably in most 
cases of pronounced effects, the induced double refraction is largely due to 


intrinsic double refraction of the particles... The magnitude 
and even the sign of the effects need not be the same when 
different orienting agencies are used. For example, the 
double refraction of a gold sol was positive in a magnetic 
field and negative when streaming.2 Such variations in be- 
havior can arise because the geometric (shape), optic, mag- 
netic, and electric axes of particles need not coincide. Inas- 
much as the orientation due to flow depends directly on particle 
shape, streaming double refraction usually provides a more 
reliable indication of the shape than electric or magnetic 
double refraction. A very simple and surprisingly sensitive 
arrangement, consisting of a glass-plate polarizer and a Nicol 
prism (Fig. 18), is sufficient for detecting streaming double 
refraction. With polarizer and analyzer crossed, the appear- 
ance of a dark cross (Fig. 18) while a colloidal solution is 
swirled in a beaker below the analyzer indicates elongated 
particles in the sol. 

A significant feature deserving investigation is the angle 
between the direc- A A 
tion of shear and u 
the optical axis of 
the oriented assem- 
blage of particles. In 
the coarser disper- 
sions, the angle is 
zero; in solids and 
jellies it is 45°; but 
in sols of soaps, gel- 
atin, collodion, and 
even vanadium pen- | 
toxide, this angle is 


i 
A A 


Fic. 18. Detection of Non-Spherical Particles by Streaming 


o4 
between 0 and 45°. Double Refraction, according to Zocher. The rotation of the 
The particles in the arms of the cross to the right or left of the principal planes of 
sols mentioned seem. the polarizing system (P—P and A—A), depending upon the direc- 


to be united in some 


‘ spiral rather than concentric circles 
way, forming a more 


tion of whirling, indicates that the particles are oriented along a 


or less tenuous elastic structure that undergoes deformation as well as orien- 


1 Footnote 4, p. 1608, Freundlich et al. 
2 Bjornstahl, loc. cit. 


3 Zocher, Z. physik. Chem., 98, 293 (1921). A summary of more elaborate methods is 


given by Zocher, Kolloid-Z., 37, 336 (1925). 


4Freundlich, Stapelfeldt, and Zocher, loc. cit.; Freundlich, Neukircher, and Zocher, 


Kolloid-Z., 38, 43, 48 (1926); Bjérnstahl, loc. cit. 
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tation. The effect is probably closely related to the phenomena to be men- 
tioned in the next paragraph and to diffusion anomalies (cf. p. 1598). 

In certain concentrated sols (aged vanadium pentoxide, aged ferric oxide, 
benzopurpurin, etc.) Zocher! has observed that non-spherical particles may 
spontaneously unite without external directing forces into loose anisotropic 
swarms; they can be dispersed by gentle stirring but then reappear (Fig. 19). 


Fic. 19. Swarms in Aged Vanadium Pentoxide Sols. On the left is the appearance 
with the polarizing microscope; on the right is the same field of view with a dark-field con- 
denser and the azimuth diaphragm 


These systems belong between the crystalline and amorphous states to an 
intermediate state of partial order, which Friedel ? designates as mesomorphic, 
and which includes the “liquid erystals.”’ Since the swarms are more or less 
fluid, in some cases even displaying an internal Brownian motion, their oc- 
currence reveals binding forces of considerable range between the constituent 
particles. These forces are probably identical in nature* with those which 
are responsible for gel formation, the special properties of pastes, thixotropic 
effects, and viscosity anomalies (see p. 1621). 

X-ray Analysis of Colloids:4 The X-rays are even more powerful than 
visible light in revealing the structure of colloidal systems. The services 
rendered by X-rays have taken several forms: (a) the identification of crystal 
structure and therefore of chemical constitution, (b) the estimation of particle 
size and shape, and (c) the determination of the spatial relations between 
particles. An advantage, unique to X-ray analysis, lies in the fact that 
the information obtained refers to the smallest unit or primary particle of the 


‘Z. anorg. Chem., 147, 91 (1925); Zocher and Jacobsohn, Kolloid-Z., 41, 220 (1927); 
Kolloidchem. Beth., 28, 167 (1929). In the last paper, these sols are called ‘‘tactosols.’’ 
Cf. v. Weimarn, Kolloid-Z., 44, 279 (1928). 

2 In Alexander’s *‘Colloid Chemistry,” Vol. I, Chap. 3; Ann. phys., 18, 274 (1922). 

3 Cf. Freundlich, Ber., 61, 2219 (1928). 

4 General references: Clark, “‘ Applied X-rays,’’ McGraw-Hill, New York, 1927, Chap. 19; 
Ind. Eng. Chem., 21, 128 (1929). See this book, Chap. V, for an introduction to X-ray analysis 
and crystal structure. 
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dispersed material. On the other hand, this technic yields no results for 
the surfaces of particles, nor is it effective (as yet) in dealing with colloidal 
solutions! The investigations of colloidal systems have been carried out 
almost exclusively on dried-out gels or products obtained by separating the 
dispersed material from colloidal solution. 

(a) After a considerable period of uncertainty—and even differences in 
opinions—as to whether colloidal particles are amorphous or crystalline, 
X-ray methods forced a compromise by showing that the bulk of the particle 
may be either undeniably crystalline or as amorphous as a simple liquid, with 
intermediate conditions also possible. For instance, colloidal particles of gold, 
silver, insoluble halides, and metallic oxides or hydroxides, give the same 
diffraction patterns as the corresponding materials in bulk.2. “ Copper ”’ sols 
by the Bredig method are largely cupric oxide;* the residue from “ferric 
oxide ” sols (by Graham’s method) may contain crystalline basic ferric chloride 
or goethite [FeO(OH) |; 4 and transparent barium sulfate gels * contain normal 
crystals. In contrast to these, silica, stannic oxide, ferric oxide, alumina, 
sulfur, and beryllium hydroxide can be prepared having no more crystallinity 
than a liquid. A gradual development of crystalline particles may occur in 
some of these cases upon aging or with suitable treatment, such as hot digestion 
with water or electrolyte solutions. 

(6) The estimation of particle size and shape depends upon modifications 
of the distribution of intensity in the diffraction patterns. For particle sizes 
above ca. 10 mm., the lines in a powder-diffraction pattern are broken or 
spotted; as the size falls below 10-4 mm., the lines broaden and become in- 
creasingly diffuse. 

Qualitative comparisons of line breadth for the insoluble ‘‘ hydrous oxides ” 
have yielded considerable information concerning the colloidal state of these 
materials.6 Sols and gels of the hydrated oxides of the quadrivalent elements, 
when freshly prepared at room temperatures, are practically amorphous (in the 
X-ray sense); i.e., crystalline particles, if present, are but little larger than 
atomic dimensions. Upon aging, larger and larger crystalline particles of the 
anhydrous oxides appear. Gelatinous precipitates of ferric and aluminum 
hydroxides are amorphous when formed from cold concentrated solutions; 
crystals of hydroxrides—hydrargillite [ Al(OH); |], bdhmite [AlO(OH) J, goethite 
[FeO(OH) ], or lepidocrocite [FeO(OH) |—appear and gradually increase in 
size during aging or hot digestion. Sols of these materials as well as of the 

1 Bjérnstahl, Diss. Upsala, 1924, has, however, successfully identified ordinary crystalline 
gold in gold sols by flowing the sol through the X-ray apparatus. 


2 Scherrer, Nachr. Konigl. Ges. Wiss. Géttingen, p. 98 (1918); appendix in Zsigmondy’s 
“‘Kolloidchemie,”’ 3d ed., 1920. Bohm, Kolloid-Z., 42, 276 (1927), gives a review of earlier 
work. 

3 Freundlich and Kroch, Z. physik. Chem., 124, 158 (1926). 

4 Bohm, loc. cit. 

5 V. Weimarn and Hagiwara, Kolloidchem. Beth., 23, 400 (1927). 

6 Fricke and co-workers, general summary, Kolloid-Z., 49, 229 (1929); Béhm and co- 
workers, Kolloid-Z., 42, 276 (1927). A report of a symposium on the subject appeared in 
Z. anorg. Chem., 42, 595, 885 (1929). 
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hydroxides of beryllium, magnesium, and zine, the halides of silver, and the 
sulfides of the heavy metals probably as a rule contain crystals. In all these 
cases, X-ray analysis of course gives no information concerning the chemical 
composition or particle size of amorphous materials present. 

Scherrer ! calculated theoretically that the angular breadth B of a diffraction 
line, measured between points of half the maximum intensity, is related to 
the diffraction angle 0, the wave-length \, and the thickness d of a cubic crystal 
by the equation 


26 Pld i. b 
(26) o vg dics 12ae ; 


where b is an empirical instrument constant. For a particular Faraday gold 
sol, equation (26) gave a value of 1.9 mu for d, whereas Zsigmondy estimated it 
to be 1.6 from the osmotic pressure. The X-ray method has been applied to 
the metal ‘“ blacks’ of the platinum family in investigations of particle size 
and catalytic activity.2 The estimation of the dimensions of the crystallites 
in native ramie fiber? illustrates a more refined application of the method. 
The crystallite or, adopting Nageli’s term,' the micell appears to be a parallel- 
opiped having average dimensions of 50 X 50 X 500 A., and containing 
6,000-12,000 glucose residues. The average crystallite in racked rubber ® is 
estimated to be 300-600 A. long and 100-200 A. thick, on the assumption that 
the breadth of the diffraction lines is not due to imperfect lattices. 

In all these cases, X-ray analysis at present gives only an ‘‘average”’ 
(the meaning of which is uncertain) size of the primary crystallites in the solid 
condition. The size of the particle in colloidal solutions of these materials 
may be and probably usually is quite different. The sol particles may consist 
of aggregates or (e.g., in sols of rubber, cellulose, and their derivatives) even 
fragments or aggregates of fragments of the crystallite measured by means of 
X-ray methods. Misleading results may also be obtained if the crystallites 
obtained by separating out the dispersed phase from sols of easily crystallized 
materials (metals, inorganic salts, etc.) increase in size during the separation.® 
Other methods therefore must in general be depended upon in investigating 
the dispersity of colloidal solutions. 

1 Scherrer, loc. cit. A more general theoretical analysis has been given by v. Laue, Z. 
Krist., 64, 115 (1926). It is the basis for a new and superior method for particle-size deter- 
mination [Brill, Z. Krist., 68, 387 (1928); Brill and Pelzer, abid., 72, 398 (1929), Z. tech. 
Physik, 10, 663 (1929) ], which is free from the difficulty of estimating line breadths by 
photographic photometry; the employment of a hollow-cylinder form for the specimen 
results in the splitting of each interference into a dublett, from the separation of which particle 
size can be calculated. Patterson, Z. Krist., 66, 637 (1928), and Mark, Trans. Faraday Soc., 
25, 387 (1929), emphasize the theoretical and experimental uncertainties and difficulties in 
estimating particle size by X-ray methods. 

? Levi and Haardt, Attt. accad. Lincei, 3, 91, 215 (1926). 

5 Hengstenberg and Mark, Z. Krist., 69, 271 (1929). Cf. Z. physik. Chem., 2B, 115 (1929). 

4 Nageli and Schwendener, ‘‘ Das Mikroskop,’’ Leipzig, 2d ed., 1877; Ostwald’s Klassiker 
No. 227. (Cio pp. 1718iit. 

5 Hengstenberg and Mark, loc. cit. 

6 Stoll, Arch. sci. phys. nat., 3, 547 (1921). 
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(c) The arrangement and relative positions of particles in gels, as revealed 
by X-ray analysis, will be discussed in connection with gel structure (cf. p. 1717). 


MeEcHANICAL PRopERTIES OF CoLLoIDAL SOLUTIONS 


Internal Friction: ! The internal friction or viscosity coefficient of a fluid 
is quantitatively defined as the ratio of the shearing stress r per square centi- 
meter to the velocity gradient dv/dx produced, i.e., 


T 


~ dy/dx 


(27) n (Newton’s Law), 
and 7 is a constant for simple liquids. It is usually determined by one of the 
following methods: the Hagen-Poiseuille capillary method, based upon the 
equation 
wpR* 7wRF 
(28) Pas eS , 
8lQ 4Q 


where Q is the rate of efflux through the capillary of radius R under the pressure 
gradient p/l when the flow is slow and laminar, and F is the maximum shearing 
stress (at the capillary wall); the Couette concentric-cylinder method, de- 
pending upon the equation 


(29) 7 = 


M Re-—R2 
4nrLw Re?R? s 


where M is the moment exerted on the inner vertical cylinder of length L and 
radius R; when the outer cylinder Ry slowly revolves with the angular velocity 
w; or the falling-ball method, based upon Stokes’s law and equation (19). 

Recognizing the importance of the viscosity of colloidal solutions, Graham 
referred to a transpiration tube (i.e., a capillary viscometer) as a ‘‘colloido- 
scope.” Since this property is one of the most sensitive indicators of differ- 
ences or changes in the physical structures of a large class of colloidal solutions 
and is moreover relatively easy to measure, it has been used in colloid investi- 
gations more than any other physical property. Unfortunately, a quantitative 
interpretation in structural terms usually cannot be given. 

The only rigorous hydrodynamic analysis of the viscosity of colloidal 
solutions is that of Einstein.? For the ideal case of a suspension of rigid spheres 
of uniform size, in which the radius r of the particles is small with respect to 


r A 
the mean distance a between them (: KEI ) and with respect to the smallest 


1 Hatschek, ‘‘The Viscosity of Liquids,” Bell, London, 1928. Bingham, “Fluidity and 
Plasticity,’ McGraw-Hill, New York, 1922. Herschel, in Alexander’s ‘Colloid Chemistry,” 
Vol. I, Chap. 45. Wo. Ostwald, ‘“ Grundriss der Kolloidchemie,” Steinkopff, Dresden, 
1912; ‘‘ Handbook of Colloid Chemistry,” translated by Fischer and Hatschek, Blakiston, 
Philadelphia, 2d ed., 1918. Symposium on Viscosity of Colloids, Trans. Faraday Soc., 9, 34 


(1913). 
2 Ann. Physik, 19, 289 (1906); 34, 591 (1911). Cf. v. Smoluchowski, Kolloid-Z., 18, 


190 (1916). 
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dimension of the shearing liquid (e.g., 7 << R, the radius of a capillary 
viscometer), but is large with respect to the thickness of the liquid layer 
adhering to the spheres, Einstein showed that the viscosity 7 of the suspension 
should be given by the equation 


(30) 7 


= 1+ 2.56 = 1 + 2.5cv 
n 


where 1 is the viscosity of the medium, ¢ is the fraction of the volume occupied 
by the dispersed spheres, c is the concentration in grams per cubic centimeter, 
and v is the partial specific volume of the dispersed phase. Equation (30) 
represents the limiting case for infinitely small changes in viscosity; for 
moderate changes in viscosity it should and does give too small values for the 
relative viscosity. V. Smoluchowski estimated that the next term of a more 
general equation would be approximately ¢°. It is therefore probable that 
equation (30) can safely be employed—as for the determination of ¢—only 
when 7/79 does not appreciably exceed 1.05. 

Very few investigations have been made in the range where the equation is 
applicable. Bancelin! attempted to verify it, using dispersions of gamboge 
and mastic with radii of 0.3, 1.0, 2.0, and 4.04. In agreement with theory, 
relative viscosities were found to be independent of particle size, but the . 
coefficient was 2.9 instead of 2.5. In similar experiments with sulfur sols, 
Odén? obtained a value of 3.; however, the relative viscosity of even very 
dilute sols (r = ca. 5 my) was distinctly greater than that of sols of equal 
weight-concentration containing particles ten times as large. Hatschek 3 
pointed out that a rigid 0.87 my layer of liquid adhering to the particles 
(“‘solvation”’) would change the total volume of the non-shearing phase 
sufficiently to account for the discrepancy. This suggestion is reasonable, but 
represents only one of the possible sources of discrepancies when 7 is calculated 
from the normal density and total weight of the dispersed particles. 

If the particles carry an electric charge, the numerical coefficient of equation 
(30) is increased by a factor due to an electroviscous effect: 4 


(31) "1 4259/14 0( 2), 
0 Ano \ 2ar 


where D, X, and 7 are dielectric constant, specific conductivity, and viscosity 
of the medium, and ¢ is the electrokinetic potential, the electrical quantities 
being in electrostatic units. If \ = 10-> mhos, r= 10 mp, D = 80, and 
seman 70 
No 
about 13 times by the electroviscous effect. This phenomenon has been 
1 Compt. rend., 152, 1382 (1911). 
2Z. phystk. Chem., 80, 709 (1912). 


3 Kolloid-Z., 11, 280 (1912). 
4V. Smoluchowski, loc. cit. 


¢ = 0.025 volts, the relative increase in viscosity should be increased 
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investigated by Kruyt and his co-workers! in colloidal solutions of starch, 


agar, gelatin, gum arabic, casein, and arsenic trisulfide. 


the magnitude of the effect.2. Kruyt and Ten- 
deloo have also estimated particle size by solving 
equation (31), two at a time, for both ¢ and r (as- 
suming that they remain constant) when 7 and 
¢ are caused to vary by additions of electrolytes. 
In the case of starch sol, the radius of the hy- 
drated particle was calculated to-be ca. 9 mu, 
and the calculated water content of the particle 
was over 91 per cent. In view of the uncertain- 
ties still existing with respect to the effective 
dielectric constant and the absolute magnitude 
of electrokinetic potentials, it is difficult to place 
the same confidence in these values of particle 
size as in those obtained with the more direct 
methods discussed earlier. 

The shape and structure of the particles are 
probably the factors that, even in infinitely dilute 
dispersions, generally lead to discrepancies be- 
tween observations and equation (30). As pointed 
out by v. Smoluchowski (loc. cit.) the coefficient 
2.5 represents a shape-factor, which is a mini- 
mum for spheres; it is probably many times 2.5 
for long rod-particles. Since the factor for non- 
spherical forms has not been worked out and 
particle shape cannot be determined with any 
accuracy anyway, there is at present no hydro- 
dynamic basis for quantitative interpretations for 
the many colloidal solutions to which Einstein’s 
theory is not directly applicable. For compara- 


Figure 20 illustrates 
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Fie. 20. Electroviscous Ef- 
fect in 0.14 Per Cent Agar Sols 
at 50° C. as Revealed by the 
Effect of Added Substances upon 
the Relative Viscosity.’ 


I—Non-electrolytes: urea, su- 
crose, and isoamyl alcohol. 
II—KCl, NaCl, LiCl, NH.Cl, 
KCNS, K2S0O4, KsFe(CN)6. 
IlJ—BaCh, SrCh, MgS0,, 
CdSO.. 
IV—La(NOs)3, Co(NHs)6Cls. 
V—PtlC2Hs(NH2)2 |sL NOs |. 


tive purposes, however, equation (30) may be used to define and calculate ¢, 
which may be called the ‘‘ equivalent hydrodynamic volume,” * in analogy 
to the use of ‘ equivalent radius.”’ The quotient ¢/c may be called the 
“ specific hydrodynamic volume,” in contrast to the ordinary specific volume v. 

The structural feature of importance is the compactness of the colloidal 
particles. The hydrodynamic volume of a suspended porous or hollow particle 
is the total volume including the pores, for liquid shear is restricted to the sur- 
rounding medium; the analytical volume is of course determined by the actual 
amount of dispersed material, exclusive of pores,’ the difference being analogous 


1‘ Colloids,” Wiley, New York, 1927; Kolloidchem. Beth., 28, 1, 407 (1928-29); 29, 396, 
413, 432, 436 (1929). 

2 See pp. 1684-7 for discussion of valence effects in electrokinetic phenomena. 

3 Kruyt and de Jong, Kolloidchem. Beth., 28, 1 (1928). 

4 Kraemer and Sears, J. Rheology, 1, 231 (1930). 

5 Cf, v. Smoluchowski, loc. cit., who has discussed this point in detail. 
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to that between the true and apparent densities of a powder or spongy sub- 
stance. This condition is the basis for the use of viscosity in following the 
course of aggregation of colloidal particles,' for as they clump together, they 
form a sponge-like mass, which encloses more or less large quantities of the 
dispersion medium and protects it from shearing stresses during flow. 

These four factors—solvation, electroviscous effects, non-spherical particle 
shape, and particle porosity—may operate singly or together in causing ¢ to 
differ from cv for small relative viscosities. From viscosity measurements 
alone, it is not generally possible to determine the importance of each factor in 
specific cases. Even with independent information, the interpretation of high 
specific hydrodynamic volumes is rather speculative. 

Table VIII presents some typical examples of the experimental relations. 


TABLE VIII 
Ratios or Speciric HypRoDYNAMIC VOLUME TO TRUE SPECIFIC VOLUME? 
b/ev g/ev 
(1) Sucrose in water........ 1.6 (6) “Clay: in: “waiter’.,.%i-kas he emi erre ke 9 
r = ca. 0.5 my G@ipStarchainvwatelacreeis nacre 20 
(2) Egg albumin in water.... 0.9 (8) ‘Guimcarabic in water... 25.07. 5.e. 50 
r = 2.2 mp (9) Agar in “water ati502s 0. 2a ave. se 220 
(SeSulfurlinewaters.t0. ache? 1.2 (10) Isoelectric gelatin in water at 40°. . 6 
r = 50 my (10) Isoelectric gelatin in water at 20°.. 30 
(4) Gamboge in water....... 1.25 (11) Nitrocellulose in ethyl acetate..... 80 
r = 300 to 4000 mu (12) Cellulose acetate in acetone....... 200 
(5) Diluted rubber latex..... 1.00 (13) Polyvinyl acetate in benzene...... 200-900 
r = ca. 200 to 5000 my (14) Rubber in benzene............... 300-500 
(15) Polystyrene in benzene........... 4—1000 


As suggested by the table, dispersions may be roughly grouped into two 
classes, neglecting transition cases. In one class—the left side of the table— 
the relative viscosities are very nearly given by equation (30) for small changes 
in viscosity, i.e., ¢/cv is approximately unity. In the other group, ¢ is many 
and even hundreds of times greater than cv. Sols of the second group are often 
said to be “solvated.” These groups correspond approximately with the 
classification as ‘“‘lyophobic”’ (or specifically, hydrophobic, etc.) and “ lyo- 
philic’? (or hydrophilic, ete.), referring to the absence or presence of 
marked ‘‘affinities’” between the dispersed material and the medium. The 


1 Cf. investigation by Freundlich and Ishizaka, Trans. Faraday Soc., 9, 66 (1913), of the 
rate of coagulation of aluminum hydroxide sols. 

2(1) Hosking, Phil. Mag., 49, 274 (1900). (2) Loeb, ‘‘Proteins and the Theory of Col- 
loidal Behavior,” 2d ed., p. 267. (3) Odén, loc. cit.. (4) Bancelin, loc. cit. (5) Blow, 
Trans. Faraday Soc., 25, 458 (1929). (6) Bingham and Durham, Am. Chem. J., 46, 278 
(1911). (7) de Jong, Rec. trav. chim., 43, 189 (1924). (8) Kruyt and Tendeloo, Kolloid- 
chem. Beth., 29, 396 (1929). (9) Kruyt and de Jong, ibid., 28, 1 (1928). (10) Kraemer and 
Fanselow, Fourth Colloid Symposium, 1926, p. 110. (11) Kraemer and Sears, loc. cit. (12) 
Mardles, J. Chem. Soc., 123, 1951 (1923). (13) Whitby, McNally, and Gallay, Sizth Colloid 
Symposium, 1928, p. 225. (14) Kirchhof, Kolloid-Z., 15, 30 (1914). (15) Staudinger et al., 
Ber., 62, 241 (1929). 

3 Perrin, J. chim. phys., 3, 84 (1905). 
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classification is also often identified with that into ‘“suspensoids”’ and 
“emulsoids,”’* but these terms could appropriately be allowed to retain their 
original meanings, relating to the solid or liquid character of the dispersed 
particles.? 

The smaller values of ¢/cv on the right side of the table, it is generally 
agreed, may be considered the result of any of the factors mentioned above 
that can increase the relative viscosity over that of an ideal suspension. In 
the case of clay dispersions and the like, which can be resolved in the micro- 
scope or ultramicroscope, it is often possible to recognize the flocculent 
aggregates that account for the high viscosities. The higher values of ¢/cv, 
however, are still the subject of debate. One group of investigators interpret 
the results in terms of solvation, defending the hypothesis that a colloidal 
particle can attach (externally?) even several hundred times its own volume of 
the medium to itself;* another group deny the likelihood of such extreme 
degrees of solvation (in a specific chemical sense) and support the view that 
these dispersions contain swollen sponge-like particles enclosing relatively 
large quantities of the medium.‘ Although solvation (in a specific chemical 
sense) is undoubtedly a primary factor in determining the swelling and aggrega- 
tion of particles, it is probable that high relative viscosities in low concen- 
trations are usually directly due to a mechanical immobilization of the dis- 
persion medium by the presence of jelly-like particles or bulky aggregates 
permeated with the solvent, or by greatly elongated particles or macromolecules 
that increase resistance to shear through mutual entanglement and interference, 
but without ordinary flocculation. This view leads to a reasonable correlation 
of viscosity with various other physical properties of these dispersions.® 

As the concentration of a colloidal solution increases beyond the range 
covered by Einstein’s equation, the relative viscosity rises at an ever increasing 
rate. The hydrodynamic problem involved when mutual interference between 


1 See, however, Wo. Ostwald, Kolloid-Z., 11, 230 (1912). 

2 Cf. Freundlich ‘‘Colloid and Capillary Chemistry,” p. 363. 

3 Pauli, ‘‘Colloid Chemistry of the Proteins,’’ Churchill, London, 1922; Hatschek, loc. cit., 
p. 1613, J. Phys. Chem., 31, 383 (1927); Whitby, loc. cit.; Staudinger et al., Ann., 474, 145 
(1929). 

4 This explanation was suggested by Caspari for rubber solutions, J. Chem. Soc., 105, 
2139 (1914), and adopted by Sproxton for nitrocellulose and related materials, Brit. Assoc. 
Rept. Colloids, No. 3, 82 (1920). V. Smoluchowski, Kolloid-Z., 18, 190 (1916), discussed 
the view in the light of Hinstein’s theory, and Loeb, J. Gen. Physiol., 3, 827 (1920-21), 4, 
73, 97 (1921-22), loc. cit., offered direct experimental support for the idea by demonstrating 
the detailed parallelism between the viscosity of gelatin solutions and of suspensions of 
microscopic gelatin particles under various conditions of pH, salt content, etc., and by showing 
the applicability of the Donnan membrane equilibria and of the Procter-Wilson theory for 
the swelling of gelatin gels to the viscosities. McBain, J. Phys. Chem., 30, 239 (1926), 
Fourta Colloid Symposium, 1926, p. 7, has emphasized the possible generality of the theory 
and, io terms of polarities, has discussed the differences in the capacities of solvents to dis- 
perse the ‘‘ramifying aggregates’”’ into smaller units [ef. Highfield, Trans. Faraday Soc., 22, 
57 (1926); Sheppard, Nature, 107, 73 (1921); Sheppard, Carver, and Houck, Fifth Colloid 
Symposium, 1927, p. 243 ]. 

5 Kraemer and Williamson, J. Rheology, 1, 76 (1929). 
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particles becomes appreciable is obviously a very complicated one and has not 
yet been solved. Various empirical or semi-theoretical equations have been 
proposed, but they can scarcely be considered as more than useful interpolation 
formulas. Among these are 


(32) log n/no = 06 (Arrhenius), 
(33) nino = 1/1 — Vh@) for ¢ > 0.5 (Hatschek),? 
(34) n/no = k/(k — $), where 0 < k < 0.52 for uniform spheres (Bingham and 
Durham),’ 
(35) nino = (1 + ad)” (Baker),* 
(36) n/no = 1/(1 Pa ag), (Hess),® 
1 + 0.5hd 


(37) (Kunitz) ,® 


n/no = (1 — hp)! 


where ¢ is in all cases the analytical volume-fraction of the dispersed phase, 
and 0, h, k, a, n, and a, are empirical constants. 

Anomalous Viscosity: Another feature which complicates the interpretation 
of internal friction in colloidal systems, but which probably will contribute 
significant information concerning their physical structure, is their failure to 
behave in accordance with equations (27), (28), and (29). A given colloidal 
solution may appear to have different viscosities when measurements are made 
in different instruments, or even when the same instrument is used at different 
shearing stresses.’ In practically all such cases, the viscosity coefficient, as 
calculated in the usual way, decreases with increase in the rate of shear. The 
value so obtained is often qualified as an “ apparent viscosity ”’ to distinguish 
it from the constant characterizing the internal friction of a simple liquid, and 
the dispersions are said to be “ plastic solids ”’ ® or “ elastic liquids ”’ ® possess- 
ing ‘structural viscosity.” !° This anomalous behavior is displayed most 
markedly by dispersions that depart widely from Einstein’s equation, although 

1 Meddel. Vetenskapsakad. Nobelinst., 3, No. 13 (1916). 

2 Kolloid-Z., 8, 34 (1911); loc. cit. 

3 Am. Chem. J., 46, 278 (1911); expressed as fluidities by the authors. 

4 J. Chem. Soc., 103, 1653 (1913). 

5 Kolloid-Z., 27, 1 (1920); same as (34). 

6 J. Gen. Physiol., 9, 715 (1926). 

7 This property was already studied by Schwedoff [J. phys., 9, 34 (1890) ] and Garrett 
[Phil. Mag., 6, 374 (1903) ]. Later work, especially by Hatschek [Kolloid-Z., 12, 238, 13, 88 
(1913) ; ‘The Viscosity of Liquids” ], by Hess [Kolloid-Z., 27, 1, 154 (1920) ], and by Bingham 
[Bur. Standards Sci. Paper, No. 278 (1916); ‘‘ Fluidity and Plasticity”’ ], led to a more general 
recognition of the importance of the phenomenon. Rapid and convenient capillary methods 
for measuring the property have been described by Bingham and Murray [Proc. Am. Soc. 
Testing Materials, 23, II, 655 (1923) ] and by Ostwald and Auerbach [ Kolloid-Z., 38, 261 
(1926), 41, 56 (1927) ]. 

8 Bingham, loc. cit. 

9 Freundlich, loc. cit. 

10 Ostwald, loc. cit. 
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not by all such cases. Figure 21 shows some typical examples, obtained with 


capillary viscometers.1_ Two types of curves may be distinguished, although 
there is no clear-cut demarcation between them. 


A 
B 1000 2000 


WN 


AQ/tR® X 10° 


N 


B 50 f 100 %f 150 {C 
Shearing Stress at Capillary Wall in Dynes /Sq.Cm. 


Fig. 21. Typical Rate-of-Shear vs. Maximum-Shearing-Stress Curves for Dispersed 
Systems Flowing Through Capillary Viscometers. 


A. 25 volume per cent zinc oxide in linseed oil; apparent relative viscosity falls from 1335 
to 60 with increasing shearing stress. 


B. 0.2 volume per cent dynamite nitrocellulose in acetone; apparent relative viscosity varies 
between 6.3 and 2.2. 


C. 9 volume per cent titanox in mixture of linseed oil and petroleum hydrocarbon; relative 
viscosity is constant and equal to 2.28. 

D. Ideal plastic flow according to the Schwedoff-Bingham-Buckingham theory. The straight 
line cutting the stress axis at 4/3 f is the asymptote to D at high stresses. 


One form (Curve A) is characterized by a very low rate of flow until a 
certain stress is exceeded, beyond which the rate increases rapidly. These 


1 Williamson, private communication. 
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systems often show an appreciable rigidity or form-elasticity’ and to this 
extent resemble gels. Schwedoff? suggested that such dispersions have a 
yield point, above which continuous shear can take place with a linear rela- 
tionship between rate of shear and shearing stress; quantitatively, the internal 
friction should then be characterized by the equation 


; PRR pO 
eo, ee dv/dx 


instead of the simpler equation of Newton (No. 27). 7’ and f are two constants, 
the former being equal to the limiting value of the apparent viscosity at high 
rates of shear, and f representing the minimum stress that produces continuous 
shear. This assumption forms the foundation of Bingham’s theory of “plastic” 
flow and has served as the starting point for numerous investigations in this 
country * and in Germany.‘ The practical (i.e., integrated) equations have 
been worked out by Buckingham ® (for capillary methods) and by Reiner and 
Riwlin ® (for both capillary and concentric-cylinder methods). Curve D, 
corresponding to the equation 


wR3F Af (4) | 

OD, tose ts F 
illustrates the relations predicted by this theory. The discrepancies between 
theory and observations are said to be due to slippage 7 at the instrument walls 
or seepage ° of the dispersion medium. It has not been found possible in general 
to incorporate these explanations quantitatively into the theory so as to make 
it accord with observations without further ad hoc hypotheses. 

One of the principal factors preventing the theoretical treatment of this 
type of curve is the badly defined character of the internal friction and 
mechanical properties of the dispersions.? The resistance which they offer to 


1 Hess, Arch. ges. Physiol. Pfliiger’s, 162, 187 (1915); Freundlich and Seifriz, Z. physik. 
Chem., 104, 233 (1923); Seifriz, Third Colloid Symposium, 1925, p. 285; Hatschek and Jane, 
Kolloid-Z., 38, 33, 39, 300 (1926); Freundlich and Rawitzer, Kolloidchem. Beith., 25, 231 
(1927); Ostwald, Auerbach, and Feldmann, Kolloid-Z., 43, 155, 181 (1927); Blair and 
Crowther, J. Phys. Chem., 33, 321 (1929). 

2 Loc. cit., p. 1618. 

3 See summary by Herschel, loc. cit., p. 1613. 

4 Szegvari, Z. physik. Chem., 108, 175 (1924); Freundlich and Schalek, ibid., 153; Freund- 
lich, Stapelfeldt, and Zocher, ibid., 114, 190 (1925); Freundlich, Neukircher, and Zocher, 
Kolloid-Z., 38, 43, 48 (1926); Freundlich and Nitze, ibid., 41, 206 (1927). 

5 Proc. Am. Soc. Testing Materials, 21, II, 1154 (1921). 

6 Kolloid-Z., 39, 80 (1926); 43, 1 (1927). 

7 As a matter of fact, slippage without shear except at the wall normally occurs at low 
stresses whenever the shear-stress curve has the form of A or the dispersion shows a detectable 
bulk-rigidity. Cf. Green, Proc. Am. Soc. Testing Materials, 20, II, 451 (1920); Blair and 
Crowther, loc. cit. 

8 Bingham, loc. cit., p. 1613. 

® Hatschek and Jane, Kolloid-Z., 38, 33 (1926); Ostwald, et al., loc. cit.; Garrett, loc. cit.; 
Biltz and Steiner, Z. physik. Chem., 73, 500 (1910). 
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shear is often quite sensitive to mechanical working, the shear during a measure- 
ment reducing the internal friction and preventing duplication of the results. 
Upon standing undisturbed, the dispersion may more or less gradually regain 
its rigidity. This BCH Ton of spontaneous repair of the broken structure 
has received the name ‘‘thixotropy’”} and has been particularly studied by 
Freundlich and his associates.2, On the whole, these various effects appear to 
be due to partial flocculation or gelation. These dispersions may be considered 
as fragile solids or very weak gels the structure of which is readily broken down. 
In reality, the use of the term viscosity is misleading because the resist- 
ance to shear of such dispersed systems is a complicated function of viscosity, 
rigidity, and elasticity, besides slippage or other wall effects. By preventing 
flocculation (cf. Curve C) no anomalous viscosity behavior or thixotropy 
occurs. 

Curve B represents the behavior of a group of dispersions which there is 
some reason for believing differ in kind, but perhaps will be found to differ only 
in degree from those just described. The extrapolations that appear most 
plausible pass through the origin with a slope definitely greater than zero, in 
agreement with the fact that no rigidity or elasticity is detectable in the dis- 
persions. The maximum curvature seems to be at the origin. These disper- 
sions are usually much less sensitive to mechanical working than those repre- 
sented by Curve A; the same rate of shear may repeatedly be observed at a 
given stress, within the usual range of experimental error. Whereas the non- 
Newtonian behavior of group A depends upon gelation or aggregation that 
produces bulk rigidity, the variable viscosity of group B probably is due to the 
presence of separated particles or aggregates that can be oriented, deformed, or 
deflocculated by shearing stresses, depending upon their shape and structure. 
In cases where loosely united aggregates are the cause of the anomalous 
viscosity, the dispersions are apt to show a reduced resistance to shear after 
flowing; moreover a suitable change in dispersion medium may eliminate the 
variable viscosity.* 

The investigation of curves belonging to the B-group has emphasized the 
limitations of the theoretical treatment originally given to the A-group and 
has led to numerous efforts to find a more general formulation of the phe- 
nomena. A number of empirical flow-stress equations have been proposed, 
and several substitutes for Newton’s viscous resistance law have been tried out, 
but with only limited success. The simplest equation that corresponds 
qualitatively with observations and has been worked out completely is due to 
Reiner. As the resistance law, he proposes 


1 Peterfi, Arch. Entwicklungsmech. Organ., 112, 660 (1927). 

2 Schalek and Szegvari, Kolloid-Z., 32, 318, 33, 326 (1923); Freundlich, Kolloid-Z., 46, 
289 (1928). The phenomenon is often observed in various pastes .of industrial importance, 
such as dyes, paint pigments, and similar fine powders when wetted with suitable liquids. 

3 Sheppard and Houck, J. Rheology, 1, 20 (1929). 

4These equations have been compared and discussed by Hatschek, ‘‘The Viscosity of 
Liquids,” Reiner, J. Rheology, 1, 11 (1929), and Kraemer and Williamson, zbid., 76. 
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dv  goCT + Guar? 


(20) dx ye C+? 


and integrated for a capillary tube, 


2 Go — $01, 1 Go — 0 
(41) Pa = got 3 C F 7.9 C2 


FA. 

where ¢o, %», and C are*empirical constants, ¢go being the fluidity (reciprocal 
of viscosity) at rest and gy, being the highest fluidity; g. is the apparent 
fluidity under the given experimental conditions. This equation has not yet 
been compared quantitatively with experimental results. Among the empirical 
flow-stress equations, Williamson’s! has been found to be applicable to the 
greatest variety of dispersions and the widest range in experimental conditions 
(e.g., capillary radius and pressure). It is 


(42) Na = No + ea 


where yn, f, and s are empirical constants, and 7, is the apparent viscosity 
when Q is the rate of efflux from the tube of radius R. In view of the manifold 
variations in the physical structures of dispersions and the intimate relation 
between structure and internal friction, it is not surprising that a single equa- 
tion has not been found to serve all cases. 


THE PHYSICAL CHEMISTRY OF INTERFACES 


According to the state of aggregation of the phases in contact, interfaces 
may be classified as Mobile or Immobile. The former involve only fluid phases, 
the latter involve one or more solid phases: 


Liquid || Gas 
Liquid || Liquid 


Solid || Gas 
ImmosiLe InTERFACES) Solid || Liquid 


MosILEe Ivrerraces| 
Solid || Solid 


To a considerable extent mobile and immobile interfaces require different 
experimental and theoretical methods of investigation; they therefore may 
appropriately be discussed separately. 


Mosite INTERFACES 2 


The most obvious property of a mobile interface is its tendency to shrink 
to a minimum. Liquid drops suspended in a gas or another liquid and-gas 


1 Ind. Eng. Chem., 21, 1108 (1929). 

* General discussions of the topic are given by Maxwell and Rayleigh, ‘‘ Encyclopedia 
Britannica,” 9-llth eds., “Capillarity’”’; Willows and Hatschek, ‘‘Surface Tension and 
Surface Energy,” Blakiston, Philadelphia, 1923; Freundlich,‘‘Colloid and Capillary Chemis- 
try,’ Dutton, New York, 1923; Bakker, ‘‘ Kapillaritét und Oberflichenspannung,” Akad. 
Verlag., Leipzig, 1928; Kremann, ‘‘Mechanische Eigenschaften fliissiger Stoffe,” Akad. 
Verlag., Leipzig, 1928. 
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bubbles in a liquid all assume a spherical form in the absence of extraneous 
influences such as gravity. A mobile boundary region appears to be the seat 
of a contractile force, commonly called surface or interfacial tension, which 
causes it to behave to a certain extent like an elastic membrane. 

The properties of mobile interfaces may be illustrated by means of a model 
due to Dupré? (Fig. 22). A liquid film A is supported in air (or other fluid) 
B between the fixed framework abe and the movable bar- 
rier / carrying an appropriate weight W. The tension of 
the two faces of the film pulling upward along I is just 
balanced by the force W directed downward. So far, the 
surface tension resembles the tension in a rubber sheet 
supported similarly. Differences become evident, how- 
ever, upon changing the weight W. For a very small 
decrease in W, a rubber membrane shrinks slightly, lift- 
ing / to a new position represented by o’, whereas the ue 
liquid film contracts until J is in contact with b and the aoe o = ee 
film disappears. On the other hand for a very small in- Tension Relations 
crease in W, the*rubber film stretches to the position 0”, 
whereas the liquid film stretches indefinitely until it disappears by breaking. 
In other words, the tension in an elastic membrane may have various values 
depending upon its extension, but the tension in a fluid interface is a con- 
stant characteristic of the pair of fluids in contact.” 

For the case illustrated, the surface tension is quantitatively equal to 
W dynes/2l centimeters, the coefficient 2 appearing because of the two faces 
of the film. In general, Interfacial Tension? (y,,) may be quantitatively defined 
as the contractile force in dynes operating in the plane of the interface and normal 
to a line in the interface one centimeter long. 

If the barrier / is allowed to drop one centimeter in response to the force W, 
mechanical work equal to (W dynes X 1 cm. =) W ergs is performed, and 
(21 cm. X 1 cm. =) 2/ square centimeters of new surface are produced by 
bringing molecules of the fluids from the interior of the adjacent phases into 
the boundary region. For each square centimeter, the mechanical work is 
therefore W/2l ergs; i.e., it is numerically equal to the interfacial tension 
expressed in dynes per centimeter. This energy remains associated with the 
boundary region in a potential form and becomes available for the performance 


1‘*Théorie mécanique de la Chaleur,” Paris, 1869. 

2 In certain special cases when one or both of the fluid phases are solutions, the interfacial 
tension may not be entirely independent of extension. Such interfaces are said to be 
‘unsaturated’? and will be referred to later. In reality, the Dupré experiment cannot be 
carried out so simply with pure liquids because the tension would have to be slightly greater 
at the top of the film than at the bottom in order to balance the weight of the film itself. 
Since the tension of a pure liquid is constant, a pure liquid film of appreciable size has only a 
temporary existence. 

3 In this chapter, “‘surface”’ will refer to solid || gas or liquid || gas boundaries, ana “ inter- 
face” and “‘boundary”’ will be used as general terms for the region separating any two different 


phases. 
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of work when the boundary disappears; it is referred to as the Free Interfacial 
Energy (Yaz): 

If the barrier J is lowered adiabatically, the film cools just as a gas cools 
upon expanding against an external force. In order to extend the boundary 
region isothermally, heat energy corresponding to a latent heat of the process 
must be added. When interface disappears by the transfer of molecules from 
the boundary to the interior regions, the equivalent amount of heat is released. 
The total change in energy associated with a change in the amount of interface 
is therefore equal to the sum of the mechanical work and the latent heat in- 
volved. According to Lord Kelvin’s1 application of the Clapeyron equation 
to boundary regions, the latent heat of surface formation L may be calculated 
from the temperature coefficient of the free interfacial energy by the equation 

dY ap 
= —T aT” 
for the formation of unit area of fresh boundary region, therefore is defined 


by the equation 


(43) Bap = Yar — 


The Total Interfacial Energy (EH. 4,), measuring the total cost 


Tdy ap ; 
ast! 


Other useful relationships involving interfacial tensions 
B are illustrated by another hypothetical experiment due to 
eae Dupré? (Fig. 23). If the liquid bar AA’ is pulled asunder 
without change in cross-section, work is performed in over- 
coming the cohesion of the liquid to form two square centi- 
meters of fresh interface A || B. The work of separation 
or Free Cohesional Energy (W,) is therefore given by the 
Fie. 23. Du- equation 
é’ el f 
eit a (44) We = 2Yan- 
fs eet pas The cohesional energy depends upon the medium B. The 
saturated vapor of the liquid or, what is practically the same, 
the vapor plus air is usually taken as the medium. 

Likewise if a composite bar consisting of two different liquids A and A’ is 
broken at the interface between them, the work of separation performed in 
overcoming adhesional forces yields two new interfaces of unit area, A || B 
and A’ || B, and causes the disappearance of the unit interface A || A’. The 
formation of the fresh interfaces requires mechanical work to the extent of 
Yap and Y4/g respectively, while the elimination of the boundary A || A’ 
furnishes mechanical work equal to y44. The net work of separation or the 
Free Adhesional Energy (Wa) may therefore be defined as the sum of these 
quantities; i.e., 


(45) Wa = Yan + Yas — YAA" 


If liquids A and A’ are mutually soluble to an appreciable extent, as is often 


1W. Thomson, Phil. Mag., 17, 61 (1859). 
2 Loc. cit. 
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the case, Yaz and y,4/p must refer to saturated solutions of A’ in A and of 
A in A’ in order that the equation may be correct. As it stands, it expresses 
the free-energy change when the two pure liquids A and A’ are brought into 
contact, neglecting the energy change accompanying mutual solution. The 
dependence of adhesional energy upon the medium B is analogous to that of 
cohesional energy. By adding the appropriate latent heats, as given by 
Kelvin’s equation and the temperature coefficients for W. and W., Total 
Cohesional or Adhesional Energies may be evaluated. 

The Determination of Surface or Interfacial Tensions: The many methods 
for measuring interfacial tension fall into two groups—the “static” and the 
“dynamic.” 


Static Methods Dynamic Methods 

. Capillary Rise or Fall 1. Vibrating Drop 
Drop Weight 2. Oscillating Jet 

Bubble Pressure 3. Surface Ripples 


. Adhering Ring or Plate 
. Curvature of Free Surface 
. Dimensions of Sessile Drop or Bubble 


Doe wD 


Although the dynamic methods have considerable theoretical interest, dealing 
as they do with very fresh interfaces out of contact with foreign surfaces, 
their practical importance has so far not been great because of difficulties in 
technic and calculations. For precision determinations, the first four so-called 
static methods are usually employed; for absolute 
measurements, the capillary method gives the most 
trustworthy results if adequate attention is given 
the many necessary precautions. The remaining 
methods are less frequently used.! 

Capillary Method: When a capillary (Fig. 24) 
extends across a mobile interface into two fluid 
phases, one of which completely displaces the other 
from the capillary wall,? the portion of the interface 
within the capillary space shifts toward the displaced 
phase. This change is due to the tendency of the ia. 24. Capillary Method 
mobile interface abc to contract. If the densities of for Interfacial Tension 
the two fluids are unequal, the contraction is op- 
posed by the hydrostatic pressures developed; at equilibrium these forces 
are equal. For a cylindrical tube of radius R, the interfacial tension operat- 


1 Further information concerning the popular methods as well as the numerous modifica- 
tions of them may be found in the larger treatises on physics and in the periodic literature: 
Bakker, loc. cit.; Ferguson, Trans. Faraday Soc., 17, 370, 384 (1921), Fifth Colloid Report, 
Brit. Assoc. Adv. Sct., 1923, p. 1. 

2 If displacement by one fluid is not complete, the interface meets the capillary wall at 
an angle greater than zero. In such cases the capillary method is not suitable for accurate 
determinations of interfacial tension. 
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ing along the periphery of the meniscus is 2rRyaz. The hydrostatic force 
equals the effective weight of the column of fluid shifted across the plane 
of a very large external boundary. For fine capillaries, in which the menis- 
cus is practically a hemisphere, this weight is very nearly equal to (7h*h + 
1/37R*)(p4 — pz)g where g is the acceleration of gravity, and p, and pz, are 
the densities of the fluids. The interfacial tension is therefore given by the 
equation 


R R 
(46) NCE aan 53 ( hae 3 ) (p4 — Pz) (approx.). 


Corrections due to the curvature of the meniscus and of the external reference 
interface have been thoroughly analyzed by Lord Rayleigh,! and determinations 
of the highest precision have been carried out in the laboratories of Richards ? 
and of Harkins.2 Values obtained by this method for water || air (72.75 
+ 0.05 dynes/cm.) and benzene || air (28.88 + 0.03 dynes/cm.) at 20° C. are 
the standards relative to which the data of International Critical Tables are 
calculated. 

Drop-Weight and Bubble-Pressure Methods: These methods both involve 
the slow drop-wise delivery from a narrow tube of one fluid into another of 
different density. In the former, the weight (or volume) of the detached drop 
is determined; in the latter the minimum pressure which just detaches the 
drop is measured. By comparison with the capillary method, Harkins and 
Brown? have empirically determined the function relating the weight of the 
detached drop to the interfacial tension. As these workers use it, the drop- 
weight method is an excellent one applicable to both liquid || gas and liquid || 
liquid interfaces. 4 

The minimum bubble pressure leads directly to the interfacial tension 
through the theory and equations of Cantor, Feustel, and Schrédinger.* This 
method also is valuable and has been extensively used, especially by Jaeger.® 
Both methods are supposed to have the advantage, when properly carried out, 
of being independent of the angle of contact of the mobile interface with the 
tube. 

The Adhering-Ring or -Plate Methods in principle closely resemble the 
Dupré model used to illustrate the properties of mobile interfaces. They are 
particularly popular because of the ease with which relative measurements 
may be made by means of commercially available instruments, such as the du 


1 Proc. Roy. Soc. London, 92A, 184 (1915). 

2 Richards with Coombs, J. Am. Chem. Soc., 37, 1656 (1915); with Carver, tbid., 43, 827 
(1921). Harkins and Brown, wbid., 41, 499 (1919). Simplified procedures are described by 
Ferguson (loc. cit.) and by Bartell and Miller, zbid., 50, 1961 (1928). 

3 Loc. cit. 

4The methods of Harkins’s laboratory are described by Harkins and Brown, J. Am. 
Chem. Soc., 41, 499 (1919); Harkins and Humphery, ibid., 38, 228, 236, 242 (1916). See also 
Morgan, ibid., 33, 349 (1911). 

5 Schrédinger, Ann. Physik, 46, 413 (1915). 

5 Z, anorg. Chem., 101, 1 (1917). 
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Notiy type. For accurate work, however, both technic and theory require 
more elaboration than is customary. 2 

Although static methods nos. 2, 3, and usually 4 really depend upon the 
dynamic process of disrupting an interface, it is interesting to note that they 
are classed as static methods. In applying them, an effort is made to approxi- 
mate static conditions by greatly retarding the rate of change of the interfacial 
area up to the moment of actual rupture. Unfortunately the observed quantity 
from which an interfacial tension is calculated is defined during the uncon- 
trollable period of disruption. This dynamic feature is probably of significance 
when one or both fluid phases contain components which are highly adsorbed 
at the interface; in such cases, the “interfacial tension” as measured may not 
be numerically equal to the free-energy change for the formation of unit area 
of fresh boundary.® 

Effect of Chemical Nature upon Interfacial Tension: Measurements of 
interfacial tension have been made over a wide range of conditions of tem- 
perature and pressure and for many types of interfaces. The values fall 
between a small fraction of a dyne and 1000 dynes or more. As illustrated 
by the examples of Table IX (largely from International Critical Tables), the 
surface tensions of materials that are liquid under the ordinary conditions 
of temperature and pressure usually fall below 100 dynes. With the ex- 
ception of hydrogen peroxide, water has the highest tension of any known 
non-metallic pure liquid at normal temperatures. Substances of low boiling 
point usually have low surface tensions; for metals, inorganic salts, and other 
high melting-point materials, the values are high. The presence of inert 
gases in contact with liquids normally does not change the surface tension 
more than a few per cent from that existing in presence of the vapor alone; 
the differences often can be ascribed to the appreciable solubility of the gas. 
Jaeger 4 has pointed out that the surface tensions of molten alkali salts (against 
nitrogen) reveal an approximate ionic additivity that may be expressed with 
few exceptions in the form of the series F > SO, > Cl > Br > NO; > I and 
li>Na>K>Rb>Cs. It is possible that similar series, occurring so 
frequently in connection with colloidal solutions containing dissolved salts 
and designated as ‘“lyotropic,’”’ may be fundamentally conditioned by the 
same factors that determine the surface tensions of the molten salts.® 

The values of interfacial tensions for liquid pairs are shown to have the 
same order of magnitude as for liquid || gas interfaces. The mutual solubility 
of the two fluids, however, cannot be disregarded so often as in the case of 
liquid || gas interfaces. This fact prevents a direct comparison of the inter- 


1J. Gen. Physiol., 1, 521 (1919). Available for both liquid || gas and liquid || liquid 
interfaces. 

2 Lenard, Dallwitz-Wegener, and Zachmann, Ann. Physik, 74, 381 (1924); Klopsteg, 
Science, 60, 319 (1924); Tichanowsky, Physik. Z., 26, 522 (1925); Harkins, Young, and Cheng, 
Science, 64, 333 (1926); Harkins and Jordan, Sixth Colloid Symposium, 1928, p. 38. 

3 Gibbs, Collected Works, Longmans, Green, New York, 1928, Vol. I, p. 315. 

4Z. anorg. Chem., 101, 1 (1917). 

5 Freundlich, ‘‘Colloid, , , Chemistry,’”’ pp. 42, 58. 


1628 A TREATISE ON PHYSICAL CHEMISTRY 


TABLE IX 


Tensions oF TypicaAL Mopite INTERFACES 


Phase B 
Phase A Temp. 
(ne 
Air + Vapor Water Mercury 
Wishes 2 taceu ae eae Sadan { a ee 375 
Hydrogen peroxide........ 18 76 
IBENnZene eee oe tine oh 20 28.88 35.00 357 
Chloroform mecstey- see. 20 27 32.8 357 
Arline seer Bei ae eee 20 42.9 5.8 341 
AD dats), hoes Peay er tern 20 17.0 10.7 379 
Isobutyl alcohol........... 20 22.8 ZAGUSAC,) 343 
Sulltirsa. sty eekarcratic caw 141 58.3 
NGI CUI eel aera eae 0 480 * 
ATTA Sel Aim coc ai age rian ares 400 518 
LEN CHP OM AEE Se at eens we 543 TAT FT 
Oxy cena esr d ae —198 ey 
SEL OLIUTceteds «ey teaeead Biocye Ge —270 0.24 * 
IBNised sia, Gite are ae wan enane ts o's 811 113 
NTSC CLE KGlet niecpee en ois eee 812 69.2 
GS oe Ga eeo Od mec chee oe eee 100 52.5 
Ag. SIM. (NaOH. 005.554 18 82.8 
25 adey Coll;OH ween nee 30 34.1 
40% CeHe in CSo-.....0... 18 29.4 


* In contact with vapor alone. 
} H:2 instead of air. 


facial tensions of one liquid with various fluid phases. Comparisons have 
been made, however, of the interfacial tensions of pairs of mutually saturated 
liquids with the tensions of the separate saturated liquids against the 
same vapor phase. According to the widely-quoted Rule of Antonov,! the 
liquid || liquid interfacial tension is equal to the difference of the two 
solution || vapor tensions. But recent results of Harkins and Ginsberg? 
(Table X) definitely disprove the Rule. As will be shown later, Antonov’s 
Rule expresses the criterion distinguishing between spreading and non-spreading 
liquids in accordance with Neumann’s triangle of forces (p. 1642). 

Effect of Temperature Upon Interfacial Tension: With rising temperature, 
the tension of a liquid || gas interface usually decreases smoothly to zero at 
the critical temperature of the liquid? Jaeger! has classified the surface- 
tension temperature curves into three groups (Fig. 25); the first is linear 

1J. chim. phys., 5, 372 (1907); apparently confirmed by Reynolds, J. Chem. Soc., 119, 
460 (1921). 

2 Sixth Colloid Symposium, 1928, p. 25. 


3 See Freundlich, ‘Colloid. . . Chemistry,” pp. 76-77, for some exceptions. 
4 Loc. cit., p. 1627. 
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TABLE X 


Rexation oF Ligurp || Liguin InTeRFAcIAL TENSIONS TO THE SURFACE TENSIONS 
or THE Liquips, Trstr or ANnToNov’s RULE 


Surface Tensions Interfacial Tensions 
Wet Calculated by 
Oily H2O Organic Observed Antonov’s 
Water and Liquid Rule 
IB eNZeNnOreewe tse. k sake ci eae 62.36 28.82 35.03 33.54 
Carbon: disulfides.-1..0s..5 - 70.49 31.81 48.63 38.68 
Methylene iodide.......... 72.20 50.52 45.87 21.68 
n-Heptyl aleohol.......... 28.53 26.48 7.95 2.05 
itsoamyhaleonol.s).c0s4. sae 25.92 23.56 5.00 2.36 


75 


35/Sq.Cm. 


25 


Interfacial Energy in Er 


100 200 300 
Temperature Centigrade 


Fig. 25. Influence of Temperature upon Free (I, II, III, A, B, C) and Total (I’, IT’, 
III’) Interfacial Energies. Ethyl alcohol (I, I’), benzene (II, II’), and ethyl benzoate (III, 
III’) in contact with vapor, and heptaldehyde (A), octyl alcohol (B), and heptylic acid (C) in 
contact with water 


almost to the critical. temperature, the second is convex, and the third is 
concave to the temperature axis. The curves for most pure liquids belong to 
the second group. The corresponding curves for the total interfacial energies, 
as calculated from the y-7' curves by equation (43), are also of three types 
(Fig. 25also). Inall types, however, a smaller variation with temperature makes 
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the total interfacial energy a more suitable quantity than surface tension for 
comparing the surface properties of different liquids. Liquid || liquid inter- 
facial tensions fall to zero near a critical solution temperature; but farther from 
the critical temperature, mutual solubility and its variation with temperature 
produces results that are often less regular than the temperature effect for 
liquid || gas interfaces. Several cases are illustrated in Fig. 25.1 

Interfacial Tensions of Solutions: The addition of a third component to one 
of the liquids forming a mobile interface normally changes the interfacial 
tension. Following Muskulus and Freundlich, one may refer to solutes which 
change the interfacial tension relatively slightly as ‘“capillary-inactive.” 
When an interfacial tension is low (not over 20-30 dynes/cm.), most added 
solutes are capillary-inactive. Among the capillary-inactive solutes for the 
interface aqueous-solution || air are numbered the following: inorganic electro- 
lytes, the surface tension of which in molar solutions does not differ from that 
of pure water by more than a few per cent; salts of organic acids and bases of 
small molecular weight; and some difficulty volatile non-electrolytes like sugar or 


T. 
75 
Cr 
Q 
50 C; 
(4 
C. 
"Cs Cs 
25 : 
0 05 HOn Pure od ars, 2 i ee 
Molarity Acid Log Molarity 


Fic. 26. Influence of Concentration upon the Surface Tensions of Aqueous Solutions of the 
Homologous Fatty Acids from Formic (Ci) to Heptylic (C7) Inclusive 


glycerin. Those with high melting points often raise the surface tension, 
the others often lower it. lon series (or lyotropic series) expressing the relative 
surface tensions of salt solutions of equal concentration resemble the series 
mentioned above for the molten salts themselves.” 

“Capillary-active” effects usually appear as a strong depression of a 
relatively high interfacial tension by low concentrations of solute. The solutes 
which are typically capillary-active at a solution || air interface include the 
organic acids, alcohols, esters, ethers, amines, aldehydes, ketones, and terpenes. 
Figure 26, giving results obtained by Traube and by Rehbinder ? for solutions 

1 From Harkins, in Alexander’s ‘‘Colloid Chemistry,” Vol. I, p. 211; Harkins, Clark, and 
Roberts, J. Am. Chem. Soc., 42, 700.(1920). 


2 P. 1627. Cf. Freundlich, ‘Colloid . . . Chemistry,’ pp. 55-60. 
3 Traube, Ann., 265, 27 (1891); Rehbinder, Z. physik. Chem., 111, 447 (1924). 


COLLOIDS 1631 


— of the homologous series of normal fatty acids, illustrates the capillary proper- 
ties of solutions containing active solutes in greater detail. The surface- 
tension concentration curves sag strongly below the straight lines connecting 
the end points. Whereas the surface tension of the acid is but slightly raised 
by the first additions of water (i.e., capillary-inactive behavior), a very pro- 
nounced decrease accompanies the addition of small amounts of acid to water. 
Similar families of curves have been obtained for other homologous series of 
compounds. Traube found it possible to summarize the relations for many 
cases by means of a single rule, which can be expressed as follows: 


(47) Ym — Ys = K8"c as c—> 0, 


where Ym — Ys is the depression of the surface tension of the solvent Ym by 
the concentration c of a member of a homologous series with a chain of 
n — CHy)’s, and K is a constant characteristic of the series. That is, the 
capillary activity (conveniently defined as the slope of the y-c curve at zero 
concentration) of such a compound 
is three times that of the preceding 
member of the series. According 
to Szyszkowski! the equation 


(4g) 7 - pn($ +1) 
Ym L 


approximately describes such a 
family of curves. In terms of this 
equation the capillary activities, 
defined as above, are proportional 
to B/L. B is approximately con- 
stant for a homologous series and 
varies but little from series to series; 
Lisa constant specific to the solute. 
Exceptional capillary activity 
is shown by the soaps. In part at 
least, their behavior is connected 
with the complicated structure of 
soap solutions, combining as they 
do the features of both colloidal 0.01 002 003 004 005 
and ionic solutions. Figure 27 il- Normality 
lustrates the capillary prop erties Fic. 27. A—Interfacial Tensions of Aqueous 


of sodium oleate solutions. Sodium Oleate || Benzene? B—Surface Tensions 
The capillary activity of solu- of Aqueous Sodium Oleate é 


tions at liquid || liquid interfaces is 
similar to that at gas||liquid surfaces. Forinstance, the lower fatty acidsin ben- 
1 Z. physik. Chem., 64, 385 (1908). 


2 Harkins and Zollman, J. Am. Chem. Soc., 48, 69 (1926). 
3 Harkins, Davies, and Clark, zbid., 39, 541 (1917). 
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zene || water systems behave according to Traube’s rule.1_ The soaps are also ac- 
tive at liquid || liquid, particularly water || organic-liquid interfaces (Fig. 27); 
as at an air interface, the effects are rather complex, and the surfaces lack a 
well-defined behavior: over wide ranges of concentration the tension may be 
constant, the surface properties change with time, and hysteresis effects often 
occur. Picric and salicylic acids and mercurous sulfate are examples of active 
solutes 2 for a mercury || aqueous-solution boundary. 

Adsorption and Gibbs’s Equation: It was pointed out earlier that the 
interfacial tension in dynes per centimeter is numerically equal to the change 
in free energy accompanying the formation of one square centimeter of 
fresh interface. According to thermodynamics, any process tends to occur 
spontaneously if it is accompanied by a decrease in free energy. If therefcre 
the addition of butyric acid to water lowers the surface tension (or free surface 
energy) as shown in Fig. 26, the minimum-free-energy rule leads us to expect 
that butyric acid will spontaneously diffuse into the interface region from 
the body of the liquid in order to bring about as great a reduction in free 
energy as possible. In analogous fashion, we should expect that water, which, 
added to butyric acid (Fig. 26), increases the free surface energy, will spon- 
taneously diffuse from the interface to minimize the increase of free energy. 
In general, the concentration of any component in the interface region should 
be greater or less than in the adjacent phases according as an increase in con- 
centration of the component decreases or increases the free interfacial energy. 
These two possibilities can be referred to as ‘“‘positive’ and ‘‘negative” 
adsorption. 

This thermodynamic consequence was first recognized and quantitatively 
formulated by J. Willard Gibbs * in the differential equation 


(49) OY er T)0u1 — T 0p = 088 8) rem yO Was 


where y is the free interfacial energy, wi, Ms, ***, Mn are the ‘chemical 
potentials” or partial specific free energies of the various components in the 
phases on both sides of the interface, and T';, Ts, ---, I’, are the grams of these 
components that must be added to the system to maintain the corresponding 
chemical potentials constant when the interface is increased by one square 
centimeter, temperature, pressure, and any other variables being held constant, 


; ‘ ; 0 
and external forces being neglected. Designating the excess ( if =. <0 ) or 
1 


OY 
Ou 
measures its positive or negative adsorption, as the case may be, in grams per 
square centimeter. 


deficiency (1s = 0 )or a component in the interfacial region, I’ therefore 


1 Harkins and Humphery, J. Am. Chem. Soc., 38, 242 (1916); Harkins and King, ibid., 
41, 970 (1919). 

2 Patrick, Z. physik. Chem., 86, 545 (1914). 

3 Trans. Connecticut Acad., 3, 391 (1876); ‘ Collected Works,” 1928, Vol. I, p. 230. 
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The derivation + of the specific equation is simple for a binary solution in 
contact with an indifferent fluid. Consider all effective variables to be held 
constant except the area of interface s and the number of moles nz of one 
component in the system; i.e., assume that the free energy F of the system is a 
function only of s and no, or F = f(s, nz). Successive partial differentiation 
gives equal results, regardless of the order of the operations; i.e., 


: guy (ae 28 peg (ee 
(50) Ee jo) * pes ak 


But the change in free energy with surface, 0F'/ds, is by definition the free 
interfacial energy, y; and the change in free energy with composition, dF’ /dn», 
is by definition the partial molal free energy of the solute, f:. Therefore 


| _ fam 
SD eal a | Os | 


which states that in a system in which the interfacial energy changes with 
composition while the interfacial area is held constant, the partial molal free 
energy of the solute should change at an equal rate with change of interfacial 
area when the total composition is constant. But with all variables constant 
except surface, a change in F’; with surface means that F’, does not bear the same 
relation to concentration at the interface as in the body of the solution. Since 
free diffusion can take place between the two regions, F2 will spontaneously 
adjust itself to uniformity throughout by diffusion of solute into or out of 
the boundary region. 
Now, according to the calculus, when F» is a function only of n2 and s, 


5 ae Paar ed fle ane 
— Os | ae Os Ne OF, ry 


0 A 
where Ee gives the number of moles of component 2 which must be 
8 2 


added to or subtracted from the system per unit change in surface area in order 
to maintain FP, constant. It therefore provides a measure of the adsorp- 
tion and is usually represented by the symbol Io. Combining equations 


OF ; : 
(51) and (52) with the elimination of |=], and solving for I. gives 
e 2 

oy Sarat Re hone taeere 
Tr, =—!—]|. In terms of activities, since 7; = RTOlnaz, 

OF, s 

1 Oy : ; 5 f 1 OY 

= —— = (in an ideal dilute solution) — —— + ——- 

ey ar RT dlnaz Re dlnce 


1The derivation given is essentially that of Lewis and Randall, ‘‘Thermodynamics,”’ 
McGraw-Hill, New York, 1923, p. 249. 
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Summarizing, when the free interfacial energy decreases with increasing 


activity (or concentration), is negative, and the adsorption I, of solute 


dlnay 

; Me oY An 

into the interface is positive. As Fig. 26 shows, aThak and positive adsorption 
2 


may be large with capillary-active solutes. When the solute raises the free 


interfacial energ is positive and small, and the adsorption I; is negative 


OY 
Y» Bina 
and small. This contrast is easy to understand. For positive adsorption 
the solute throughout the solution is available and may accumulate in the inter- 
face, but in negative adsorption only the relatively few molecules of the solute 
in the surface region are available for redistribution. For similar reasons 
the decidedly sagged y-concentration curves are theoretically normal. 

Experimental Test of Gibbs’s Equation: The thermodynamic predictions are 
difficult to test experimentally. The absolute magnitude of even strong 
positive adsorptions is ‘small, and a surface layer is very thin. To measure 
and peel off this layer and analytically compare its composition with the bulk 
of the liquid without disturbing adsorption equilibrium is a severe technical 
problem which is not yet completely solved. The only direct tests of the 
Gibbs’s equation having quantitative significance are those of McBain and of 
Harkins. 

McBain and Davies 2 arranged a long, almost horizontal tube containing a 
solution through which a slow and steady train of uniform nitrogen bubbles 
could be passed without appreciable pulsation or pumping action. Much 
attention was given to the elimination of mixing effects, pressure irregularities, 
and other factors which would prevent attainment of normal adsorption 
equilibria. At the high end of the tube, the air bubbles with their liquid films 
were collected, drained of excess solution, and removed into a separate con- 
tainer. The difference between the amount of solute in the froth removed and 
that in an equal amount of the remaining solution—corrected for its gradual 
change—gave the amount of solute adsorbed at the surfaces of the gas bubbles 
passed through. The size and number of bubbles being known, the value of [ 
in grams per square centimeter of interface was computed. The results are 
summarized in Fig. 28. In all cases the observed values are definitely greater 
than, but closely parallel to the theoretical ones. In similar experiments with 
twentieth-normal sodium oleate solutions,? an adsorption amounting to 1.5 

1 Earlier efforts of Milner [Phil. Mag., 13, 96 (1907)], Lewis [water || oil, and 
water || mercury: Phil. Mag., 15, 499 (1908) ; 17, 466 (1909) ; Z. physik. Chem., 73, 129 (1910) ], 
Donnan and Barker [water || air: Proc. Roy. Soc. London, 85A, 557 (1911) ], Patrick 
[water || mercury: Z. physik. Chem., 86, 545 (1914) ], and Griffin [water || oil: J. Am. Chem. 


Soc., 45, 1648 (1923) ] confirmed the reality of adsorption and revealed some of the con- 
ditions which must be met to attain quantitative results. 

2J. Am. Chem. Soc., 49, 2230 (1927). See also McBain and duBois, ibid., 51, 3534. 
(1929); McBain, Wynne-Jones, and Pollard, Sixth Colloid Symposium, 1928, p. 57; Rehbinder 
and Taubmann, Z. physik. Chem., 147, 188 (1930). 

§ Laing, McBain, and Harrison, Sixth Colloid Symposium, 1928, p. 63. 
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Xx 10 equivalents of oleate radical per square centimeter of surface was 
indicated, whereas the constancy of the surface tension with change in con- 
centration (see Fig. 27) leads to a theoretical prediction of zero adsorption, 
as the theory is ordinarily applied. Harkins and Gans! also have failed to 
confirm Gibbs’s equation with a similar experimental arrangement. 
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Fig. 28. Adsorption at the Interface between Nitrogen and Aqueous Soluticns 
The theoretical values were calculated with Gibbs’s adsorption equation from the surface 
tensions of the solutions, and the experimental values are due to McBain and Davies 


In seeking an explanation of the discrepancies, one may question either 
the adequacy of Gibbs’s equation as a thermodynamic description of a normal 
interface, or the suitability of the experimental methods used in measuring the 
adsorption. McBain favors the former alternative, emphasizing particularly 
the neglect in the theory of the electrical potential differences that normally 
oceur at interfaces. Harkins prefers to question the experimental methods. 

The Gibbs’s equation, being a purely thermodynamic relationship, can 
scarcely be invalidated by a disregard of the structural, electrical, or molecular 
aspects of the interface region. But as is often the case, there may be some 
difficulty in identifying the quantities in a rigorous thermodynamic equation 
with quantities that can be experimentally observed. For instance, the usual, 
inherently dynamic methods for measuring the “‘ tension ”’ of an interface may 
not give the free interfacial energy, which is the quantity occurring in Gibbs’s 
equation, whenever the interface is ‘‘ unsaturated ” ? owing to strong adsorp- 
tion. Especially would this seem to be the case for sodium oleate and similar 
solutions the surfaces of which behave as plastics or semi-solids rather than 
liquids.® 

Another possible source of error may be found in the fact that the theoretical 
adsorption is calculated by an equation for a single plane interface, whereas 

1 Fifth Colloid Symposium, 1927, p. 40; Sixth Symposium, 1928, p. 36. 


2 Cf. pp. 1623 and 1627. 
3 Cf. Wilson and Ries, First Colloid Symposium, 1923, p. 145. 
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the direct measurements involve the removal and analysis of thin films. 
Owing to a mechanical elasticity which such films possess! and the vibrations 
to which they are subjected, their actual area may well exceed the estimated 
values. Since the attainment of equilibrium in capillary-active surfaces is by 
no means instantaneous,” the adsorption per average area, when the area 
fluctuates, would exceed the adsorption per unit area, where the area is con- 
stant. There is in addition the possibility that the adjacency of the two sur- 
faces of a very thin film causes abnormal adsorption by mutual reinforcement 
of adsorptive powers. 

Electrical effects may also be the cause of discrepancies between calculated 
and observed adsorptions, not so much because electrical effects are neglected 
in Gibbs’s equation, but rather because the dynamic conditions under which 
both interfacial tension and adsorption are measured lead to electrokinetic 
effects which may influence the tension and adsorption. Since the dynamic 
conditions are not identical in the two cases, the electrical effects are not the 
same, and consequently, the calculated and measured adsorptions may neither 
be comparable with each other nor correspond to the static conditions under- 
lying Gibbs’s equation. 

Although the efforts to test Gibbs’s equation in a direct fashion have not 
yet led to verification, its helpfulness in interpreting the behavior of interfaces 
has been demonstrated in so many cases that it should not be discarded until 
its inadequacy is definitely demonstrated. As a matter of fact, some of the 
applications of Gibbs’s equation may legitimately be considered as indirect 
verifications of the theory, as will be shown in the next section. 


THeEeory or MouecuLaR ORIENTATION IN Mosite INTERFACES 


In the classical period of billiard-ball molecules, the study of the liquid 
state of aggregation was prosecuted as a sort of extrapolation of the Kinetic 
Theory of Gases, in which molecules are considered to differ principally in 
radius and a single cohesion coefficient. With respect to surface properties, 
the Laplace theory of surface tension, which could not explain a tension in a 
plane liquid surface, was succeeded by the elaborated theories of v.d. Waals, 
Bakker, and their students,’ who attempted to correlate surface-tension 
phenomena with the physical properties of liquids by means of the equation 
of state. During this period several rules of more or less generality were 
stated. The most important is that of Eétvés, Ramsay, and Shields: 


(54) yV8 = kK(T. — 7 — T) 


1Gibbs, p. 301. This is another manifestation of the unsaturated condition of the 
surface. 

2 The variations in tension with the age of the surface on sodium oleate or other solutions 
have been measured by Rayleigh, Proc. Roy. Soc. London, 47, 281 (1890); Rehbinder, Z. 
phystk. Chem., 111, 447 (1924); Johlin, J. Phys. Chem., 29, 1129 (1925); du Noity, ‘Surface 
Equilibria of Colloids,” Chem. Catalog, New York, 1926; and Cofman, Chem. Rev., 4, 1 
(1927). 

3 Bakker, ‘‘ Kapillaritit und Oberflichenspannung.”’ 
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7V? is the molar free surface energy, 7’, is the absolute critical temperature, 
T is the absolute temperature, 7 is an adjustable constant amounting to 
ca. 6°, and k is a constant approximately equal to 2.12 for “‘normal”’ liquids. 
Exceptions to the rule were commonly ascribed to association Gf & < 2.12) or 
dissociation (if k > 2.12), although there was sometimes little if any independ- 
ent evidence for the assumption. A striking case is that of the glyceryl esters of 
the fatty acids, for which Jaeger ! found a rather uniform increase in the con- 
stant k from 1.05 for triacetin to 6.75 for tristearin.? 

During this time the organic chemists confidently visualized the compli- 
cated spatial architecture of molecules and successfully used their pictures in 
correlating chemical reactivity. But it was not until the second decade of the 
present century that a serious effort was made to utilize these models in dis- 
cussing intermolecular forces and the properties of the liquid state. The 
accomplishments of this recent period are of particular significance to colloid 
science because of the information which they furnish concerning the structure 
and properties of interfaces. This phase of the development and the newer 
point of view underlying it have a focus in the theory of molecular orientation at 
interfaces.* For the sake of brevity, the present discussion of molecular 
orientation will be presented as a summary of evidence supporting the theory 
and of the way in which the theory has been used in interpreting the behavior 
of mobile interfaces. 

Adhesional Energies and Chemical Constitution: To explain the origin of 
potential differences at interfaces, W. B. Hardy ‘ suggested that ‘‘if the stray 
field of a molecule be unsymmetrical, the surface layer of fluids and solids . . 
must differ from the interior mass in the orientation of the axes of the fields with 
respect to the normal to the surface, and so form a skin on the surface of a pure 
substance having all the molecules oriented in the same way instead of purely 
in random ways. The result would be the polarization of the surface ... .” 
The dependence of interfacial properties upon molecular structure and chemical 
constitution, from which the asymmetric fields of force presumably arises, was 
made evident by measurements of the adhesional energies ° of various organic 
liquids for water. He found that adhesional energies increase with the polarity 
of organic molecules, saturated hydrocarbons having the lowest and alcohols, 
acids, and esters having the highest values. No interpretation in terms of 
molecular orientation was explicitly given, however. 

1Z. anorg. Chem., 101, 1 (1917). 

2A related generalization of more recent origin is expressed by Sugden’s ‘‘parachor,” 
which describes the relations between temperature, density, and surface tension by the 
equation Vy!" = const. P (parachor), where n is approximately 4. The parachor is an 
additive atomic and constitutive property [J. Chem. Soc., 127, 1525, 1868 (1925) ]. 

3 General discussions are given by: Harkins, in Bogue’s ‘‘Colloidal Behavior,” 1924, 
Vol. I, Chap. 6, and in Alexander’s ‘‘Colloid Chemistry,”’ 1926, Vol. I, Chap. 8; Langmuir, 
ibid., Chap. 29, and Third Colloid Symposium, 1925, p. 48; Symposium on “* Physical Chemistry 
at Interfaces with Special Reference to Molecular Orientation,” Trans. Faraday Soc, 22; 
433 (1926); Bakker, ‘‘ Kapillaritat und Oberflichenspannung,”’ 1928, 


4 Proc. Roy. Soc. London, 86A, 610 (1912), 88A, 313 (1913). 
5 Defined on p. 1624. Hardy’s tables give values of Wq/2. 
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This step was taken by Harkins and many accurate supporting data were 
furnished by him and his collaborators... A few typical examples from their 
results appear in Table XI and illustrate the dependence of adhesional energies 
upon chemical constitution. For instance, the free-energy change involved in 


TABLE XI 


ADHESIONAL AND COHESIONAL ENERGIES FOR SoME OrGANIC Liquips aT 20° C. 


Wa with Wa with 

Water W. Water W. 
Isopentaness, sae eee. 36.9 27.4 Methylene chloride....... 71.0 53.0 
Jsopenteneareatn .casssee mews: 53.4 34.5 Chloroforman eee eee 67.3 54.3 
Tsosnrylenitrate <1.) ee cee 69.2 54.4 Carbon tetrachloride...... 56.2 53.5 
Isoamyl chloride.......... 80.8 47.0 Carbon disulfide.......... 55.8 64.7 
Isovaleronitrile........... 84.7 5 aman eee moet Coren Be PE ag cone ret wh IR 2 heaton eae aceeners 
Isoamyl alecohol.......... 92.5 A726) SOctylialcohols ame eeeee 91.8 55.0 
Isovaleric-acid: sean ee 94.6 50.7 @Capryliciacidiase. cee. ees 93.7 57.6 
Ethyl isovalerate......... 78.1 47.3 Ethyl pelargonate........ 77.0 56.1 


bringing one square centimeter of isopentane into contact with an equal area 
of water is only 37 ergs, neglecting the heats of solution. The substitution of 
almost any non-hydrocarbon group for a hydrogen atom considerably increases 
the attraction for water, the maximum affinity in the series given appearing 
with the alcohol and acid. The single oxygen atom converting isopentane 
into isoamyl alcohol increases the attraction for water by ca. 170 per cent. 
In contrast, the addition of several CH2-groups scarcely changes the adhesional 
energy, as is shown by the fact that the values for the larger molecules at the 
end of column two are practically identical with those for the corresponding 
members in the isopentane series. In general, the adhesional energy for 
water and compounds of the type C,Hen41X is determined primarily by the 
chemical nature of X. 

It is commonly recognized that the hydroxyl or carboxyl group is responsible 
for the greater solubility in water of the alcohols or acids as compared with 
the corresponding hydrocarbons. With increasing length of hydrocarbon 
chain, the solubility falls to very low values, but the adhesional energy 
remains practically constant. These relations immediately become intelligible 
if, as Harkins? suggested, the molecules of alcohol, acid, etc., are oriented at 
the water boundary with the “solubilizing” group attracted by and buried in 
the water phase as far as the insoluble hydrocarbon chain permits. Figure 29 3 
graphically describes the manner in which the old principle that “‘like dis- 
solves like” may be manifested at a liquid || liquid interface containing 
molecules the different sections of which may be considered as having different 
solubilities or affinities for water. The order of the affinities of active groups 
for water and the corresponding orienting tendencies probably correspond to 

1 Harkins with Brown and Davies, J. Am. Chem. Soc., 39, 354 (1917); with Clark and 
Roberts, ibid., 42, 700 (1920) ; with Ewing, ibid., 2539; with Grafton, ibid., 2534; with Feldman, 
ibid., 44, 2665 (1922). 

2 Harkins, Brown, and Davies, loc. cit. 

3 From Harkins, in Alexander’s ‘‘Colloid Chemistry,” 1926, Vol. I, p. 210. 
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the order of the adhesional energies of a series of related compounds. For 
derivatives of an aliphatic hydrocarbon, the order is as follows: saturated 
paraffin < unsaturated paraffin < halides, nitrates 
< esters, ethers, ketones < aldehyde, amine, alcohol 
< acid. The groups which are responsible for the 
affinity for water are usually called “polar” groups 
because they confer upon the molecules containing 
them a characteristic permanent electric moment, 
which reveals itself in dielectric phenomena and in 
large measure probably determines the nature of 
intermolecular forces As Hardy suggested, the 
stray field of force surrounding such molecules has 
an asymmetric or at least non-spherical structure, 
which tends to assume special orientations in regions, 
as an interface, where the external influences have 
a vectorial character. These conditions are not 
limited to liquids in contact with water, but they 
exist at any type of interface. Quantitatively, the 
effects depend on the specific chemical properties 
of the liquids in contact. For example, at inter- 
faces between organic liquids and mercury, Harkins 
and his associates ? found that bromides and iodides Fra. 29. Structures of 
show the highest adhesional energies, exceeding even the Interfaces Butyl Alco- 
those for acids or alcohols. ate d be og ped Fee ae 
Total Surface Energies and Chemical Consti- pe ones hiags Ne 
tution: Quite similar conclusions concerning the eq from Harkins). The 
structure of interfaces weresimultaneouslyreachedby circle and tail represent the 
Langmuir from a consideration of surface energies. OH-group and the hydro- 
Table XII shows that the total energy necessary to "bon chain 
form one square centimeter of surface is practically 
independent of chemical composition for compounds of the type CrHen41X and 
is approximately equal to the value for hydrocarbons. But the wide variation 
in the adhesional energies of these compounds for water (cf. Table XI) demon- 
strates that the influence of the X-group upon interfacial phenomena is by no 
means masked by the preponderance of the hydrocarbon part of the molecule. 
The uniformity of the surface energies of these compounds therefore suggests, 
as Langmuir? pointed out, that the compositions of the surface regions are 
identical. This condition would exist if the X-group buried itself as far as 
possible in the body of the liquid, leaving the hydrocarbon chains in contact 
with the vapor phase (Fig. 29). In contrast with the water phase, which 
attracts the active groups of the organic molecule, the vapor phase is relatively 
non-polar and allows the active groups to be attracted into the organic phase. 


1 Debye, ‘‘ Polar Molecules,” Chem. Catalog, New York, 1929; Hildebrand, ‘‘Solubility,”’ 
Chem. Catalog, New York, 1924. : 

2 Harkins and Grafton; Harkins and Ewing: loc. cit. 

3 Chem. Met. Eng., 15, 468 (1916). 
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The composition of the liquid || vapor boundary and its surface tension are 
therefore determined by the least active groups of the molecule. The situation 
is similar to that existing at the surface of a solution containing a capillary- 
active solute,! for in a sense the non-polar part of the molecule in a pure liquid 
is a capillary-active component and is positively adsorbed in the liquid || vapor 
surface; the polar groups, being capillary-inactive, are negatively adsorbed. 
When the second phase is water, the polar groups of the organic liquid are 
capillary-active and are adsorbed at the interface. 


TABLE XII 
Toray SurrAcr EnNrrcies oF COMPOUNDS OF THE TYPE C,,Hon4i1X * 
Temp. E, Temp. E, 
Range, °C. (mean) Range, °C. (mean) 

T-OCtANG) eee 20-40 51  Isoamyl alcohol........ 10-20 47 
IDtisoamy lem ee sees 0-20 47 mn-Octylalcohol........ 020 49 
n-Hexacontane........ 115-160 AZ Myricyl aleohol........ 95-1381 55 
T-OCtylene, sake. cok 2-20 52. dl-Methyl hexyl carbinol 20-40 50 
Isoamyl cyanide....... 20-60 537) eeLthylketheraeme ee ene te 20-50 52 
Isoamyl chloride....... 10-20 50 Isoamyl ether.......... 18-64 AT 
Isoamyl nitrite........ 14-35 245 ABYblNANIG EKO. Go oan oe 0-20 56 
Isovaleraldoxime...... 20-50 55 _Isocaproic acid......... 17-46 51 
Isovaleronitrile........ 10-20 54 Isoamyl acetate........ Q-20 53 
Isoamyl amine........ 10-20 52  Isobutyl isovalerate.... 0-20 52 
Diisobutyl amine...... —70-20 48  act-Amyl stearate ..... 30-50 52 
n-Hexyl amine........ —18-65 Ae eripalimnitin yee stent tO O- 00 52 


* Calculated from data in ‘‘International Critical Tables.” 


A numerical comparison of the capillary activities of the polar and non- 
polar groups of a molecule and therefore, presumably, an evaluation of the 
asymmetry in its field of force may be obtained by taking the difference between 
the adhesional energy toward water (determined by the most polar groups) 
and the cohesional energy (determined, like surface tension, by the least 
polar groups).2 Corresponding values of Wz and W, are given together in 
Table XI.’ 

If orientation occurs as suggested, some of the exceptions to the Eétvés Rule 
may be rationally explained, for with long oriented molecules, the average 
surface area occupied by one molecule is no longer proportional to V2/3 as as- 
sumed in the Rule, but is smaller. The large values of the Eétvés constant 
k in such cases (as the fatty acids) need not indicate dissociation or other 
abnormalities; they may be due largely to a failure of the V?/* term to reduce 

1 See p. 1630. 

2 Harkins, Clark, and Roberts, loc. cit., p. 1638. 

3’ Both Harkins and Langmuir have also discussed the more complicated orientation 
relations occurring in liquids such as the di-substituted benzenes, which contain several 
polar groups. Sugden [J. Chem. Soc., 125, 1167 (1924) ] considers the behavior of these 
compounds to be in contradiction to the orientation theory. However, some of his difficulties 


arise because of the assumption of restrictions on the type and degree of orientation that over- 
simplify the matter by disregarding the dynamic conditions existing in a mobile interface. 
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the interfacial energies of various liquids to the comparable basis of equal 
numbers of molecules. 

Surface Energy and Vaporization Energy: Reasoning from Laplace’s theory 
of surface tension, Stefan! concluded that the energy to lift a molecule from 
within the body of a liquid to the surface is one half of the total energy for 
lifting it all the way into the vapor. This generalization is roughly true for 
monoatomic mercury and non-polar molecules like oxygen and nitrogen at 
low temperatures. For polar molecules, however, the fraction is much less 
than one half. Table XIII gives values of the fraction calculated by Harkins 


TABLE XIII 


Ratio or Mouecurar Totat Surrace Enerey to Morecutar Hear or 
VAPORIZATION AT 0.7 Terit. 


CH3:0H Ceo OH HO CH3COs.H CH3CO2C2H 5 HCO2CHs3 
0.16 0.19 0.28 0.34 0.40 0.40 

CeHsCl (C2Hs5)20 CoHe CCl. Oot No Hg t+ 
0.42 0.42 0.44 0.45 0.50 0.51 0.64 


} Estimated by extrapolation. 


and Roberts ? on the assumption that it equals the ratio of the molecular total 
surface energy (total surface energy + number of molecules in one square 
centimeter of surface) to the molecular heat of vaporization (molar heat of 
vaporization + N). According to these authors, the energy for the first step 
of vaporization is relatively small in the case of polar molecules because only 
the inactive or non-polar groups need be lifted into the surface, in accordance 
' with the theory of the oriented structure of a liquid surface outlined above. 
In the second stage the active polar group must be torn away against the 
attractions of the body of the liquid. 
Spreading of Liquids on Liquids: Cc 


The tendency of a drop of one liquid 
to contract to a lens-form or to 
spread over another liquid upon 


which it floats is closely bound up B 
with the factors that determine the HiGeaOMAEIGld Deon atthe Intertace 
cohesion and adhesion of the liquids. between Two Immiscible Fluid Phases 


Consider the system of three immis- * 

cible fluids A, B, and C of Fig. 30. In the absence of solubility, gravity, and 
other external effects, the change in free energy per square centimeter when 
A spreads between B and C ? is 


(55) — Abie — V0 + VAC 1 YAR 
1 Ann. Physik, 29, 655 (1886). 


z J. Am. Chem. Soc., 44, 653 (1922). 
3Cf. Hardy, Proc. Roy. Soc. London, 86A, 610 (1912), 88A, 303, 313 (1913). 
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where y is the appropriate free surface energy. In accordance with the 
principle of minimum free energy, therefore, A should spread spontaneously 
only if the free-energy change is negative,! ie., if yao > yac + yas. Harkins 
and Feldman? have pointed out that if C is an inert gas, this free-energy 
change is equal to the cohesional work of A minus the adhesional work of 
A and B,i.e., We — Wa; the negative of this quantity is the “ initial spreading 
coefficient.” In a series of ninety-two organic liquids—including alcohols, 
acids, amines, ethers, ketones, aldehydes, esters, halides, and some hydro- 
carbons—the liquids having positive spreading coefficients (Wa > W-) spread 
on water as predicted with but one exception, and in this case the discrepancy 
scarcely exceeded the experimental error; those having negative coefficients 
did not spread (cf. Table XI). Similarly, the predictions were confirmed that 
water would not spread on the organic liquids immiscible in water, but would 
spread on mercury. In all 21 cases investigated organic liquids were found 
to have positive spreading coefficients with respect to mercury, and they 
actually spread as predicted. Illustrating their specific adhesion for mercury, 
halogen compounds, which do not spread upon water, do so on mercury. 

The significance of the molecular orientation theory for the phenomenon 
of spreading is evident when the interpretations given above for cohesional 
and adhesional energies are recalled. If a drop of an insoluble normal aliphatic 
alcohol or acid, for instance, is placed on water or mercury, the polar hydroxyl 
or carboxyl group becomes dissolved in or attached to the water or mercury 
in accordance with the large value of W,. The cohesion W, of the alcohol or 
acid on the other hand is relatively small; there is consequently a pronounced 
spreading tendency. If the relative positions of alcohol and water or mercury 
are interchanged, the same adhesional affinities are effective, but they are 
exceeded by the high cohesion of water or mercury. Although the higher 
values of the spreading coefficient normally occur with molecules having a 
highly asymmetrical field of furce, a quite non-polar compound—like isopen- 
tane, Table XI—may spread on water because of the unusually small cohesion 
that it possesses. 

The equilibrium conditions for a spreading liquid cannot be predicted from 
the initial spreading coefficient alone. Mutual solubility usually causes a 
general decrease of the interfacial tensions so that for the contaminated phases, 
yee > yao + Yap. The excess of liquid A therefore contracts to form one 
or more lens surrounded by a composite interface B’C' consisting of a solution 
of A in B overlaid with a very thin layer of a solution of Bin A. At equi- 
librium the free interfacial energy of the composite interface is equal to the 
sum of yarc and yarzr.* If the quantity of A is increased, a lens persists, 


1This is numerically equivalent to the criterion based upon the so-called Neumann 
triangle of forces, but is free from some of the ambiguities of the latter. If Antonov’s Rule 
were valid, i.e., AF = 0, spreading would not occur. Cf. p. 1628. 

2 J. Am. Chem. Soc., 44, 2665 (1922). See also Harkins, Sixth Colloid Symposium, 1928, 
p. 20, and Alexander’s ‘‘Colloid Chemistry,” Vol. I, Chap. 8. 

3 Hardy, loc. cit. 
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whether the liquid is a spreading or non-spreading one, until it is so deep that 
gravity causes it to flow out over the surface of B. 

The sensitivity of spreading phenomena to exceedingly small traces of 
capillary-active impurities causes the investigator much trouble. A pure non- 
spreading liquid may be induced to spread if some capillary-active solute is 
added to it to decrease yac or yap or both. Capillary-active impurities in B 
may or may not cause spreading, depending upon how they affect ygc and y,,- 

Composite Films: Some of the most convincing evidence for molecular 
orientation in mobile interfaces and for the non-spherical form of molecules 
and their fields of force has come out of the study of very thin, insoluble, non- 
volatile films floating on a liquid surface. The foundations were laid by the 
work of Pockels,! Rayleigh,? Devaux,? Hardy,! Labrouste,> and Marcelin,® 
who studied very thin films of oils on water in various ways in an effort to 
estimate the thickness of molecules and the range of molecular forces. 
Measurements of the surface tension of composite films comprising different 
amounts of castor oil spread on unit area of water led Rayleigh to conclude that 
the first appreciable and sudden drop in surface tension occurs when a con- 
tinuous film of castor oil a single molecule deep covers the water surface. 
Upon the assumption that the density of the oil film was normal, the film 
thickness was calculated to be approximately 10-15 A. and was supposed to 
measure the molecular diameter. Similar values were obtained by Devaux 
and Marcelin with different oils by observing the areas of films on talc-covered 
water surfaces.’ The behavior of such films under various conditions suggested 
to these investigators that such a unimolecular film may possess the properties 
of a two-dimensional gas, liquid, or solid. Convincing evidence for this novel 
idea was first provided by the later, more detailed work of Langmuir and of 
Adam. 

Of especial significance are the conclusions drawn by Langmuir ® from 
similar measurements of the areas of films formed by the maximum spontaneous 
spreading of benzene solutions of ‘oils’? on a powdered water surface and 
evaporation of the benzene. Both the thickness of the film and the average 
area occupied by one oil molecule were calculated in accordance with Rayleigh’s 
assumptions of the unimolecular nature and the normal density of the film 
(Table XIV). 

It is immediately evident that the area per molecule is approximately 
constant for the saturated acids and the alcohol in spite of a considerable range 
in molecular weight. Equally evident is the uniform increase in film thickness 
with increase in molecular weight or number of carbon atoms for the same 


1 Nature, 43, 437 (1911), 46, 418 (1892), 48, 152 (1893), 50, 223 (1894). 

2 Proc. Roy. Soc. London, 47, 364 (1890); Phil. Mag., 30, 386 (1890), 48, 331 (1899). 
3 J. phys., 3, 450 (1904), 2, 699, 891 (1912); Ann. Rept. Smithsonian Inst., 261 (1913). 
4 Loc. cit., p. 1641. 

5 Compt. rend., 157, 44 (1918), 158, 627 (1914), 159, 306 (1914). 

6 Ann. phys., 1, 19 (1914). 

7 Quincke first employed a fine powder to make the spreading of a film visible. 

8 J. Am. Chem. Soc., 39, 1848 (1917). 
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TABLE XIV 


Cross-SxcTIONS AND LENGTHS OF Mo.ecuLes AS ESTIMATED BY LANGMUIR 


eet Film Area per a panne 
fo) s per ; 

eet Thickness Molecule Caste 
Palmitic acid<at Hila 16 24.0 A. 21 sq. A. 1.50 A. 
Stearie a cid acre a) ye es 18 25.0 22 1.39 
(SCTORICTACIC a eye ne, Sore 26 31.0 25 1.20 
MIS LOATIN hep eee ret yore ee 57 25.0 66 1.32 
Oleic Acide. sae ts hea 18 11.2 46 0.62 
PTO lelrike seen ae) ee 57 13.0 126 0.69 
HDmielal ine aun: Ae ee as Sekt 57 13.6 120 0.72 
Cetyl palmitate........... 32 41.0 23 1.37 
Miyricyl alcohol... 40... Bil 41.0 27 2.56 


compounds; according to the last column of the table the increment in film 
thickness for each additional C in the length of the molecule is of the same order 
of magnitude but distinctly less than the minimum distance between C-atoms 
in diamond, i.e., 1.54 A. Langmuir therefore concluded that these molecules 
are actually the much elongated structures pictured by the organic chemists’ 
structural formulas, and further, that they spread on a water surface to form 
an oriented, unimolecular film in which the long axis of the molecule is approxi- 
mately perpendicular to the plane of the film. The ‘‘area per molecule” and 
the ‘‘film thickness” accordingly measure the cross-section and the length of 
the molecules. To explain the occurrence of orientation in such films, 
Langmuir independently introduced the idea used by Harkins in interpreting 
interfacial tension: namely, the active or polar group of the molecule, e.g., 
the -COOH of an acid or the -OH of an alcohol, is attracted by the water sub- 
stratum and dissolves therein as far as the insolubility of the attached hydro- 
carbon chain or chains permit. When the insoluble molecules of the film are 
closely packed together, they stand upright so that the maximum number of 
active groups can bury themselves in the water phase. If the hydrocarbon 
chains are long, the lateral cohesion between them prevents their separation 
(Fig. 35). This theory offers a simple interpretation of the relations expressed 
in Table XIV: the approximate constancy in the average area occupied by 
long, normal hydrocarbon chains terminated by an active group, regardless of 
the active group or the length of the chain; the regular increase in film thick- 
ness with increasing length of the hydrocarbon chain; the simple multiple 
relation between the areas occupied by stearic acid and tristearin molecules or 
between the areas of oleic acid and triolein or trielaidin; and the increase in 
the area per molecule due to a second active group, as the double bond in oleic 
acid and its derivatives! These results provided the first direct evidence 


1 Adam claims that the larger area is due to the ‘‘expanded”’ condition of the oleic acid 
film at the temperature of experimentation; see page 1646. 
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demonstrating that organic molecules actually possess the shape and pro- 
portions indicated by their structural formulas; they also provided the earliest 
convincing evidence that molecules may spontaneously assume special orienta- 
tions at phase boundaries. 

More detailed verification of these conclusions was obtained by means of 
the Langmuir surface-pressure balance, a device for measuring the lateral 
pressure exerted by a floating, insoluble film against a confining barrier. The 
arrangement is schematically illustrated in Fig. 31. T is a shallow tray con- 


Fig. 31. Langmuir’s Surface-Pressure Balance 


taining water. The movable barrier A in contact with the water surface 
determines the area available to the film floating between A and B. The 
latter is a light floating barrier attached to a balance with the fulcrum at K 
and the weight at P. F, F’ are air jets that prevent the “‘oily” film from 
spreading past the ends of B onto the clean surface H. The spreading tendency 
of the film (or the excess surface tension of H, as some prefer to say) is com- 
pensated by the force P so that the movable barrier is maintained at its zero 
point. The compressive force may be easily computed into dynes per centi- 
meter along B, and its value may be measured for various positions of A. 

With this apparatus Langmuir carried out a large number of experiments 
with films of insoluble organic acids, alcohols, and esters on water or dilute 
acid at various temperatures. The curves of Fig. 32, in which the compressive 
force F in dynes per centimeter is plotted against the average area per molecule 
A in square Angstréms, illustrate some typical features. 

Curve I represents the behavior of palmitic, stearic, arachidic, and cerotic 
acids; the surface pressure (or the reduction in surface tension due to the film) 
was inappreciable until the area was reduced to 21.8 sq. A. With further 
compression the surface pressure increased rapidly until the film crumpled at H. 
The intersection of the steep portion extrapolated to the area axis gives the 
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cross-sectional area of the fatty acids, for this point corresponds to a closely- 
packed, unimolecular film under zero compression. 

The break at S in Curve II indicates a change in phase resembling a melting 
point—at greater areas, the film is mobile; at smaller areas, it is solid. The 
former is an “expanded” film, the latter is a “condensed” film. 


L- Pamitic Acid 07 te O of 16°C. 
“1 - Palmitic Acid on be O at 48°C. 
-Paleitic Acted on O1 fe 11C1. 


DYNES PER CM 


7) 70 Peed Jo 4 
SQUARE ANGSTROMS 


Fic. 32. Surface Pressure vs. Area per Molecule, according to Langmuir 


ie 


The behavior of the films on dilute acid is not entirely understood. 
Similarly, the manifold deportment of alcohols and esters presents interesting 
but puzzling features that cannot be discussed here. 

The Langmuir method has been widely and systematically applied by 
Adam, in part with an improved and very sensitive balance permitting the 
measurement of surface pressure to a few thousandths of a dyne per centi- 


meter.! 
The results, some of which are reproduced in Figs. 33 and 34, provide 


convincing confirmation of the orientation theory. All normal paraffin 
derivatives with a single active group of moderate size at the end of a long 


1 Adam, Proc. Roy. Soc. London, 99A, 336 (1921); 101A, 452, 516 (1922); 103A, 676, 687 
(1923); 119A, 628 (1928); Adam and Dyer, zbid., 106A, 694 (1924); Adam and Jessop, ibid., 
110A, 423, 441; 112A, 362, 376 (1926); 120A, 473 (1928); Trans. Faraday Soc., 22, 472, 494, 
497 (1926); Adam, Berry, and Turner, Proc. Roy. Soc. London, 117A, 532 (1928). Summaries: 
Adam, J. Phys. Chem., 29, 87 (1925); Chem. Rev., 3, 163 (1926); Trans. Faraday Soc., 24, 
149 (1928). Surface-pressure balances have also been used by Marcelin, Compt. rend., 173, 
38 (1921); 175, 346 (1922); 176, 502; 177, 41 (1923); 178, 1079 (1924); Ann. phys., 4, 459 
(1925); Harkins and Morgan, Proc. Nat. Acad. Sct., 11, 637 (1925) (polymolecular films); 
Delaplace, J. phys. radium, 9, 111 (1928); Katz and Samwel, Ann., 472, 241 (1929) (cellulose 
derivatives) ; Gorter and Grendel, Proc. Acad. Sci. Amsterdam, 29, 1262 (1926); Trans. Faraday 
Soc., 22, 477 (1926); Biochem. Z., 192, 431; 201, 391 (1928) (proteins and fats); Lyons and 
Rideal, Proc. Roy. Soc. London, 124A, 322, 333, 344 (1929). 
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chain have a common pressure-area curve in the region of high compressions 
and small areas (Fig. 33), which is in all probability determined by the close 


cohesion and the lateral compressibility of 
the hydrocarbon chains. At sufficiently 
high compressions the films collapse, the 
necessary force varying considerably. In 
over five thousand experiments Adam found 
no case in which the unimolecular film was 
replaced by thicker films without the visi- 
ble wrinkling and irregular thickening char- 
acteristic of collapse.1 The bulk compressi- 
bility of the oriented chains calculated from 
the slope of the steepest portion of the 
curves, upon the assumption that thickness 
does not change, is in fact equal within a 
few per cent to the bulk-compressibility 
coefficient of paraffin hydrocarbons. The 
average cross-section of the molecules at 
zero compression, obtained from the area- 
intercept of the steepest part of the curve, 
is 20.4 sq. A., corresponding to a diameter 
of 420.4 or 4.52 A. It was at first thought 
that this value represented the cross-sec- 
tional area of the hydrocarbon chains ar- 
ranged vertically in the film, but by X-ray 
analysis of crystal structure, Miller? has 
found that the cross-section of hydrocarbon 
chains in the solid state is only 18.3 sq. A. 
It seems likely therefore that the hydrocar- 
bon chains of a condensed film are tilted, 
perhaps at about the same angle as in the 
gross crystalline form (Fig. 35), for Miller 


25 


» 


cy g 
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20 25, 30 
SQA. 
Fig. 33. Surface Pressure vs. Area 
per Molecule, according to Adam. 
I—Fatty acids on distilled water 
(final curve), amides, triglycer- 
ides, ureas above the transition 
temperature. 
II—Alcohols on water or acid or al- 
kaline solutions. 

III—Ethyl, methyl, and allyl esters 
of saturated acids on water or 
acid solutions. 

IV—Ethy] iso-oleate. 

V—Fatty acids on dilute HCl. 

ViI—Iso-oleic acid on dilute HCl. 


found the cross-sectional area parallel to the basal plane of the crystallographic 
cell of stearic acid to equal 20.5 sq. A., which agreeswith the cross-section found 
by Adam. 

At moderate compressions the curves show another straight portion inter- 
cepting the area-axis at points varying with the material of the film. Since 
the groups attracted to the water (the ‘‘heads”’ of the molecules) are probably 
larger in cross-section, either per se or with attached water molecules, than 
the hydrocarbon chains, this second area-intercept may be interpreted as the 
cross-sectional area of the uncompressed heads (Table XV). With increasing 
compressions the heads presumably undergo compression, deformation, and 

1 Polymolecular films have however been observed for more complicated compounds by 


Harkins and Morgan, loc. cit. 
2 Proc. Roy. Soc. London., 114A, 542 (1927): 120A, 437 (1928). 
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TABLE XV 


Cross-SecTIONAL AREAS OF PoLAR Groups AS DEDUCED FROM COMPRESSIONS 
AND AREAS OF UNIMOLECULAR FILMS 


—COOH 25.1 sq. A. —C.H.OH 23.8 sq. A. 
—CH:0H 2137 —CsH:0OCHs 23.8 
—COOR * 22.0 —CcsHiNHe 23.8 
—CH=CHCOOH 28.7 —CsHsNHCOCHs 28.2 or 25.8 
=@H—CHCOOR 28.7 —NHCONH2 26 
—CONH2 < 21 —NHCOCH;3 24.2 
—CN 27.5 —CHBrCOOH 26-32 
—CH.CH=NOH 25 
Triglycerides 63 


* R may be —CHs, —C2Hs, or —CH2CH=CH:2. 


an up-and-down, zig-zag displacement so that the hydrocarbon chains may be 
more closely crowded together.! 

At the very lowest pressures (Fig. 34) the films correspond to two-dimen- 
sional gases or vapors. Between 100 and 5000 sq. A. per molecule (for long 
chain, paraffin derivatives) the pressure-area curves resemble the PV-isotherms 
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Fic. 34. Comparison of the Kinetic Behavior of Thin Films with that of Three-Dimen- 
sional Gases and Liquids. The curve marked FA = 396 is the F-A curve for an ideal two- 
dimensional gas. I — V—Nitriles of myristic, pentadecylic, palmitic, margaric, and stearic 
acids 


1 See especially Adam and Jessop, Proc. Roy. Soc. London, 110A, 423 (1926). 
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for three-dimensional liquids and vapors; there is a horizontal “‘ vapor-pressure”’ 
region, ending on the one hand in an “imperfect gas”’ film, on the other, in 
liquid or solid films. At suitable temperatures a film may be above its “‘ critical 
temperature” and the ‘vapor-pres- 
sure” region disappears. The two- 
dimensional ‘‘vapor pressure” of a 
unimolecular film of palmitic acid at 
12° C. was found to be about 0.04 Fig. 35. An Oriented Unimolecular Layer. 
dynes per centimeter. Above areas The probable structure (schematically rep- 


of 5000 sq. A. per molecule, the rela- resented) of a thin film of an insoluble polar 


tion between pressure, area, an d compound with a long CH>2-chain floating on 
‘ Baas water. X represents a polar group which is 
temperature is within 25 per cent  goluble in water 


(probably within the experimental 

error) of that of an ideal two-dimensional gas; i.e., FA = kT, where k is the 
usual gas constant per molecule. The dotted curve of Fig. 34 represents the 
behavior of an ideal two-dimensional gas.! 

The Molecular Orientation Theory and Gibbs’s Equation: The Orientation 
Theory and Gibbs’s equation combine effectively to provide an interpretation 
of adsorption at mobile interfaces. The surface-tension vs log-concentration 
curves of Fig. 26 (p. 1630) furnish the basis for an example. 

The slopes of the curves (dy/dlnc), which are approximately proportional 
to the adsorptions according to Gibbs’s equation, gradually increase with con- 
centration to constant values,? which are almost uniform for the entire series of 
fatty acids. Langmuir suggested that this theoretical maximum adsorption 
(Imax) represents a compact unimolecular film of oriented molecules similar 
to the floating, insoluble films of the higher fatty acids discussed above. The 
difference between I’ and the total superficial concentration of adsorbed 
molecules being neglected, the average area per molecule (A) is therefore equal 


to in the saturated film.2 Areas calculated in this way vary from 


NG ee 
57 sq. A. for formic acid to 30 sq. A. for lauric acid.4 For acids above propionic 
the areas per molecule are approximately constant, averaging 30-32 sq. A. 
Harkins found the same value for the minimum area per molecule of 
butyric acid at liquid || liquid interfaces as well: namely, water || benzene and 


1 Interesting investigations of insoluble films on liquids have also been made by Labrouste, 
Ann. phys., 14, 164 (1920); Devaux, J. phys. radium, 4, 184 (1923), 9, 345 (1928); Woog, 
‘‘Contribution a l’étude du graissage,”’ Delagrave, Paris, 1926; Cary and Rideal, Proc. Roy. 
Soc. London, 109A, 301, 318, 331 (1925); Raman and Ramdas, zbid., p. 272 (scattering of 
light by films); McBain and Peaker, ibid., i25A, 394 (1929) (electrical surface-conductivity) ; 
Buchner, Katz, and Samwel, Z. physik. Chem., 5B, 327 (1929); Sheppard, Nietz, and Keenan, 
Ind. Eng. Chem., 21, 126 (1929); Keenan, J. Phys. Chem., 33, 371 (1929) (films on mercury 
surfaces). 

2 First noted by Milner, Phil. Mag., 13, 96 (1907), for acetic acid and, as pointed out by 
Langmuir, expressed in Szyszkowski’s empirical equation (eq. 48) whence >> L. 

3 The adsorption being expressed as moles per sq. em. 

4 Harkins, in Bogue’s ‘‘ Colloidal Behavior,” Vol. 1, Chap. 6; Frumkin, Z. physik Chem., 
116, 466, 498 (1925), 
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water || hexane. These values are distinctly higher, however, than Adam’s 
value of 25.1 sq. A. for films of the higher insoluble fatty acids. Although 
some of the discrepancy may be due to the use of inexact forms of Gibbs’s 
equation for calculating the amount of adsorption, it is also probable that the 
greater lateral cohesion in the higher-fatty-acid films gives rise to a closer 
packing. 

Owing to this difference in cohesion, the behavior of the adsorbed molecules 
of the lower fatty acids might be expected to resemble that of ideal two- 
dimensional gases at greater concentrations than is the case for the insoluble 
films. This expectation is confirmed by consideration of the relations between 
surface pressure F (equal to the difference between the surface tensions of 
solvent and solution) and the area per molecule. Figure 361 shows that the 


A- Nitrogen or OC 
B-Corbon Dioxide at 100°C. 
C-Carbon Dioxide ot O°. 
D-Carbon Dioxide of W.5°C. 


FA/kT 


f-Butyric Acid Solution ff Benzene 
Q-Butyric Acid Solution ff Air 
M-Valeric Acid Solution {ff Air 

@- Coproic Acid Solution ff Air 

V- Coprytic Acid Solution [Air 
W- Copric Acid Solution 4 Air 
W-Lauric Acid Solution {Air 
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Fic. 36. Comparison of the Kinetic Behavior of the Surfaces of Solutions, as Two- 
Dimensional Gases, with that of Ordinary Gases 


FA 
dependence of Tp upon F is analogous in a detailed fashion to the corresponding 


V ; : 
rp P relations of ordinary gases. At sufficiently low pressures (F or Py; 


imi 
a auld. RT both approach unity, the criterion for ideal-gas behavior. As the 
molecular weight of the adsorbed molecules increases from small to large, 
the kinetic relations gradually change from those of gases far above their 


1 Schofield and Rideal, Proc. Roy. Soc. London, 109A, 57 (1925); 110A, 167 (1926). Cf. 
Frumkin, loc. cit. and p. 1649 also. 
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critical temperatures to those of liquids and solids. At high surface pressures 
the two-dimensional analog of Amagat’s equation for compressed gases 

P Amy eB Foteyl 
STi eT a 
the least area a molecule can occupy and 1/x is a measure of the cohesion at 
a given temperature. For the normal fatty acids, B was found to be constant 
and equal to 24.3 sq. A., in surprisingly close agreement with Adam’s value 
of 25.1 for the higher insoluble members of this series. As might be expected, 
1/x increases with molecular weight. A surface pressure of one dyne per 
centimeter on the surface of a normal butyric acid solution is equivalent to a 
gas pressure of ca. 48 atmospheres.! 

Gibbs’s equation and the kinetic theory of adsorption give an added 
significance to Traube’s Rule.2. According to Gibbs’s equation, 


is applicable to the adsorption region; i. B represents 


Co] 


T 


(56) F= wre 


= NTkKT = Ndc.kT 


where c; is the concentration in the adsorption layer of thickness d; and 

according to Traube’s Rule, F = K3"c. Eliminating F and solving for c./e, 
( K3" 

ms a ie NN, h in i = 

one obtains 2 Nght ow the decrease in potential energy \ upon trans 

ferring one mole of solute from the concentration c in the body of the solution 

to cs, the equilibrium concentration at the surface, is expressed by Boltzmann’s 


Cs 
equation: \= RTIn a +a. Therefore 


n 


K3 
(57) A= RTln ap + & = ho + On. 


Xo is a constant, specific for the chemical class (normal primary alcohol, acid, 
etc.) to which the compound belongs, and measures the work necessary to 
transfer the characteristic polar group from the surface into the body of the 
liquid; n is the number of carbon atoms in the molecule; and ®, common to all 
homologous series, is the change in potential energy per carbon atom. The 
constancy of ® indicates that all CH,’s, regardless of their positions in the chain, 
have the same effect and therefore probably occupy similar positions in the 
adsorption layer; i.e., the hydrocarbon chain of a polar molecule probably lies 
flat on the surface of a dilute solution.2 Assuming d = 6 X 10 cm., Langmuir 
calculated the values of Table XVI from a large body of surface tension data. 
X (cale.) were obtained from the values of A» and ® given in Table XVI, and 
d (obs.) were calculated from the experimental data on surface tensions by 
Boltzmann’s equation, using Gibbs’s equation to evaluate cs. The agreement 


1 Schofield and Rideal, loc. cit. 

2 Langmuir, J. Am. Chem. Soc., 39, 1848 (1917). 

3 Frumkin, Z. physik. Chem., 116, 501 (1925), reached the same conclusion by considering 
the distribution of the solute molecules between vapor and solution. 
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is excellent. The fall in the values of Xo as the polarity of the molecule in- 
creases is marked; \, provides a thermodynamic measure of the capillary- 


activity of the polar groups. 
TABLE XVI 


DECREASE IN PoTENTIAL ENERGY IN CALORIES PER MOLE UPON TRANSFERRING POLAR 
Mo.ecuLEs FROM THE Bopy ofr AQUEOUS SOLUTIONS TO THE SURFACE REGION 


do d (cale.) d (obs.) 
R;:sCOH 950 CH3;0H 1200 1240 
R-NH2 600 
R-CH,20H DUO C2H;0H 1825 1820 
R-COOR 470 
R-COOH 437 C3sH;OH 2450 2430 
R-COR 295 
R-CHO 210 Isobutyl ale. 3075 3080 
R-CONH2 —510 
Se aia By oie —700 Jsoamyl alc. 3700 3700 
@ = 625 


A similar application of Gibbs’s equation has been made by Iredale! to 
surface-tension data for mercury in contact with various vapors. Assuming an 
unimolecular adsorption layer of the vapors, he calculated the following 
molecular cross-sections: methyl acetate—27; water—16; and benzene—21 
sq. A. Likewise, the thickness of the water layer at the surface of salt solutions 
(“‘negative” adsorption) has been calculated to be from 2 to 5 A., depending 
upon the specific salt and its concentrations; * this approximates a unimolecular 
layer. 

These examples of the application of the concept of oriented molecules to 
surface phenomena by no means exhaust the cases that might be mentioned. 
They perhaps suffice to demonstrate the fruitfulness of the theory. As will be 
pointed out later, its usefulness is not at all limited to mobile interfaces; in 
fact there is reason to believe that the influence of an oriented condition in 
the molecules in contact with a solid phase may be more pronounced than in 
the case of mobile interfaces. 


IMMOBILE INTERFACES 


Immobile interfaces involve one or more solid phases, which may be 
crystalline or amorphous (i.e., vitreous). As relatively little attention has 
been given to solid || solid interfaces, this discussion will be limited to the 
boundaries solid || gas and solid || liquid. Although many phenomena that 
have been discussed in connection with mobile interfaces also occur at immobile 

1 Phil. Mag., 45, 1088 (1923), 48, 177 (1924). 


2 Langmuir, J. Am. Chem. Soc., 39, 1848 (1917); Harkins and McLaughlin, J. Am. Chem. 
Soc., 47, 2083 (1925); Goard, J. Chem. Soc., 127, 2451 (1925). 
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interfaces, their relative importance may differ considerably in the two cases 
according as mobility or immobility hinders or facilitates theoretical and experi- 
mental investigations. Interfacial tensions or energies provide the most 
frequent point of departure in the study of mobile interfaces. Changes in 
the amount or quality of immobile interfaces certainly also involve free- 
energy changes, and the cohesion or adhesion for solids may be discussed in 
much the same way as for liquids (p. 1624). But the equivalence between 
surface tension and free surface energy at mobile interfaces is not duplicated 
at immobile interfaces... In addition there are no general methods for 
measuring the surface tensions of immobile interfaces without ambiguity; 
nor is it usually possible to determine the free interfacial energy, because of 
unsuspected strains in the solid, the variation of the interfacial energy in 
different directions—particularly on different crystal faces—and the sluggish- 
ness with which equilibrium conditions are reached at immobile interfaces. 

Conditions with respect to adsorption, however, are more favorable at 
immobile interfaces. The difficulties of measuring adsorption at mobile inter- 
faces were stressed above; in contrast, adsorption has probably been more 
thoroughly and successfully studied than any other phenomenon associated 
with solid surfaces. 

Adsorption: ? As early as 1777 Scheele and Fontana independently observed 
that charcoal combines with gases and vapors with a reduction in total volume, 
and Lowitz in 1791 removed colored materials from solution with the same 
solid. Although similar qualitative observations were recorded from time to 
time, very little accurate information concerning the nature of the process, 
called ‘‘adsorption”’ by du Bois-Reymonds, was obtained until over a half 
century later. The researches of de Saussure (1814), Hunter (1863-72), 
Chappius, Joulin, Kayser (1881), Bunsen (1883), and others of the period, 
established the typical features of the adsorption of gases by solids; and Bussy, 
Payen (1822), Graham (1830), v. Bemmelen (1878-1900), Schmidt, Georgievics 
(1894), Walker and Appleyard (1896), Lagergren (1898), and especially 
Freundlich ® performed a similar service for adsorption from solutions. The 
two cases resemble each other in many respects. For instance, if dry, gas-free 
charcoal is introduced into gaseous ammonia or into an aqueous solution of 
ammonia, the concentration of ammonia in the gas phase or in the solution 
will rapidly decrease to a point that depends upon the relative amounts of 
the materials used. At equilibrium, charcoal laden with ammonia or, in the 
second case, with ammonia and water can be removed from the system without 


1 Gibbs, ‘‘Collected Works,” Vol. 1, p. 315. 

2 Karly investigations are summarized by Ostwald, ‘‘Lehrbuch der allgemeine Chemie,” 
2d ed., Vol. I, 1891, p. 1084, Vol. II’, 1906, p. 217. More recent reviews include Freundlich, 
“Colloid and Capillary Chemistry,’ Dutton, New York, 1926; Bancroft, ‘‘ Applied Colloid 
Chemistry,’”’ McGraw-Hill, New York, 1926; Cassel, ‘‘Zur Kenntnis des adsorbierten 
Ageregatzustandes,” Ergebn. exakt. Naturwiss., Vol. 6, 1927; E. Hitckel, ‘‘ Adsorption und 
Kapillarkondensation,” Akad. Verlagsges., Leipzig, 1928; Blih and Stark, ‘‘ Die Adsorption,” 
Vieweg, Braunschweig, 1929. 

3 Z. physik. Chem., 57, 385 (1907). 
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range; it fails to predict adsorptions at much higher or lower concentrations 
than those used in determining the constants of the equation. 

Several efforts have been made to find an equation—either empirical or 
theoretical—that will describe adsorption with exactness, but none has been 
found sufficiently superior to the parabolic one to displace it for most practical 
purposes. Schmidt! and Arrhenius ? proposed equations having the theoretical 
advantage of reducing to Henry’s law at vanishingly low concentrations and 
extrapolating to a saturation value at high concentrations. A simpler equation 
having a more attractive theoretical foundation in addition to these extra- 
polation properties was proposed by Langmuir: * 


a 
(59) a or its equivalent hia h — ba, 


c 
a tetebes 
which is a rectangular hyperbola passing through the origin. By plotting 
a/e against a, a straight line is obtained if the equation is applicable, and the 
empirical constants can be readily determined. The intercept on the a/c- 
axis gives h, which is the slope of the adsorption isotherm at the origin, i.e. the 
coefficient of Henry’s law at the lowest concentrations; and the intercept on 
the a-axis equals h/b, the maximum adsorption. Fig. 37C presents a test of the 
equation for typical examples of adsoprtion. It is evident that eq. (59) 
provides a better description of the facts for some cases, as nitrogen on mica 
and carbon monoxide or argon on carbon, than does eq. (58); in other cases 
neither equation fits the observations satisfactorily. It should not be sur- 
prising, however, that a single simple equation is not applicable to all cases of 
adsorption, for it is well known that the distribution of a solute between two 
immiscible fluid phases, which is in a sense analogous to adsorption, is not 
uniformly described by any single simple law. 

Since temperature and concentration (or pressure) are equally important 
variables in controlling adsorption, the relations are most lucidly presented 
by means of a three-dimensional diagram. Cross-sections parallel to the a—c 
plane constitute the isotherms; those parallel to the a—T' plane, i.e., at con- 
stant concentration, are called isobars; and those parallel to the 7’—c plane, 
i.e., at constant amount of adsorption, are the isosteres. Depending upon 
the kind of calculations to be made or the relations to be emphasized, the 
appropriate form of curve is chosen. All three forms are of course mutually 
related; and Freundlich ® has worked out empirical equations for each case, 
which are therefore special forms of a general adsorption equation expressing 
the function a = f(c, T). 

1Z. physik. Chem., 74, 689 (1910); 77, 641 (1911). 

2 Medd. Nobelinstitut, 2, No. 7 (1909). 

3 Phys. Rev., 8, 149 (1916); J. Am. Chem. Soc., 38, 2221 (1916); 40, 1361 (1918). The 
theoretical significance is discussed on p. 1667. 

4 Williams, Proc. Roy. Soc. London, 96A, 287, 298 (1919), derived the equation log a/c 
= h — ba and found it applicable in a number of cases; examples are also given by Gregg, 
J. Chem. Soc., 1494 (1927). A useful summary of adsorption equations is that of Swan and 


Urquhart, J. Phys. Chem., 31, 251 (1927). 
5 “Colloid and Capillary Chemistry,’’ 117 ff. 
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Adsorption under various conditions can be compared in terms of the 
constant & and m of eq. (58), k evaluating the adsorbability and 1 — m 
measuring the tendency to maximum adsorption. Table XVII gives some 
examples. A parallelism between adsorbability and saturation is clearly 


TABLE XVII 


VALUES OF k AND m FoR VARIOUS GASES ADSORBED ON CHARCOAL! 


Gas Temp. k m 
(ClO Tae te he San ae eee ee —78.5° C, 12:0 0.38 
Sea. etre ht or Re ae OR aR a oe a —33.6 2.5 .56 
SE Sic it Re oe at ERI a Atala eC 0.0 0.56 .76 
Spe Peat Tutte, NERS 20.0 0.29 82 
OD eo Sane ee ree 8 as eta ee ee 46.2 0.15 .84 
ONT EC) eae a eld nt GR eR 0 0.22 88 
INS (CASIO: 2S ie ee! eine re 0 0.26 87 
COCA TG I eee 0 0.56 76 
GEES 2) ae te, cana ee Sat, eee tee 0 2.69 56 
CORES) See as 5 eee LOE: : 0 8.25 53 
Cogs (EEG) eethrws si iit weed ree dee 0 DZ evalies 23 


revealed: with but one exception « and 1 — m increase together whether they 
are caused to vary by changing the temperature or the gas. With some 
exceptions, the adsorbability is also roughly parallel to the condensibility as 
estimated from the critical temperatures. The relative absence of specific 
differences closely related to the chemical nature of the materials, as illustrated 
by these facts, also occurs with significant frequency in other aspects of 
adsorption. 

Although all the examples of Fig. 37 are for the adsorption of gases, the 
same features appear in adsorption from dilute solutions. The same equations 
are used for both cases, and much the same kind of limitations are found in 
their applicability. 

Certain interesting relations appear in the adsorption of organic substances 
by charcoal. The value of k for homologous aliphatic acids, alcohols, urethanes, 
and related derivatives increases with the number of carbon atoms in the 
molecule much as the capillary activity was seen to vary (p. 1630). In fact a 
generalization analogous to Traube’s Rule can be stated for molecular weight 
and adsorbability from aqueous solutions by charcoal. * 

Although a parallelism between adsorption at the air || solution interface, 
as determined by Gibbs’s equation, and adsorption at a solid ||solution interface 

1 Summarized from Freundlich, ‘‘Colloid and Capillary Chemistry.” 

2 Critical temperatures in degrees Centigrade are given in parenthesis. 

3 Freundlich, ‘‘Colloid and Capillary Chemistry,’ p. 195. This however is not con- 
firmed by Nekrassov, Z. physik. Chem., 136, 379 (1928); see also Vekrassov, ibid., 25. Ac- 
cording to Holmes and McKelvey, J. Phys. Chem., 32, 1522 (1928), the order of adsorptions 
of aliphatic acids by silica gel from toluene solutions is the reverse of that by charcoal from 

jueous solutions. 
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range; it fails to predict adsorptions at much higher or lower concentrations 
than those used in determining the constants of the equation. 

Several efforts have been made to find an equation—either empirical or 
theoretical—that will describe adsorption with exactness, but none has been 
found sufficiently superior to the parabolic one to displace it for most practical 
purposes. Schmidt! and Arrhenius ? proposed equations having the theoretical 
advantage of reducing to Henry’s law at vanishingly low concentrations and 
extrapolating to a saturation value at high concentrations. A simpler equation 
having a more attractive theoretical foundation in addition to these extra- 
polation properties was proposed by Langmuir: * 
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(59) a or its equivalent — = h — ba, 
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ese 
which is a rectangular hyperbola passing through the origin.t By plotting 
a/e against a, a straight line is obtained if the equation is applicable, and the 
empirical constants can be readily determined. The intercept on the a/c- 
axis gives h, which is the slope of the adsorption isotherm at the origin, i.e. the 
coefficient of Henry’s law at the lowest concentrations; and the intercept on 
the a-axis equals h/b, the maximum adsorption. Fig. 37C presents a test of the 
equation for typical examples of adsoprtion. It is evident that eq. (59) 
provides a better description of the facts for some cases, as nitrogen on mica 
and carbon monoxide or argon on carbon, than does eq. (58); in other cases 
neither equation fits the observations satisfactorily. It should not be sur- 
prising, however, that a single simple equation is not applicable to all cases of 
adsorption, for it is well known that the distribution of a solute between two 
immiscible fluid phases, which is in a sense analogous to adsorption, is not 
uniformly described by any single simple law. 

Since temperature and concentration (or pressure) are equally important 
variables in controlling adsorption, the relations are most lucidly presented 
by means of a three-dimensional diagram. Cross-sections parallel to the a—c 
plane constitute the isotherms; those parallel to the a—T plane, i.e., at con- 
stant concentration, are called isobars; and those parallel to the 7’—c plane, 
i.e., at constant amount of adsorption, are the isosteres. Depending upon 
the kind of calculations to be made or the relations to be emphasized, the 
appropriate form of curve is chosen. All three forms are of course mutually 
related; and Freundlich ® has worked out empirical equations for each case, 
which are therefore special forms of a general adsorption equation expressing 
the function a = f(c, T). 

1Z. physik. Chem., 74, 689 (1910); 77, 641 (1911). 

2 Medd. Nobelinstitut, 2, No. 7 (1909). 

3 Phys. Rev., 8, 149 (1916); J. Am. Chem. Soc., 38, 2221 (1916); 40, 1361 (1918). The 
theoretical significance is discussed on p. 1667. 

4 Williams, Proc. Roy. Soc. London, 96A, 287, 298 (1919), derived the equation log a/c 
= h — ba and found it applicable in a number of cases; examples are also given by Gregg, 
J. Chem. Soc., 1494 (1927). A useful summary of adsorption equations is that of Swan and 


Urquhart, J. Phys. Chem., 31, 251 (1927). 
5 “Colloid and Capillary Chemistry,’ 117 ff. 
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Adsorption under various conditions can be compared in terms of the 
constant & and m of eq. (58), k evaluating the adsorbability and 1 — m 
measuring the tendency to maximum adsorption. Table XVII gives some 
examples. A parallelism between adsorbability and saturation is clearly 


TABLE XVII 


VALUES OF k AND m FOR VARIOUS GASES ADSORBED ON CHARCOAL! 


Gas Temp. k m 
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revealed: with but one exception k and 1 — m increase together whether they 
are caused to vary by changing the temperature or the gas. With some 
exceptions, the adsorbability is also roughly parallel to the condensibility as 
estimated from the critical temperatures. The relative absence of specific 
differences closely related to the chemical nature of the materials, as illustrated 
by these facts, also occurs with significant frequency in other aspects of 
adsorption. 

Although all the examples of Fig. 37 are for the adsorption of gases, the 
same features appear in adsorption from dilute solutions. The same equations 
are used for both cases, and much the same kind of limitations are found in 
their applicability. 

Certain interesting relations appear in the adsorption of organic substances 
by charcoal. The value of & for homologous aliphatic acids, alcohols, urethanes, 
and related derivatives increases with the number of carbon atoms in the 
molecule much as the capillary activity was seen to vary (p. 1630). In fact a 
generalization analogous to Traube’s Rule can be stated for molecular weight 
and adsorbability from aqueous solutions by charcoal. * 

Although a parallelism between adsorption at the air || solution interface, 
as determined by Gibbs’s equation, and adsorption at a solid || solution interface 

1 Summarized from Freundlich, ‘‘Colloid and Capillary Chemistry.” 

2 Critical temperatures in degrees Centigrade are given in parenthesis. 

3 Freundlich, ‘Colloid and Capillary Chemistry,” p. 195. This however is not con- 
firmed by Nekrassov, Z. physik. Chem., 136, 379 (1928); see also Vekrassov, ibid., 25. Ac- 
cording to Holmes and McKelvey, J. Phys. Chem., 32, 1522 (1928), the order of adsorptions 
of aliphatic acids by silica gel from toluene solutions is the reverse of that by charcoal from 
aqueous solutions. 
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has been found in a surprising number of cases, there are many exceptions. 
For instance, non-volatile aliphatic acids, aromatic compounds, alkaloids, 
dyes, and sugars are decidedly or even strongly adsorbed by charcoal from 
aqueous solutions, whereas they either raise or but slightly lower the surface 
tensions. The adsorption of fatty acids by silica gel from a variety of solvents 
including kerosene, carbon disulfide, carbon tetrachloride, toluene, and nitro- 
benzene is also unrelated to the surface tensions.!. The parallelism must there- 
fore be used with caution in predicting adsorptions. 

A somewhat similar but more general qualitative correlation exists between 
adsorbability and solubility. For instance, the solubilities of iodine in carbon 
disulfide, chloroform, and carbon tetrachloride are in the ratios 4.8 : 1.8 : 1; the 
adsorbabilities 2 increase according to the ratios 1: 2: 4.5. Similarly, adsorp- 
tion increases with insolubility in the case of benzoic acid in benzene, chloro- 
form, or carbon tetrachloride, in contact with silica gel. Even though it has 
exceptions, the rule that adsorbability and insolubility go together is a useful 
one that is comparable to the rule connecting adsorption and condensibility 
of gases. 

The discussion of adsorption has so far been equally applicable to gases 
and dilute solutions. There are however certain important features and com- 
plications that require separate treatment. One becomes marked in the adsorp- 
tion of gases near condensation conditions; another concerns the réle of the 
solvent in adsorption from solutions; a third involves adsorption from ionic 
solutions. 

Adsorption of Saturated Vapors: The course of the adsorption curves of 
Fig. 37A as the pressure is increased to the neighborhood of the saturation 
value has considerable theoretical and practical importance. Since an un- 
limited amount of liquid is in equilibrium with its saturated vapor, it is evident 
that the approximately horizontal branch of the curves, in the absence of a 
supersaturated vapor, cannot extend beyond the saturation pressure; and 
furthermore, the curve must become vertical at this pressure to indicate the 
indefinite and unlimited amount of vapor that is adsorbed or condensed 
under these conditions. The solid || gas interface is thereby replaced by a 
solid || liquid interface, and wetting phenomena become involved. The exact 
character of the adsorption in this transition region depends upon the physical 
structure of the solid adsorbent and the manner in which it is wet by the 
liquid. 

If the adsorbent is porous on a submicroscopic scale, so-called capillary 
condensation occurs below the normal saturation pressure, for as W. Thomson 4 
showed, the saturation pressure over a concave liquid surface is lower than 
over a large plane surface. Upon the assumption that the surface tension 
does not change with curvature and the vapor obeys the ideal gas laws, 


1 Patrick and Jones, J. Phys. Chem., 29, 1 (1925). 
2 Lundelius, Kolloid-Z., 26, 145 (1920). 

3 Patrick and Jones, loc. cit. 

4 Phil. Mag., 42, 448 (1881). 
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transferring one mole of the liquid from a plane to a concave surface is directly 
proportional to the free surface energy y and the molar volume V and inversely 
proportional to the radius of curvature.t. The change in vapor pressure is 
appreciable only for very small capillaries, in which case there is some question 
as to the exactness of the equation;? for water at room temperatures a 
theoretical decrease in vapor pressure of approximately one per cent occurs in 
capillaries 10-> cm. in radius, and about ten per cent when the radius is 10-* 
cm. 

Since the ordinary porous adsorbents, like charcoal and silica gel, contain 
capillary spaces of many sizes, and condensation of vapor proceeds from the 
smallest pores to the largest, the adsorption isotherm for a liquid that wets 
the solid changes gradually rather than discontinuously from the horizontal 
to the vertical section. The exact course of the curve varies in individual cases 
in accordance with the size-frequency and the relative capacities of the pores. 
Figure 38 illustrates the kinds of relations that have been observed for several 
solids. The pressure range in which the indefinitely great condensation of 
vapor occurs varies considerably: For the water-hydrophane, sulfur dioxide- 
carbon, and water-cotton examples the curvature is gradual; the cotton is, 
of course, not entirely comparable to the others, owing to its non-rigidity and 
consequent change in volume with adsorption. The rapid increase in adsorp- 
tion at the saturation point either does not occur or was missed in the 
case of water on silica gel. Such a change was detected in a narrow pressure 
range for benzene || carbon, but was not noticed for a number of other organic 
liquids on carbon.4 

Such contrasts may be simply due to variations in the size-frequency of 
the capillary spaces, but it is also possible, as claimed by McHaffie and Lenher 
and by others,’ that an increased (multimolecular) adsorption at a pressure 
appreciably below the normal saturation pressure may occur without the inter- 
vention of capillary condensation. These claims however have been challenged: 
Langmuir pointed out that the evidence for increased adsorption on “plane” 
surfaces is of questionable value, for an apparently smooth surface is rough 

1 The same relation, with a change in the sign of 7, is applicable to convex surfaces where 
the vapor pressure is greater than at a plane surface, and also to the increased solubility of 
small particles, p/p, being replaced by the ratio of solubilities. The equation for solubility 
variation has been used to estimate the free interfacial energy at solid || liquid interfaces 
(W. Ostwald, Z. physik Chem., 34, 495 (1900); Dundon, J. Am. Chem. Soc., 45, 2479, 2658 
(1923)). For relatively insoluble salts in water, values between 100 and 3000 ergs/sq. cm. 


have been calculated. It is not certain however that the results really represent the free 
interfacial energies. 

2 Experiments of Shereshefsky, J. Am. Chem. Soc., 50, 2966, 2980 (1928), indicate that 
the vapor-pressure lowering is greater than predicted by Thomson’s equation. 

3 Coolidge, J. Am. Chem. Soc., 46, 596 (1924). 

4 Goldmann and Polanyi, Z. physik. Chem., 132, 321 (1928). 

5 J. Chem. Soc., 127, 1559 (1925); also Lenher, ibid., 1785 (1926); 272 (1927). See also 
Ihmori, Ann. Physik, 31, 1006 (1887); Parks, Phil. Mag., 5, 517 (1903); McBain and Tanner, 
Proc. Roy. Soc. London, 125A, 579 (1929) - 
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on a molecular scale; and Freundlich! and Frazer, Patrick, and Smith ? sug- 
gested that the surface of washed glass, such as was used by McHaffie and 
Lenher, consists of silica gel. In fact Frazer et al. were unable to detect any 
increased adsorption on freshly-fused, unwashed glass surfaces. It is therefore 
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not yet clear to just what extent capillary condensation determines the form 
of the adsorption isotherm, or in how far thick adsorption layers occur at high 
vapor pressures. 

The capillary interpretation of adsorption has been developed particularly 
by Zsigmondy and his collaborators.*. By means of Thomson’s equation they 
calculated the apparent pore size at various stages of adsorption. The con- 
stancy in the radius calculated for the shoulder, O, of isotherms for water, 
alcohol, and benzene on silica gel (2.75, 2.59, and 2.99 mu) constitutes one 
of the more striking confirmations of the capillary theory.® 

The silica-gel curve of Fig. 38 illustrates another feature that appears with 
some porous adsorbents; at an intermediate pressure range a marked increase 

1“ Colloid and Capillary Chemistry,” p. 166. 

f J. Phys. Chem., 31, 897 (1927); also Latham, J. Am. Chem. Soc., 50, 2987 (1928); and 
Frazer, Phys. Rev., 33, 97 (1929). 

?H20O on silica gel: v. Bemmelen, Z. anorg. Chem., 13, 233 (1897); ‘‘Die Absorption,” 
Steinkopff, Dresden, 1910. SOx on silica gel: Williams, Proc. Roy. Soc. Edinburgh, 37, 161 
(1916/17). H2O on cellulose: Urquhart, J. Textile Inst., 20,125 (1929). H2O on hydro- 
phane (SiO2): Bachmann, Z. anorg. Chem., 100, 1 (1917). 

4 Zsigmondy, Z. anorg. Chem., 71, 356 (1911); Bachmann, loc. cit.; Anderson, Z. physik 
Chem., 88, 191 (1914); Patrick, Diss. Gottingen, 1914. See also McGavack and Patrick, 
J. Am. Chem. Soc., 42, 946 (1920); Patrick et al., J. Phys. Chem., 29, 1, 220, 336, 421, 601, 
1031, 1400 (1925). : 

5 Anderson, loc. cit. 
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in adsorbability may occur without continuing to increase as far as the satura- 
tion vapor pressure. In this same range the adsorption is apparently greater 
when equilibrium is approached from above than from below; i.e., a hysteresis 
loop appears. Such curves have been observed for alcohol and benzene as 
well as water on silica gel, water on other oxide gels,? alcohol and benzene in 
gelatin gels,’ water on charcoal, benzene on permutit* and ferric oxide,® and 
various liquids on stone, cement, bricks, etc.6 In the colorless solids, a 
turbidity or opacity is associated with the region of hysteresis. Zsigmondy 
offered an explanation of the shape of the isotherm, the hysteresis, and the 
opacity, based upon the assumption that pores are filling or emptying with 
liquid in this region. During the filling stage, the radius of curvature of the 
meniscus and, therefore, the vapor pressure are supposed to be greater than at 
the same liquid content during desorption, presumably because the angle of 
contact is greater as the meniscus advances in the dry pores. Since different 
liquids behave very similarly on a given solid, it seems more likely that hys- 
teresis is due to capillary spaces with narrower communicating channels. When 
the larger spaces are completely filled with liquid, desorption from them is 
retarded by the low vapor pressures over the menisci in the narrow channels, 
just as a bottle with a capillary neck would fill at a high vapor pressure but 
would begin to empty only at a lower pressure. Patrick’ showed that adsorp- 
tion hysteresis could in some cases be eliminated by measuring adsorptions in 
the absence of foreign gases, usually air, but he apparently has not investigated 
the double-sigmoid kind of isotherm typified by the silica-gel curve of Fig. 38. 
There is little doubt that the hysteresis loop is a characteristic feature of such 
systems.’ Hysteresis effects are also associated with adsorptions on cellulose, 
cellulose derivatives, proteins, rubber, and the like, but they are probably 
intimately related to the swelling accompanying adsorption. 

The Role of the Solvent in Adsorption from Solution: Adsorption from 
solutions is inherently more complex than from gases. The solid || gas 
systems may be two component systems—a single solid and a single gas—and 
the great change in volume associated with the combination of solid and gas 
immediately and directly reveals the occurrence of adsorption. Adsorptions 
from solutions, on the other hand, involve at least three components: solid, 
solvent (which has been neglected), and solute (which has been considered as 
analogous to a gas). Because of the relative incompressibility of liquids, 
there is no such direct indication of adsorption of solvent—or of solute—as 


1 Anderson, loc. cit. Confirmed with high-vacuum technic by Urquhart, J. Text. Inst., 
20, T117 (1929). 

2. Bemmelen, loc. cit. 

- 3 Bachmann, Z. anorg. Chem., 100, 1 (1917). 

4 Allmand, Hand, and Manning, J. Phys. Chem., 33, 1694 (1929). 

5 Lambert and Clark, Proc. Roy. Soc. London, 122A, 497 (1929). In contrast, these 
authors found benzene to be adsorbed by silica gel without the double-sigmoid-shape and 
hysteresis loop. 

6 McBain and Ferguson, J. Phys. Chem., 31, 564 (1927). 

7 Loc. cit.; Seventh Colloid Symposium, 1929, p. 129. 

8 See footnotes 1, 4, 5, and & 
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is the case for a gas. Adsorption from solution is usually measured in terms 
of the change in concentration of the solution, the solvent being considered 
as unadsorbed. There is no reason however to suppose that the solvent 
molecules are immune to adsorption. In reality, values for adsorption from 
solutions represent the difference in the adsorption of solvent and solute, the 
absolute values being unknown. The apparent adsorption in completely 
miscible, binary mixtures (Fig. 
39) must therefore be zero at 
either extreme in concentration. 
At intermediate concentrations 
the ratio of the actual adsorption 
of component A to that of com- 
ponent B may at all concentra- 
2 tions exceed the ratio A/B in the 

solution; in such a case the ap- 

parent adsorption of A is uni- 
formly positive, but attains a 
maximum at some concentration 
(curve 1). In other cases (curve 
II) the solution is depleted at 


4 


Millimoles /g. Adsorbed 


0 both high and low concentra- 
tions in the component present 
in smaller amounts; at some 

a Equilibrium Concentration B intermediate concentration no 


Fic. 39. Apparent Adsorption Isotherms for change in concentration occurs— 
the Entire Concentration Rangeof Binary Mixtures because the components are ad- 


I—Carbon Disulfide ( A)—Acetic Acid (B) on gorbed in the same proportions 
Silica Gel 4 


rihing leone (A) earbotais (Con nee 
Garin: the apparent adsorption is zero. 


If the adsorption is referred to 
a single component at all concentrations, the apparent adsorption is “ posi- 
tive” on one side and “‘negative”’ on the other. 

Adsorption from solutions is accompanied by a change in volume, par- 
ticularly in concentrated solutions, which must be corrected for * if the actual 
difference in adsorption of the two components is to be determined. ‘The 
application of this correction does not change the general character of the 
curves in Fig. 39. 

Theories of Adsorption: A distinction was early made between “ chemical ” 
reactions and the combination of gases or dissolved substances with an inert 
solid like carbon. The lack of stoichiometric relations between an adsorbent 

1 Patrick and Jones, J. Phys. Chem., 29, 1 (1925). 

* Bartell and Sloan, J. Am. Chem. Soc., 51, 1643 (1929). Apparent adsorption isotherms 
from solutions, covering the complete range of concentrations, have also been determined by 
Williams, Medd. Nobelinstitut, 2, No. 27 (1918); Schmidt-Walter, Kolloid-Z., 14, 242 (1914) ; 


Gustafson, Z. physik. Chem., 91, 385 (1916). 
3 Williams, loc. cit. 


COLLOIDS 1663 


and the amounts of adsorbed materials, the variability in the composition of 
adsorption systems, the adsorbability of chemically unreactive substances like 
argon or the other rare gases, and the approximate parallelism between 
adsorbability and such “physical” properties as condensibility, solubility, and 
surface tension, led most investigators to conclude that the forces residing at ° 
the surface of a solid and responsible for adsorption phenomena are related to 
those involved in cohesion, adhesion, and solubility rather than to those 
characterized by the discontinuities of chemical valence. Adsorption forces 
are, in fact, often identified with a mutual interaction of the cohesional forces 
of the solid and of the adsorbed material. If a solid body is fractured, the 
cohesional forces must be overcome; on the resulting surfaces, these forces 
probably extend outward from the surface unsatisfied and capable of inter- 
action with similar forces from molecules in the neighborhood of the surface. 
Formerly the nature of these forces and their mode of interaction with adsorbed 
molecules were pictured only in a very vague way; in recent years, theories 
have been taking more definite form. 

Langmuir + emphasized the chemical features of adsorption, recognizing 
that atoms and molecules do not necessarily lose their chemical reactivity, 
in a narrow sense, when occupying positions as part of a solid surface, although 
the chemical reactivity may be modified and geometrically restricted by the 
union of the surface molecules with the rest of the solid, ie., by a form of 
steric hindrance. An excellent example of the chemical nature of adsorption 
was found by Langmuir in the adsorption of oxygen by tungsten? where 
primary valence forces appear to lead to the formation of a two-dimensional 
oxide of tungsten, the physical and chemical properties of which are distinctly 
different from those of the ordinary oxides. The composition of the oxide is 
probably stoichiometric although it is difficult to demonstrate this because 
the number of surface metal atoms combined with the adsorbed oxygen cannot 
be exactly determined. The adsorption of oxygen by carbon * also probably 
involves primary chemical valence. 

In other cases, adsorption forces may be classed with secondary or residual 
valence forces as represented in the complex compounds that are systematized 
by Werner’s coérdination theory—but with some modifications due to steric 
hindrance. 

Finally, in such an extreme case as the adsorption of a rare gas, adsorp- 
tion forces are most closely allied to those effective in the condensation of the 
gas to a liquid or solid or in the formation of a solution. The adsorption 
complex may then be regarded as a two-dimensional solid solution. 

A more specific description of adsorption forces as manifestations of the 
electronic structure of matter is a goal for the future. An increasing number 
of efforts are being made to develop adsorption theories that are based upon 

1 J, Am. Chem. Soc., 40, 1361 (1918); earlier papers on adsorption: zbid., 37, 1139 (1915); 
38, 2221 (1916); 39, 1848 (1917); Phys. Rev., 6, 79 (1915); 8, 149 (1916). See also Haber, 
Z. Elektrochem., 20, 521 (1914). 


2 J. Am. Chem. Soc., 38, 2221 (1916). 
3 Rhead and Wheeler, J. Chem. Soc., 103, 461, 1210 (1913). 
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atomic and molecular structure, but they are hampered by the same kind of 
difficulties as prevent the interpretation of the simpler forms of valence. 
The trend of these efforts is typified by Debye’s treatment of the electrical 
and magnetic properties of molecules,! dealing particularly with the behavior 
of ions and dipolar or polypolar molecules in external electrical fields and with 
the mutual interaction of the electromagnetic forces surrounding ions and 
molecules. The results unfortunately do not yet possess much specific sig- 
nificance for adsorption. It seems likely, however, that the polemics on 
the chemical or physical nature of adsorption will eventually be recognized 
as due to an inadequate understanding of the common origin of chemical and 
physical forces.” 

The quantitative theories of greatest present usefulness largely disregard 
the exact nature of adsorption forces, but attempt to correlate the experi- 
mental variables. The most influential of these theories are due to Polanyi 
and to Langmuir. Owing to the greater ease with which the behavior of gases 
can be dealt with theoretically as compared to liquids, both theories have been 
developed for solid || gas systems. They also represent two methods of 
approach that may be used: Polanyi’s theory is essentially a thermodynamic 
theory whereas Langmuir’s is a molecular-kinetic one. Polanyi’s theory at- 
tempts to describe adsorption from the point of view of energetics, using one 
isotherm as a key, and then to predict the adsorption isotherms for other 
temperatures. Langmuir’s theory attempts to interpret the form and char- 
acter of a single isotherm in terms of a mechanistic picture of adsorption, but 
does not predict the effect of temperature. Polanyi’s original theory was based 
upon the hypothesis of adsorption layers many molecules thick, and Lang- 
muir’s theory rests upon the assumption that the adsorption film is usually 
unimolecular in thickness. Polanyi has however also applied his theory to 
unimolecular adsorption, and Langmuir admits the possibility of polymolecular 
adsorption at sufficiently high pressures. 

Polanyv’s Adsorption Theory: * Polanyi assumes that a solid adsorbent is 
bounded by an adsorption region in which attractive forces bring about a 
compression of any gases present, the potential being greatest at the surface 
of the adsorbent and decreasing to zero at the boundary of the adsorption 
region. The field of force is supposed to be specific for a given gas and the 
particular sample of adsorbent, but in other respects it presumably resembles 
a miniature gravitational field; i.e., the potential at a given point is considered 
independent of temperature or of the presence or absence of adsorbed molecules. 
The adsorption region is assumed to be large enough to permit the application 


1“ Polar Molecules,” Chem. Catalog, New York, 1929. 

? Summaries of the electrical interpretation of adsorption are given by Hiickel, ‘‘ Adsorp- 
tion und Kapillarkondensation,”’ and by Blith and Stark, ‘‘ Die Adsorption.” 

3 Verhandl. deut. physik. Ges., 16, 1012 (1914); 18, 55 (1916); Z. Physik, 2, 111 (1920); 
Z. Elektrochem., 26, 370 (1920); 28, 110 (1922); Goldmann and Polanyi, Z. physik. Chem., 132, 
321 (1928); Polanyi and Welke, ibid., 371; Heyne and Polanyi, ibid., 384; Berényi, ibid., 
94, 628 (1920) ;, Coolidge, J. Am. Chem. Soc., 48, 1795 (1926); Lowry and Olmstead, J. Phys. 
Chem., 31, 1601 (1927). 
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of the ordinary equation of state and of ordinary thermodynamic treatment 
to the adsorbed gas; the gas laws are supposed to be unmodified by the adsorp- 
tion forces.t If therefore the equation of state of a gas and the potential 
distribution in the adsorption region are known, the variation in density of 
the gas throughout this region may be calculated, just as the variation in density 
of the earth’s atmosphere may be calculated from the gravitational potential 
and the gas laws (Fig. 40). The summation of the densities over the entire 
adsorption region then gives the amount of adsorption. 
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Fig. 40. Application of Polanyi’s Theory to the Adsorption of COz on Charcoal (data 
by Titoff). The left edge of the figure represents the surface of the charcoal; the distances 
from the solid surface are measured in terms of the calculated volumes between the solid and 
successive isopotential surfaces. The density of the external gas, corresponding to an equi- 
librium pressure of 50 mm. Hg, is not detectable on the scale of the figure 


The potential distribution for a given gas and solid is determined empirically 
by working backwards from a known adsorption isotherm; when expressed 
graphically, it is referred to as the ‘characteristic curve” (Fig. 40). The 
abscissa of any point on this curve gives the volume enclosed between the solid 
surface and the equipotential surface represented by the corresponding ordinate. 
In the special case of a plane surface, distance instead of volume may be used 
as one variable. To obtain corresponding values of adsorption potential and 
volume, Polanyi originally assumed that adsorbed gas considerably below its 
critical temperature exists as a liquid layer of normal density and normal 
vapor pressure (e.g., —76.5° curve, Fig. 40). The volume of this liquid layer for 
a specified external equilibrium pressure p; is therefore the “adsorption volume” 
¢:; and the corresponding adsorption potential, i.e., the change in free energy 
upon compressing one mole of gas from the external pressure 7; to the saturation 


1 Goldmann and Polanyi (loc. cit.) apply the same theoretical treatment to unimolecular 
adsorption. 
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pressure ps; at the surface of this adsorption volume is & Tin , if the ideal 
8 


gas laws are applicable. A series of such values defines the characteristic 
curve. If no isotherm below the critical temperature is available, the determi- 
nation of the characteristic curve is a more involved matter.! 

The theory has been tested in some detail by Berényi, Coolidge, Lowry and 
Olmstead, and Goldmann and Polanyi. In some cases, as illustrated in Table 
XVIII where the average deviation is 4.5 per cent, the theory is very well 
confirmed. Although the agreement is often not so good as represented by 
Table XVIII, it is significant and even a bit surprising that the effect of 
temperature on adsorption can be so accurately described without the intro- 
duction of specific empirical constants. 


TABLE XVIII 


Test oF PoLANyi’S THEORY FOR THE ADSORPTION OF CARBON DIOXIDE ON CARBON 2 
(CALCULATED BY LOWRY AND OLMSTEAD) 


p a p a 
po ee SS eo 
em. Hg (obs.) (calc.) em. Hg (obs.) (cale.) 
[=i — Oro u@s LI 3002s 
0.03 30.2 45.8 0.13 1.00 a ie fp 
0.18 82.1 81.6 1.47 7.93 7.68 
4.13 171 171 13.9 40.0 37.6 
16.9 206 205 €9.9 67.4 68.0 
48.3 221 221 62.2 81.9 84.0 
69.1 226 225 75.9 88.8 91.9 
Ta 00286: TiS) Oconee 
0.05 1.68 1.70 0.43 0.55 0.59 
0.32 6.84 6.17 2.66 3.04 3.25 
1.09 16.8 15.3 12.1 Holes 11.4 
2.54 29.9 27.8 35.6 25.8 Doug 
8.30 54.9 55.1 66.9 38.9 38.2 
17.4 78.9 79.0 74.0 41.3 40.7 
31.6 99.3 102 
45.7 112 LAS 1 = isl tne (Ch, 
58.9 121 124 1.61 0.29 0.30 
70.3 128 131 6.81 1.42 1.47 
75.5 130 134 15.5 3.17 3.14 
31.9 6.24 6.59 
52.5 11.4 11.0 
74.8 14.8 13.6 


Langmuir’s Adsorption Theory: Langmuir pictures the surface of a solid 
as a mosaic of elementary spaces having a certain small number of atoms in a 
particular arrangement; each kind of elementary space is the source of specific 
residual valence forces extending approximately 10-§ cm. from the surface. 


1 Berényi, loc. cit.; Lowry and Olmstead, loc. cit. 
2 From data by Titoff, loc. cit. 
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On the face of a crystalline element like the diamond, all elementary spaces 
are alike and the corresponding pattern of surface valence forces is uniform 
and simple.t_ In general however a crystal face has a number of different kinds 
of elementary spaces, each kind producing a regular lattice of surface forces; 
the surface fractions occupied by the different kinds of spaces are numerically 
related in a simple fashion. The surface of an amorphous body contains an 
indefinite number of kinds of elementary spaces and a correspondingly compli- 
cated surface-valence pattern. Adsorption consists in the chemical union of 
elementary spaces with molecules of the adjacent gas in a manner that depends 
upon the specific forces involved, the relative sizes of the elementary spaces 
and the adsorbed molecules, and the orientation of the latter. Owing to the 
short range of the surface-valence forces, but a single layer of molecules can 
normally be adsorbed. In the ordinary case the combination is reversible, 
adsorbed molecules re-evaporating and gas molecules condensing on the surface 
qualitatively much as they do at the surface of a liquid and its vapor (see 
Chapter XV). 


The application of these ideas may be illustrated by the simplest case, in which all 
elementary spaces are alike and each one may adsorb one molecule of gas; i.e., if the adsorbent 
contains No spaces per sq. cm., the maximum possible adsorption is No molecules or No/N 
moles per sq. cm. At adsorption equilibrium the rate of evaporation of the adsorbed gas in 
moles per square centimeter per second is 6v where v is the rate when all elementary spaces are 
occupied and @ is the fraction actually occupied. The corresponding rate of condensation of 
gas molecules on the surface is a(1 — 0)u, where p is the rate with which gas molecules strike 
the surface in moles per square centimeter per second, (1 — @) is the uncovered fraction of 
the surface, and @ is the fraction of molecules striking unoccupied spaces which condenses. 
Equating the two opposing rates, solving for 0, and substituting o for the ratio a/v gives the 
adsorption as a fraction of the maximum: @ = oy/(1 + oy), where o is proportional to the 
average life of a molecule in the adsorbed condition, and yu is by kinetic theory proportional 
to the gas pressure; ie., u = p/V217 MRT, M being the molecular weight of the gas. The 
adsorption I’ in moles per square centimeter is therefore equal to No/N times 0: 


60 p= (—#_) -2( —) 
ey) ~N\itop) N \ \2xMRT + op 


which represents a curve starting from the origin with the slope Noo/N ¥27 MRT and gradually 
approaching the maximum No/N. Inasmuch as the constants No and ¢ must be empirically 
determined from the adsorption isotherm, and the area of the adsorbent per gram is usually 
unknown, the simpler form of the equation, a = hp/(1 + bp) (see p. 1656), is more convenient 
and just as useful when it is simply desired to describe an adsorption isotherm mathematically. 


Langmuir has also worked out equations for the more complicated cases— 
one gas molecule on several spaces, several gas molecules on one space, two 
or more kinds of spaces, etc.—but their application becomes rather arbitrary 
because the appropriate theoretical equation for a given case of adsorption can- 

1 By means of electron diffraction from crystal surfaces carrying an adsorbed gas, Davisson 
and Germer [ Phys. Rev., 30, 705 (1927); also Germer, Z. Physik, 54, 408 (1929) ] have recently 
provided rather convincing evidence for the view that the adsorbed gas in an ideal case 


possesses a characteristic pattern that is determined by the pattern formed by the surface 
atoms of the solid adsorbent. See also Rupp, Z. Elektrochem., 35, 586 (1929). 
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not be selected by a priori considerations, and because the greater number of 
adjustable empirical constants diminishes the confidence that can be safely 
placed in their presumed significance. In adsorption measurements for 
nitrogen, methane, carbon monoxide, argon, oxygen, and carbon dioxide on 
mica and glass at — 118° and — 183° C. and at pressures below 0.1 mm. 
of mercury, some of which are represented in Figure 37C, the simplest 
theoretical case (equation 60) was found acceptable, within the pressure range 
studied, for nitrogen and oxygen on mica and argon and perhaps oxygen on 
glass at — 183° C., and nitrogen and carbon dioxide on mica at — 118° C. 
The discrepancies between this equation and observations for methane on 
mica at — 118° and — 183° C. and for methane and carbon monoxide on glass 
at — 183° definitely exceeded the apparent experimental error. The other 
solid || gas combinations were insufficiently studied to permit a similar judg- 
ment. A semi-quantitative test of the theory was made by comparing the 
extrapolated maximum adsorption No with the number of molecules required 
to form a unimolecular layer over the surface, the latter being calculated by 
assuming a layer of cubical molecules having the normal density of the liquid 
state at the same temperature. The ratio of these two numbers in most 
cases was but a few tenths or less; i.e., the theoretical maximum adsorption 
was considerably less than that necessary to cover the surface with adsorbed 
molecules. Presumably adsorption occurs on “‘ active patches.’”?! It should 
be noted however that the determination of No involved a very large extra- 
polation; the maximum pressures at which adsorptions were really measured 
did not in general exceed 25-30 per cent of that required by equation (60) 
for an adsorption equal to 95 per cent of No/N. It is impossible to say whether 
the theory remains valid over this range. ; 

The attempt is occasionally made to compare the theories of Polanyi and 
of Langmuir,” but it is questionable whether this is permissible, for they have 
different objectives, involve different theoretical approaches, and lean for 
support upon rather different kinds of experimental observations. With its 
thermodynamic nature Polanyi’s theory has a simplicity and generality that 
is unmatched by Langmuir’s theory, but because of this very thermodynamic 
nature, Polanyi’s theory does not provide so detailed a picture of the mechanism 
of adsorption as does Langmuir’s. As Langmuir emphasizes, the detailed 
description of the kinetic and mechanistic aspects of adsorption may very 
well differ greatly from case to case in accordance with the probable variations 
in the atomic structure and in the kind and distribution of forces at solid 
surfaces. 

Adsorption in Ionic Systems: Adsorption from even the simplest of electro- 
lyte solutions is more complex than from non-electrolyte solutions, the 
additional complications being due to (1) the increase in the number of 

1Cf. with Taylor’s ‘‘active patches” manifested in heterogeneous catalytic reactions, 
Chapter XV. 

2 A recent comparison of the two theories is brought out in the discussion between Zeise 


and Polanyi, Z. physik. Chem., 136A, 385, 138A, 289, 459 (1928); Z. Elektrochem., 35, 426, 
431 (1929). 
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constituents in the solution and (2) the electrical phenomena introduced by 
the ions. The simplest, partially dissociated solute increases the number of 
ionic and molecular species in a solution to twice that of a solution of a non- 
electrolyte; each of these species requires separate consideration with respect 
to adsorption, but at the same time their behavior is not entirely independent 
because of the common ionic equilibria in which they participate. 

It is useful to distinguish between the adsorption of electrolytes by non- 
polar solids, like carbon, and by ionogenic (or heteropolar) solids. According to 
current theories, the former possess atomic or molecular lattices whereas the 
latter consist of interpenetrating ionic lattices held together by electrostatic 
forces.1 

In the classical investigations of adsorption on charcoal, the very slight 
adsorption of strong electrolytes from aqueous solutions was observed, but 
relatively little attention was given to the purity of the adsorbent. Odén and 
his collaborators ? emphasized the importance of the ash-forming constituents 
and maintained that some of the peculiarities of adsorption on ordinary 
charcoal are due to these impurities. Bartell and Miller,? however, were the 
first to make systematic adsorption observations on essentially ash-free 
activated carbon. . Frumkin ? and his co-workers took an additional important 
step by considering the effect of adsorbed gas as well as ash upon the adsorption 
of electrolytes from solution. It now appears that ash-free, gas-free active 
carbon adsorbs neither strong acids nor strong bases in quantities that are 
detectable by ordinary analytical methods. After coming in contact with 
oxygen, such carbon behaves like an oxygen electrode, adsorbing strong acids 
positively and strong inorganic bases negatively. In the presence of hydrogen 
and with oxygen rigorously excluded, the same kind of carbon functions as an 
hydrogen electrode, absorbing strong bases but not acids. In _ highly 
dissociated, inorganic salt solutions the gas-laden carbons bring about hy- 
drolysis, the acid being adsorbed and the base liberated in oxygen, and the 
opposite occurring in hydrogen. In either case, however, the adsorption is 
essentially hydrolytic and may be predicted if the adsorbabilities of the corre- 
sponding acid and base are known. From solutions of weak electrolytes con- 
taining a highly adsorbed cation or anion, on the other hand, both ions of the 
salt are removed from solution, although generally not in equivalent pro- 
portions; the adsorption is then said to be partially molecular, the non- 
equivalence being due to simultaneous hydrolytic adsorption. There is some 
ambiguity in the distinction, however, for it is not possible from adsorption 
measurements alone to determine whether non-dissociated salt molecules are 


1 Cf. theory of Born and Landé, Born’s ‘‘Der Aufbau der Materie,” 2d ed., 1922; also 
Kossel, Nachr. Ges. Wiss. Géttingen, 1927, 135, and Lennard-Jones and Dent, Trans. Faraday 
Soc., 24, 92 (1928). 

2 J. Phys. Chem., 25, 311, 385 (1921). 

37. Am. Chem. Soc., 44, 1866 (1922); 45, 1106 (1923); continued and summarized by 
Miller, Fifth Colloid Symposium, 1927, p. 55. This work was confirmed in most details by 
Kolthoff, Rec. trav. chim., 46, 549 (1927); Z. Elektrochem., 33, 497 (1927). 

4 Ber., 60, 1816 (1927); Z. physik. Chem., 141A, 141, 158, 219 (1929). 
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adsorbed as such, or whether highly adsorbed ions, by electrostatic attraction, 
remove oppositely charged ions that are directly adsorbed but slightly or 
not at all.t 

Although these recent investigations have revealed a number of errors and 
sources of inconsistency in the earlier researches, a good many points are still 
incompletely understood. For example, different investigators find different 
orders of adsorbabilities for a series of solutes,? the order of adsorbabilities 
may be reversed by a change in the temperature of activation of the adsorbent,’ 
and different solvents have quite specific effects upon adsorption.t Non- 
polar adsorbents other than carbon are yet to be studied with the care that 
carbon has received. 

The Adsorption of Electrolytes by Ionogenic Solids: > The analytical chemist 
has long been familiar with the retention of foreign electrolytes by inorganic 
precipitates. The classical investigations of this phenomenon considered as 
a case of adsorption were made by v. Bemmelen.® The nature of this type of 
adsorption is particularly well illustrated by the results obtained with com- 
pounds of radioactive elements adsorbed by insoluble salts,’ for, in these cases, 
it is possible to measure the adsorption of the radioactive cations in extra- 
ordinarily low concentrations (ca. 10-4 molar) by making use of their radio- 
active properties. The simplest case is that in which the adsorption of lead 
sulfate upon lead sulfate crystals was investigated by using ordinary lead sulfate 
as the adsorbent and “ radioactive lead sulfate ” (i. e., the isotopic thorium-B_ 
sulfate) in solution. The kinetic interchange of ions that occurs between 
the surface of a solid and its saturated solution leads to the substitution of 
thorium-B (or radioactive lead) ions for some of the original inactive lead 
ions in the surface of the adsorbing crystal. Since the two kinds of lead ions 
are chemically indistinguishable, the distribution of the active (thorium-B) 
ions between the surface of the solid and the surrounding solution should be 
the same as that of the ordinary lead ions when kinetic equilibrium is attained. 
Therefore, knowing the distribution of radioactive material between solution 
and adsorbent surface and the number of lead ions per square centimeter 
of lead sulfate surface (from Avogadro’s constant and the density of lead 
sulfate), Paneth and Vorwerk ® could calculate the total surface area of the ad- 

1Cf. Bartell and Miller, J. Phys. Chem., 28, 992 (1924). 

2 Cf. results of Kolthoff with those of Bartell and Miller. 

3 Dubinin, Z. physik. Chem., 140A, 81 (1929). 

4 Nekrassov, Z. physik. Chem., 136, 18 (1928). 

5 Detailed summaries of most of the investigations in this field have been given by Weiser, 
“The Hydrous Oxides,’”’ 1926, and ‘‘The Colloidal Salts,’’ 1928, McGraw-Hill, New York 


City. See also Michaelis, ‘‘The Effects of Ions in Colloidal Systems,’’ Williams and Wilkins, 
Baltimore, 1925. 


6 “Die Absorption,”’ collection of v. Bemmelen’s scientific papers edited by Wo. Ostwald, 
Steinkopff, Dresden, 1910. 

7 Paneth, Physik. Z., 15, 924 (1914); Horovitz and Paneth, Z. physik. Chem., 89, 513 
(1915). 

8 Z. Elektrochem., 28, 113 (1922); Z. physik. Chem., 101, 445 (1922). The same authors 
(ibid., 480) were able to show that a dye adsorbed upon lead sulfate, the area of which was 
measured in the above manner, probably does not exceed unimolecular thickness. 
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sorbent; in confirmation of the theory, constant values of the area were obtained 
with various concentrations of thorium-B. The adsorption of thorium-B ion 
from solutions having different lead-ion concentrations (obtained by adding a 
soluble lead salt to the saturated lead sulfate solution) was also in quantitative 
agreement with the view that the adsorbed thorium-B ions occupy the places 
of lead ions in the surface of the crystal lattice of the adsorbent. 

The adsorbed ions need not, however, be chemically identical with ions 
of the adsorbent, for radioactive ions (cations) are adsorbed, probably by an 
analogous mechanism, by any solid the lattice of which contains anions with 
which the radioactive ion would form a difficultly soluble compound if present 
in weighable quantities.!_ For instance, thorium-B is strongly adsorbed by 
barium sulfate as well as by lead sulfate and but slightly adsorbed by silver 
chloride; this is paralleled by the relatively greater solubility of poor 
chloride, compared with the sulfate. 

Similar observations have been made for non-radioactive materials also. 
Lottermoser and Rothe? found the adsorption of potassium iodide or of silver 
nitrate by silver iodide to be very much greater than that of potassium nitrate. 
Marc * concluded that a solid adsorbs dissolved substances that are isomorphous 
or homoiomorphous with it. Such results support the extension of Paneth’s 
rule to polar adsorption in general, as suggested by Mukherjee ‘ and by Fajans 
and v. Beckerath,’ although recent investigations ® show that the rule needs 
some qualification. Typical empirical relations are iliustrated by the data of 
Table XIX.’ It is apparent that the parallelism between adsorbability and 
insolubility of these salts (all uni-univalent) is at most only a qualitative one, 


TABLE XIX 


ADSORPTION OF SILVER SALTS By SrtverR IopiIpe AND THE SoutuBinity RULE 


Millimoles Adsorbed/g.Agl 


at 25° C. and Equil. Relative 
Concn. of 0.005 M. Solubilities 
I BRERA AOUET Sis eed k le Oe cee ore eA acta arn Sener herr rar een acre ae 0.0074 1.4 
EX COU AUC TID teneh tae De dioic a tema ida taenEten Orta mite stot ouiersners .0065 8.2 
INAS TGe Se oacebins Crp Orr OE Ct cote Hotes cant CIN Meme oe Te reer -0057 Se 
MSTOMUULC rg eromeretee fae stersaarer ote Petes sig bene segsdoneastlare .0042 1.0 
Naphthalene sullomates = aa cn atisic ct sd oa 6 ide S's -0037 4.8 
BenzencesulrOnate saa. wap iaci a taba s eet eases .0029 170 
INTE EVE Creme Aen tee eo SRM e ene ete eee otro unis ean tit .0026 1860 
Ghlorate dah ee. aE Reh Ta I ates .0021 100 
BGhylveultateser. caresses cinch ciimrep che orate =. esx0 .0018 1540 
IPORG HOLA LOM reece tree ie atetete Hades. oe any ae .0013 3240 


1 Adsorption Rule of Horovitz and Paneth, loc. cit. 

2 Z. physik. Chem., 62, 359 (1908). 

3 Z. physik. Chem., 75, 710 (1911); 81, 641 (1913). 

4 Trans. Faraday Soc., Colloid Symposium, 16, 103 (1920); Kolloid-Z., 49, 362 (1929). 

5 Z. physik. Chem., 97, 478 (1921). 

6 Beekley and Taylor, J. Phys. Chem., 29, 942 (1925); O. Hahn, Ber., 59B, 2014 (1926). 
7 Beekley and Taylor, loc. cit. 
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with marked exceptions. 
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Because of the great adsorbability of the common 


silver ion, a similar comparison using potassium salts of the same acids would 
be very interesting and might reveal simpler relations. 
The interpretation of electrolyte adsorption may be most easily described by 


Dissolved F. lectrolytes 


. 
© 
FAG-FA gPAgtAagt Ag FAgt Agr Ag- 
Surtace of Silver Iodide Crystal 


Fic. 41. Electrolyte-Adsorption at Ionogenic In- 
terface. I. Electrolyte with ion common to solid, e.g., 
AgNOs;. Agt goes to its place in the lattice of the crys- 


tal (primary or appositional adsorption) and loses more or 


an example (Fig. 41). In 
the presence of its super- 
saturated solution, an lon- 
ogenic crystal, e.g., silver 
iodide, grows by the regular 
deposition of ions on the 
surface, extending the lat- 
tice of the solid. If the 
solution contains foreign 
ions, M+ and X~, they also 
tend to deposit, cations be- 
ing attracted to the points 


on a silver iodide crystal 
on which silver ions would 
deposit, and anions being 
attracted to the correspond- 
ing points of the iodine- 
ion lattice. In other words, 
the foreign ions are ‘‘adsorbed”’ by the same kind of forces as hold the crystal 
together.?, The adsorbability of each ionic species on the silver iodide is 
specific and is related to the solubility of MI or AgX (cf. Paneth’s rule). 
For several reasons, however, the relationship is not simple or quantitative: 
“solubility”? has no quantitative significance except as a characterization of 
the composition of a solution in equilibrium with a well-defined phase of the 
solute, and no such phase of MI or AgX occurs in the adsorption layer; the vari- 
ation in solubility with the subdivision of the solute phase, particularly when 
the dimensions of the latter become molecular in magnitude, prevents a reliable 
estimation of the relative solubilities of the thin film of adsorption compounds; 
and the dissolving tendencies of these adsorption compounds may be quite 
different from those of microscopic crystals of MI or AgX, for the adsorption 
compounds are combined essentially chemically to the solid crystal, and, in 
addition, the influence of the solid crystal on the adsorption region is analogous 
to that of a high concentration of a foreign solute in the solution. 

The adsorption of M-ions and (or) X-ions by the silver iodide crystal in a 
sense puts a new surface on the solid phase. Since the new surface is also 
the seat of attractive forces, other ions may in turn be attracted from the 
solution. Unless the solution is supersaturated with respect to MX, the con- 
tinued deposition of one layer of ions upon another cannot take place, but a 

1 Observations of Volmer [Z. physik. Chem., 102, 267 (1922); Z. Physik, 9, 193 (1922) ] 


indicate that the arrangement of ions into the lattice lags behind their deposition on the 
crystal face. 


2 Michaelis refers to this as ‘‘appositional adsorption.” 


less of its hydration; NO37 is electro-sorbed by adsorbed 
Agt. II. Electrolyte one ion of which can form an 
insoluble compound with opposite ion of solid, e.g., KCl. 
Cl- enters primary adsorption layer under influence of 
Ag of lattice; K* is electro-sorbed. III. Electrolyte but 
slightly adsorbed, e.g., NaClO; 
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dynamic equilibrium is set up in which the tendency to develop a crystal 
lattice is opposed by the tendency of ions to diffuse away from the surface into 
the body of the solution. Although the distinction is not always sharp, it is 
in many cases feasible and helpful to contrast the ‘primary adsorption” 
of those ions that are directly attached to certain positions in the lattice of a 
polar surface and the “ electrosorption ” of the oppositely charged ions, which 
are prevented by the electrostatic influence of the primary layer from freely 
diffusing away from the neighborhood of the solid surface, even though they 
are not appreciably adsorbed by the solid itself. The relationship between 
the two groups of ions is analogous to that between the cations and anions of 
a dissociated electrolyte. In the silver iodide example, if only silver ions are 
primarily adsorbed, the crystal surface with its excess of positive silver ions is 
equivalent to a bulky cation of very high valence. The corresponding anions 
are the electrosorbed negative ions. The two types of adsorption are not 
revealed in an ordinary adsorption experiment, for, in the removal of the solid 
from the solution, ‘ electrosorbed’”’ ions are simultaneously removed in 
sufficient number to neutralize the electrical charges of the primary adsorp- 
tion layer. The experimental basis of the distinction appears, however, in 
connection with certain electrical phenomena that will be described later 
(p. 1676) and in reactions occurring when a polar solid bearing adsorbed electro- 
lytes is treated with a solution of other electrolytes. The primary layer of 
adsorbed ions is undisturbed by the added electrolyte unless the latter contains 
ions that can at least in part displace the primary ions already present on 
the solid surface. The electrosorbed ions however share their places with 
added ions of the same sign. In this respect, the interaction between the 
adsorbed and the added electrolyte resembles the ordinary metathetical type. 
The displacement of electrosorbed ions will tend to be greater, the less soluble 
the compound containing the displacing ion and the opposite ion in the primary 
layer. The displaced ions, whatever their source, enter the solution. Par- 
ticularly interesting and important examples of this “exchange adsorption” 
are provided by base-exchange adsorbents such as zeolites, clays and soils, 
permutits, etc.1. Exchange-adsorption effects have also often determined the 
nature of the results obtained in investigations of polar adsorption, without 
the investigator being aware of it, because of the extreme difficulty in preparing 
polar surfaces free from adsorbed electrolytes.” 

With so many types of ionic equilibria and interactions involved, a 
complete picture of polar adsorption in a given case therefore cannot be ob- 
tained without a thorough analysis of the ionic changes in the system and a 
consideration of the electrical phenomena associated with polar adsorption 
(cf. p. 1683). The difficulties in the way of theoretically predicting the magni- 
tude of adsorption are obvious. The present theories scarcely attempt this 
task, but rather strive to isolate and correlate the various factors in mathe- 
matical language. Thus Mukherjee (loc. cit.) attempts to connect ionic 


1See Jenny, Kolloidchem. Beth., 23, 428 (1927). 
2 Cf. Lange and Crane, Z. physik. Chem., 141, 225 (1929). 
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mobilities and primary ionic adsorbability, Fajans et al. (loc. cit.) emphasize 
the part played by ionic deformability, dehydration of adsorbed ions, and 
polarization of solvent molecules, Gouy,! Chapman,” Stern,? and Miiller,‘ 
analyze the relations between the primary layer of adsorbed ions and the 
electrosorbed ions, and Bjerrum ° and Linderstrém-Lang ° investigate the effect 
of interionic forces on the thermodynamic properties of the adsorbed ions. 

Adsorption in Pure Liquids: The usual methods for measuring adsorption 
from gases or solutions fail for pure liquids because no change in bulk concen- 
tration can take place, and the pressure or volume change, in comparison to 
that for gaseous adsorption, is practically nil.7 Since the vapor of a liquid is 
condensed at the surface of a solid, it seems reasonable to suppose that the 
surface forces also tend to condense the liquid itself; in any case the properties 
of a pure liquid are usually modified at an interface with a solid. To emphasize 
the relation between these effects and those occurring with gases or solutions, 
the liquid is said to be ‘“‘adsorbed” by the solid even though there may be no 
appreciable increase in concentration at the interface. 

One manifestation of the mutual interaction of a solid and a liquid at an 
interface is revealed by a heat of wetting, which, in the absence of solubility 
and other complications, is in fact the integral heat of adsorption for the 
saturated vapor plus the total surface energy of the liquid for an area equal to 
that of the solid interface.2 The heats of wetting are theoretically related to the 
energies of the solid || gas, solid || liquid and liquid || gas interfaces involved,® 
but direct comparisons can not be made at present because of uncertainties 
concerning the interfacial energies at immobile surfaces. 

Differences in the angle @ between the liquid || gas (or liquid) and liquid || 
solid interfaces where they join (i.e., in the “‘angle of contact,” cf. p. 1625), 


1 J. phys., 9, 457 (1910). 

2 Phil. Mag., 25, 475 (1913). 

3 Z, Elektrochem., 30, 508 (1924). 

4 Kolloidchem. Beth., 26, 257 (1928). See also Gyemant, ‘“‘ Kolloidphysik,” Braunschweig, 
1925. 

5 Hrgebn. exakt. Naturwiss., 5, (1927). 

® Compt. rend. Carlsberg, 17 (1924). 

7 The considerable apparent expansion that occurs with porous bodies like charcoal 
[Harkins and Ewing, J. Am. Chem. Soc., 43, 1787 (1921) ] probably is due to imperfect 
penetration of the liquid into the pores [cf. Howard and Hulett, J. Phys. Chem., 28, 1082 
(1924) ]. A definite contraction however can be measured for dry gelatin, rubber, and the 
like, when they are immersed in a liquid causing swelling [see Posnjak, Kolloidchem. Beih., 
3, 431 (1912); Katz, ibid., 9, 70 (1917) ; Svedberg, ‘‘ Colloid Chemistry,’ 2d ed., 1928, p. 215i: 

8 See review of data on heats of wetting by Browne and Mathews, in Alexander’s ‘‘ Colloid 
Chemistry,’”’ Vol. I, Chap. 25. 

§ Williams, Proc. Roy. Soc. Edinburgh, 38, 24 (1918). Patrick and Grimm, J. Am. Chem. 
Soc., 43, 2144 (1921) found the heats of wetting of silica gel by several organic liquids to be 
proportional to the difference between the total surface energy of water and the total inter- 
facial energy of the organic liquid in contact with water. This would be the case if the pores 
of the gel were coated with a layer of water having its normal surface tension, and the heat of 


wetting were due solely to the change from a water || air to a water || organic-liquid inter- 
face. 
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indicate different degrees of wetting! In the classical theory of capillarity, 


(61) Gate GaGa Sek 
YL-G 

S, L, and G refer to the solid, liquid, and gas phases in equilibrium with each 
other, and ys_¢ — Ys~z is the “adhesion tension,” which may be considered 
as a measure of the relative wetting tendency.2, The adhesion tension is also 
theoretically related to the free adhesional energy and the spreading coefficient 
(cf. eq. 45, p. 1624, and eq. 55, p. 1641). Experimentally, however, the angle 
of contact is usually found to be a rather badly-defined quantity. Because 
of “passive resistance,” the actual spreading of liquids on solids is not neces- 
sarily described by these thermodynamic equations.® 

As mentioned on p. 1625, eq. 46 for capillary rise refers only to cases for 
which the contact-angle is zero. In general the pressure in equilibrium with 
surface tension (for very small capillaries) is (2y/R) cos @. The contact-angle 
therefore can theoretically be measured by capillary methods, provided the 
surface tension can be determined in some way that does not involve the con- 
tact-angle. The adhesion tension then follows from eq. 61. Even if the 
liquid | air contact-angle is zero, the adhesion tension can be determined by 
replacing the air with a liquid of known adhesion tension which is immiscible 
with the liquid to be studied and gives a contact-angle greater than zero for 
the liquid | liquid interface. This angle is determined in the way just de- 
scribed for a solid-liquid-gas system, y being the interfacial tension. Eq. 61 
then gives the difference between the two solid | liquid adhesion tensions, 
from which the unknown one is calculable. Assuming that the pore system 
of a compressed powder is equivalent to a parallel group of‘uniform capillaries, 
Bartell and Osterhof ? have applied these principles to the determination of 
contact-angles and adhesion tensions for a variety of solids and liquids. Ex- 
perimentally, the minimum pressures necessary to displace liquid | gas and liq- 
uid || liquid interfaces within the pores of the powders were measured. The 
equivalent capillary radius of a given powder was determined by similar 
methods, using a liquid shown in some other way to have a zero contact-angle. 
The results indicate that polar liquids have a high adhesion tension in contact 
with silica and a low tension with carbon black, relative to the adhesion tensions 
of non-polar liquids. Presumably, the polar part of a molecule is oriented 
toward silica and away from carbon, corresponding to a positive adsorption 
of the polar group in the first case and a negative adsorption in the second. 

1 According to Hofmann, Z. physik. Chem., 83, 385 (1913), differences in wetting probably 
determine whether a powder shaken with two immiscible liquids will enter the interface or 
the one or the other of the liquids. 

Richards and Carver, J. Am. Chem. Soc., 43, 827 (1921), found the angle of contact 
between water and glass to be zero. Adam and Jessop, J. Chem. Soc., 127, 1863 (1925), and 
Nietz, J. Phys. Chem., 32, 255, 620 (1928), find that results on angle of contact support the 
theory of molecular orientation. 

2 Freundlich, ‘Colloid and Capillary Chemistry,” p. 157. Bartell and Osterhof, Fifth 
Colloid Symposium, 1927, p. 118; Bartell and Fu, Seventh Colloid Symposium, 1929, p. 135. 

3 Gibbs, “Collected Works,” vol. I, p. 315, 320, 327, 329. Hardy, Phil. Mag., 38, 49 
(1919), found that liquids spread spontaneously on solids only by vapor condensation. 
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A number of important conclusions concerning solid || pure-liquid adsorp- 
tion have been reached by Hardy in a series of investigations of the static- 
friction coefficient for several solids and a large number of “lubricating” 
liquids. Hardy’s interpretation ! is briefly as follows: Static friction (e.g., to 
slipping of a spherical slider on a plane surface) is due to molecular adhesion, 
ie., solid || solid adsorption. Certain “lubricating” liquids reduce the ad- 
hesion and the static friction by forming a stable, semi-solid, multimolecular 
adsorption layer that is not displaced from between the solids by high pressures. 
Such a layer, deposited from the saturated vapor of the liquid when its pressure 
is appreciable, is just as effective as a gross excess of the liquid in reducing the 
adhesion. The stability and solidity are due to the oriented structure of the 
film, the polar group being fixed to the solid surface. The perfection of orien- 
tation is greatest next to the solid surface. With compounds having a polar 
group on one end of a hydrocarbon chain, an appreciable period of time is 
necessary for the oriented condition to establish itself; there is no such latent 
period and therefore no orientation with paraffin hydrocarbons. During the 
latent period, the adhesion and static-friction coefficient fall. Over a con- 
siderable range (ca. 100°) temperature has no appreciable effect upon the 
adsorbed film, at least as far as static friction is concerned; there is further no 
discontinuity in the lubricating properties of the film at the melting tem- 
perature of the lubricant in bulk. Below the melting point, however, the 
latent period of orientation is very long unless reduced by mechanical working. 
The lubricating efficiency of the adsorption layer increases with decreasing 
thickness of film until the lubricating film is apparently but two molecules 
thick, i.e., until the adsorption layer on each solid surface is unimolecular. 
Among the homologous series of normal paraffin derivatives, the effect of chem- 
ical composition in determining the reduction of adhesion is surprisingly simple: 
Kach solid surface is characterized by a friction value, depending upon its 
chemical character and physical state. The polar group of the lubricant re- 
duces the adhesion by an absolute amount that depends on the character of 
the group but not of the solid. Each CH.-group in the hydrocarbon chain 
has an additional shielding effect that depends only on the polar group of the 
molecule, not on the solid or the position of the C-atom in the chain.?_ In brief, 
the friction yw is given by wp = b; + b2 — d—cN, where b; and by are constants 
specific to the materials of the two solid surfaces, d and ¢ are constants deter- 
mined by the chemical type of the lubricant, and N is the number of CH,-groups 
in the lubricant. 

Hardy’s conclusions have received some independent confirmation and sup- 
port by X-ray structure analysis. Trillat * has found, for instance, that fatty 
acids melted and allowed to solidify in contact with glass, metal, or water, 

1 Hardy et al., Phil. Mag., 38, 32, 49 (1919); 40, 201 (1920). Proc. Roy. Soc. London, 
100A, 550, 573; 101A, 487, 492, (1922); 104A, 25 (1923); 108A, 1 (1925). Chap. 13 of Alex- 


ander’s “‘Colloid Chemistry,” Vol. I, 1926. Cf. also studies of adhesion, ibid., 112A, 62 
(1926); 118A, 209 (1928). 

* Cf. a similar condition for the reduction of the surface tension of water by homologous 
compounds, p. 1651. 

’ Metallwirtschaft, 7, 101 (1928), J. phys. radium, 10, 32 (1929), Ann. phys., 6, 1 (1926). 
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have a regular orientation at the interface with the molecules approximately 
perpendicular to the interface. 

Heat of Adsorption:! Adsorption from gases or solutions is generally 
exothermic in agreement with Le Chatelier’s principle and the negative 
temperature coefficient of adsorption. Heats of adsorption from solution, like 
amounts of adsorption, are complicated by the participation of the solvent 
and are correspondingly difficult to interpret.? 

In gaseous adsorption, the heat change is an important quantity in the 
thermodynamic analysis of the process. The “total” or “integral” heat of 
adsorption is the heat change accompanying the isothermal adsorption of a 
specified quantity of gas, beginning with a gas-free adsorbent. Since the 
original state of an adsorbent is difficult to control and define, it is preferable 
whenever possible to use the “differential”? heat of adsorption, i.e., the heat 
given off when one mole of gas is adsorbed by a very large quantity of ad- 
sorbent already laden with a specified amount of gas. The heat changes 
accompanying adsorption can be related to the temperature coefficients of the 
amount of adsorption by equations of the Clausius-Clapeyron type. How- 
ever, owing to the divariant character of adsorption equilibrium, several 
differential heats must be recognized: e.g., the isosteric heat of adsorption, 
corresponding to a heat of evaporation and related to the temperature coefficient 
of the equilibrium gas density with a constant amount of adsorbed gas; and 
the isobaric heat, corresponding to a heat of reaction in a condensed system 
and related to the temperature coefficient of the amount adsorbed at constant 
pressure. 

Titoff *? found a reasonably good agreement between heats of adsorption 
of nitrogen, carbon dioxide, and ammonia on charcoal and values calculated 
from the temperature coefficients of adsorption. The differential heat of 
adsorption usually decreases with increasing adsorption,’ as would be ex- 

1A general summary is given by Browne and Mathews in Alexander’s ‘‘Colloid 
Chemistry,’’ Vol. 1, Chap. 25. The thermodynamics of adsorption is more specifically dealt 
with by Hiickel, ‘‘ Adsorption and Kapillarkondensation,’’ 1928. 

2 See Bartell and Fu, J. Phys. Chem., 33, 1758 (1929) for an interesting treatment of such 
cases. 

3 Z. physik. Chem., 74, 641 (1910). 

4Chappuis, Ann. Physik, 19, 21 (1883); Titoff, loc. cit.; Lamb and Coolidge, J. Am. 
Chem. Soc., 42, 1146 (1920); Magnus et al., Z. anorg. Chem., 151, 140 (1926); 164, 345, 357 
(1927); Keyes and Marshall, J. Am. Chem. Soc., 49, 156 (1927); Kalberer and Schuster, 
Z. physik. Chem., 141, 270 (1929). It is of special interest, however, that the heat of adsorp- 
tion increases in certain cases with increasing adsorption, with a maximum appearing at a 
relatively low adsorption [ Fryling, J. Phys. Chem., 30, 818 (1926); Taylor and Kistiakowsky, 
Z. physik. Chem., 125, 341 (1927); Kistiakowsky, Flosdorf, and Taylor, J. Am. Chem. Soc., 49, 
2200 (1927); and Garner and McKie, J. Chem. Soc., 2451 (1927) ]. The explanation is not 
yet clear, but Herzfeld [J. Am. Chem. Soc., 51, 2608 (1929) ] shows that the effect may be 
due to an increase in the affinity between adsorbent and adsorbed gas as the molecules of the 
latter become sufficiently crowded together to permit an appreciable interaction of their 
dipoles (see also Polanyi and Welke, Z. physik. Chem., 132, 371 (1929)). It is significant that 
the ‘‘anomalous”’ cases were found in systems like oxygen on carbon or hydrogen or carbon 
monoxide on activated metal catalysts, for which adsorption is more highly specific in char- 
acter and probably not completely reversible. 
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pected if the heats of adsorption were proportional to the change in free 
energy accompanying adsorption. The integral molar heats of adsorption at 
0° C. for one cubic centimeter of various organic liquids adsorbed as vapor by 
ten grams of charcoal were found by Lamb and Coolidge to increase in the order: 
ethyl chloride (12,300 cal.) < carbon disulfide < methyl alcohol < ethyl iodide, 
ethyl bromide < chloroform, ethyl aleohol < benzene < ethyl formate < car- 
bon tetrachloride, ethyl ether (16,100 cal.); the corresponding molar heats of 
liquefaction followed the order 1, 2, 8, 5, 3, 6, 9, 5, 7, 6, and 4, ranging from 
6,200 to 10,650 calories. The net molar heat of adsorption, defined as the 
difference between the integral heat of adsorption and the heat of liquefaction, 
was found very nearly proportional to the molecular volume of the liquid 
adsorbed. The authors conclude that the adsorbed substance is condensed 
to a liquid film and compressed by an attractive force of 37,000 atmospheres. 
Keyes and Marshall obtained values for the molar differential heats of adsorp- 
tion of various gases and vapors on charcoal at high equilibrium pressures, 
which were approximately 10-20 per cent greater than the energy theoretically 
liberated, on account of cohesive forces, upon compressing one mole of gas 
from an infinitely dilute condition to the “minimum” volume. The dif- 
ferential heats of adsorption for the first stages of adsorption were many 
times greater for oxygen and chlorine, over twice as great for ammonia and 
ethyl ether, and about 10 and 50 per cent greater for water and carbon dioxide. 
The heats of adsorption for gases on catalytically active metals (H2, CO on 
Pt, Ni, Cu)?! also are often much greater than the heat of liquefaction and 
vary widely for different samples of the adsorbent or at different stages of 
adsorption. These heat changes throw considerable light upon the question 
of catalytic activity.’ 
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Although the electrical properties of interfaces have so far been referred to 
only incidentally, they are of considerable significance for the behavior of 
colloidal solutions, particularly in connection with their stability (see p. 1693). 

In 1809 Reuss observed that water moves through a partition of wet clay 
when an electrical potential is applied, and further, that the suspended clay 
particles move under the same conditions in the opposite direction. Fifty 
years later Quincke observed that an electrical potential is produced when water 
is forced through a wet clay diaphragm, and Dorn‘ (1880) found that a 

1 Foresti, Gazz. chim. ital., 53, 487 (1923), 54, 132 (1924); Beebe and Taylor, J. Am. 
Chem. Soc., 46, 43 (1924); Taylor et al., loc. cit. 

2 See Chapter XV. 

3 General references: v. Smoluchowski, in Graetz’s ‘‘Handb. Elektrizitat,” Vol. II, 1914, 
p. 366; Michaelis, ‘‘ Hydrogen-Ion Concentration,” trans. by Perlzweig, Williams and Wilkins, 
Baltimore, 1926, Alexander’s ‘‘Colloid Chemistry,” Vol. I, 1926, Chap. 26. Pauli and Valké, 
“‘Elektrochemie der Kolloide,’”’ Springer, Vienna, 1929. 


4 Ann. Physik, 10, 70 (1880). Quantitative experiments have been made by Stock, 
Anz. Akad. Wiss. Krakau, A131 (1918); A95 (1914). 
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potential difference also occurs when particles fall through water. It is now 
realized that these four phenomena, called respectively (1) electrosmosis, (2) 
electrophoresis (or cataphoresis), (3) streaming potential, and (4) migration 
potential, are but different aspects of “electrokinetic” ! effects, in all of which 
electrical potential differences and tangential motion are associated at an 
interface between a liquid and some other phase. In (1) and (2), a tangential 
motion of two phases is brought about by a potential difference; in (3) and (4) 
a potential difference is produced by tangential motion. Electrosmosis and 
electrophoresis are respectively the inverse of streaming potential and migration 
potential. 

The Electric Double-Layer: After Wiedemann (1852) and Quincke (1861) 
had empirically established the physical characteristics of electrosmosis and 
streaming potentials by investigations on single capillaries and compressed 
powders (multicapillaries), Helmholtz? worked out the first mathematical 
theory of the phenomenon for the case of a single capillary. In accordance 
with the views of Quincke, the assumption was made that an electric double- 
layer (Fig. 42) exists in the liquid 


adjacent to the capillary wall, one Solid Wall 

layer residing in the film that adheres LMM 

to the capillary, the other residing {HEHEHE FEF HEE EFT tt 
nearby in the body of the liquid and 

moving with it. A flow of the liquid ~ LIQUID te 
parallel to the face of the solid there- SF RRA ore sir Sar yA rah gray 
fore tends to producea potential differ- ~~ A 
ence between the two ends of the tube Solid Wall fl 


by dragging the layer in the body of ae 
tee Seu bland. ialndes similar Fie. 42. Original Helmholtz Double- 
hes : r Layer in Capillary. Adhering layer of 
conditions a potential gradient parallel negative electricity at wall; positive sheet of 
to the interface tends to separate the electricity in liquid causing electrosmosis to 
oppositely-charged regions and, there- _ the cathode. 
fore, to displace the two phases tan- 
gentially, the whole column of liquid in a capillary being dragged through 
at a uniform velocity by the friction between the moving ions at the pe- 
riphery and the liquid. Assuming (1) that the electric double-layer is 
equivalent to a plane parallel-plate condenser, (2) that within the double- 
layer region the external electrical potential is simply superimposed upon that 
of the double-layer, and (3) that the hydrodynamic properties of the liquid 
remain normal between the hypothetical condenser plates where shear is 
supposed to be localized, Helmholtz calculated a theoretical relationship 
between the potential of the double-layer, the external field, the viscosity of 
the liquid, and the linear velocity of the column of liquid in the capillary. 
Nernst * and later investigators more specifically identified the electric double- 


1 Term used by Freundlich, ‘‘Colloid and Capillary Chemistry.” 

2 Ann. Physik, 7, 337 (1879). 

37. physik. Chem., 4, 150 (1889). Billitzer, Ann. Physik, 11, 937 (1903). Perrin, 
Compt. rend., 137, 564 (1903); J. chim. phys., 2, 601 (1904), 3, 50 (1905); et al. 
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layer with the space charge resulting from the non-uniform distribution of 
ions at interfaces (cf. p. 1672). In the further mathematical development of 
the theory of the electric double-layer, Lamb?! considered slippage at the 
interface and the difference in the thicknesses of the double-layer and of the 
liquid layer in which shear takes place; v. 
Smoluchowski? extended the theory to 
other cases than a single capillary; Pellat 
and Perrin * introduced the dielectric con- 
stant of the region within the double-layer; 


x Gouy ‘and Chapman ® took account of the 
ie diffuseness of the mobile part of the elec- 
aa + tric double-layer due to thermal agitation; 
EO Stern ® considered the absorption poten- 
+s tials of the individual ions present; and De- 
L0 bye and Hiickel’? and Miller * applied the 
~ theory of interionic attraction to electroki- 
SS netic phenomena. 

= Current views concerning the structure 
S of the electric double-layer are schematic- 
a= ally illustrated in Fig. 43 for a surface 


Distance from Surface bearing a net negative charge, which is 


Fie. 43. Modern Concept of Elec- : 
supposed to be due either to the accumu- 
tric Double-Layer. Negative wall- PP 


change cdueaithee ta Sectorencal® fas lation of anions from the adjacent liquid 
sorption of anions from solution or to OF to the dissociation of cations from an 
loss of cations from wall. Opposite ionogenic surface. Although it is often 
charge as diffuse layer at least partly difficult to distinguish between the two 
but not necessarily entirely mobile one : : : 
conditions, the negative charge in either 
next to the wall. y i 
case constitutes the ‘‘inner”’ layer. Under 

the combined but antagonistic influences of interionic attraction and thermal 
agitation, an ‘‘outer” layer of cations accumulates; the distribution of ions 
and the thickness of the equivalent condenser 9 depend upon the charge density 
of the inner layer and the concentration, mobility, valence, and specific nature 
of the ions present. Present day theories are unable to predict the quantitative 
relations between these factors and electrokinetic effects. If the surface is 
a portion of a suspended particle, the particle with its double-layer is electro- 

1Phil. Mag., 25, 52 (1888). 

2 Loc. cit., p. 1678. 

3 Perrin, loc. cit., p. 1679. 

4 J. phys., 9, 457 (1910); Ann. phys., 7, 129 (1917). 

5 Phil. Mag., 25, 475 (1913). See also Gyemant, ‘‘Kolloidphysik,’’ Braunschweig, 
1925. 

6 Z. Elektrochem., 30, 507 (1924). 

7 Physik. Z., 25, 49, 204 (1924). See also Onsager, Physik. Z., 27, 388 (1926); 28, 277 
(1927). 

8 Kolloidchem. Beih., 26, 274 (1928). 


° The “thickness” of the double-layer in a 0.001 normal solution has been estimated to be 
about 10 my. In very pure water, it may be ca. 100 mu. 
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chemically equivalent to an electrolyte,! the particle and the inner layer be- 
having as a large multivalent anion and the corresponding cations being in the 
outer layer. The colloidal anions and the ordinary cations of such ‘colloidal 
electrolytes”’ conduct an electric current by migrating in opposite directions 
in an electric field, participate in metathetical ionic reactions with other 
colloidal? or ordinary electrolytes,’ and take part in electrode equilibria.‘ 
A corresponding behavior is displayed by positively charged colloids, in which 
the cation is colloidal. 

Electrokinetic and Electrochemical Potentials: When ions or electrons can 
be transferred across the electric double-layer from one phase to the other, as 
at the interfaces in a galvanic cell, the question arises as to the relationship 
between the electrokinetic potential and the electrochemical potential dealt 
with in Nernst’s thermodynamic treatment of galvanic cells. After con- 
siderable confusion and uncertainty, it now seems certain that these two 
potentials may be quite unrelated.’ The former is revealed only by a dynamic, 
irreversible process that is not susceptible to thermodynamic analysis; the 
latter may be measured with precision under equilibrium conditions. The 
electrochemical potential depends only upon the difference in the bulk activities 
of the ion or ions participating in the electrochemical reaction across the 
interface, not upon conditions at the interface or upon other ions present. The 
electrokinetic potential, on the other hand, is determined by the net effect of 
all ions in the interfacial region. In the simplest possible case of a single ion 
active both electrochemically and electrokinetically, the electrokinetic potential 
is perhaps related to the electrochemical potential, for it may then correspond 
to a small intermediate part of the electrochemical potential gradient between 
the two phases. In general, however, a number of kinds of ions are present. 
The electrochemical potential for certain ions may remain practically un- 
affected while other ions, if sufficiently adsorbed, greatly modify the magnitude 
or even the sign of the electrokinetic potential at a given boundary.’ Conditions 
are often similarly complicated with respect to the relations between electro- 
chemical or electrokinetic potentials and surface tension at mobile interfaces.’ 

Electrokinetic-Potential Equations: Although the recent theories attempt to 
provide a more detailed picture of the electric double-layer and its properties, 

1 Duclaux, ‘Les Colloides.” Jordis, Z. EHlektrochem., 10, 509 (1904). Bjerrum, Z. 
physik. Chem., 110, 656 (1924); ‘‘Ergebn. exakt. Naturwiss.,’’ Vol. V, 1927, p. 125. McBain, 
in Bogue’s ‘‘Colloidal Behavior,” Vol. I, Chap. 16, 1924. Thomas and Murray, J. Phys. 
Chem., 32, 676 (1928). Pauli and Valké, loc. cit. Michaelis, loc. cit. Linderstrgm-Lang, 
Compt. rend. Carlsberg, 15, No. 7 (1924); 16, No. 6 (1926). 

2 Thomas and Johnson, J. Am. Chem. Soc., 45, 2532 (1923). 

3 Bradfield, J. Phys. Chem., 28, 170 (1924). Jenny, Kolloidchem. Beth., 23, 428 (1927). 
S¢rensen, Linderstrém-Lang, and Lund, J. Gen. Physiol., 8, 543 (1927). 

4 For instance a suspension of particles with H-ions in the outer layer has a lower pH 
electrometrically than the supernatant liquid after centrifuging off the particles. 


5 V. Smoluchowski, loc. cit., p. 1678. Freundlich, “ Colloid . . . Chemistry,” p. 250. 

6 Freundlich and Ettisch, Z. physik. Chem., 116, 401 (1925). Coehn and Schafmeister, 
tbid., 125, 401 (1927). 

7Cf. Frumkin, ‘Die Elektrokapillarkurve,” in ‘‘ Ergebn. exakt. Naturwiss.,”’ Vol. VII, 
1928, p. 235; Seventh Colloid Symposium, 1929, p. 89. 
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Helmholtz’s equations, with the dielectric constant D added, still remain the 
basis for most investigations in this field and are equal to the newer and more 
complicated equations in correlating the experimental variables for the various 
electrokinetic phenomena in a given system. The usefulness of the recent 
theories is rather in interpreting the differences in electrokinetic effects in dif- 
ferent systems. 
For electrosmosis, the equations are 
¢HD CHG seas 
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where wu is the uniform linear velocity of the liquid moving as a solid plug through 
the capillary, ¢ is the electrokinetic potential of the double-layer, H is the ex- 
ternal potential gradient, D is the dielectric constant, 7 is the viscosity of the 
liquid in the double-layer, V is the volume of flow per second, q is the capillary 
cross-section, 7 is the current intensity, and ) is the specific conductivity of 
the liquid. 

When a steady state exists between electrosmotic flow and an opposing 
flow due to a hydrostatic pressure gradient P, 


uk 2¢HD 
RR? 


(63) 
For the inverse case of streaming potentials, the potential gradient is given by 
(64) ists cree 


According to v. Smoluchowski’s calculations, the velocity of a suspended 
particle, regardless of its size, shape, or density, should be the same as the 
electrosmotic velocity; i.e., 


(65) UN ree 


Unfortunately, these several equations are not susceptible to experimental 
proof, for there is no independent method for measuring the electrokinetic 
potential. The equations can not even be accepted as an unambiguous de- 
finition of ¢, because the values of both D and 7 within the electric double- 
layer can only be guessed at, and simplifying assumptions concerning the 
nature of the liquid flow at the boundary may be incorrect. It is therefore 
desirable, as McBain? has emphasized, to report the observations themselves 

1 Debye and Hiickel (loc. cit.) obtained a similar equation in which the 4 is replaced by a 
shape factor that equals 6 for the special case of a sphere. Freundlich and Abramson on the 
other hand have empirically showed the shape factor to be a constant for a wide range of 
particle sizes and shapes, but they have not been able to chose its value with certainty [Z. 


physik. Chem., 128, 25 (1927), 133, 51 (1928); also Abramson and Michaelis, J. Gen. Physiol., 
12, 587 (1929) ]. 


2 J. Phys. Chem., 28, 706 (1924). 
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in describing experimental investigations. However, even though its absolute 
value is uncertain, the quantity ¢ does furnish a specific and quantitative char- 
acterization of the several forms of electrokinetic phenomena at a given inter- 
face and provides a means of comparing observations made under various 
conditions. 

Electrokinetic Potential and Nature of Interface: The magnitude of the 
electrokinetic effects and their dependence upon the nature of the phases in 
contact have been the subject of many investigations.! 

Non-Lonogenic Interfaces: Inert phases, such as air and other neutral gases, 
liquid or solid hydrocarbons and their neutral derivatives, cellulose, car- 


1 For instance: Electrosmosis or streaming potentials of electrolyte solutions through 
single glass or silica capillaries—Saxén, Ann. Physik, 47, 46 (1892); Freundlich and Elissafoff, 
Z. physik. Chem., 79, 285, 407 (1912); Kruyt, Kolloid-Z., 22, 81 (1918); Freundlich and 
Ettisch, Z. physik. Chem., 116, 401 (1925); Lachs and Biczyk, Physik. Z., 28, 556 (1927); 
Kruyt and v.d. Willigen, Kolloid-Z., 45, 307 (1928). Electrosmosis or streaming potentials 
of electrolyte solutions through porous diaphragms—Perrin, J. chim. phys., 2, 601 (1904), 3, 
1 (1905); Bethe and Toropoff, Z. phystk. Chem., 89, 597, 637 (1915); Gyemant, Kolloid-Z.., 
28, 103 (1921); Fairbrother and Mastin, J. Chem. Soc., 127, 322 (1925); Labes, Z. physik. 
Chem., 116, 1 (1925); Stamm, Sixth Colloid Symposium, 1928, p. 53; Briggs, J. Phys. Chem., 
32, 1646 (1928); Lange and Crane, Z. phystk. Chem., 141A, 225 (1929). 

Electrophoresis is the electrokinetic effect of immediate importance in connection with 
colloidal solutions. Measurements may be made either by the methods employed for the 
determination of ionic mobilities—i.e., Hittorf’s transport methed and the moving-boundary 
method—or by the direct microscopic or ultramicroscopic observation of the motion of single 
particles. Hittorf’s method has been applied to colloidal solutions by Duclaux, J. chim. 
phys., 7, 405 (1909); Varga, Kolloidchem. Beih., 11, 1 (1919); Wintgen and Biltz, Z. physik. 
Chem., 103, 238 (1923); McBain and Bowden, J. Chem. Soc., 123, 2417 (1923); Laing, J. Phys. 
Chem., 28, 673 (1924); Engel and Pauli, Z. physik. Chem., 126, 247 (1927). The moving- 
boundary method has been employed by Picton and Linder, J. Chem. Soc., 61, 148 (1892); 
Whitney and Blake, J. Am. Chem. Soc., 26, 1339 (1904); Hardy, J. Physiol., 29, 26 (1903); 
Burton, Phil. Mag., 11, 425 (1906), ‘‘The Physical Properties of Colloidal Solutions,’’ 2d ed., 
1921; Michaelis, Biochem. Z., 16, 81 (1908), 41, 102 (1912); Svedberg and collaborators, 
““Colloid Chemistry,’’ 2d ed., p. 225; Freundlich and Zeh, Z. physik. Chem., 114, 65 (1925); 
Pauli and Valké6, Kolloid-Z., 38, 289 (1926); Kruyt and v.d. Willigen, zbid., 44, 22 (1927); 
and many others. Both of these methods, but particularly the second one, have often given 
results of questionable value because of the difficulty in controlling and determining the 
potential gradient under which the particles (or boundary) move (see Mukherjee, Proc. Roy. 
Soc. London, 103A, 102 (1923); Tiselius, in Abderhalden’s ‘‘Handb. biol. Arbeitsmethoden,”’ 
IIIB, 1927, p. 269). When applicable, the single-particle method is the most satisfactory; 
it has been used by Quincke, Ann. Physik, 113, 513 (1861); Cotton and Mouton, ‘Les 
Ultramicroscopes,”’ Paris, 1906; Svedberg, Nova Acta Upsal., 2, No. 1 (1907), loc. cit.; Ellis, 
Z. physik. Chem., 78, 321 (1911), 80, 597 (1912); Powis, zbid., 89, 91, 187 (1914); McTaggart, 
Phil. Mag., 44, 386 (1922); Loeb, ‘‘ Proteins and the Theory of Colloidal Behavior,” 2d ed., 
New York, 1924; Alty, Proc. Roy. Soc. London, 106A, 315 (1924), 122A, 622 (1929); Abramson, 
loc. cit.; Tuorila, Kolloidchem. Beth., 27, 44 (1928). However, since the particles under 
observation are usually in a thin cell or a capillary tube, a correction must be made for an 
independent and superimposed electrosmotic effect due to the electric double-layer at the 
walls of the containing vessel (see Ellis, loc. cit., and Svedberg and Andersson, Koiloid-Z., 
24, 156 (1919) for the experimental confirmation of the theory of v. Smoluchowski, loc. cit.). 
Briggs, 2nd Colloid Report, Brit. Assoc. Adv. Sci., 1918, p. 26, 39, gives a review of industrial 
applications, and Sheppard, Trans. Am. Electrochem. Soc., 52, 47 (1927), describes the in- 
dustrial application of electrophoresis to the electro-deposition of rubber and other colloids. 
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borundum, silica, sulfur, collodion, and carbon, carry a negative charge and, 
if unrestricted, move to the anode when in contact with purified water; the 
adjacent liquid moves to the cathode. Relatively few investigations have 
been made in non-aqueous media; in insulating liquids electrokinetic effects 
are absent or of a low magnitude and badly defined.1 

The electrophoretic velocity of particles suspended in water, regardless of 
their size, is usually less than five microns per second in an electric field of unit 
gradient. Ions, with the exception of the rapid H-ion and OH-ion, show 
approximately the same mobilities. The corresponding electrokinetic poten- 
tials, calculated by equations (61) to (64), rarely fall outside the range — 0.1 to 
+ 0.1 volt. Small amounts of added non-electrolytes usually have no marked 
effect on the electrokinetic potential. The more striking effects of electrolytes 
are illustrated in Fig. 44 for two inert phases in contact with aqueous solutions. 


Oil-Water Interface collodion-water Interface 


Electrokinetic Potential in Millivalts 


-3 2 -1 OMS: -4 -3 -2 -[ (e} 
Log Molarity of flecirolyte 
Fie. 44. Effect of Electrolytes on Electrokinetic Potential of Non-Ionogenic Interfaces. 
€0 indicate potentials in ‘“‘pure’’ water ? 


In both cases, with purified water, the interfacial layer of water has a negative 
charge due to an excess of anions, either OH-ions from the water or unsus- 
pected anions present as impurities? Upon the addition of small amounts of 
uni-univalent electrolytes the negative electrokinetic potential first increases, 
probably owing to an increase in the concentration of anions at the interface, 
attains a maximum, and then gradually falls toward zero. With uni-multi- 

1 Quincke, Ann. Physik, 113, 583 (1861); Perrin, loc. cit.; Coehn and Raydt, Ann. Physik, 
30, 777 (1909) ; Hatschek and Thorne, Kolloid-Z., 33, 1 (1923) ; Strickler and Mathews, J. Am. 
Chem. Soc., 44, 1647 (1922). 

2 Oil-water: Powis, loc. cit., | Collodion-water: Loeb, loc. cit. 

3 Although a number of investigators have found the electrokinetic potential to be con- 


siderably reduced by careful purification of the water, it would be hazardous to predict the 
magnitude of the potential with absolutely pure water. Cf. Alty, loc. cit. 
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valent electrolytes, the maximum tends to fall at lower molar concentrations. 
With bivalent cations the maximum is less pronounced or absent, and with tri- 
or quadri-valent cations the electrokinetic potential is reversed in sign at quite 
low concentrations. The positive electrokinetic potential is in turn reduced 
by higher concentrations in much the same way as the original negative poten- 
tial. At sufficiently high electrolyte concentrations, electrokinetic phenomena 
always become negligible. This does not mean, however, that the density of 
excess charge at the interface necessarily undergoes similar variations, for 
changes in the calculated electrokinetic potentials can also be due to changes 
in some other feature of the double-layer, as the effective viscosity, the dielectric 
constant, or the thickness of the double-layer region. 

With some exceptions, which are perhaps due to impurities in the water or 
to unsuspected ions furnished by the second phase, these relations have been 
found typical for inert, non-polar phases and are embodied in Perrin’s Rule: 
The effect of electrolytes on electrokinetic phenomena is the result of antago- 
nistic influences of the separate ions; ions having the same sign as the interface 
tend to increase the electrokinetic potential; oppositely-charged ions tend to 
decrease it or reverse the sign; in either case the effectiveness increases rapidly 
with the valence, but H-, OH-, organic, or heavy-metal ions are often more 
effective than other ions of the same valence. As emphasized by Loeb,! the 
uniformity of the relations with air, oil, collodion, and similarly inert materials 
indicates that the accumulation or adsorption of anions at the interface is 
due to the inherent properties of water and of anions rather than to any 
specific attraction of the second phase for anions. There is some reason for 
believing that the negative zeta potential in the absence of multivalent cations 
is dependent upon both the orientation of water molecules at the interface and 
the greater polarizability of most anions (as compared to cations), which 
together lead to the greater capillary activity of anions and the characteristic 
lyotropic anion-series (cf. p. 1627).? 

Tonogenic Interfaces: With heteropolar solids, the electrokinetic effects are 
determined more specifically by the nature of the solid and are intimately re- 
lated to the characteristics of polar (‘‘ appositional ”’) adsorption as discussed 
on p. 1672. In fact the interpretations given there are quite largely based 
upon observations of electrokinetic phenomena. For instance, silver iodide 
particles suspended in a dilute solution of potassium iodide (or any other alkali 
salt with the anion of which silver forms a sparingly soluble compound) move 
toward the anode.’ It is inferred from this that the anions are directly ad- 
sorbed in excess on the silver iodide (cf. Figs. 41 and 43) and form the inner 
electric layer, while the corresponding cations form the outer diffuse layer. 
For analogous reasons, silver iodide particles move to the cathode in dilute 
solutions of silver salts or other electrolytes the cation of which forms a spar- 
ingly soluble iodide.* In general, a heteropolar solid precipitated by a meta- 

1 Loc. cit. Cf. also Michaelis ‘‘The Effects of Ions in Colloidal Systems.”’ 


2See Frumkin, loc. cit., p. 1681. 
3 Lottermoser, J. prakt. Chem., 72, 39 (1905); 73, 374 (1906); 133, 69 (1928). 


4 Lottermoser, loc. cit. 
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thetical reaction in the presence of an excess of one reagent adsorbs some of 
the excess and carries a charge having the same sign as the excess ion that is 
common to the precipitate.. The chemical nature of the heteropolar solid 
may also determine the effect of added electrolytes upon the electrokinetic 
potential by controlling their adsorption. Thus, silver iodide charged posi- 
tively by adsorbed silver ions is easily 
reversed in sign by alkali halides, and 
Ag I-Water Interface negative silver iodide is reversed by 
low concentrations of silver nitrate, 
although the same added electrolytes 
would not reverse the charge at a 
non-polar surface (contrast Figs. 44 
and 45). Chemical considerations and 
the solubility rule for the adsorption 
of electrolytes by ionogenic solids” 
usually but not always provide a 
satisfactory basis for qualitative pre- 
dictions of the electrokinetic effects. 
In spite of these differences between 
heteropolar and nonpolar surfaces, 
Tie Oe 5 eae 4 aet-3 they resemble each other in their 
Log olarity of flectrolyte susceptibility to charge-reversal in 
the presence of quadrivalent ions of 
Fig. 45. Effect of Electrolytes and Po- opposite sign and to the reduction of 
lar Adsorption on the Electrokinetic Po- the zeta potential to zero (i.e., the 
tential at an Ionogenic Interface 4 “isoelectric” ® condition) by high 
electrolyte concentrations. 
Self-dissociation of a heteropolar surface, as well as appositional adsorption, 
may give rise to an electric double-layer. Thus the negative charge displayed 
by acidic materials of low solubility (silicic, tungstic, or stannic acids, mastic, 
acid dyes, “‘clay-acid,” natural or artificial acid-zeolites) or sparingly-soluble 
alkali salts thereof (soaps, glass, viscose) in contact with water may be inter- 
preted as being due to a surface dissociation giving H-ion or alkali ions to the 
liquid and leaving a colloidal anion. By electrosorption the cations are largely 
retained near the surface and form the outer diffuse part of the double-layer. 
The effect of added electrolytes upon the double-layer may then be inter- 
preted electrochemically as an ionic reaction. Soluble acids repress the dis- 
sociation and thereby decrease the potential of the double-layer, but do not 
reverse the sign. Alkalies increase the potential by forming superficial salts 
having a greater dissociating tendency than the acid. Heavy metals generally 
combine with the colloidal ion to form an insoluble, non-dissociating colloidal 
salt and reduce the potential to zero. 
1 Mukherjee, loc. cit., p. 1671; Fajans and Beckerath, Z. physik. Chem., 97, 478 (1921). 
? Note the limitations of the solubility rule, p. 1672. Cf. Labes, Z. physik. Chem., 116, 
1 (1925). Kruyt and v.d. Willigen, loc. cit., p. 1683. 
3 Hardy, J. Physiol., 24, 288 (1899). 
4 Lange and Crane, Z. physik. Chem., 141A, 225 (1929). 
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Analogous interpretations are applicable to the behavior of basic materials 
of low solubility, which are positive in contact with water. To emphasize 
the chemical analogies involved the first class of materials may be termed 
“acidoids” and the second class, ‘‘basoids.”’ ! 

Of special interest are those materials which are both acidoids and basoids, 
i.e. the ““ampholytoids.” Careful attention was first given their electrokinetic 
behavior by Hardy ? when he found that denatured albumin particles migrate 
to the cathode in the presence of acid and to the anode in the presence of 
alkalies. To the condition of no electrophoresis, Hardy applied the term 
“isoelectric.” Identifying this electrokinetic isoelectric point with a condition 
of equal acid-base dissociation, Michaelis (1910-1912) * applied the theory of 
ampholytes in developing the so-called chemical interpretation of protein 
behavior. Even in its simplest form, as widely adopted and used, the theory 
provides a useful correlation of the physico-chemical properties of protein 
solutions near their isoelectric points and has served as a foundation for many 
protein investigations (Michaelis, Sgrensen, Pauli, Procter and Wilson, Loeb, 
etc.). However, efforts to develop the theory to accord more closely with 
the complex behavior of proteins and modern theories of electrolytic solutions 
lead to quite complicated results, the usefulness of which is only in the process 
of being discovered. Inasmuch as the constitution and potential of the electric 
double-layer may in such cases depend simultaneously upon appositional 
adsorption, surface dissociation, and the factors operating at non-polar surfaces, 
especially when several ionic species are present, it is not surprising that a 
simple interpretation of electrokinetic behavior is sometimes impossible. 


LIFE-HISTORY OF COLLOIDAL SOLUTIONS 


The preparation ® of a colloidal solution involves the formation of sub- 
microscopic or microscopic particles containing a few hundred or more atoms 
(i.e., having a diameter of about 1 my or greater) and the dispersion of these 
particles in a liquid medium.® 


1 Michaelis, ‘‘The Effects of Ions in Colloidal Systems,” 1925, p. 26. 

2 Loc. cit. 

3 “ Hydrogen-Ion Concentration.” 

4 Linderstrém-Lang, Compt. rend. Carlsberg, 15, No. 7 (1924); 16, Nos. 1, 6 (1926); 17, No. 
9 (1929). Sgrensen, Linderstrgm-Lang, and Lund, J. Gen. Physiol., 8, 543 (1927). Adair, 
Proc. Roy. Soc. London, 120A, 573 (1928). Simms, J. Gen. Physiol., 11, 613 (1928). A 
detailed summary of the chemical interpretation is given by Pauli and Valké, loc. cit. Ban- 
croft challenges the fundamental assumption of acid-base dissociation of the proteins, Seventh 
Colloid Symposium, 1929, p. 151. 

5 This subject has been discussed very thoroughly by Svedberg in “Die Methoden zur 
Herstellung kolloider Lésungen anorganischer Stoffe,’’ Steinkopff, Dresden, 1909; “The 
Formation of Colloids,’ Churchill, London, 1921; and ‘‘Colloid Chemistry,” 2d ed., 1928. 
See also Reitstétter, in Liesegang’s ‘‘Kolloidchem. Technologie,” p. 5, 57. 

6 Microscopic particles give obviously turbid suspensions when dispersed in a liquid of 
different refractive index and fairly quickly settle out under the influence of gravity unless 
their density is very near that of the dispersion medium (cf. Table VI). In acknowledgment 
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Natural Colloids: If single molecules have these dimensions,! their solutions 
possess colloidal properties; they are inherently colloids or “natural colloids.” 
In such eases it is sufficient to bring the material to be dispersed into contact 
with a sufficiently good solvent, whereupon the molecules spontaneously 
pass into solution, although usually somewhat slowly on account of the high 
cohesion and low diffusivity of large molecules. The particles in aqueous 
solutions of egg albumin, hemoglobin, serum albumin, and some other pro- 
teins? appear to be single molecules, and the same may be true of “low- 
viscosity”’ cellulose, cellulose ethers and esters, rubber, agar, gums, poly- 
saccharides, and various synthetic macromolecular polymers in suitable 
solvents. In the proteins named, the ‘‘molecules” are essentially uniform in 
size, but this is by no means typical of either naturally-occurring or synthetic 
materials of high molecular weight. In addition, the colloid particles may not 
be single molecules in many cases, for there is equal if not more reason to expect 
association of the solute in macromolecular solutions than in solutions of small 
molecules. The relations between macromolecular particles and a dispersing 
medium are much the same as between small molecules and their solvent, and 
the macromolecular solutions also are apparently thermodynamically stable. 
Even molecules or ions of moderate size may spontaneously aggregate to par- 
ticles that form thermodynamically stable colloidal solutions; the best known 
example is that of the soaps, which have been thoroughly investigated by 
McBain and his collaborators. Because of the affinity between the solvent 
and the solute, these colloidal solutions are said to be ‘‘lyophilic” in contrast 
to the ‘‘lyophobic ”’ 4 type. 

Artificial Colloids: The colloidal state of subdivision for substances of small 
molecular weight (e.g., less than a few hundred) may be attained either by 
pulverizing gross masses or by condensing and precipitating particles from a 
supersaturated state of molecular subdivision (as from a vapor or a solution) 
under conditions that do not allow the immediate growth of the particles to 
macroscopic size. A finely-divided phase being thermodynamically unstable, 
these systems are “artificial colloids.”’ 

Mechanical pulverization has been used only in special cases for forming 
colloidal solutions. Even with the best commercial grinding equipment, it is 
a slow and expensive process to reduce a brittle substance into particles of 
microscopic dimensions, and malleable or rubbery substances can not be finely 
pulverized at all by grinding. Long grinding, preferably with a solid diluent 
of the usual connotation of “solution,” the term ‘‘colloidal solution” is ordinarily restricted 
to dispersions of particles that are submicroscopic or almost so, i.e., less than 0.5—1.0 microns 
in diameter. 

1 Staudinger [Ber., 59, 3019 (1926) ] refers to such giant molecules as ‘“‘macromolecules.’ 

2 Svedberg et al., p. 1598. 

3 Summarized in Bogue’s ‘Colloidal Behavior,” Vol. I, Chap. 16; in Alexander’s ‘‘ Colloid 
Chemistry,” Vol. I, Chap. 5; Fourth Colloid Symposium, 1926, p. 7. 

4 Perrin, J. chim. phys., 3, 84 (1905). Freundlich, ‘‘Colloid and Capillary Chemistry,” 
p. 362. 


5 Andreasen has made a quantitative study of the dispersity obtainable with various 
commercial mills, Kolloidchem. Beth., 27, 349 (1928). 
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which dissolves when the dispersion medium is added (v. Weimarn’s method), 
does however yield an appreciable amount of submicroscopic particles.1 Ex- 
plosive gas-production within brittle solids is sometimes an efficient pulver- 
izing agency.” 

Liquids of fairly low viscosity may be finely pulverized by spraying or by 
violent agitation; * in either case unstable liquid films and threads form, which 
break up into drops under the influence of surface tension. The finest dis- 
persions of one liquid into another are brought about by means of colloid 
mills * or homogenizers.’ Although both phases are broken up in these cases, 
the final emulsion usually contains but one of the liquids in a dispersed state. 
The factors that determine which liquid remains subdivided are quite inad- 
equately understood, but they include the volume ratio, the viscosities, den- 
sities, interfacial tensions, and the effect of added ‘‘emulsifiers”’ on the rates 
of coalescence of the two kinds of drops, the last being particularly important.6 
For instance, if equal volumes of water and a hydrocarbon containing a small 
amount of sodium oleate are shaken together an emulsion of oil in water is 
formed, whereas if calcium oleate is used the emulsion contains water particles 
suspended in oil.” Finely-divided solids also function as emulsifying agents; 
certain ones (as hydrous oxides, basic sulfates, clays, etc.) yield oil-in-water 
emulsions, and others (carbon black, mercuric iodide) yield water-in-oil emul- 
sions.2. Many theories to interpret these differences have been proposed,? but 
only one general conclusion can be drawn with certainty: An emulsifying agent 
for an A-in-B emulsion, accumulating in the interface between droplets and 
medium, forms a film that is more effective in preventing the coalescence of 
drops of A in B than of B in A.” 

1V. Weimarn “‘ Die Allgemeinheit des Kolloidzustandes,” p. 268. Utzino, in Alexander’s 
“Colloid Chemistry,’’ Vol. I, Chap. 39. 

2 Kohlschiitter, ‘‘ Die Erscheinungsformen der Materie,’’ Teubner, Leipzig, 1917, p. 143. 
Gibbs, ‘‘Clouds and Smokes,” Churchill, London, 1924, p. 11. 

3 An excellent survey of emulsions is given by Clayton ‘‘The Theory of Emulsions and 
Their Technical Treatment,’’ Blakiston, Philadelphia, 2d ed., 1928. An interesting applica- 
tion of spraying is Schoop’s process for spraying metals, Turner and Budgen, “‘ Metal Spray- 
ing,”’ Griffin, London, 1926. 

4 Travis, ‘‘Mechanochemistry and the Colloid Mill,’’ Chem. Catalog, New York, 1928. 

5 Clayton, loc. cit. A dairy homogenizer is said to reduce the fat globules in milk to sub- 
Microscopic sizes. 

6 Stamm and Kraemer, J. Phys. Chem., 30, 992 (1926). 

7 Newman, J. Phys. Chem., 18, 34 (1914). Briggs and Schmidt, ibid., 19, 478 (1915). 
Clowes, ibid., 20, 407 (1916). Bhatnagar, J. Chem. Soc., 117, 542 (1920). 

8 Pickering, J. Chem. Souc., 91, 2001 (1907); J. Soc. Chem. Ind., 29, 128 (1910). Briggs, 
loc. cit.; J. Ind. Eng. Chem., 13, 1008 (1921). Moore, J. Am. Chem. Soc., 41, 940 (1919). 
Bhatnagar, J. Chem. Soc., 119, 1760 (1921). Bechhold, Dede, and Reiner, Kolloid-Z., 28, 6 
(1921). 

9 Cf. Clayton, loc. cit. 

10 Bancroft, J. Phys. Chem., 16, 177, 345, 475, 739 (1912); 17, 501 (1913), suggests that the 
direction of curvature of the interfacial film is determined by unequal tensions on opposite 
sides; in his book he also states that the liquid that is less strongly adsorbed by the emulsifying 
agent becomes the dispersed phase. Harkins [J. Am. Chem. Soc., 39, 586 (1917); Bogue’s 
“Colloidal Behavior,” Vol. I, 1924, p. 197] and Finkle, Draper, and Hildebrand [J. Am. 
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Condensation methods have usually been used in the formation of colloidal 
solutions. Table XX outlines and illustrates important methods for producing 
the supersaturated condition that precedes the condensation of molecules to 
form colloidal particles in an initially homogeneous phase. 


TABLE XX 
ForRMATION OF CoLLOIDAL PARTICLES BY CONDENSATION PROCESSES ! 


Supersatd. State 
due to Process and substances used Investigators 


Temp. Change: 
Adiabatic expansion of condensible vapors: H2O, CeHe, alcohols. Andrén. 
Simultaneous solidification in high vacuum of mixed vapors of 
metals "and hydrocarborst se sinc oes eel eneee aes eee rer eee rete Polanyi and v. Bogdandy.? 
Condensation in liquids of metals vaporized in an electric arc. . Bredig, Svedberg.’ 
Reduction in solubility by cooling: pentane in H2O, § in alcohol, 
CEC ire tetaietes Severs Sky MONT areas wsarolsiigey Mena carers ar ae Ro an heae cease v. Weimarn. 
Solvent Change: 
Excess water added to alc. solns. of fatty acids, dyes, 5, mastic, 
CEG PR Ee EG oe A ie a Eee Svedberg, v. Weimarn.4 
Chem. Reaction Giving New Product of Lower Solubility: 
Reduction—Gold, silver, and other noble metals from their salts. Faraday, Carey Lea, et al. 
Oxidation—H>2S + SO2—S + thioacids.................00. Odén. 
Hydrolysis—Hydrous oxides from salts of metals............. Graham et al. 
Double Decomposition—Two soluble electrolytes — insoluble 
acids, hydroxides, oxides, sulfides, halides, and many other 
BELCS Ve t.siretons eyes fs ead gu aah okays fe ote Ave TRO ae suet eae s aye eben de Graham et al. 
Polymerization—Styrene, vinyl esters, acrylic-acid esters, etc. .Staudinger.® 


The appearance of a new phase ® involves several steps: the aggregation of 
molecules to form nuclei, the growth of nuclei by deposition from the vapor or 
solution, the rearrangement of molecules if the precipitating material can be 
crystalline, the union of nuclei or particles to form aggregates, and re-solution 
and re-deposition in such aggregates to form larger crystals.’ The dispersity 
and structure of the final particles depend upon the rates of these processes. 

With increasing degree of supersaturation in a given system the rate of 
nuclear formation normally increases more rapidly than the rate of nuclear 
growth with the consequence that the dispersity of the final colloid also in- 


Chem. Soc., 45, 2780 (1923) ] proposed an ‘‘oriented-wedge”’ theory according to which the 
film curvature is determined by the uniform orientation of wedge-shaped molecules or par- 
ticles in the film. This theory has had to be abandoned [see Stamm, Third Colloid Sym- 
posium, 1925, p. 251. Stamm and Kraemer, loc. cit. Harkins and Beeman, Proc. Nat. 
Acad. Sci., 11, 631 (1925) ]. 

1 Unless otherwise noted, references are given in Svedberg’s treatises. 

2 Brit. Pat. 269,586 (1928). See also Roginsky and Schalnikov, Kolloid-Z., 43, 67 (1927). 

3 Some pulverization may also occur. 

4“ Die Allgemeinheit, etc.,’’ p. 201. 

5 Ber., 59, 3019 (1926). 

6 Freundlich, ‘‘Colloid and Capillary Chemistry,’ p. 318. 

7 Haber, Ber., 55, 1717 (1922). 
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creases.' As a result of a great many experiments in liquid systems, v. Wei- 
marn (loc. cit.) drew the general semi-quantitative conclusion (v. Weimarn’s 
law of “corresponding crystallization conditions’) that the rate of nuclear 
formation and the primary particle size in any precipitate is determined by a 
dispersity coefficient N, which is proportional to the relative supersaturation, 
P/L, of the condensing substance (which is the ratio of the amount in solution 
in excess of the normal solubility to the solubility); ie, N = J(P/L). J 
appears to be approximately constant in order of magnitude for many inorganic 
substances precipitated from solutions of ordinary viscosity in the absence of 
added nuclei or foreign materials that would retard crystallization. Different 
colloids may therefore be prepared having similar dispersities simply by choosing 
the conditions of condensation to give equal values of P/L. To obtain sub- 
microscopic particles in such cases, P/L must equal or exceed 104 — 10°. 
Since the magnitude of P is restricted either by solubilities or by the necessity 
of avoiding high concentrations if the colloid is not to be pasty or solid, L must 
be very low (e.g., 10~* g. per cc.) in the preparation of highly dispersed colloidal 
solutions. If the rate of nuclear growth is greatly retarded by the addition 
of some highly adsorbed substance, a lower rate of nuclear formation and a 
smaller P/L nevertheless lead to typical colloidal solutions; this is the case 
when silver chloride or barium sulfate is formed by double decomposition in 
the presence of gelatin. 

If the rate of molecular rearrangement is greater than the rate of deposition, 
the particles formed are crystalline. X-ray analysis shows that colloidal 
solutions of metals usually contain crystalline particles having the same 
structure as the metal in bulk.2 Dispersions formed by the method of Polanyi 
and Bogdandy (Table XX) are however exceptional; not the least evidence 
of crystallinity was evident in the case of silver, bismuth, or cadmium.’ 
Well-defined salts like the silver halides and barium sulfate normally give 
crystalline particles when formed from solutions. On the other hand, sulfur, 
selenium, and the sulfides, oxides, and hydroxides of the metals and metalloids 
all show very little if any crystallinity by X-ray analysis when they are pre- 
cipitated rapidly from cold concentrated solutions. However when precipita- 
tion is carried out slowly from hot solutions and in the presence of suitable 
electrolytes, a faint diffraction pattern frequently occurs, which becomes more 
pronounced upon aging.* 

When the particles are crystalline, X-ray analysis also reveals their chemical 
composition. Thus it has been found that: ‘‘copper” sols by Bredig’s method 


1V. Weimarn, ‘‘Grundziige, etc.,”’ p. 35 ff.; in Alexander’s ‘“‘ Colloid Chemistry,’”’ Chap. 2. 
Odén, Arkiv Kemi, Mineral. Geol., 7, No. 26 (1920). Andrén (Diss., Upsala, 1918) found 
similar relations to hold for vapor condensation within a rather wide range of conditions. 

2 Scherrer, in Zsigmondy’s “‘Kolloidchemie,” 3d ed., 1920, p. 387. Bjornstahl, Diss., 
Upsala, 1924. 

3 Bogdandy, Béhm, and Polanyi, Z. Physik, 40, 211 (1926). 

4Bohm, Kolloid-Z., 42, 276 (1927); a bibliography is given for most of the earlier X-ray 
analyses of colloids. Currie, J. Phys. Chem., 30, 236 (1926). Fricke, Kolloid-Z., 49, 229 
(1929). Simon, Kolloid-Z., 46, 161 (1928). Biltz et al., Z. anorg. Chem., 172, 273, 293 (1928). 
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contain cupric oxide; “ferric hydroxide” may contain Fe.03.H20 (goethite or 
lepidocrocite) or FeO; the hydroxides of beryllium and zinc exist in two crys- 
talline forms; there are also two forms of Al(OH); and two forms of Al203. H,0; 
and no detectable crystalline hydroxides of tetravalent silicon, tin, lead, 
titanium, zirconium, and manganese or of the nobler metals precede the forma- 
tion of the crystalline anhydrous oxides. These results are of special interest 
in connection with the long-standing debate as to whether the precipitation 
of these elements from aqueous solutions yields hydroxides or oxides that 
adsorb more or less water.1_ Unfortunately the initial particles are normally 
practically amorphous, so that X-ray methods are helpless. It is probable how- 
ever that hydroxides of iron, silicon, tin, etc., are initially formed in spite of the 
apparent proof by v. Bemmelen and others to the contrary and of the absence 
of crystalline hydroxides. To such highly dispersed and amorphous com- 
pounds having very low dissociation pressures, high adsorptive capacities, and 
great tendencies to polymerization, the ordinary criteria for phase-equilibria 
and for the existence of stoichiometric compounds can not be applied as readily 
as was formerly though to be the case. 

Stability of Colloidal Solutions: Unless conditions are favorable, a colloidal 
solution may be a very transient system. An emulsion of a pure hydrocarbon 
oil in pure water soon flocculates unless the concentration is exceedingly low. 
Colloidal particles of pure silver in a mixture of toluene and naphthalene? 
readily agglomerate and settle out. Silver iodide precipitated from dilute, 
exactly equivalent solutions quickly flocculates, but if a slight excess of either 
reactant is present, a relatively stable sol is obtained. A general consider- 
ation of the stability of colloidal solutions reveals two important stabilizing 
agencies: solvation and electric double-layers, the former being typical of 
lyophiles, the latter of lyophobes. 

Lyophiles: Solvation refers to the combination or mutual interaction between 
solvent and solute in ordinary solutions; the same reaction is operative in 
lyophilic colloidal solutions (cf. p. 1688), particularly in the macromolecular 
solutions formed spontaneously. Presumably the interaction of the electric 
fields of adjacent molecules of the colloid and an ‘“‘active”’ solvent leads to 
mutual attractions and orientations * that prevent the dispersed particles from 
colliding so closely as to adhere. In general, solvation occurs as the sole 
stabilizing agency only in low-conductivity dispersions of macromolecular 
organic colloids, as rubber, cellulose esters and ethers, polysaccharides, pro- 
teins, gums, and the like. Possibly on account of the variety of types of 

1 Weiser, ‘The Hydrous Oxides,’ McGraw-Hill, New York, 1926. Symposium on OXY = 
hydrates,” Z. angew. Chem., 42, 595, 885 (1929). Kraut, Kolloid-Z., 49, 353 (1929). 
Schwartz and Richter, Ber., 62, 31 (1929). Dilthey and Hélterhoff, ibid., 24. Hiittig and 
Garside, Z. anorg. Chem., 179, 49 (1929). Thiessen et al., ibid., 181, 417 (1929); 182, 343 
(1929). Also other papers by these authors, and the references of footnote 4, p. 1691. 

2 Bogdandy, Béhm, and Polanyi, loc. cit. A silver sol in pure alcohol is also unstable, 
according to Giles and Salmon, J. Chem. Soc., 123, 1597 (1923). 


3 Cf. “Die Molekularassoziationen,” by Errera in ‘“‘ Dipolmoment und Chemische Struk- 
tur,” Leipzig lectures, Hirzel, Leipzig, 1929, p. 105, 
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atomic groupings that can occur in a single macromolecule and the correspond- 
ing necessity of solvating them with different kinds of solvent molecules, a 
mixture of liquids is often a better dispersing agent than any single liquid of the 
mixture: for instance, nitrocellulose in ether-alcohol. The qualities that 
make a solvent active in this sense are but vaguely understood; at present the 
only general guide is ‘“‘like dissolves like.’ 1 

Whenever lyophobic particles combine with (or “adsorb’’) the particles of a 
solvated colloid without loss of the solvated condition, the aggregate shows 
the stability of a lyophilic colloid. This “protective action”? is often put 
to practical use in the preparation of dispersions that would otherwise be 
quite short-lived. The effectiveness of stabilization, as might be expected, 
is a specific property of both colloids and of the medium, and can not at present 
be predicted. 

Lyophobes: Electric double-layers are responsible for the stability of most 
hydrosols of inorganic substances, in the absence of protective colloids. The 
sensitivity of the double-layer to electrolytes (cf. p. 1683) is reflected in the 
sensitivity of the stability of these dispersions to electrolytes. Freundlich 
refers to them as ‘‘electrocratic.” 

As two particles carrying electric double-layers approach very close, the 
outer layers are deformed (or polarized) and an electrical repulsion results. 
The electrokinetic potential necessary to prevent adhesion upon collision is 
usually about 15-25 millivolts.* Since the potential of non-ionogenic and 
most sparingly-soluble ionogenic particles in pure water is not so large, stability 
usually requires the presence of a definite amount of an electrolyte one ion of 
which is adsorbed by the particle. In the preparation of many inorganic 
colloids by condensation, the-stabilizing ion is furnished by a reactant in excess 
or by a product formed during the process. The following well-known colloids 
have the charges indicated and are believed to be stabilized by the accom- 
panying electrolyte: Odén S(—), polythionic acids; As.S;(—), H.S; AgI pptd. 
by excess KI(—), KI; SnO,..xH,0(—), Na or K stannate; SiO..xH.O(—); 
Na or K silicate; Fe203.xH2O(+), normal or basic ferric salts; Pt by Bredig’s 
method (—), platinic acids; Au by reduction (—), aurates or chloraurates.* 

Excess electrolytes in a colloidal solution may be removed through mem- 
branes by dialysis, ultrafiltration, or electrodialysis,> or the colloid may be 

1Cf. Highfield, Trans. Faraday Soc., 22, 57 (1926). McBaia, J. Phys. Chem., 30, 239 
(1926). Sheppard, Carver, and Houck, Fifth Colloid Symposium, 1927, p. 243. Whitby, 
McNally, and Gallay, Sixth Colloid Symposium, 1928, p. 225. Mardles, Kolloid-Z., 49, 4, 11 


(1929). Kraemer and Williamson, J. Rheology, 1, 76 (1929). 

2 Zsigmondy, ‘‘Kolloidchemie,”’ 5th ed., p. 227. Freundlich, “Colloid: - -Chemistry,”’ 
p. 589. Thomas, in Bogue’s ‘Colloidal Behavior,” Vol. 1, p. 346. 

3 This is the ‘‘critical potential” of Powis, Z. physik. Chem., 89, 186 (1915). In excep- 
tional cases, with univalent ions, dispersions are unstable although the electrokinetic potential, 
as calculated by eq. (65), is quite high; see Kruyt, Roodvoets, and v. d. Willigen, Fourth Colloid 
Symposium, 1926, p. 304. 

4 Cf. Pauli and Valké, ‘‘Electrochemie der Kolloide.” 

5 Various schemes are described by Holmes, ‘‘ Laboratory Manual, etc.,” and by Hebler, 
in Liesegang’s ‘‘Kolloidchem. Technologie,” p. 70. 
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flocculated, washed, and redispersed into a suitable electrolyte solution.’ 
Under favorable conditions, these operations can be carried out without chang- 
ing the particle size.” 

Transition Types: The non-electrocratic, lyophilic and the electrocratic, 
lyophobie colloids are extreme types between which there are many inter- 
mediate cases combining both stabilization agencies in more or less degree. 
Aqueous colloidal solutions of Odén sulfur, silicic and stannic acids, and some 
metal hydroxides are electrocratic dispersions with distinct lyophilic properties, 
and aqueous protein solutions are essentially lyophilic with evident electro- 
cratic behavior. In the case of certain proteins it is possible by control of 
the solvent composition to produce any one of the different types. These 
relations may be illustrated in a scheme suggested by Kruyt (Fig. 46, p. 1703). 


CHANGES IN STATE OF COLLOIDAL SOLUTIONS 


As Graham emphasized, colloidal solutions are metastable systems that are 
prone to undergo various kinds of changes after no or apparently very little 
change in conditions. For the purposes of discussion, changes in a single 
particle and changes in the mutual relations of particles may be considered 
separately even though they often go hand in hand. 

Intra-Particle Changes: The substances making up the colloid particle may 
be chemically unstable, and they may be in a metastable state of aggregation. 
A single macromolecule of the “natural”? colloids-—proteins, polysaccharides 
and their derivatives, rubber and other unsaturated polymeric hydrocarbons, 
synthetic polyacids, polyalcohols, polyesters, polyhydroxy-polybasic acids, 
and similar substances—contains numerous chemically active groups, which 
may decompose or react with each other or with the solvent in the many ways 
familiar to organic chemists. Even the inorganic colloids are subject to spon- 
taneous chemical changes: e.g., the polythionic acids adsorbed on a sulfur 
particle gradually decompose; the chloride or basic chloride in ferric hydroxide 
sol may continue to hydrolyze; the initially low-molecular-weight silicic acid or 
stannic acid of fresh sol loses water and polymerises. With added reagents, 
colloidal particles react chemically as might be expected, but with greater speed 
because of the fineness of subdivision. 

The principal change in aggregation occurring within colloid particles is 
the crystallization of amorphous material or the transformation from a meta- 
stable to a stable crystalline form. These changes are most clearly revealed 
by X-ray analysis (cf. p. 1610, 1691). 

There is reason to believe that some lyophilic sols contain particles possess- 
ing the capacity to imbibe solvent and swell (cf. p. 1714). Changes in the 
degree of swelling of such particles may therefore be the cause of the marked 
differences in viscosity that some colloids (gelatin, rubber, and nitrocellulose, 

1 The reversal of a flocculation is also called ‘‘peptization.”’ 


? Odén, Nova Acta Upsal., 3, No. 4 (1913), for sulfur; in Alexander’s ‘Colloid Chemistry,” 
Vol. I, Chap. 58, for BaSO.. 
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for instance) display under various conditions.! Sponge-like particles of this 
sort are often susceptible to more complete disaggregation by a suitable change 
in solvent. Lyophobic sols prepared by peptizing a precipitate are also apt to 
contain aggregates which can be more completely disintegrated by means 
of a more active peptizing agent. 

Inter-Particle Changes: The most obvious and most studied change in the 
state of colloidal solutions is the coagulation of the particles following the 
elimination of the stabilizing factors. Other inter-particle changes are, 
however, also important. Thus owing to the increased solubility of very 
small particles, the larger particles in a dispersion grow at the expense of the 
smaller until eventually the dispersed material is no longer colloidal, but grossly 
crystalline. The rapidity ofthe recrystallization depends upon the solubility; 
in a Carey Lea silver sol, obvious crystals developed in the course of four years, 
and in a manganese arsenate dispersion, less than a year was sufficient. 

In many cases a relatively slight aggregation occurs without continuing 
through the stages of complete coagulation; i.e., an aggregate of primary 
particles may possess a normal degree of stability. The red-to-blue color 
change in Faraday gold sols upon the addition of insufficient electrolyte to 
precipitate them is due to such a partial aggregation. Another is the spon- 
taneous formation of “‘tactosols”’ already referred to (see p. 1610 and Fig. 19). 
Varying degrees of partial aggregation also likely occur in the high-viscosity 
lyophilic dispersions.?. Rather direct evidence of such a condition is provided 
by the rigidity and elasticity, on a microscopic scale, of apparently fluid sols 
of gelatin or soap.® 

Coagulation: Many agencies are capable of causing the coagulation (or 
flocculation) of colloidal solutions: decrease in temperature (without freezing 
the medium), as for hydrosols of gelatin, agar, and Odén sulfur; * freezing the 
medium, as for most lyophobic sols; increase in temperature, as for alcosols of 
nitrocellulose,® cellulose sols in sodium hydroxide solution,® and organo- or 
hydro-sols of metals;7 light, as for gold® and silver hydrosols;® X- and 6- 
radiation, as for ceric oxide and Bredig’s copper hydrosols; ° mechanical 
stirring, as for ferric oxide sol; electric field, as in water-in-oil emulsions; ” 


1 Loeb, ‘‘ Proteins, etc.,”’ pp. 259, 280, 299. Cf. the discussion of non-Newtonian flow in 
colloidal solutions, p. 1621. 

2 See references of footnote 4, p. 1617. 

3 Freundlich and Seifriz, Z. physik. Chem., 104, 233 (1923); they observed the motions of 
a microscopic nickel particle displaced magnetically in the sols. 

4“Der Kolloide Schwefel.”’ 

5 Kugelmass, Rec. trav. chim., 41, 751 (1922). 

6 Beltzer, Kunststoffe, 203 (1912). 

7 Lindemann and Svedberg, Kolloid-Z., 29, 1 (1921). Burton and Deacon, Sixth Colloid 
Symposium, 1928, p. 77. 

8 Nordenson, Diss., Upsala, 1914. 

9 Kraemer, Second Colloid Symposium, 1924, p. 57. 

10 Fernau and Pauli, Kolloid-Z., 20, 20 (1917). Crowther, Phil. Mag., 7, 86 (1929). 

U Freundlich and Loebmann, Kolloidchem. Beth., 28, 391 (1929). 

12 Clayton, ‘‘Theory of Emulsions, etc.” 
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“tanning” agents, as formaldehyde or tannic acid on gelatin; addition of non- 
solvent liquid, as water to an acetone solution of nitrocellulose; ‘‘salting-out” 
by high concentrations of electrolytes, as of egg albumin by saturated am- 
monium sulfate; dilute electrolytes, as for most hydrophobic sols; chemical 
destruction or removal (as by dialysis, electrodialysis, etc.) of a stabilizing 
agent; mutual coagulation of two hydrophobic sols; or mutual coagulation of a 
lyophobic and a lyophilic sol. 

The exact nature of the changes leading to the loss of the stabilizing factors 
is in many cases not easily identified. Not infrequently the colloidal particle 
or its surface is chemically changed with the formation of substances the 
colloidal state of which is unstable under the resulting conditions. The coagu- 
lation of gelatin by formaldehyde or tannic acid provides an example for a 
lyophilic colloid, and the oxidation of a hydrosol of cadmium, lead, or other 
reactive metal provides a similar example for the lyophobic class. 

Disregarding cases involving definitely chemical changes, one may state 
that the coagulation of lyophilic systems generally follows the addition of 
“‘non-solvents”’ to the dispersion medium. The amount of non-solvent neces- 
sary to cause a specified degree of coagulation in a given quantity of dispersion 
is often used as a measure of the “‘solubility” or “solvation” of such lyophiles 
as rubber, cellulose derivatives, and other macromolecular substances.! It is 
obvious that this is in no way related to solubility in the strict phase-rule sense. 
True solubility usually can not be defined for a macromolecular solute, for 
the typical lyophilic dispersions are rarely homogeneous (cf. p. 1688). As a 
consequence, the composition and properties of the coagulated material vary 
at different stages of the precipitation, and the apparent solubility in liquids 
of limited dispersing power is dependent on the quantity of solid phase present.? 
The relation between the chemical natures of the components of a lyophilic 
system and the coagulating values of non-solvents, whether electrolytes or 
non-electrolytes, is as impossible of quantitative theoretical explanation as 
are solubilities in ordinary solutions. 

Electrolyte-Coagulation of Hydrophobic Colloids: * In spite of the great 
theoretical and practical importance of lyophilic systems, the bulk of coagula- 
tion studies have dealt with lyophobie and particularly with hydrophobic 
colloids. Schulze‘ and others early recognized the greater coagulating 
efficiency of electrolytes with polyvalent ions, and Hardy ® discovered the 

1 Mardles, Kolloid-Z., 49, 4 (1929). Whitby and Gallay, Trans. Roy. Soc. Can., 23, 1 
(1929). 

2 Sgrensen (globulins), J. Am. Chem. Soc., 47, 457 (1925). Pummerer (rubber), Kautschuk, 
5, 129 (1929). Kumichel (nitrocellulose), Kolloidchem. Beth., 26, 161 (1928). Wo. Ostwald 
et al., Kolloid-Z., 49, 314 (1929), and earlier papers, dealing with ‘‘boden-kérper’’ effects in 
general. 

’ A detailed discussion and review of this topic (up to 1929) is given by Pauli and Valké, 
“Elektrochemie der Kolloide.” The summaries of Bancroft, ‘Applied Colloid Chemistry,’ 
Chap. 10, and of Freundlich, ‘‘Colloid . . . Chemistry,’’ p. 415 ff., are also important. 

4J. prakt. Chem., 25, 431 (1882); 27, 320 (1883). Also Linder and Picton, J. Chem. Soc., 
67, 63 (1895); 87, 1906 (1905). 

5 Proc. Roy. Soc. London, 66, 110 (1900). 
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parallelism between the effects of electrolytes on electrophoresis and on the 
stability and coagulation of hydrophobic colloids. Corresponding to Perrin’s 
rule for electrophoresis (ef. p. 1685), the Schulze-Hardy-Powis rule states that 
hydrophobic colloids coagulate when the electrokinetic potential is reduced 
below a critical value ! by adsorption of an ion of opposite sign, the effectiveness 
of the ion increasing rapidly with its valence. 

Quantitative comparisons are usually made in terms of the “coagulation 
value,” i.e., the minimum concentration necessary to bring about coagulation 
under specified conditions. Since there is no single concentration sharply 
separating stability and coagulation, the coagulation value is rather arbitrary 
and depends not only upon the colloidal solution and the coagulating agent, 
but also upon the conditions under which coagulation is carried out and upon 
the manner in which the coagulated state is defined and observed. The 
coagulation value is also ambiguous in that it does not distinguish between the 
total concentration of coagulating electrolyte and the amount that enters the 
double-layer and is directly responsible for the loss of stability. Unfortu- 
nately, a more accurate estimate of coagulating power is usually quite difficult 
to make. 

Table XXI, summarizing some coagulation values typical of heteropolar 
colloidal particles, illustrates the usual features: the dominant effect of the va- 
lence of the oppositely-charged ion among the inorganic ions, and the relatively 
small effect of the ion having the same sign as the particle; the tendency for the 
ion with the same sign toexert an antagonistic, stabilizing action; theappreciable 
variation in the values for ions of the same valence and chemical character, 
particularly among the univalent ones; the greater effectiveness of heavy- 
metal and organic ions, compared to light-metal and inorganic ions of the 
same valence; and the transition cases that prevent a sharp distinction between 
various valence types. Additional data could be given to show that H-ion 
and OH-ion, either as coagulating ion or as stabilizing ion, usually are more 
effective than other ions of their valence-class. 

Table XXII displays similar features for the coagulation of non-polar col- 
loidal particles ? and, in addition, illustrates the close relation between coagu- 
lation and electrokinetic behavior. The larger concentration and the smaller 
potential specify the conditions for coagulation in less than 12 hours; the 
smaller concentration and the larger potential represent the maximum concen- 
tration and minimum potential at which there was no detectable coagulation. 
The critical potential was approximately 16 mv., regardless of the coagulating 
electrolyte; the same was true for coagulations at pH 3 and pH 11. The 
parallelism between coagulation and zeta potential has recently been demon- 
strated by Tuorila* in a very detailed way by comparisons of the rates of 
coagulation at various potentials. 


1J¢ was originally thought that the isoelectric condition is necessary for coagulation; cf. 
footnote 3, p. 1693, and footnote 4, p. 1700. 

2 Loeb, ‘‘ Proteins, etc.,’’ p. 90. 

3 Kolloidchem. Beth., 27, 44 (1928). 
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TABLE XXI 


COAGULATION VALUES FOR TypicAL HypDROSOLS 
in millimoles of coagulating ion per liter 


Negative Arsenic Trisulfide Sol t Positive Ferric Oxide Sol 2 
Salt Coag. Value Salt Coag. Value 
AIG seatoreaie Oe ee ee 0.062 Kae (GIN) es ees aoe cee 0.067 
Alle (SO )isthenaeer ths eco hea 0.074 
HeGlenmatratte. spce aut: saree te 0.14 Ke Be (GN) Gurus sae 0.096 
Bea (SOaetmrets coke avn ae 0.22 
KeCroOre canes rete 0.19 
Rb@les aaete cn ercit: aeons one 0.23 Keitartrate.eei + eee eee 0.20 
Hie@loeevecie ore aon er 0.32 IG io) OY er eere cna Teh Mar nnG 0.22 
28 inorganic M*++-salts..... 0.9-2.1 Kesioxalateiser -vsty gochey ace 0.24 
NO CO Re oe ie any ean 0.33 
GN Ogaraity: tit een een Rane 105. 
Aad od bad ee ee te ae ame nae! WI Q Oy Cinta ats clad J 0.90 
7 inorganic M++-salts...... 0.6-0.8 IK BrO sence aoe 31k 
— BC GANISNG RAED A ct ane Sian Tanti Ale 
JNO} 1G) I a 50. Ki ler alesis ceckarne eeeatees 103. 
WWOEOTINACO eee ih nae ase 86. KWClO sires 40h as eee 116. 
Heacetaten: seem tes ae 110. KSNOgE, Feo a ee te teaeee Sits 
SOM eerie. anes eee 66. KBre ere Mise Pe ee 138. 
SS CIUrAtGeiy a dees Coreen oe >240. AG eae teas is, RN eS d 154. 
VW arlbnevsyl a KOSS Re Sans Pte a 25 Ketormate ton gay cee eee 173. 
Morphine: HCl... ... =. .ar. 0.4 


TABLE XXII 


COAGULATION VALUES AND ELECTROKINETIC POTENTIALS 
for a negative collodion hydrosol with a pH 5.8 


Coagulating Coagulation Value Crit. Potential 

Electrolyte Millimoles/liter of cations Millivolts 
ACL Me reek el ct. Leer ciate 500-250 10-17 +2 
Ak ©) Reena Ceerer eas Pro ene nas sok oc 500-250 10-14 ‘“‘ 
1560) [bie cata Ra he 7 Ste al 250-125 14-21 “ 
NaS Oates at irc ae tt eee 500-250 13-19 “ 
INaabe(OGNesis Mins ee hon 500-250 13-21 ‘“ 
IM GC) sere te a, et el aaa eae 60-30 11-15 “ 
INE SSO Sea isecce. sa sacha Mena eee 60-30 15-19 ‘“‘ 
(OEY) Dye iii nee BR AE BET tn 5 30-15 14-17 “ 
a Clee sw tee mee ete aA 0.50-0.25 14-21 “ 


1 Above asterisks: Linder and Picton, J. Chem. Soc., 67, 63 (1895). Below asterisks: 
Freundlich, “‘Colloid . . . Chemistry,” p. 420. 
2 Weiser and Middleton, J. Phys. Chem., 24, 30 (1920). 
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The parallelism between coagulation and zeta potential is also demon- 
strated by “charge reversal’’; e.g., ferric chloride may be added to a negative 
platinum sol ' in excess of the coagulating amount, giving a positive platinum sol 
stabilized by adsorption of ferric ions. The positive sol may be coagulated 
by much higher concentrations of ferric chloride, corresponding to the usual 
low coagulating power of chloride ion. A number of similar cases are known 

Combination of these facts concerning coagulation with the data and inter- 
pretations sketched in connection with adsorption (p. 1670) and electrokinetic 
behavior (p. 1683) leads directly to the following schematic description of the 
possible products of interaction between a coagulating electrolyte MX and a 


negative colloidal particle symbolized by [connorp ]x em, in which x rep- 


resents the stabilizing ions due either to the self-dissociation of the cation m 
from the colloid itself or to the preferential adsorption of x from the stabilizing 


“impurity”? mx, and m represents the electro-sorbed ions in the diffuse, mobile 
part of the double-layer. The valencies are not indicated. 

Depending upon the specific chemical natures of colloid, stabilizing electro- 
lyte mx, and coagulating electrolyte MX, the possible products are 


_— e 
(1) [couror] * +M+X. The dissociation of the acidoid or acidoid 


salt is repressed, especially when m and M are identical.? The colloidal particle 
loses its charge because the adsorbed electrolyte mx is undissociated. 


= is 
(2) [ cotxorp | vt +m-+X. The original charge is neutralized and the 
zeta potential becomes negligible owing to the preferential adsorption of the 


+ 
cation M by the body of the colloid particle. In the ideal case, equivalent 
amounts of different coagulating cations must be adsorbed.® 
(3) [conor | xM +m+X. A metathetical reaction between stabilizing 


1 Quantitative data are given by Buxton and Teague, Z. physik. Chem., 57, 64 (1907). 
See also Freundlich, ‘‘Colloid . . . Chemistry,’ p. 428. 

2 Tf the first coagulation region were overlooked (as actually happened), the ferric chloride 
would appear to have an unusually high coagulation value, in view of its valence, and would 
appear to fall with univalent cations, giving a so-called irregular ionic series. Although charge 
reversals are now understood, the initial unsuitable name is still sometimes used. 

3 This probably represents, in part, the coagulation of clay and mastic sols. Cf. Bradfield, 
J. Phys. Chem., 32, 202 (1928). Tartar and Draves, ibid., 30, 763 (1926). Michaelis and 
Domboviceanu, Kolloid-Z., 34, 322 (1924). 

4 This scheme approximately represents the essential features of coagulation as con- 


ceived by Freundlich and Bancroft and their followers. Freundlich, however, emphasizes 
+ 
the frequency with which the molar adsorbabilities of different coagulating cations M are 


*nearly the same, whereas Bancroft stresses the variations in adsorbability. Weiser gives 


especial attention to the simultaneous adsorption and antagonistic action of X. See also 
Wo. Ostwald, Kolloid-Z., 40, 201 (1926). 

5 It is questionable whether equivalent adsorptions of the coagulating ions normally occur, 
except when they are very closely related chemically. See Weiser and Middleton, J. Phys. 
Chem., 24, 30 (1920). Freundlich, Joachimsohn, and Ettisch, Z. physik. Chem., 141, 249 
(1929). 
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and coagulating electrolytes produces the essentially insoluble or non-dissoci- 
ating compound Mx and the non-adsorbed ions m and X.1 


(4) [ couxorp | + A + B. A non-metathetical reaction gives new ions 
none of which is preferentially adsorbed.” 

(5) [ cotor | x-m. Without ordinary chemical reaction or prefer- 

MX 
ential adsorption, the potential of the double-layer or its effective thickness is 
so far reduced by the high concentration of electrolytes (osmotic and interionic 
effects) that stability is lost.% 

The concentration of MX necessary to cause coagulation depends upon the 
relation between concentration and the extent to which the above reactions 
occur, the simultaneous stabilizing effect of X if it is adsorbed, and the specific 
differences in the effect of the residual double-layer (due to differences in ionic 
hydration and in ionic distribution near the surface of the particle) on the 
probability of adhesion when particles collide.‘ 

These schemes are of course highly idealized, but they all correspond with 
what can be a priori expected on the basis of the constitution of hydrophobic 
colloids. In reality, these processes do not normally occur singly. It is 
therefore not surprising that the identification and separation of the different 
simultaneously occurring changes may be difficult. 

Because of the frequency with which scheme 2 is offered as the sole inter- 
pretation of electrolyte-coagulation and the valence effect, it is suitable to 
refer briefly to the case that most nearly corresponds to it. The data are 
summarized in Table X XIII. 

These results can be interpreted as illustrating a pure valence effect if the 
assumptions are made that these 23 cations, on account of their chemical 
similarity, are all adsorbed in accordance with a single parabolic equation; 
that the effect of the anion is negligible; and that the same reduction in charge 
on the particle is necessary to reach the critical potential. If these are true, 


1This case approximately corresponds to the views of Jordis, Duclaux, and Pauli con- 
cerning the essential nature of coagulation. Browne and Mathews, J. Am. Chem. Soc., 43, 
2336 (1921), and Browne, zbid., 45, 297, 311 (1923), found that the heat effects during coagula- 
tion are largely due to chemical reactions between the stabilizing and coagulating electrolytes, 
at least for ferric oxide sols. 

2 Illustrated by the interaction of pentathionic acids and alkali in the alkali-coagulation 
of Odén sulfur sols, according to Freundlich and Scholz, Kolloidchem. Beth., 17, 234 (1922). 

3 This case has been discussed in terms of Donnan’s theory of membrane equilibria by 
Wilson, J. Am. Chem. Soc., 38, 1982 (1916), and in terms of the Debye-Hiickel theory of in- 
terionic attraction by Miller, Kolloidchem. Beih., 26, 257 (1928). 

4 Tuorila, loc. cit., found the critical potential to vary with different coagulating electro- , 
lytes. The differences are most pronounced with uni-univalent electrolytes of very low co- 
agulating power. Since the charge on the particle is probably not reduced in these cases 
(scheme 5), the “‘critical potential’? is anomalously high. In fact, electrophoresis in such 
cases may have no more significance for the union of particles than ionic migration velocities 
have for a reaction between ordinary ions. 

5 Matsuno, J. Coll. Sci. Imp. Univ. Tokyo, 41, No. 11 (1921). See also Freundlich and 
Zeh, Z. physik. Chem., 114, 65 (1925). 
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electro-equivalents of the different cations must be adsorbed, and if the amounts 
adsorbed are negligible compared to the coagulation values, the latter should 
be related in accordance with the equation: a/valency = k (coag. value)”, 
where k and n are the constants of the adsorption isotherm and a is the amount 
of univalent cation adsorbed for coagulation. Best values of k/a and 
n (= 0.25) were determined empirically and the corresponding coagulation 
values of the last column were calculated. Independently of hypotheses, the 
coagulating power (1/coag. value) is in this particular case proportional to the 
fourth power of the valence. However, this fact offers no evidence for the 
validity of the assumptions, none of which was tested. It is unlikely that the 
amount of the hexavalent ion adsorbed is negligible, and there is no particular 
reason to suppose that such complex ions are equally adsorbed. 


TABLE XXIII 


CoaGuLATION oF As2S3 Sou By ComPpLex CoBALT-AMMINE SALTS 


Coagulation Values 
Roe Micromoles per liter 
of Salts Walency 
Range Mean Caled. 
7 1 4670-6670 5430 5430 
& 2 333-400 360 340 
6 3 53-80 67 67 
4 4 17-21 19 21 
1 6 — 4.2 4,2 


Mutual Coagulation: The stabilizing electrolyte of one sol may react with 
that of another sol with the simultaneous reduction of the potential on both 
kinds of particles and mutual coagulation.? Since reactions between electro- 
lytes are usually metathetical, mutual coagulation is much more often observed 
between colloids of opposite sign, but may also occur when the signs are the 
same.? When a large excess of either colloid is used (the proportions being 
compared in terms of the stabilizing agents), coagulation does not take place, 
and the composite particles formed have the same sign as the colloid in excess. 

In concentrations insufficient to confer a protective action, hydrophilic sols 
that are capable of reacting with the stabilizing electrolyte of a hydrophobic 
sol may lead to mutual coagulation or may cause only a sensitization of the 
hydrophobe. This phenomenon has been studied particularly in the case of 
proteins.* 

1 Similar data for a ferric oxide sol by Freundlich and Zeh (Joc. cit.) were not so simply 
related as those of Matsuno. 

2 A general summary is given by Thomas, in Bogue’s “Colloidal Behavior,” Vol. I, Chap. 
13. 


3 Freundlich and Nathansohn, Kolloid-Z., 28, 258 (1920); 29, 16 (1921). 
4 Freundlich, in Bogue’s ‘‘Colloidal Behavior,’’ Vol. I, Chap. 12. 
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Kinetics of Coagulation: Since coagulation is a dynamic process involving 
the union of colloidal particles, a satisfactory understanding of the process 
requires the consideration of its rate. Unfortunately in many cases (lyophilic 
dispersions in general and some highly dispersed lyophobic systems) the sepa- 
rate particles can not be perceived, even in the ultramicroscope. As a conse- 
quence the kinetics of coagulation in such cases can be investigated only in- 
directly by following the change in some physical property, such as viscosity, 
light absorption, or electrical conductivity. Although the change in a physical 
property may be interesting in itself, it generally can not yield quantitative 
information concerning the kinetics of the combination of particles, which is 
the basic process in coagulation. The development of this aspect of coagulation 
has therefore had to depend largely upon investigations of lyophobic systems 
containing ultramicroscopically visible particles. 

Upon observing that the time required for the red-to-blue color change in 
gold sols (presumably representing a definite degree of coagulation) reaches a 
constant minimum value above a fairly sharply defined electrolyte concen- 
tration and is independent of the kind of electrolyte, Zsigmondy ! concluded 
that the rate of coagulation under such conditions must be dependent only on 
the rate of collision of the particles, ie., on their concentration and their 
Brownian motion. Such coagulation is ‘‘rapid”’ in contradistinction to “slow 
coagulation,” in which the rate depends upon the concentration and kind of 
coagulating electrolyte. Rapid coagulation, in this sense, sets in when the 
zeta potential is practically zero. 

Smoluchowski* developed the quantitative relations for rapid coagulation 
in a dispersion of spheres of uniform size on the assumption that two particles 
adhere whenever Brownian motion causes them to approach within a certain 
distance R. Making approximate corrections for the differences in the Brown- 
ian motion and in R# for double-, triple-, etc., particle aggregates, he obtained, 
as a final result, the equations 


(; k-1 
- a ri No 
1 ae ae ENG eee CAL i= ara 
¢ \FH VE UP’ 
(+5) + t/ 


(62) 


where n;, is the number of aggregates of the k-order at the time t, k is the 
number of primary particles in the aggregate, no is the initial number of par- 
ticles, and T' is a constant characterizing the rate of coagulation and theoreti- 
cally equal to 1/(4mnoDR), D being the diffusion constant, eq. 17, p. 1584. In 
practice, J’ is an empirical constant giving the time for the total number of 
particles to fall to one-half. The results are represented graphically in Fig. 47.3 

1Z. physik. Chem., 92, 600 (1917). 

2 Physik. Z., 17, 585 (1916); Z. physik. Chem., 92, 129 (1917). 

’It may incidentally be noted that coagulation, with respect to the rate of change of all 


particles, is equivalent to an ideal polymerization reaction of the second order; the velocity 
constant k is equal to 1/(7',). 
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For slow coagulation, Smoluchowski suggested that only a fractional 


number e of the collisions between particles leads to permanent unions.! 


does not require any modification of eq. (62), but it in- 
creases J’ in proportion; i.e., 7 = 1/(4rn.DRe). 

Smoluchowski’s theory for rapid coagulation has 
been reasonably well confirmed, considering the experi- 
mental difficulties, by a number of investigators using 
direct counting methods.2 Discrepancies frequently 
appear toward the end of coagulation. Indeed, on 
account of the approximations involved, the equations 
can not be expected to be applicable except during the 
early stages. The ratio of R to the particle radius, 
which can be calculated from T, falls between 2 and 
38 under favorable conditions (well-defined sols with 
uniform particles, painstaking technic, etc.). Upon 
the assumption that any variation from the value 2 is 
due to experimental errors, this means that two par- 
ticles must actually touch in order to adhere. 

The experimental results for slow coagulations are 
not so consistent.2 Although the theory may be some- 
what over-simplified to deal adequately with slow co- 
agulation, it is also possible that discrepancies are in 
part due to the greater sensitivity of slow coagulation 
to variations in particle size and to deviations from 
spherical shape. 

Miller ¢ has calculated the effects of these two fac- 
tors on the coagulation rate. Qualitatively expressed, 
non-uniformity in size or non-sphericity leads to a con- 
siderable increase in the rate of coagulation; the rate of 
coagulation of rod-particles departs much more than 
that of plate-particles from the original Smoluchowski 
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Fie. 46. Variations 
in Stability Conditions 
in Sols with Dual Stabil- 
ity, e.g., Egg Albumin. 
Dotted circle represents 
solvation sheath, which 
may be removed from 
lyophilic sols (positive, 
isoelectric, or negative) 
with de-solvating agents 
(e.g., alcohol), giving 
corresponding positive, 
isoelectric, or negative 
lyophobic sols. Either 
the lyophilic or the lyo- 
phobic sols may be given 
various electrical states 
by control of the elec- 
trolyte content. Co- 
agulation occurs only in 
the isoelectric, lyophobic 
state. See p. 1694 


theory. The differences are more marked in slow coagulations than in rapid 


coagulations. 
counting methods.® 


The extended theory has been fairly well confirmed by direct 


Reversal of Coagulation: The coagulum of lyophilic sols often can be redis- 
persed by simple reversal of the conditions that caused coagulation; for 


1See also Freundlich’s theory of slow coagulation, Kolloid-Z., 23, 163 (1918). 


2 Zsigmondy, loc. cit. 
Phys. Chem., 26, 537 (1922). 
and Goldberg, Kolloid-Z., 31, 116 (1922). 
104, 301 (1923). 


Westgren and Reitstétter, Z. physik. Chem., 92, 750 (1917); J. 
Kruyt and van Arkel, Rec. trav. chim., 39, 656 (1920). 
Ehringhaus and Wintgen, Z. phystk. Chem., 
Tuorila, Kolloidchem. Beih., 22, 191 (1926); 24, 1 (1927); 27, 44 (1928). 


Lachs 


3 Fair agreement was found by Westgren, Arkiv Kemi Mineral. Geol., 7, No. 6 (1918); 


Tuorila, loc. cit.; and Wiegner and Marshall, Z. physik. Chem., 140, 39 (1929). 


In other eases, 


the theory was not confirmed, Kruyt and van Arkel, Rec. trav. chim., 40, 169 (1921); Kolloid- 


Z., 32, 29 (1923); and Tuorila, loc. cit. 


4 Kolloid-Z., 38, 1 (1926); Kolloidchem. Beth., 26, 257; 27, 223 (1928). 


5 Tuorila, loc. cit. Wiegner and Marshall, loc. cit.; ibid., p. 1. 
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instance, gelatin and soap gels are reconverted to sols by warming, and a nitro- 
cellulose precipitated by water from acetone may be redispersed in pure 
acetone. Occasionally over-shooting an exact reversal is’ necessary; for in- 
stance, agar gel must be heated to ca. 90° for redispersion, although gel formation 
requires cooling to ca. 40°. When- 
ever coagulation of a lyophile can not 
be reversed, a suspicion is justified 
that chemical changes accompanied 
the coagulation, or that the irreversi- 
bility is apparent, being due to a low 
rate of redispersion. The irreversible 
coagulation of viscose and egg albumin 
by heat and of gelatin by formalde- 
Jotal Number-All Kinds| hyde undoubtedly involves chemical 
changes: decomposition of the cellu- 
lose xanthate, ‘‘ denaturation ”’ of the 
albumin, and formation of addition 
compounds in the case of gelatin. 

The reversal of coagulation in ly- 
ophobie systems is more restricted. 
ea Unprotected metal hydrosols are 

LO 20 JO rarely reversible. The electrolyte- 

Relative Time t/T coagulation of inorganic hydrous ox- 

Fic. 47. Kinetics of Coagulation according ides, halides, ferrocyanides, sulfides, 

to v. Smoluchowski’s Theory. Cf. p. 1702 sulfur, selenium, clay, and similar 

substances can frequently be reversed 

by immediately washing out the coagulating agent and treating the coagulum 

with a solution of a stabilizing electrolyte. Ease of peptization decreases 

greatly if the coagulum is allowed to age or to dry out (ef. p. 1691). Reversi- 

bility is commonly secured in commercial colloids (e.g., pharmaceutical prepa- 

rations) which would otherwise be irreversible by the addition of lyophilic pro- 
tective colloids. 

Odén has found that freshly coagulated Carey Lea silver, barium sulfate, 
and Odén sulfur can be repeptized without any appreciable change in particle 
size. The last case’ is particularly striking in that the reversibility is so 
complete for coagulation by either cooling or electrolytes. Furthermore, the 
temperature and electrolyte concentration for peptization show a well-defined 
variation with particle size. 


f 


re) 
o 


Relative Number of Particles 


GELS? 


The physical forms of a coagulated colloid can vary widely depending upon 
the substances and the manner in which coagulation was brought about. The 


1 Doc. cit., p. 1694. 

2 Summaries: Freundlich, “Colloid . . . Chemistry,’”’ pp. 658-768. Chap. 47-51 incl. in 
Alexander’s ‘Colloid Chemistry,” Vol. I, by Bradford, Lloyd, Liesegang, and Holmes. Bary, 
“Les Colloides,’’ Dunod, Paris, 1921. Ostwald, Kolloid-Z., 46, 248 (1928). V. Weimarn, 
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coagulum may be some sort of a precipitate—sandy, granular, curdy, flaky, 
slimy, or gelatinous—as is usually the case from dilute inorganic sols, or it 
may be a coherent, more or less elastic solid enclosing a part or all of the dis- 
persion medium. Graham applied the term gel to all types of coagula, but it 
is now commonly restricted to the last form mentioned or to the product of 
its desiccation. Gels in this restricted sense represent the only form of coagula 
that has received extensive investigation from the colloid point of view. 

When a gel is an apparently homogeneous, transparent, amorphous body 
with a high liquid content, it is often more specifically referred to as a jelly after 
its prototype, ordinary table jelly. On account of the astonishing rigidity 
that some jellies containing over 99 per cent of the liquid component may 
have, the very dilute jellies are frequently represented as typical of the gel 
state. Whether typical or not, these particular gels present the problems 
of gel formation and gel structure in most striking form. 

Gels with a low liquid content, desiccated gels, or bodies behaving like them 
are also called xerogels. This class includes a great many naturally-occurring 
and synthetic materials, many of them being of great technical importance: 
opal, limonite, natural and artificial zeolites, silica gel and other inorganic 
adsorbent gels, soap, leather and leather substitutes, natural and artificial 
textile fibers, wood, paper, plastics, paint and analogous films, rubber, starch, 
bread and other food-stuffs, muscle, connective tissue, cell membranes, and 
other organic structures. 

As examples of gels that have been the subject of scientific study, the fol- 
lowing may be mentioned: gelatin, agar, pectin (fruit), soaps, mercurosulfo- 
salicylic acid and salts, dibenzoyl cystine, lithium urate, starch—all obtained 
by cooling suitable hydrosols or solutions; viscose, the “ hydrous oxides ”’ of 
silicon and the metals (especially tin, iron, aluminum, chromium, cerium), 
the arsenates and phosphates of iron and other metals—all by the electrolyte- 
coagulation of hydrosols; metastyrene and other polymeric substances by 
polymerization in solution; cellulose acetate in benzyl alcohol; nitrocellulose in 
alcohol, nitroglycerin, and other organic liquids. 


ForRMATION OF GELS 


Gel formation may be considered to be the result of a partial or incomplete 
precipitation of a sol. This is obviously the case for gels that are formed by 
suitable control of conditions from sols that otherwise yield precipitates. 
Silicie and stannic acids, ferric, aluminum and chromium hydrous oxides, and 
metal phosphates and arsenates, for instance, which may be precipitated from 
their hydrosols by electrolyte-coagulation and filtered off from the bulk of the 
dispersion medium, may also give gels as the result of a relatively slight 
modification of the coagulation procedure—e.g., a change in the order or rate 
of mixing sol and electrolyte or a change in the concentrations or temperature 


“Jellies and Gelatinous Precipitates,’ 1928, Koseikai Publg. Dept., Tokyo. Weiser, ‘‘The 
Hydrous Oxides,” Chap. I and ff.; also ‘‘The Colloidal Salts.” 
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at which coagulation occurs. Conditions are much the same for gels formed 
from ordinary solutions, as by double decomposition of inorganic electrolytes,’ 
reduction in solubility by cooling or addition of non-solvent, etc. In these 
cases, however, the sol is a transient state, which may be so short-lived as to be 
experimentally undetectable. 

Critical Instability: Consideration of gel formation by the coagulation of sols 
shows that the optimum conditions for gel formation and especially for dilute 
jelly formation are intermediate between those for stability and those for 
precipitate formation. These relations are well illustrated-in the case of dilute 
gelatin sols, for which Dexter? and Joseph? have investigated the conditions 
for stability by measurements of the Tyndall effect (indicating the tendency 
to precipitate), and Fanselow 4 has determined the conditions for the formation 
of jellies. At the isoelectric point (pH 4.9-5.0) de-ashed gelatin precipitates 
practically completely from cold dilute sols; before sedimentation has pro- 
gressed far, the Tyndall effect is accordingly high (Fig. 48). The presence of 
very little acid or alkali (about 10-4 normal) prevents the precipitation, but, 


Relative Intensity of Scattered Light 
Relative Fresistance-to-Shear 


Fic. 48. Relation between Conditions for the Formation of Precipitates and of Gels in 
0.6% Gelatin Sols. Turbidities indicate the precipitation tendency; gel formation occurs at 
pHs of the maxima in the gelation curve 


the electrolyte concentration not being sufficient for complete stability, a small 
change in Tyndall intensity upon cooling the sols to 10° persists and jellies 
form. With 10~* normal acid, stability is secured, and both the change in 
Tyndall intensity upon cooling and the partial coagulation responsible for gel 
formation are eliminated. Near pH 1 there is another zone of precipitation, 
marked by the maximum in Tyndall intensity, and just on the edge of the 
precipitation zone there is a corresponding gelation zone. 


1 Extensively studied by v. Weimarn, loc. cit., p. 1690-1. 


* Kraemer, Fourth Colloid Symposium, 1926, p. 102. J. Phys. Chem., 31, 764 (1927). 
3 Diss., Univ. Wisconsin, 1927. 


4 J. Phys. Chem., 29, 1169 (1925); 32, 894 (1928). Sixth Colloid Symposium, 1928, p. 237. 
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Similar relations between precipitation and gelation are displayed by colloidal 
solutions in general, being particularly evident in the lowest concentrations at 
which gelation occurs. The conclusion follows that a critical balance between 
stability and coagulation must be attained if colloidal particles are to unite 
to form the reinforcing structure of a gel and are at the same time to remain 
dispersed throughout the liquid medium. Complete removal of stability leads 
to the precipitation of a compact coagulum, and a high degree of stability 
does not permit the adhesion of particles and the development of a structure. 
In terms of Smoluchowski’s theory, gel formation is “ slow ” coagulation (cf. 
p. 1702); accordingly, it is sensitive to the kind and concentration of the coagu- 
lating agent. If, as a first approximation, it is assumed that the degree of 
instability necessary for gel formation in a sol of specified concentration may 
be defined in terms of e, the effective fraction of particle collisions (cf. p. 1703), 
it then follows that the effect of different agents upon gel formation should be 
compared at equal values of «, i.e., at equal times for a specified degree of 
gelation. This assumption is of course justified only in the absence of slow 
physical or chemical changes influencing the rate of coagulation, e.g., the slow 
decomposition of unstable hydroxides in the colloidal ‘‘ hydrous oxides.” 

The critical degree of instability necessary for gel formation frequently 
requires some pains for its attainment. Only in exceptional cases, for in- 
stance, can it be attained by directly mixing a solution of a coagulating elec- 
trolyte with a dilute electrocratic sol. Except for weak coagulating electro- 
lytes the concentration range between no stability (“‘rapid”’ coagulation) 
and relatively permanent stability is so narrow that an intermediate concen- 
tration can not be secured without causing local precipitation during the addi- 
tion of the necessarily more concentrated coagulating solution. Analogous 
difficulties are not infrequently met in attempting to form gels by adding a 
non-solvent to lyophilic sols, e.g., water to an acetone dispersion of nitro- 
cellulose. In both cases, however, gels may be formed by utilizing diffusion 
processes in obtaining a critical degree of instability. One method involves 
the gradual removal of the excess stabilizing electrolyte from the sol by 
dialysis! or electrodialysis. Similar principles are involved if the stabilizing 
agent can be removed by evaporation, e.g., ammonia from ferric oxide sol ? 
or ether from an ether-alcohol dispersion of nitrocellulose. The reverse proc- 
esses, i.e., diffusion through a membrane or slow absorption from the vapor 
state, can be used to introduce a coagulating agent into a sol. As any of these 
diffusion processes continue, conditions change from those for gel formation 
to those for precipitation. However, the mechanical rigidity of the gel 
structure formed while conditions were favorable prevents precipitation at the 
latter stages. It scarcely needs to be mentioned that a gel-forming system 
should not be disturbed if an unbroken gel is to be obtained. 

Solvation: Solvation very likely is involved in the conditions for gel 
formation, but it is difficult to estimate its importance in the absence of unam- 

1 Observed by Graham; more recently employed by Holmes et al., J. Am. Chem. Soc., 38, 


1970 (1916); 40, 1014 (1918); 41, 763 (1919). 
2 Grimaux, Compt. rend., 98, 1485 (1884). 
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biguous methods for measuring it. It is commonly said that the particles in 
hydrous ferric oxide sol, for instance, are more highly hydrated than those in 
arsenic trisulfide sol. The basis for the comparison, however, is not well 
defined, and it remains an open question to what extent differences ascribed 
to solvation are really due to differences in concentration, size of primary 
particles, degree of aggregation of primary particles, and the chemical proper- 
ties of the stabilizing electrolytes. The uncertain function of solvation is 
illustrated by gelatin and dibenzoyl cystine, the former of which precipitates 
at the isoelectric point in a highly “ hydrated” condition (85-90 per cent 
water), whereas dibenzoyl cystine precipitates in anhydrous form. In spite of 
its unsolvated condition, dibenzoyl cystine forms jellies in much lower concen- 
trations than does isoelectric gelatin. 

The difficulty in estimating the significance of solvation is aggravated by 
uncertainty concerning the nature of the change leading to coagulation or gel 
formation in highly ‘“ solvated ”’ colloids. Gelatin has been most frequently 
investigated, but no final conclusions have been reached. Some have assumed 
that a chemical change occurs upon cooling a gelatin sol, forming a new and 
insoluble substance that precipitates as a gel;+ others believe that crystalliza- 
tion from a saturated solution occurs; ? Fischer * considers the sol gel change 
to be a phase reversal from a gelatin-in-water to a water-in-gelatin system; 
Ostwald * suggests that the gelation temperature is a critical solution tem- 
perature below which two essentially liquid phases separate; and Kraemer ® 
points out the analogy between gelatin coagulation and the coagulation of 
Odén sulfur at a critical temperature. The nature of the changes initiating 
gelation upon cooling agar hydrosols or upon warming alcosols of nitrocellulose 
or sols of cellulose in cold sodium hydroxide is equally obscure. 

Effect of Concentration: A critical instability is a necessary but not a 
sufficient condition for gel formation. In addition there must be a sufficient 
concentration of dispersed phase, depending upon the particle size and shape, 
the aggregation habits of the dispersed material, and the amount of the dis- 
persion medium adsorbed or otherwise bound by the gel structure. As a gel- 
forming sol is coagulated at increasing dilutions, a point is normally reached 
beyond which the coagulated phase fails to immobilize the entire liquid, and a 
gelatinous precipitate settles out. The minimum concentration for uniform 
gel formation is in a number of cases approximately a few tenths per cent by 
volume (e.g., gelatin, agar, dibenzoyl cystine, silicic acid, manganese arsenate, 
some of the hydrous oxides, and others). The ease with which such very 
dilute gels can be formed appears to be greatest when the colloidal substance 
is very highly dispersed and the stability conditions can be critically adjusted 
in the range of “slow” coagulation. The ordinary hydrosols of the metals, 

1 Smith, J. Am. Chem. Soc., 41, 135 (1919). Davis and Oakes, ibid., 44, 464 (1922). 
Wilson and Kern, ibid., 2633. Lloyd, Biochem. J., 14, 147 (1920). 

2V. Weimarn, loc. cit. Bradford, in Alexander’s ‘Colloid Chemistry,” Vol. I, Chap. 47. 

3 “Soaps and Proteins,’’ Wiley, New York, 1921. 


4“ Die Welt der vernachlissigten Dimensionen,” 1922, p. 74. 
5 J. Phys. Chem., 29, 1169 (1925); 31, 764 (1927). 
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arsenic trisulfide, selenium, silver halides, and other salts, with volume concen- 
trations much below 1 per cent are evidently too dilute to give gels. In addi- 
tion their dispersities are usually low, compared to gelatin for instance, and 
their “ slow ” coagulation is not easily controlled. 

In relatively high concentrations, conditions for gel formation are less 
restricted. The precipitates formed from dilute dispersions are relatively 
bulky products, which therefore have a rather high content of enclosed liquid. 
If the concentration of the sol approaches that of a gelatinous precipitate from 
a dilute sol, the lower fluidity of the concentrated system and the smaller 
distances between particles permit the formation of a gel without the necessity 
of adjusting the instability to a critical value. For instance, the gelatinous 
precipitate from dilute isoelectric gelatin contains 12-15 per cent gelatin, but 
an 8-10 per cent isoelectric gelatin gives a uniform jelly without any marked 
increase in Tyndall intensity. The mechanical rigidity and elasticity require a 
change in the positions and surface conditions of such a small proportion of the 
particles that other properties are practically identical in the sol and in the 
gel. A carefully studied case of this kind is that of sodium oleate, which Laing 
and McBain? found to have the same electrical conductivity, vapor pressure, 
sodium-ion activity and ‘Tyndall intensity in sol and gel states. 

Spatial conditions in concentrated dispersions may be more easily visu- 
alized by considering the sizes and shapes of the spaces between the particles. 
Coarse dry powders (sand, etc.) ordinarily pack to a volume concentration of 
approximately 50 per cent, which roughly corresponds to cubic packing of 
equal-sized spheres. Owing to static friction between particles and arching 
effects, very fine particles ordinarily pack less compactly. If the particles are 
immersed in a liquid that wets them, the films that separate the particles are 
not quickly squeezed out because of the appreciable viscous resistance, which 
is normal to thin films, and because of the low stresses tending to press the 
particles together. In a 6.5 per cent by volume dispersion of uniform spheres 
in cubic arrangement, the thickness of the films between adjacent spheres is 
equal to their diameter. If the particles are 5 my, corresponding to hemoglobin 
molecules, or even 10-100 mp, corresponding to common lyophobic sols, it is 
evident that the capillary spaces in a 6.5 per cent by volume dispersion are 
exceedingly fine. Relatively few particles need to adhere in order to immobilize 
the entire dispersion, and the rigidity of the structure will usually suffice to 
prevent closer packing. In such concentrations gel formation becomes the 
rule, and precipitates with supernatant liquid become the exception. 

The manifold variations in the mechanical properties of concentrated dis- 
persions, including thixotropic effects (cf. p. 1621), plastic and flowing proper- 
ties, the quick-sand phenomenon, “ oil-absorption ”’ of pigments, “ length ” 
and “shortness” of pastes, brittleness, yield-value, extensibility, softness, 
elasticity, retentivity, etc., are probably all intimately related to gelation and 
are effected by particle shape and size and by foreign aggregating or dispersing 


1 Many of the gels prepared by v. Weimarn, loc. cit., belong to this group. 
2 J. Chem. Soc. London, 117, 1506 (1920). Nature, 125, 125 (19380). 
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agents. A concentrated lyophobic dispersion without any detectable gelation 
or aggregation, as represented by Curve C, Fig. 21, is rather exceptional. 

Xerogels: Artificial xerogels are desiccation products, as silica gel, viscose 
rayon, dried linseed-oil film; or they are synthetic polymeric substances formed 
in the absence of solvents, as bakelite, glyptal resins, synthetic rubber, and 
similar products; or they may be chemical derivatives of natural xerogels, as 
cellulose ethers and esters. The natural inorganic xerogels (opal, limonite, 
etc.) are probably also desiccated gels originally formed by coagulation of a 
sol. The formation of the natural organic xerogels, as rubber, proteins, 
polysaccharides, involves biochemical processes that are not yet understood. 
Their characteristic structures indicate that they are synthesized in place 
rather than deposited from a sol condition.? 


STRUCTURE OF GELS 


There is at present almost universal acceptance of the view that gels 
possess a ramifying, more or less coherent framework that retains the liquid 
component and confers rigidity and elasticity upon the system as a whole. 
There is still considerable uncertainty concerning the fine structure of the 
framework, the condition of the liquid component, and the extent to which a 
gel may be treated as a single phase in connection with equilibria between gels 
and external liquid or vapor phases.” 

Ultramicroscopic examination of turbid gels reveals either a fibrous 
structure (e.g., dibenzoyl cystine,* fibrin,‘ soaps,> barium malonate,® dyes,’ 
etc.) or a granular structure (e.g., silica,’ moderately dilute isoelectric gelatin §). 
Since the appearance of the visible structure coincides with the “ setting ”’ of 
the gel, it is assumed that the visible structure constitutes the gel framework. 
The similarities in the processes by which turbid gels and apparently structure- 
less jellies are formed and the frequency with which clear jellies as well as turbid 
gels gradually develop precipitates indicate that clear jellies also contain a 
distinct framework. The sols giving clear dilute jellies are commonly lyophilic 
with particles that are ultramicroscopically invisible because of their small 
size (at least in one dimension) and the small difference in refractive index 
between particle and medium. The union of these particles into irregular 

1Cf. Sponsler, Plant Physiol., 4, 329 (1929). 

2 Cf. Buchner, in Alexander’s ‘‘Colloid Chemistry,’’ Chap. 4. 

3 Gortner and Hoffman, J. Am. Chem. Soc., 43, 2199 (1921); Wolf and Rideal, Biochem. 
J., 16, 548 (1922); Zocher and Albu, Kolloid-Z., 46, 27 (1928). 

4 Barratt, Biochem. J., 14, 189 (1920). 

5 Zsigmondy and Bachmann, Kolloid-Z., 11, 145 (1912); McBain, Darke, and Salmon, 
Proc. Roy. Soc. London, 98A, 395 (1921); Thiessen and Triebel, Z. anorg. Chem., 179, 267 
1929). 

6 pies. and Albu, Kolloid-Z., 46, 33 (1928). 

7 Harrison, Trans. Faraday Soc., 16, Colloid Symposium, 57 (1921). 

8 Bachmann, Z. anorg. Chem., 73, 125 (1912). Moeller, Kolloid-Z., 28, 281 (1921). Brad- 
ford, Biochem. J., 12, 351 (1918); 15, 553 (1921). See also Harrison, loc. cit., Arsem, J. Phys. 


Chem., 30, 306 (1926). Bogue, J. Am. Chem. Soc., 44, 1343 (1922), assumes a fibrous structure 
for gelatin. 7 
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chains or very tenuous sponge-like masses forms a gel structure that is also 
unrevealed by the ultramicroscope. A comparatively small total volume of 
fine fibers suffices to reduce the regions of free liquid almost to molecular 
dimensions. In the hypothetical case, for instance, in which long straight 
fibers are uniformly distributed parallel to three perpendicular axes in a 1 
per cent by volume gel, no liquid molecule would be farther from a fiber than 
7 times the fiber thickness, and if this were the minimum distance, the liquid 
molecule would be under the influence of six equi-distant fibers. For fibers a 
few Angstréms or even a few millimicrons thick, the free spaces would therefore 
be very small. Of course gels do not have such a simple structure, but these 
values roughly represent the possible average conditions in the fiber gels. 

The heterogeneity of gels, even when ultramicroscopically structureless, is 
fairly definitely indicated by some of the characteristic properties of gels. In 
other cases the assumption of heterogeneity in the form of a porous, solid-phase 
gel structure leads to acceptable interpretations of behavior. The relation 
between structure and the properties of gels will be displayed in the following 
survey. 

Diffusion in Gels: The porosity of dilute gels is clearly shown by the re- 
markably slight hindrance that they offer to small molecules or ions diffusing 
through them.!. On a macroscale a gel has an infinite viscosity, but on a 
molecular scale its viscosity (theoretically related to the diffusion coefficient 
by eq. 17) is of the same order of magnitude as that of the liquid alone. Evi- 
dently, diffusion takes place in free liquid within the irregular pores of the gel.? 

A recent investigation * of the diffusion of various non-electrolytes in gelatin 
gels illustrates typical diffusion effects in considerable detail. The diffusion 
coefficient falls gradually and linearly with increasing gelatin concentration 
between 2 and 14 per cent although the gross resistance to shear increases very 
rapidly. In a stiff 10 per cent gel, the diffusion coefficient of glycerol, for 
instance, is only 50 per cent less than in water; i.e., the apparent viscosity of a 
solid gel, with respect to diffusion, is only twice that of the liquid medium. 
Even in 25-30 per cent gelatin gels, for which extrapolation from 14 per cent 
suggests a zero diffusion, the coefficient for such a large molecule as sucrose 
is still 10 per cent of the value in water. 

Upon the assumption that the reduction in diffusion coefficient is due to 
three factors—a reduction of free space by the volume of the gel structure, a 
wall effect due to the narrowness of the pores compared to the size of the 
diffusing molecule (cf. p. 1586), and an increase in viscosity of the free liquid by 
solution of some of the gel substance—the effective pore-sizes were calculated 
for the cases summarized in Table XXIV. The agreement in the values ob- 

1Graham noted the approximate equality in diffusivity in dilute gels and in the dis- 
persion medium alone, and Arrhenius observed a similar condition in the case of electrical 


conductivity. 
2 See Sutherland, Phil. Mag., 3, 161 (1902). Bechhold and Ziegler, Ann. Physik, 20, 900 


(1906). 
3 Friedman and Kraemer, J. Am. Chem. Soc., 52, 1295 (1930). Friedman, ibid., 1305, 


1311. 
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tained with different diffusing molecules confirms the general features of the 
interpretation, and the values themselves are about what one would expect. 


TABLE XXIV 


Errective Porn-Size In GeLatin Geis By Dirrusion Mrraop 


Effective Pore Diameter 


Diffusing Substance 


5 per cent Gelatin | 10 per cent Gelatin | 15 per cent Gelatin 


WTO cnt els nee eek, cate 9.4 my 3.0 my 1.6 mu 
Gly Cero! jicetys ila toes tales’ 11.4 3.4 2.0 
DUGLOSO trac Neer tau te 11.0 2.8 1.0 


As the molecular size of the diffusing molecule becomes larger and more 
closely approaches the pore size, the resistance offered by the gel rapidly 
increases. Macromolecules and colloidal particles are entirely stopped by 
ordinary gels.1 It is, however, possible to study the diffusion of single col- 
loidal particles in very dilute gels by measurements of the Brownian motion. 
In this way” it was found that even a 0.2 per cent gelatin gel, the bulk rigidity 
of which is scarcely detectable, possesses a structure that is much finer than 
microscopic dimensions, for the Brownian motion obeys the normal laws (cf. 
eqs. 1 and 3) for a viscous liquid. Owing to the hindrance offered by the gel 
structure to the motion, however, the apparent viscosity with respect to 
the Brownian motion of the colloidal particles is approximately 20-30 times 
as great as for the diffusion of small molecules, for which the gel structure is 
quite permeable. 

The readiness with which molecular diffusion occurs in gels and their gross 
rigidity, which eliminates disturbances due to vibration or convection currents, 
lead to novel results when reactants come together by diffusion within a gel and 
form a precipitate. Holmes * describes the formation of crystals of remarkable 
size and shape in gels (e.g., gold, copper, lead iodide, etc.). Under suitable 
conditions banded precipitates, often called “‘ Liesegang rings,” 4 are formed. 
The comparison of banded precipitates formed in or outside of gels indicates 

1 This is the basis for the use of dialysis and ultrafiltration as a means of separating small 
molecules from colloidal particles, for membranes are essentially thia gels. See Collander, 
Kolloidchem. Beth., 19, 72 (1924); Weech and Michaelis, J. Gen. Physiol., 12, 55, 221, 487 
(1928-29) ; McBain and Kistler, zbid., 187. 

2 Kraemer, J. Phys. Chem., 29, 1523 (1925). 

3 J. Franklin Inst., 184, 743 (1917); references are here given to earlier work of a similar 
kind by Hatschek and others. 

4Liesegang, ‘‘Chemische Reaktionen in Gallerten,” Diisseldorf, 1898; ‘‘Ueber die 
Schichtungen bei Diffusionen,’’ Leipzig, 1907; ‘“‘Geologische Diffusionen,” Dresden, 1913; 
“Die Achate,” Dresden, 1915. See also Hedges and Meyers, “‘The Problem of Physico- 
Chemical Periodicity,” Arnold, London, 1926, Chap. 3; and Freundlich, “Colloid ... 
Chemistry,”’ pp. 729-740. Agates and certain banded patterns in plants or animals may be 
natural examples of Liesegang rings. 
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that the discontinuous deposition of a precipitate is primarily dependent upon 
a concentration gradient that advances (by diffusion) through the gel and at 
successive regions causes the concentration of the precipitating substance to 
rise to the degree of supersaturation necessary for spontaneous precipitation; 
whereupon the concentration is reduced to the saturation value not only where 
the precipitate is deposited but also in the adjacent region of lower super- 
saturation. The diffusing reactant must then advance beyond this region 
before a sufficient supersaturation for precipitation is again reached. Besides 
providing a rigid medium for the reaction, the gel may exert more or less 
influence upon the form of the precipitate by modifying the various processes 
involved in the formation of the new (precipitated) phase (cf. p. 1690). 

Desiccation of Gels: The distinctions expressed by the classification of sols 
into lyophiles and lyophobes are also evident in their gels. Upon evaporation 
of the dispersion liquid from a typical lyophilic gel the fall in vapor pressure 
and in liquid content traces an S-curve similar to the water-cellulose adsorption 
curve of Figure 38. The volume of the gel continuously decreases until a 
horny residue is obtained, which has almost as small a specific volume as the 
dispersed phase in the original sol. 

The loss of liquid from lyophobie gels, exemplified by the hydrogels of silica 
and the hydrous oxides of the metals, is somewhat more complicated.2. In the 
case of silica gel, for instance, the vapor pressure, liquid content, and volume 
of gel all gradually become smaller, much as in a lyophilic gel, until the gel 
contains about two moles of water to one of silica, or about 40 per cent by 
volume of silica. This first stage of dehydration is represented by a steep 
curve convex to the vapor-pressure axis and joining the water-silica gel curve of 
Fig. 38 at the point O. Beyond O, however, no further shrinkage occurs, and the 
gel becomes opaque and ultramicroscopically porous. At O; the gel again 
becomes transparent and glassy. The opacity between O and OQ; is probably 
due to fine gas bubbles filling a connected group of ultramicroscopic pores, 
which in themselves cause no turbidity either when filled or empty. 

A lyophilic gel may be converted to a lyophobic one by a suitable change of 
the liquid component; whereupon desiccation proceeds in the manner typical 
of lyophobic gels, giving a rigid, porous xerogel. The conversion of lyophilic 
gelatin hydrogel, for instance, may be brought about by extraction of the 
water with a series of mixtures of water and a liquid (e.g., alcohol) in which 
gelatin does not disperse, the concentration of water gradually being reduced 
to zero.® 

Imbibition and Swelling: 4 The contrast between lyophobic and lyophilic 
behavior in gels is more strikingly shown by imbibition than by desiccation. 

1 Katz, Kolloidchem. Beth., 9, 70 (1917). 

2 The classical investigations are by v. Bemmelen, ‘‘Die Absorption,” 1910. Similar 


studies, particularly on silica gel, were made by Zsigmondy and his co-workers (191i—14), 
using vacuum methods of desiccation; the references and the essential results are given in 
his ‘‘ Kolloidchemie,”’ 3d ed., 1920, p. 218 ff. 

3 Bachmann, Z. anorg. Chem., 100, 1 (1917). 

4Katz, Ergebn. exakt. Naturwiss., 3, 316 (1924); 4, 154 (1925). 
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Lyophobic Imbibition: A lyophobic xerogel, e.g., silica gel, imbibes any 
liquid that wets the gel. The maximum volume taken up, in the absence of 
chemical reactions or foreign gases, is dependent primarily on the vol- 
ume of the pores in the xerogel, for only a slight swelling, if any, accom- 
panies imbibition. In other words, the desiccation of a dilute lyophobic gel 
is irreversible. 

Porous xerogels obtained from lyophilic gels (see above) behave similarly 
towards non-peptizing liquids, imbibing them, without swelling, in amounts 
determined by the porosity.” 

The adsorption of vapors by porous xerogels has already been referred to 
(pp. 1658-61, Fig. 38). In connection with structure, the capillary character 
of the adsorption is particularly significant. Upon the assumption that the 
adsorbed vapor at medium and high relative pressures is condensed to a liquid 
within the gel pores, Thomson’s equation for the change in vapor pressure of a 
liquid in capillaries can be used to estimate the effective pore diameter at 
various stages of adsorption. In a typical silica gel Anderson? found the 
apparent pore diameter at the turbidity point O to be about 2.6 my for water, 
alcohol, and benzene. Although it is questionable if Thomson’s equation 
is accurate for such small pores, the agreement obtained with liquids having 
such different surface tensions as water and benzene supports the capillary 
interpretation of the adsorption. The close relation between surface tensions 
and heats of wetting (cf. Patrick’s theory, p. 1674) also confirms Zsigmondy’s 
conclusion of a submicroscopically porous structure in the silica gel. Other 
lyophobic xerogels undoubtedly have similar structures. 

Lyophilic Imbibition: The dissolution of macromolecular substances (i.e., 
natural colloids) does not take place simply by the escape of molecules from 
the solid surface into the solvent medium, as is the case for the common crys- 
talline substances. Instead, the medium penetrates into the interior of the 
solid colloid or xerogel, at the same time causing it to swell.4 The factors that 
determine whether a certain colloid will imbibe a specific liquid are much the 
same as determine solubility in general; they were referred to in connection 
with the formation of lyophilic sols. It may be assumed that swelling occurs 
if the adhesional or solvation energy for the particular xerogel and liquid is 
greater than the cohesional energy of the gel, at least at some regions in the 
gel. Because of the variety of chemical groups that may be present in a 
macromolecular gel, the cohesional energies and the adhesional energies toward 
a given liquid (not necessarily a single compound) may vary from point to 
point in the gel, at some points the adhesional energy and at other points the 
cohesional energy being the greater. If the adhesional energy is superior at a 
sufficient number of points in the xerogel, swelling is “ unlimited,” leading 
eventually to disintegration of the xerogel into microscopic or submicroscopic 


McBain and Ferguson, J. Phys. Chem., 31, 564 (1927). 

2 Alcohol and benzene in porous gelatin, Bachmann, Z. anorg. Chem., 100, 1 (1917). 
3 Z. phystk. Chem., 88, 191 (1914). See also Bachmann, loc. cit. 

4 See below for X-ray analyses of the swelling process. 
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pieces, i.e., to the formation of a sol This is the case for gelatin or agar in 
hot water, gelatin in cold concentrated potassium iodide solution, nitrocellulose 
in acetone, and cellulose in cuprammonium solution. If the cohesional energy 
is greater at every or almost every point, no appreciable imbibition takes place, 
and the behavior is lyophobic. Such is the case for gelatin and benzene, rubber 
and water, nitrocellulose and heptane. In intermediate cases a limited degree 
of swelling occurs, the magnitude of which depends upon the imbibition poten- 
tial and the elastic constraints imposed by the cohesion of the gel. 

The constraints often reflect the history of the gel. For instance, Arisz2 
observed that gelatin xerogels prepared by drying out gels of various concen- 
trations rapidly swell in water to the original volumes, beyond which swelling 
is relatively slow. The cohesion of a gel can in some cases be reduced by 
mechanical treatment; e.g., rubber can be broken down by milling so that 
swelling in benzene continues until a sol is formed. Repeated swelling and de- 
swelling also commonly changes (usually decreases) the cohesion of a gel. 

The imbibition potential appears to depend principally upon two factors: 
(1) the combination of gel and swelling liquid to form what may be called 
solvates or adsorption compounds and (2) the osmotic pressure of diffusible 
constituents retained within the gel by electrical forces or by the semipermeable 
quality of the gel structure itself. The swelling of isoelectric gelatin and other 
proteins in water, of vulcanized rubber in benzene, and of other organocolloids 
in non-aqueous media represents the effect of solvation although in many of 
these cases an osmotic-pressure effect probably also plays some part on account 
of the non-homogeneity of the gel substance. Many of the polymeric colloids 
(both natural and artificial) contain relatively low molecular-weight material 
that dissolves in the swelling medium within the gel but is prevented from 
escaping to the outside by the gel structure * 

Procter-Wilson Theory: In the presence of electrolytes, the combination of 
specific ions with the colloid and the prevention of diffusion of the product 
from the gel lead to an accumulation of diffusible ions and a greater osmotic 
pressure within the gel.‘ Osmosis into the gel accordingly occurs until the 
elasticity of the gel balances the difference in osmotic pressures. This swelling 
factor has been successfully worked out in considerable detail by Procter and 
Wilson * for the swelling of gelatin and collagen in electrolyte solutions. By 
combining the empirical results for the acid- or base-combination of gelatin 
with Donnan’s theory of membrane equilibria (cf. p. 1580), which describes 
the distribution of diffusible ions inside and outside the gel and the resulting 
osmotic-pressure differences, one may predict that the swelling tendency, as 
far as this factor is concerned, should be zero at the isoelectric point, that it 


1Cf, Kraemer and Williamson, J. Rheology, 1, 76 (1929). 

2 Kolloidchem. Beth., 7, 1 (1915). 

3 For instance, the swelling of isoelectric gelatin is discussed from this point of view by 
Northrop and Kunitz, J. Gen. Physiol., 10, 161 (1926-27). 

4 Procter, Kolloidchem. Beth., 2, 270 (1911). 

5 Procter and Wilson, J. Chem. Soc., 109, 307 (1916). See also Loeb, ‘Proteins, etc.,” 
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should rise to a maximum at a pH about 3, regardless of the acid used, and that 
it should then fall toward zero at low pH’s. The swelling tendency should be 
approximately the same for all strong acids of a given valence type and in- 
versely proportional to the basicity of the acid. Neutral salts should repress 
the swelling, the effectiveness being greater for polyvalent anions. The 
swelling of gelatin actually accords with these predictions to a considerable 
extent, so that in this particular case the Donnan osmotic-pressure effect 
appears to dominate in determining the swelling. Loeb and his co-workers have 
contributed a large body of experimental results supporting the theory and 
leading to its extension. They have conclusively demonstrated the occurrence 
of Donnan membrane effects in dispersions of proteins in aqueous electrolyte 
solutions. They have shown that the specific differences in the degree of 
swelling of protein gels in various dilute electrolytes, which give rise to the 
“ Hofmeister ion-series,”’ are largely due to differences in pH of the solutions. 
They have also shown that the Procter-Wilson theory of swelling provides an 
explanation of the parallelism ! with change in pH between the changes in the 
swelling of gelatin gels and the viscosity of dilute gelatin dispersions (at 20—- 
25°), if it is assumed that the dilute dispersions contain submicroscopic gel 
particles that change in their degree of swelling with pH like ordinary gels 
(Giz oy, MOU) 

The Donnan effect is not, however, the only factor controlling the swelling 
of protein gels. At the isoelectric point, gelatin swells in water to 7 or 8 times 
its volume although the Donnan effect is zero; on each side of the isoelectric 
point the Donnan effect is superimposed on the factor operating at the iso- 
electric point. In dilute solutions of certain salts (e.g., potassium iodide) and 
in most concentrated electrolyte or non-electrolyte solutions differences in the 
degree of swelling of gelatin are also due in part to changes in the cohesion of 
the gel structure, which can not be predicted from the Procter-Wilson theory. 
This theory is of course not at all applicable to the large body of gels that 
swell in non-aqueous, electrolyte-free liquids. 

Swelling Pressure and Heat of Swelling: During the first stages of swelling 
of a xerogel, a considerable pressure is developed. The swelling of dried 
wooden wedges has been used since antiquity for exerting large mechanical 
forces over small distances.? According to Posnjak,? the swelling pressure 
increases approximately as the cube of the gel concentration. The initial 
pressure obtainable with a well-dried xerogel is difficult to measure; for gelatin 
in water, it is estimated to be several thousand atmospheres. 

The swelling-pressure equilibrium is usually considered to be a true equi- 
librium suitable for thermodynamic analysis, although considerable caution 
must be exercised in making predictions concerning gel behavior therefrom. 

1 The parallelism is a transient one that occurs upon cooling the gelatin dispersions from 


above 35—40° and soon disappears below 25° [Kraemer and Fanselow, Fourth Colloid Sympo- 
sium, 1926, p. 110]. 

2 The pressure is exerted only by the gel; the total volume of gel and liquid decreases 
during imbibition, Freundlich, ‘Colloid . . . Chemistry,” p. 714. 

3 Kolloidchem. Beth., 3, 417 (1912). 


COLLOIDS alg 


The usual isothermal, reversible cycle of transfers of swelling liquid between 
two gels swollen to different extents but otherwise identical yields the result 
that the swelling pressure P is related to the relative vapor pressure h of the 
liquid, its molecular weight M, and its specific volume v by the expression ! 


No data are available for testing the accuracy of the equation. 

Swelling is generally accompanied by an evolution of heat. The initial 
differential heats of swelling for various dry proteins and carbohydrates fall 
in the range 200-400 g.cal. per g. of gel.2 The differential heat of swelling 
decreases with increasing swelling. In some cases the difference in the free 
energies of two gels at different degrees of swelling is approximately equal to 
the difference in heat contents, as estimated from calorimetric measurements 
of the heat of swelling. This means that a swelling gel under ideal conditions 
can convert potential energy into mechanical work with practically 100 
per cent efficiency. Such gels are in this respect like “ideal concentrated 
solutions,”’ such as aqueous sulfuric acid and some other solutions having large 
positive heats of dilution. Katz offers this fact in support of the view that 
the relation between a gel and a swelling liquid is the same as that between 
solute and solvent in an ordinary solution. Although this may well be the 
case, it is rather unlikely that gels are generally “ideal ”’ systems. 

A thermodynamic relation of the Clausius-Clapeyron type may be set up for 
the relation between the heat of swelling and the temperature coefficient of 
swelling. The relation is however of limited significance, for two gels with 
the same composition but at different temperatures are often not in thermo- 
dynamically comparable states. In the case of gelatin, for instance, the 
positive heat of swelling and a careless application of thermodynamics might 
lead one to conclude that swelling should decrease with rising temperatures. 
On the contrary, in the range of ordinary temperatures, the equilibriure 
(pseudoequilibrium?) values for the swelling of gelatin increase with temper- 
ature. With increasing temperature the gel structure is more completely 
peptized so that a greater swelling occurs even with a smaller imbibition poten- 
tial. Differences in gel structure due to previous history (i.e., hysteresis 
effects) also often prevent a satisfactory thermodynamic analysis of swelling. 

Mechanical Properties of Gels:®> Many of the mechanical properties 

1 Katz, Kolloidchem. Beth., 9, 1 (1917). 

2 Freundlich, ‘‘Colloid . . . Chemistry,’”’ p. 682. 

3 Cf. a similar change in heat of adsorption with increasing adsorption, p. 1677. 

4 Nernst, ‘‘ Theoretische Chemie,’’ 8-10 ed., Enke, Stuttgart, 1921, p. 170. 

5 Freundlich, ‘Colloid . . . Chemistry,” p. 716. Gelatin: Leick, Ann. Physik, 14, 
139 (1904). Rohloff and Shinjo, Physik. Z., 8, 442 (1907). Sheppard et al., J. Am. Chem. 
Soc., 44, 1857 (1922); Ind. Eng. Chem., 16, 593 (1924). Freundlich and Seifriz, Z. phystk. 
Chem., 104, 233 (1923). Scarth, J. Phys. Chem., 29, 1009 (1925). Cellulose acetate: Mardles, 


Trans. Faraday Soc., 19, 118 (1923). Cellulose acetate and gelatin: Poole, tbid., 21, 114 
(1925); 22, 82 (1926). Starch: Peirce, J. Textile Inst., 19, T237 (1928). Wool: Shorter, 
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peculiar to gels are easily interpreted qualitatively by consideration of the 
heterogeneous structure of gels. Gels with a high liquid content possess a 
low rigidity and a low elastic limit. Poisson’s ratio is practically equal to 
0.5, as for liquids, which means that deformation takes place without appreci- 
able change in volume. Hooke’s law is usually obeyed only at low extensions. 
Deformations often require considerable time for their completion. Not 
infrequently the strain continues as long as the gel is stressed; that is, weak 
gels are to a certain extent plastic solids. A number of investigators ' believe 
that these properties are due to the existence of a gel structure formed of elastic 
elements, the displacements of which are retarded by the viscous drag of the 
surrounding liquid. 

Concentrated gels and especially xerogels resemble glasses in their mechan- 
ical properties, with the striking exception of the rubber-like gels. These have 
a remarkably high reversible extensibility (several hundred per cent), whereas 
non-rubbery gels tend to be brittle. In both cases the tensile strength may be 
high, sometimes even approaching that of steel. When Young’s modulus is 
high, Poisson’s ratio for gels, as for rigid solids in general, is considerably 
smaller than 0.5. In their final state, most adhesives are xerogels. 

Optical Properties of Gels: ? Gels normally become birefringent when de- 
formed.’ Three different conditions, either singly or together, may be re- 
sponsible for the anisotropy: (1) variations in density due to tension and com- 
pression, such as cause the negative birefringence of compressed homogeneous 
isotropic solids; (2) the presence of more or less oriented, non-spherical, iso- 
tropic particles in a medium having a different refractive index;* and (8) 
oriented anisotropic particles. Quantitative studies of the induced double 
refraction in various gels and under a variety of conditions clearly show that 
all three effects actually occur, but it is not easy to determine their relative 
importance. It seems certain that many of the naturally occurring organic 
xerogels contain oriented anisotropic particles. 

Ndgeli’s Micellar Theory: > The botanist Nageli was one of the earliest to 
study the double refraction of xerogels thoroughly and to realize its significance. 
The form of organic structures, such as starch, cellulose, proteins, etc., and their 


ibid., 15, T219 (1924); 18, T78 (1928); Speakman, ibid., 17, T457 (1926). Flax: Matthews, 
abid., 18, T207 (1928). 

1 See, for instance, Poole, loc. cit. 

? Freundlich, “Colloid . . . Chemistry,” p. 720. Ambronn and Frey, ‘‘Das Polarisa- 
tionsmikroskop,” Akad. Verlag., Leipzig, 1926. Gelatin: Leick, loc. cit., p. 1717; Quincke, 
Ann. Physik, 14, 849; 15, 1 (1904); Hatschek, Kolloid-Z., 28, 210 (1921); 35, 67 (1924); 36, 
202 (1925); Sheppard and McNally, Seventh Colloid Symposium, 1928, p. 17. Cellulose 
acetate and nitrate: Wachtler, Fortschr. Mineral. Krist. Petr., 12, 119 (1927); McNally and 
Sheppard, J. Phys. Chem., 34, 165 (1930). 

3 Because of the difficulty of eliminating accidental strains a truly isotropic gel is in 
reality a rarity. 

4 Theoretically discussed by Wiener, Abhandl. Sachs. Akad. Wiss. Leipzig, 32, No. 6 (1912). 

5 “Die Starkekérner,” Zirich, 1858, and later books. ‘‘ Die Micellartheorie,” Ostwald’s 
Klassiker, No. 227. See also Katz, ‘‘Micellartheorie und Quellung der Zellulose,’’ in Hess’s 
“Die Chemie der Zellulose,’”’ Akad. Verlag., Leipzig, 1928, pp. 605-769. 
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mechanical properties, birefringence, and behavior upon imbibing liquids led 
NAgeli to conclude that these structures are built up of submicroscopic, water- 
insoluble, birefringent crystallites, which he called micells. The macroscopic 
anisotropy in mechanical and optical properties he assumed to be due to a 
regular orientation of the micclls. An imbibed liquid was supposed to enter 
the intermicellar spaces, separating the micells and reducing the cohesion of 
the swollen body. When complete dispersion occurs, the dispersed units, 
according to Nageli, are micells, not molecules. Under favorable conditions 
the dispersed micells unite to form a ramifying jelly structure. 

X-ray Analysis of Natural Xerogels: Nageli’s theory received relatively 
little attention, in spite of the further development and confirmation that it 
received from Ambronn and his school, until modern X-ray crystal-structure 
analysis gave a more detailed picture of the nature of the crystallites... Al- 
though still in the stage of active development and refinement, the new methods 
have already yielded results of great importance. 

The structure of cellulose (ramie) has been most completely worked out. 
As a result of the investigations of Herzog, Polanyi, Sponsler, Meyer and 
Mark, and their co-workers,’ it is now relatively certain that celluloses, whether 
from plant or animal sources, consist largely of microcrystalline material the 
unit cell of which is monoclinic with the following dimensions: a = 8.3 A.; 
b= 10.3 A.;c = 7.9 A.; 8 = 84°. In ramie the erystallites are oriented with 
the 10.3 dimension parallel to the fiber axis; in cotton the arrangement is 
spiral. Each unit cell is supposed to contain 2 cellobiose groups (Ci2H 29010) 
parallel to the length of the cell, one through the center of the cell, and one on 
each edge and shared by the three adjacent cells. The glucose residues are 
probably in the form of 1: 5 rings bridged together not only within a single 
cell but between adjacent cells along the fiber axis by 1 : 4 glucosidal oxygen 
bridges. In other words, the crystals are believed to consist of long primary- 
valence chains of glucose residues arranged parallel to the fiber axis and held 
together laterally by the type of secondary valence usually operative between 
molecules in a crystal. The size of the crystallite or micell is rather uncertain 
and undoubtedly varies from case to case; in native ramie it has been estimated 
to be 30-50 A. thick and 300-500 A. long. If the chain molecule is the full 
length of the micell, its molecular weight is ca. 10,000-15,000. Because of the 
great cohesion between molecules, however, it is unlikely that a micell can be 
separated into single molecules without disrupting the molecules themselves. 

When cellulose or hydrated cellulose imbibes water, the water enters the 

1 Nishikawa and Ono, Proc. Phys. Math. Soc., Japan, 7, No. 8 (1913), using hemp and 
silk, were the first to obtain evidence by X-ray analysis for the presence of crystalline material 
in organic xerogels. See p. 1612 also. 

2 Herzog, Jancke, and Polanyi, Z. Physik, 3, 343 (1920). Polanyi, ibid., 7, 149 (1921). 
Herzog and Jancke, Z. physik. Chem., 139, 235 (1928). Sponsler and Dore, Fourth Colloid 
Symposium, 1926, p. 174. Meyer and Mark, Ber., 61, 593 (1928). Mark and Meyer, Z. 
physik. Chem., 2B, 115 (1929). Mark and Susich, tbid., 4B, 431 (1929). Andress, tbid., 
136, 279 (1928); 2B, 380 (1929); 4B, 192 (1929). Hauser, Ind. Eng. Chem., 21, 124 (1929). 

3 These conclusions are challenged by Hess and Trogus, Ber., 61, 1982 (1928): Z. physik. 


Chem., 4B, 321 (1929). 
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intermicellar spaces, as supposed by Nageli, and leaves the micells unchanged." 
On the other hand, the imbibition of water by inulin ? or of some organic liquids 
by cellulose acetate* is intramicellar, the micell lattice being expanded. 
In these cases the change is reversible, although a new structure appears 
if the triacetate is dispersed and reprecipitated. The imbibition of sufficiently 
concentrated alkali to cause mercerization leads to a permanent change in the 
crystallites, which are then typical of “‘regenerated”’ celluloses.* Mercerization 
leaves the length of the unit cell unchanged, as would be expected if the long 
chain molecules remained intact during the process. Nitration and acetylation 
give products with new crystallite structures, sometimes without modifying 
the unit cell dimension parallel to the fiber axis.6 X-ray analysis gives no 
information concerning the fate of the crystallites when a xerogel is dispersed in 
a liquid, but judging from the absence of well-defined crystallites in some 
xerogels of cellulose nitrate or acetate or regenerated cellulose, one is tempted to 
assume that the micell is so highly swollen, deformed, and perhaps disrupted 
that it can not easily return to its original state. It is however in some cases 
possible to facilitate the formation of crystallites or increase the extent of 
orientation by stretching or otherwise mechanically working the gel while it is in 
a plastic state.® 

The existence of microcrystalline micells has been confirmed by X-ray anal- 
ysis for a number of natural polymeric substances, as silk fibroin,’ chitin,’ 
gelatin,® and collagen.® All of these probably contain chain molecules of high 
molecular weight. Various synthetic chain molecules, such as the polyoxy- 
methylenes, resemble the natural materials in that they possess colloidal 
properties and a molecular length greatly exceeding the size of the unit cell 
of the crystalline state.° The absence of crystallinity in macromolecular 
materials of the bakelite and glyptal type is probably due to the complicated 
and irregular three-dimensional extension of the molecules, which prevents 
the orientation necessary for X-ray interference effects. 

A particularly interesting natural xerogel is rubber, which in its ordinary 
state gives no X-ray evidence of crystallinity. However, repeated stretching 
of it beyond the elastic limit until a permanent elongation of five to ten times 

1 Katz, Physik. Z., 25, 321, 659 (1924). Chitin and silk fibroin behave similarly. 

2 Katz and Mark, Physik. Z., 25, 431 (1924). 

3 Hess and Trogus, Z. physik. Chem., 5B, 161 (1929). 

4 Katz and Mark, Z. physik. Chem., 115, 385 (1925). Katz and Hess, ibid., 122, 126 
(1926). Herzog and Jancke, zbid., 139, 235 (1928). Andress, ibid., 4B, 190 (1929). 

5 Herzog and Naray-Szabdé, Z. physik. Chem., 130, 616 (1927); Ndray-Szab6é and Susich, 
tbid., 134, 264 (1928) Hess and Trogus, zbid., 5B, 161 (1929). 

6 Silk and hydrated cellulose: Herzog and Jancke, Z. Physik, 52, 755 (1929). Hydrated 
cellulose: Burgeni and Kratky, Z. physik. Chem., 4B, 401 (1929). Cellulose nitrate and 
acetate: Trillat, J. phys. radium, 10, 370 (1929). 

7Brill, Ann., 434, 204 (1923). Herzog and Jancke, loc. cit. 

8 Gonell, Z. physiol. Chem., 152, 18 (1926). Meyer and Mark, Ber., 61, 1936 (1928). 

® Katz and Gerngross, Kolloid-Z, 39, 180 (1926). 


10 Hengstenberg, Ann. Physik, 84, 245 (1927). Staudinger and Signer, Z. Krist., 70, 
193 (1929). Clark, Ind. Eng. Chem 21, 128 (1929). 
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is attained gives a fibrous product having a well-defined crystalline structure.! 
Upon being warmed or swollen, the crystallites spontaneously disappear and 
the broad X-ray interference ring characteristic of amorphous bodies reappears. 
The old theory of long coiled molecules ? has been offered as an explanation of 
this behavior; the coiled-up molecules are presumably straightened by the 
stretching process and packed together with the regularity of spacing and 
arrangement necessary for a definite crystalline pattern by X-ray analysis. 
The length of the unit cell corresponds to two isoprene groups; the rubber 
molecule is supposed to consist of a large number of isoprene groups linked 
together in a chain by primary valence. According to Fikentscher and Mark, 
the CH.-groups of each isoprene residue occupy cis-positions relative to each 
other. On account of the rigidity of the double bonds and steric hindrance 
effects, such a chain molecule tends spontaneously to coil up in order to relieve 
the strain between carbon atoms. A spiral molecule also provides an explana- 
tion for the unusual mechanical properties of rubber. 


CHANGES IN STATE OF GELS 


The dispersed phase of a gel, like that of a sol, may undergo various changes 
in state, either spontaneously or under the influence of external agencies. The 
most general spontaneous change is that called syneresis, which involves a 
shrinkage of the gel structure and an exudation of a portion of the liquid me- 
dium. This change may be considered usually to be due to a continuation of 
the coagulation and precipitating processes originally responsible for gel forma- 
tion. If the gel structure is an easily crystallizable substance, crystals de- 
velop at the expense of the gel structure until the dispersed material separates 
out completely from the liquid as ordinary crystals.‘ Recrystallization and 
breakdown of the structure in gels of the hydrous oxides are somewhat slower at 
ordinary temperatures, probably on account of the very low solubility of the 
oxides and possibly, also, because of the slowness with which hydroxides present 
decompose. Xerogels usually appear quite stable in the absence of reagents 
with which they react chemically. The absence of a solvent medium prevents 
re-solution and recrystallization; and the high concentration leaves little 
opportunity for shrinkage. 

Suitable agencies may hasten the breakdown of a gel. Increased tem- 
perature usually hastens recrystallization and syneresis. Peptizing agents may 
restore the stabilizing factors and convert the gel back to a sol. Most gels are 
more or less readily broken down by mechanical means; in “ thixotropic ” 
systems, the gel spontaneously re-forms. 

1 Katz, Chem. Zig., 49, 353 (1925). Hauser and Mark, Kolloidchem. Beth., 22, 63; 23, 
64 (1926). Meyer and Mark, Ber., 61, 1939 (1928). Mark and Susich, Kolloid-Z., 46, 11 
(1928). Hauser, Ind. Eng. Chem., 21, 249 (1929). Katz, Kautschuk, 5, 6 (1929). 

2 Ditmar, ‘“‘ Der Kautschuk,” 1912, p. 47. 


3 Kautschuk, 6, 2 (1930). 
4Klemp and Gyulay, Kolloid-Z., 22, 57 (1918); 28, 262 (1921). 
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CHAPTER XXI 


RADIOACTIVITY 


BY 8. CC; LIND) —Px.D:, 


Director, School of Chemistry, University of Minnesota, Minneapolis 


The fundamental contributions to the science of physical chemistry that 
have resulted from the investigation of atomic disintegration and of the related 
phenomena have established such intimate relations between the two that 
it is no longer easy to segregate an independent subject matter which one may 
term radioactivity. The time has likewise passed when it is desirable in a 
brief chapter to adopt a historical order of presentation. 

The modern conceptions of atomic structure and of progressive atomic 
change or evolution have already been discussed. It remains to consider the 
properties of the different radioactive elements, their genetic relationships 
and the character of the rays and particles emitted at the time of atomic 
disintegration. 

Radioactive Series: The property of nuclear instability resulting in radio- 
active change belongs primarily to the elements of highest atomic mass. Only 
those elements of atomic mass greater than 210 possess decided radioactive 
properties. Of the common elements, only two, uranium and thorium, are 
distinctly radioactive. It is more than accidental that they have the two 
highest known atomic masses. Each of them constitutes the parent member 
of a series of radioactive elements genetically related. Actinium, an element 
discovered by radioactive methods, is the parent element of a third series, 
which appears to be genetically related to the uranium series. Reasons have 
been presented by Russell! for believing a fourth series remains to be dis- 
covered. 

Rate of Atomic Change: The rate at which one radioactive element changes 
into the next lower in the series has been found by experiment to follow a very 
simple law. Of any quantity under consideration the same fraction always 
changes in unit time, or the rate of change is proportional to the total quantity 
present. This is expressed by the ordinary logarithmic law of probability 


—At 
N;z= Noe ) 


when WN, is the initial number of atoms of one kind present (or quantity 
measured in any other units), N; the number remaining after any interval of 
time t, and \ the decay constant characteristic of the element in question. This 


1 Nature, 112, 588 (1923). 
1723 
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is the ordinary equation for a unimolecular reaction, and in fact represents the 
most perfect case, and, as is sometimes maintained, may represent the only 
true case of unimolecular change. The rate has been found to be independent 
of any external conditions, physical or chemical, that have, so far, been im- 
posed. 

The fraction changing per unit of time (A) is the reciprocal of the average 
life (0) of all the atoms of a given species. The half life period of a radioactive 
element is the time (7) required for half of any given quantity to undergo 
change. 

T = 6-nat log 2 


The period of any radioactive element is its most fundamental physical con- 
stant. The different periods found among the various radioactive elements 
embrace an extraordinary range from 107" seconds to 10!° years. Some 
empirical relations have been found between A and other constants, but the 
fundamental principles, doubtless involved in the little explored structure of 
the nucleus, are yet to be disclosed. The initial attack on this problem by 
means of wave mechanics is referred to on page 1374. 

Radioactive Equilibrium: The rate at which one element changes into 
another or the relative periods of the members of a radioactive series of elements 
evidently control the quantities of the elements that can coexist. The shorter 
the life of a given element, the smaller the quantity that can coexist with its 
parent or offspring elements. The relations which exist may be variously 
classified according to the genetic distribution of elements with different life 
periods. One of the simplest and most important cases is that of a long-lived 
parent succeeded by a much shorter one. The latter will accumulate until 
the rate of its decay just counterbalances its rate of formation, when an ir- 
reversible dynamic equilibrium results—called radioactive equilibrium. For 
the case of a long-lived parent Ai with period A of which N; atoms, are present, 
the equilibrium quantities of element A», As, etc., are given by 


AN; = ALN. = A3sN3-°:, 
or 


Thus, the equilibrium quantities are inversely proportional to the periods. 
This is a principle of first importance, since it means that only long-lived 
elements can be accumulated in large quantities and vice versa. 

Another principle of importance in connection with radioactive equilibrium 
is one which for convenience may be termed ‘‘constant flux” of atoms. It 
follows directly from the definition of radioactive equilibrium that, in a series 
in equilibrium, the number of atoms of each kind undergoing change in unit 
time must be a constant. Since one a-particle (or 6-particles) is emitted per 
atom changing, the number of a-particles emitted per second is constant for 
equilibrium quantities of all the elements in a series. It is therefore evident 
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that much simplicity is effected by choosing a gram of one member in a series 
as the quantity unit and letting the quantities of other members of the series 
in equilibrium with 1 gram of the standard be designated by a common unit. 
It must be understood that these simple relations hold only in a straight series, 
where no branching occurs. 

Emission of Energy: One of the most striking properties of radioactive sub- 
stances is the continued emission of energy in the form of high velocity particles 
the absorption of which results in the production of heat. It is now conceded 
that the ultimate source of this energy is the intra-atomic energy residing in 
the nucleus of the atom. Although its total quantity is unknown, it is quite 
evident that the portion liberated in a single atomic transition far exceeds the 
energy associated with ordinary chemical action. On this account there has 
been much speculation about the possibility of utilizing intra-atomic energy 
for power generation. Many fantastic statements have been made about the 
total heat evolved by-1 gram of radium during its entire life and how much 
work could be accomplished with it. While it is true that a battleship could 
be lifted with the total energy from a relatively small quantity of radium, it is 
impossible to change or control the rate of energy emission, and hence it is 
quite as hopeless for a gram of radium to expend all its available energy in one 
burst as it would be for a man to perform a herculean task by expending the 
total energy of his whole life in a single moment. 

One remarkable result of the heat emission of radioactive substances is its 
effect in the earth’s crust. The content of radium in the earth’s crust is of the 
order 2-4 & 10~” gram per gram of rock, the corresponding uranium content is 
6-12 * 10-*; the thorium content is 1-2 * 10~-°. The total heat evolved is so 
great that it has been calculated to be much in excess of the radiation from 
the earth; hence, the earth must be becoming warmer instead of cooler. Joly? 
has recently based a new theory of structural history of the earth’s crust on 
the assumption that the earth passes through a succession of cycles, radio- 
actively heating up owing to the poor conduction of the crust until it melts, 
then a period of more rapid heat loss until solidification again results and 
consequent thickening to a maximum thickness of about 30 km., then melting 
at the bottom, thinning until completely fluid and so forth through a series of 
cycles (cf. p. 1765). 

a-Rays: One of the early accomplishments of Rutherford was the demon- 
stration that an a-particle is a helium atom with a double positive charge, 
Het+. This is evidently the He nucleus. Owing to the high initial velocity 
of @ particles (1/15 to 1/20 velocity of light), one would expect that the two 
electrons associated with ordinary helium could not accompany it in this rapid 
flight. Henderson * has shown that in fact an equilibrium 


Het+ + © = Het + © = He 


1N. E. Dorsey, J. Wash. Acad. Sci., 11, 381 (1921). 

2J. Joly, Phil. Mag. (6), 45, 1167; 46, 170 (1923). 

3G. H., Henderson, Proc. Roy. Soc., 102A, 496 (1923). Rutherford, Phil. Mag., 47, 
277 (1924). R.H. Fowler, abid., 47, 416 (1924). 
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represents the true state of affairs; in other words, an a-particle captures 
electrons and loses them again in its flight, and as its velocity diminishes the 
equilibrium is shifted toward neutral He. 

Owing to its high velocity and mass of atomic dimensions the a-particle 
possesses great kinetic energy which renders it a powerful agent endowed 
with many unusual properties. Due to its charge and velocity it is deflected 
by powerful magnetic and electrostatic fields. By such deflection its e/m 
value was determined. Deflection of a-particles by atoms through which they 
pass has proved a most fertile means of studying atomic structure. The 
Rutherford theory of atomic structure resulted from his studies of deflections 
and nuclear encounters of a-particles. 

As long as the velocity of the a-particle is great, it passes in a straight line 
through the electronic fields of a large number of atoms, removing electrons 
and thus producing ionization. Toward the end of the path when the velocity 
is becoming diminished, deflections from the straight line of flight result, a 
process termed scattering. Very 
rarely, a large deflection or re- 
versal of direction occurs. The 
great rarity of this phenomenon 
led Rutherford to the present 
conception of the atom with a 
very minute nucleus. The total 
ionization per a-particle from 
different radioactive elements 
will be found in the tables for the 
different series. The distribu- 
tion of ionization along the path 
of an a-particle from RaC is 
shown in Fig. 1. The path 
would be identical for any other 
a-particle of the same velocity. 


N 


a 


a 
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N 


Number of lons Produced per 'Cm.(x 10*). 
nN 


° 


| 2 Ps) 4 5 é af r=} CLLOnKs . 
Range of Alpha Particles from Radium G The initial velocity of all a-par- 
in Cms of Air. ticles from a given kind of atom 
Fic. 1. The Distribution of Ionization is identical. For a-particles 


with initial velocity less than 
that of RaC, the path is the same, beginning at the corresponding point in 
the path. 

The range of the a-particle is the total distance it will traverse in a given 
substance until its energy is dispersed. See Tables V, VI and VII. 

When an a-particle impinges on phosphorescent zine sulphide, a scintilla- 
tion is produced. The observation of these scintillations furnished the first 
definite evidence of the existence of individual atoms. The enumeration of 
scintillations may be utilized to determine the number of a-particles being 
emitted by a known quantity of a radioactive substance. Since each a- 
particle emitted represents the disintegration of one atom, the method is 
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invaluable in determining the rate of atomic disintegration and, through it, 
the period, especially of the very long- or short-lived elements which are not 
subject to other more direct methods. 

The range of a-particles in a given gas is inversely proportional to the 
pressure, which means that the number of molecular encounters necessary to 
exhaust its kinetic energy due to radioactive change is constant for a given gas. 
The reciprocal of the range in any gas is termed its stopping power. The total 
ionization in any gas produced by one a-particle is called its total ionization 
and when referred to air as a standard (air = 1) is called the total specific 
tonization. The molecular specific ionization is the ionization referred to air 
along equal lengths of path, i.e., through the same number of molecules of any 
gas. In the following table will be found data relative to ionization and 
stopping power. 

TABLE I 


SToprpinc PowmrR AND IONIZATION (BY @-RAyYs) OF DIFFERENT Gases ACCORDING TO Braga! 


k X 100 s X 100 ks X 100 
PAU Reece smawayersy eda eran ier oa 100 100 100 
OE ie ice SOIREE SOK 100 24 23.3 
IN eerie Se eee 96 98.9 94 
Ogee eR oe eens 113 106.4 109 
CO RIMG. Cee ce Mike tret ale a el 101.5 98.5 100 
INO) sear tdi ks eid tae ella ss a= — 128 
(COOy Sea ae ee COO EE 103 150.5 152 
INGA Oy Claeee oer oa roe ee 105(99) 146 153 
INGE geese te tin ter took s<ccses trie 6 90 — 81 
COR ae otis oe a ie rene eee 137 218 299 
IS Osea eer ys ts wee eho iete 103 — 201 
1B ej cops oo ONC ERE Sn RON Oe _— 20.1 21.1 
PAD NNN Ceaiekatamaneont ee ore ate —_— 95.1 124.5 
Semper oat oer ce ais evede liar ers — —_ 390 
PEDES Ty te pal aren hates e coon sae lsuagone se 129 — — 
MET epi cies k Ras aarti vale: 0 a 129 — — 
PEL CS reer etas crgehaiayeucrsyaacs aspects 129 a — 
(Gls Poy arcmin § Coie choi iceerone 118 86 110 
CEO mperces eed Seles See es 122 — 174 
(OPS oe Eats catenins 126 112 140 
Colla eee ee ee ae oie 122 135 165 
(OHS Ih A Moa aie een Reet 130 151.4 197 
(Gila Svinte cena Satara te eae 135 354.4 485 
(Op18 HO leccia cao cuca eae 123 200 246 
isle, fee Matar aie a legis ated 129 333 430 
(GAS Le 5 8 octet one patie ce Dee ROE 133 258 343 
CWoPip rar tencde ciate cctas we bes 128 312 400 
(CHEKG) IAS Sega mcueacloneare Or cecrerae 129 316 408 
COR are inti re ars eee 132 400 528 
GES Breer beloi sent kere o) steradetiese te 132 203 275 


Total Ionization (k); Stopping Power (s); and Molecular Ionization (ks). 
1W. H. Bragg, Studies in Radioactivity, MacMillan, p. 65, 1912. 
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B-Particles: These are swift electrons which, like a-particles, originate in 
the nucleus of the atom. The mass of a stationary electron is 1/1839 that of 
the hydrogen atom or 0.898 X 10-7 g. The mass of 6-particles whose velocity 
approaches that of light has been found to increase in conformity with the 


relativity theory. 
y \2 |/2 
of QT" 
c 


where mp is the stationary mass, ™ is the mass at velocity v, and c is the velocity 
of light. Some 6-particles from RaC have the velocity equal to 0.998c. From 
other sources, 6-particles vary in initial velocity. They cease to ionize air 
below a velocity of 0.0063c. 

Owing to the small mass of an electron compared to a helium atom, B- 
particles have much less kinetic energy than a-particles. Consequently, they 
are much more easily deflected by magnetic and electrical fields, have a much 
smaller ionizing power, are more easily scattered and therefore pursue a more 
tortuous path in a gas. A {-particle of velocity 0.9¢ produces in air (N.T.P.) 
about 55 pairs of ions per 1 cm. of path or about 1/200 the ionization of an 
a-particle. 

The high velocity of B-particles seems to be very unfavorable for the loss 
of energy through ionization. Consequently, 6-particles are far more pene- 
trating than a-particles and follow quite a different absorption law. While all 
a-particles from the same source traverse the same distance, called the range, 
in a given substance and produce ionization according to a specific law, B- 
particles do not all complete a path of the same length, but are successively 
stopped according to an exponential absorption law, i.e., in passing through 
successive equal layers of the same material the same fraction of those entering 
is stopped in each layer according to the equation 


If aa Toe, 
in which Jo 1s the initial intensity of B-particles, J the intensity after passing 
thickness d in an absorbing medium with the absorption coefficient p. 
~ ln-2. 0.693;em:>" 


The half value layer D bears the same relation to uw as the half life period of 
radioactive elements does to A, the decay constant. 

The following table shows the absorption coefficient in aluminum of B- 
particles from different sources. The higher the absorption coefficient the 
softer the 6-particles. 

y-Rays: In y-rays one has the most penetrating form of radioactive radia- 
tion. The doubt as to their nature which earlier existed has been dispelled; they 
are electromagnetic disturbances of the same nature as light, but of extremely 
short wave-length and correspondingly greater penetrating power. Thev are 
not deflected by magnetic or electric fields. 


RADIOACTIVITY 1729 


TABLE II 
ABSORPTION COEFFICIENTS OF B-PARTICLES ! 
Element pom. Al D cm. Al 
LOD Soe a cies char A eee 460 URswh << ioc 
WUD.S ee areca aon a ee ae 18.2 3.8 XK 10 
TENE Gi c.ce 9. aR aU ee arn 312 2.2 X 1073 
LAN Big 4 cs chimes eae ene oe ae ee 13 : 77; 890 SoG 10a 5 09 108288 Oss 
1) Ol rete ne SE a ee we 13'S) 3150 Orley Ones Sa Sl Oe 
ROW D ovals ce cree ee RIO ae 5500 U4 Se MOE 
UREN DiS ae Seats Gaara clo ol cena 43 1.6 X 1072 


The crystal lattice method, which has proved invaluable in the spectrum 
analysis of X-rays, may be extended to the softer y-rays, but the harder rays 
are too short in wave-length for the crystal spacing to produce interference 
phenomena. The successive layers of atoms in the lattice act like a Rowland 
grating to produce interference and suppression of all rays except those of a 
given wave-length \ at a given angle of incidence (y) with the plane of the 
crystal lattice, according to the relation 


n\ = 2d-sin ¢, 


when 7 is a whole number 1, 2, 3, etc., and d is the lattice constant or the 
distance between the crystal planes, which, for rock salt, is 2.8 & 107-8 cm. 

The law of absorption for a homogeneous bundle of y-rays is exponential 
like that of 6-particles, but the absorption coefficient w is much smaller for 
y-rays, and, consequently, the half layer D in a given material much greater. 
For example, Dp, is 0.5 mm. for the most penetrating 6-particles and 14 mm. 
for the hardest y-rays. 

As will be seen from the following table of yw for y-rays from RaC in various 
substances, w varies approximately directly with the density. 


TABLE III 
ABSORPTION COEFFICIENTS OF y-Rays! oF RaC 

Substance py cm. by /Density 
ED OAM ey skates heh Nerelal loko wld ier 0.621 0.045 
IBD cta i O sate trae orden yarn 0.533 0.047 
Cer trails tees ehSion oeeisiats eeeic 0.395 0.044 
Tee a Nel eat wees 0.356 0.045 
(oh etveeiand Wl tee e eatar ee eso AEN 0.299 0.041 
VAS Sh A A A eee 0.322 0.045 
OA Sse CS ORES CAE Or OO OTS 0.126 0.047 

Sse arcv a ose rete les sksues ea sen Seer 0.091 0.046 
ED Oe swPe fe yates ce-ato, oreo toncheaeters sa 0.055 0.055 2 
ATT Ate LOO w wraveyaty meal wis 5)¢ 4.64 X 107 0.0378 2 


The coefficients in aluminum of y-rays from various elements are shown 
as follows: 


1 Meyer and Schweidler, ‘‘ Radioaktivitat,” Teubner, Berlin-Leipzig, pp. 127; 644; 152 


1927. 
2 Hevesy and Paneth, Lehrb. d. Radioaktivitat, p. 40, Barth, Leipzig, 1923; Radioactivity, 


p. 46, Oxford Press, 1926. 
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TABLE IV 
ABSORPTION COEFFICIENTS OF y-Rays IN ALUMINUM 
Element bey cm. Element by cm. 
RaB otk eters cscs 230 LU aiteretaueyeye (or sierersictecstaietere 354 
40 16.3 
0.57 0.27 
RaG@eereck one oaees 0.23 Ms Thon t..veelsce nies 26 
0.127 0.116 
THB pisvensiehsWier-covsicle 160 TO: scorer tue earns re eae 1088 
32 22.7 
0.36 0.408 


The energy distribution among the various types is by no means equal. In 
the radium series, by far the greatest part of the y-ray energy is emitted by 
RaC, in the thorium series MsTh,, and ThC emit penetrating y-radiation in 
quantities of the same approximate magnitude. 

The ionization produced by y-rays is largely due to the electrons set free 
with sufficient velocity to ionize gas molecules along their paths. The number 
of ions per second produced by the y-radiation of RaC is approximately equal to 
that of B-radiation. Owing, however, to the much longer paths of the y-rays, 
the ionization per cm. of path is much smaller than in the case of 8-particles. 

Secondary Rays: All three types of rays, a, 6 and y, are capable of causing 
emission of secondary radiation from the molecules by which they are absorbed. 
The secondary radiation may be either electronic or electromagnetic in nature. 
The initial velocity of the secondary #-rays or electrons generated by y-rays 
depends on the hardness of the y-radiation and is limited by the quantum 
relation 


eV = hy, 


when » is the y-ray frequency and eV the maximum energy of the secondary 
electrons, but is independent of the nature of the matter in which the absorp- 
tion takes place and of the intensity of primary y-radiation. The number of 
secondary §-rays is proportional to the y-ray intensity and increases with the 
atomic weight of the absorbent. When the primary y-radiation falls on an 
absorbing screen, the secondary f$-radiation emitted from the entering side is 
termed incident; its intensity increases with the screen thickness and for 
aluminum attains half value at 0.5 mm.; it also increases with the atomic 
weight of the screen material. The intensity of the secondary B-radiation 
emitted from the opposite side of the screen exceeds the incident secondary 
radiation in all substances except in lead. With increasing thickness of screen 
it increases to a maximum and this again falls off. 

The production of secondary X- or y-radiation by electrons also obeys 
the quantum relation just as in the converse process discussed above. Accord- 
ingly, 2500 volts would be required to supply the energy (eV) necessary 
to generate X-rays of \ = 4.88 X 10-§ cm. The softest y-ray of RaB (A 
= 1.365 X 10-° cm.) would require 89,000 volts, and the hardest y-ray from 
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RaC (A not accurately known) would require a voltage of the order of 2,000,000 
volts. The present X-ray technique is limited to about 350,000 volts which 
leaves the corresponding X-ray lacking the penetrating power of the hardest 
y-rays by about 14 fold. 

Secondary rays both of the 6- and y-ray type are also produced by a- 
radiation. The secondary §-particles are very soft, with only about four 
times the energy necessary to produce one pair of ionsin air. The 6-rays which 
are produced by all a-radiations are also slow electrons or very soft 6-rays of 
secondary origin. 

Recoil Atoms: When an a-particle is emitted from an atom of a radio- 
active element, according to the principle of action and reaction a recoil motion 
is imparted to the residue of the parent atom impelling it in the direction 
opposite to that taken by the a-particle. It becomes the recoil atom. If m 
and v be the mass and initial velocity of the a-particle and M and V those of 
the recoil atom, then by the principle of equal momentum MV = mu, from 
which 


v=(")o and pee) = (7) acme 


That is, both the velocity and kinetic energy of the recoil atom ‘is that fraction 
of the velocity and kinetic energy of the a-particle, represented by the ratio 


of the mass of the a-particle to the mass of the resulting recoil atom ca ’ 


which, for the different cases arising, will have values between 1/50 and 1/60. 

The recoil atoms from a-particles are swift enough to produce very intense 
ionization, though over a very limited range. The recoil atoms resulting from 
RaA have a range in air of about 0.14 mm. and of 0.83 mm. in hydrogen. 
This is about 1/350 of the range of the a-particles emitted, and since the energy 
of the recoil atoms is about 1/50 that of the a-particle, the rate of energy ab- 
sorption must be about 7 times as great by recoil atoms as by a-particles. It 
has been found that the maximum ionization by recoil atoms is about 5 times 
as great as that of a-particles over the same path in air. 

Owing to their lower velocities relative to those of a-particles, recoil atoms 
diminish in ionizing power with diminishing velocity over their whole paths, 
or, in other words, they exhibit only that rapidly dropping part of the 
ionization curve shown for a-particles in their final stage when absorption and 
scattering are very rapid (see p. 1726). 

Recoil atoms have, like a-particles, the property of activating some ele- 
ments and of causing chemical reactions to ensue at ordinary temperature.” 
Those will be discussed in a later section. 


1 Meyer and Schweidler, Radioaktivitat, Teubner, Leipzig, p. 261, 1916. 
2Lind. J. Am. Chem. Soc., 41, 551, (1919). 
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Recoil atoms from @-particles have velocities of the same order of magnitude 
as gas molecules at ordinary temperatures. Ionizing properties have not been 
observed, but, occasionally, recoil from 6-rays has been observed with sufficient 
energy to remove the parent atom from the active surface. The energy of 
recoil from a-particles is far greater and has been utilized to separate members 
of the radioactive disintegration series from their parent elements. 

The Uranium Series: Uranium is the parent member of the best known of 
the three radioactive families. 'The members of this series and some of their 
most important radioactive and other properties are shown in the preceding 
table. 

Where branching occurs in the series it is indicated by the percentage shown 
for the first two members resulting from the two limbs of the branch. For 
example, UX, disintegrates into UX, to the extent of 99.65 per cent, and to 
UZ to the extent of 0.35 per cent. Similarly, UY is a 3 per cent branch from 
Un. UY is possibly the parent of protactinium, the initial member of the 
actinium family (see the actinium series). 

Before taking up the individual members of the uranium series, some of 
the general principles that can be deduced by inspection of the table will be 
considered. Of course, many of the data given in the table are calculated by 
means of these principles, and thus the table was constructed by a process the 
reverse of the one that will now be followed. 

a-Ray Changes: Whenever an a-ray change is observed it will be found that 
the atomic weight is diminished by four units. This follows from the fact that 
a helium atom of atomic mass four is removed from each atom. This principle 
has been verified experimentally in a number of ways. In passing down the 
series from uranium (238) to radium, three a-ray members U;, Uy and Io are 
involved; hence one would predict a drop in atomic weight of 3 X 4 units, or 
radium should have the atomic weight 226 which has been verified by the very 
accurate work of Hénigschmid.! Again, there are 5 a-ray members between 
radium and RaG, leading one to expect an atomic weight of 206 for RaG, which 
has been verified by Richards,? Hénigschmid 3 and others. Finally the entire 
span from Th (232) to ThD involves six a-radiators and ThD has been found 
by Hénigschmid and Horovitz 4 to have an atomic weight of approximately 208. 

Moreover, the volume of pure radon has been found to be about 0.6 mm.? 
per curie, which is the volume to be expected from the number of a-particles 
emitted and the Avogadro number (total number of molecules in a gram-mol. 
= 6.06 X 107). 

It may also be observed that the emission of one a-particle leads to a new 
atom with an atomic number lower than that of the parent atom by two units, 
which follows directly from the definition of the atomic number as the net 
positive charge on the nucleus and the fact that an a-particle removes two 


1 Sitzb. Akad. Wiss. Wien, 120, 1617 (1911). 

2T, W. Richards and P. Putzeys, J. Am. Chem. Soc., 45, 2954 (1923). 

30. Hénigschmid and St. Horovitz, Sitzb. Akad. Wiss. Wien, 123, 2407 (1914). 
4 Sitzb. Akad. Wiss. Wien, 123, 2407 (1914). 
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positive unit charges. Similarly, the removal of a 6-particle from the nucleus 
increases the net positive charge and hence the atomic number by one unit. 
It follows that, whenever the succession of changes in any series is such that an 
a-radiator is preceded by, followed by, or lies between two {-radiators, the net 
result is an element with an atomic weight four units lower, but having the 
same atomic number as the original element at the head of the changes. Since 
it has been shown that isotopes have the same atomic number, one should 
expect the initial and final members of such a series of changes to be isotopic. 
This is verified in a number of cases in the various families, for example, by the 
sequence U;> UX, ue UX2 Es Uy. A number of highly important relation- 
ships arise in the periodic system from the principles just stated, but their 
full consideration will be more advantageously approached after the other two 
radioactive families have been presented 

The Thorium Series: Like the uranium series this series has at its head an 
element known before the discovery of its radioactive properties. It has many 
points of similarity to the uranium series. Its members emit the same types 
of radiation with the same general characteristics. One and only one gaseous 
member occurs, thoron, which is the parent of a sequence of members showing 
striking common properties with the corresponding members in the uranium 
series. The branching which takes place at ThC giving 35 per cent of ThC” 
and 65 per cent of ThC’ is a much more evenly balanced branching than is 
found in the uranium series. Other important differences are the occurrence 
of a marked y-radiator (MsTh:) ahead of thoron, and the brief life of the latter. 
Also MsTh, which corresponds most closely to Ra has a life so much shorter 
that it cannot be collected in sufficiently large quantities to enable the direct 
determination of its atomic weight. The characteristics of the series are given 
in Table VI. 

The Actinium Series: This series has long been known to be genetically re- 
lated to the uranium series. The exact position of the branching has been the 
object of much research and speculation. While it is still in doubt, the origin 
suggested is at present regarded as the most likely one, namely, a 3 per cent 
a-ray branching to UY from which protactinium is formed by a 6-ray change. 
The actinium series is presented in the accompanying table (Table VII). 

What Constitutes a Radioactive Series? The fact that the actinium series 
is a branch of only 3 per cent from the uranium series has been pointed out. 
It has also been seen that other branches, even of much higher percentage, 
are not designated as independent series. One of the distinguishing charac- 
teristics of a series has always appeared to be the occurrence of one and of only 
one gaseous member. As will be shown later, these gaseous members belong 
to the rare gas group like argon, krypton and xenon. A study of the section 
on the displacement law (p. 1750) will disclose the probability that one and only 
one gaseous member should be included in a series. In other words, the radio- 
active elements extend over only about one and a half octaves in the periodic 
system. On going lower in atomic weight, the stable elements are encountered, 
on going higher one reaches a region of instability apparently so great that 
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the elements, if they ever existed, no longer are found, or at least have not yet 
been discovered on the earth. 

The general characteristics of the genetic series of elements and of their 
principal radioactive properties may be learned from Tables V, VI and VII; 
the properties and separation of the individual radioactive elements may now 
be considered. 

Nomenclature: The nomenclature of separate elements, while greatly im- 
proved by unification, is not yet on a uniform basis. Several different principles 
have been followed. The most consistent has been that of attaching the 
first letters of the alphabet to the family name to designate the members 
immediately succeeding the gaseous member, as RaA, B, etc., and, similarly, 
ThA, ete., and AcA, etc. Another principle has been that of attaching to 
the parent of the series prefixes like meso- and radio- to distinguish certain 
members above the gaseous members, or to affix the final letters of the alphabet 
like X, Y and Z. Isotopy has been indicated in some cases like U; and Us>. 
The several principles may lead to more than one name for the same element; 
for example, RaG is also called U-Pb. Individual names like polonium (RaF) 
and ionium have also been adopted for some of the early discoveries. The 
term emanation was adopted for the gaseous members before their material 
nature was recognized. While very generally accepted, the disadvantages are 
serious; in English at least, the layman has always confused the terms emanation 
and radiation, leading to unfortunate popular conceptions, such as the possi- 
bility of accumulating and storing the radiations. On the other hand, separate 
terms like niton for RaEKm (Rn) has the serious disadvantage of losing the 
family name and of requiring many new terms if all the radioactive elements 
were given such names. Hence the names radon, thoron and actinon seem 
most satisfactory and have been adopted for the gaseous members of the 
three families. 

Uranium: This element consists of at least two isotopes U; and Us, though 
the latter, on account of its shorter life, constitutes only 0.04 per cent of the 
equilibrium mixture. U2 cannot be separated from U,; but may be obtained 
by growth from UX, which has been separated chemically from the mixture. 
The experimental value 238.18 for the atomic weight of U has been determined 
with the greatest care, and, although it has brought it much closer to 238.0, 
which would correspond to 226.0 for Ra, than the old value 238.5, the dis- 
crepancy with theory is serious enough to suggest it may contain a third un- 
known isotope of higher atomic weight. This has suggested a different possi- 
bility for the origin of actinium from that shown in the actinium series, with 
the hypothetical U isotope as its parent. 

The very long periods of decay of U; and Uj, preclude the direct observa- 
tion of their values; they have been calculated from the rate of emission of 
a-particles and from the Geiger-Nuttall relation. Either the black oxide 
(U3;0s) or the uranyl nitrate (UO2(NOs)2.6H2O) is usually employed as an 
a-ray standard in radioactive measurements. The old system of reporting 
even high values of activity in terms of the uranium equivalent has been 
abandoned in favor of the International Radium Standard (see p. 1337). 
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UX; is an isotope of Th and would therefore be similarly separated (see 
Ionium, below). 

UX, is an isotope of Pa and may be obtained from solutions of UX1 either 
by electrolytic separation or by precipitation together with tantalum oxide. 

UY and UZ receive their names from their occurrence in uranium salts. 
Their weak activity compared with other B-radiators makes it evident they 
are not members of the main U series. The exact method of their genesis 
is not clear but the evidence points toward UY as the parent of Pa and hence 
of the Ac series. 

Ionium: This possesses especial interest as the parent of radium and also 
as an a-radiator of suitable life period to be of practical interest if it could be 
obtained in a pure state. This latter has not been possible on account of its 
being an isotope of thorium so that the purest ionium yet obtainable was 
estimated by atomic weight determination to contain only 30 per cent Io, 
though the two atomic weights are so close together that the greatest experi- 
mental accuracy leaves the calculated purity in considerable doubt. 

Radium: This is the radioactive element of the greatest theoretical and 
practical interest. Its life is sufficiently long for it to accumulate in amounts 
which have rendered its separation feasible in quantities readily handled by 
ordinary chemical methods. Its atomic weight has been determined with 
great accuracy. Its spectrum has also been determined. It is the next higher 
homologue of barium in the periodic system to which it has great similarity 
in chemical properties. The corresponding radium and barium salts are 
isotropic. Owing to their chemical similarity, radium and barium are not 
easily separated by reactions involving fractional precipitation or solution. 
So far reaching is this inseparability under ordinary circumstances that radium 
and barium have been referred to as “‘pseudo-isotopes.””’ Radium and barium 
are readily separated by the fractional crystallization of their chlorides and, 
more readily, of their bromides. 

Radium is isotopic with MsTh; and ThX, but, owing to the small quantity 
of Th in the principal ores of U, radium is not usually contaminated with 
MsTh; to a serious extent. Like the corresponding barium salts, RaCl..2H.O 
and RaBr,.2H.O are readily soluble in water, which should be acidulated 
with HCl or HBr to prevent precipitation by carbon dioxide or as basic salts 
that might be formed in the oxidizing atmosphere produced by the action of 
a-rays on water. Such solutions are extensively employed for the collection 
of radon for therapeutic use. 

The two most commonly prepared insoluble salts of radium are the car- 
bonate (RaCO;) and sulfate (RaSO,). The former is soluble in HCl or HBr. 

When the salts of radium are sealed up in small volumes, care must be taken 
to remove the last traces of water (even of crystallization), otherwise the 
decomposition of water by a-rays will lead to the liberation of hydrogen (and 
oxygen ?),' which, in the limited space, produces dangerous pressures in the 
glass tube containers. 


1 Oxygen may be wholly utilized in forming oxyhalide salts, leaving only hydrogen free. 
This is surmised from the fact that the equilibrium 2H2 + O2=— (2H2O) under a-radiation 
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Measurement of Radium: This is accomplished either by the a-ray solid 
method, the radon method, or the y-ray method, depending on circumstances. 

The y-ray method is used for the comparison of the larger quantities of 
radium (> 1 mg.) ina fairly concentrated state (> 1 per cent purity).!. Either 
an electroscope or an electrometer may be used. All a- and #-radiation is 
screened out by a lead screen $ to } inch thick. Of course, the y-radiation 
compared is from RaC, and hence the preparation must have been sealed at 
least one month for the RaC to accumulate to equilibrium quantity. Other- 
wise, the time of accumulation must be accurately known and asuitable correc- 
tion be applied to obtain the equilibrium value. International radium standards 
have been prepared by recrystallizing radium chloride until pure and especially 
free from barium chloride, as indicated by very careful atomic weight de- 
terminations. Weighed quantities of the pure radium chloride were sealed up 
in glass tubes and compared by their y-radiations. Those independently 
prepared by Mme. Curie and by Hénigschmid were found to be in good agree- 
ment for the y-radiation from equal weights. Hence 1 gram has been adopted 
as the unit quantity of radium element. 

Occurrence and Recovery of Radium: Radium occurs in the great majority 
of uranium minerals in the equilibrium ratio of 1 part of radium to 3,000,000 
parts of uranium by weight. The only exceptions are: (1) Ores of too recent 
origin for radioactive equilibrium to have been reached. (2) Some uranium 
ores of secondary origin of rather loose structure which are subject to removal 
of part of the radium content by leaching, leaving the Ra: U ratio below 
normal. Correspondingly, some natural waters are found to contain measur- 
able quantities of radium in solution. 

The recovery of radium from uranium ores may be accomplished in one 
of two general methods: (1) Attack by an acid such as hydrochloric or nitric 
acids which take radium into solution: after filtration radium is precipitated 
together with barium as sulfate. (2) The ore is attacked directly with sulfuric 
acid, converting the radium and barium into sulfate which must be removed 
from the insoluble ore residue by some kind of mechanical concentration. 
These two types of treatment are subject to various modifications. The result 
of the acid leach is sometimes more effective if sulfates be converted to carbon- 
ate by a previous carbonation, hot or cold, or sometimes by fusion, followed 
by a water wash to remove sulfates, before attacking the radium-barium 
carbonate with hydrochloric acid. 

In all processes the radium at some stage is precipitated together with 
barium as sulfate. The proportion of RaSO. to BaSO, first precipitated varies, 
but is of the order 1 to 1,000,000 or less. If the ore has not this proportion 
of barium, it must be added in the leach or just before precipitation, to take 


has been found to lie far toward H2O formation, and yet high pressures are known to bo 
produced. 

1 For less accurate results the gamma ray method has been employed to estimate even a 
few micrograms of radium and in much greater dilution (cf. H. Schlundt, H. H. Barker and 
F. B. Flinn, Am. J. Roentgenol. Ra Therapy, 21, 345 (1929); also W. Bothe, Physik. Z., 16, 
33 (1915); W. A. Sokolow, Z. Phystk., 54, 385 (1929). 
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advantage of the pseudo-isotopic property of barium toward radium, to insure 
good recovery. For the same reason, a soluble barium salt is added to a 
radium solution to “protect” the radium from precipitation by small accidental 
quantities of precipitant, thus preserving its full “emanating power.” 

The co-precipitation of radium and barium presents some highly interesting 
features. It seems anomalous that radium should be precipitated together 
with barium at a concentration far below that corresponding to the solubility 
of pure radium sulphate (about 1/100 that of BaSO,). This action is exactly 
that to be expected if radium and barium were truly isotopic, but they have, 
of course, atomic numbers widely different, and can readily be separated by 
fractional crystallization of the halides. Moreover, since they are not isotopic, 
one would expect the theoretically unstable condition established by the co- 
precipitation to revert to equilibrium by the return of radium into solution 
Such is not the case. On the other hand, the degree of co-precipitation is not 
so rigid as with true isotopes.1. The behavior of isotopes in similar reactions 
will be discussed later in the section on the radio-elements as chemical in- 
dicators. 

The Chemical Properties of Radium: The properties of the element are 
those to be expected from its position in the periodic system. For example, it 
may be predicted from the relative solubilities of CaSO., SrSO4 and BaSO, 
that RaSO, should have a solubility less than that of BaSO, by about 100 fold, 
which has been found to be the case.2 Similarly, from the solubility of 
Ca(OH):s, Sr(OH).2 and Ba(OH), it may be predicted that Ra(OH)2 should be 
even more soluble*® than Ba(OH)2. This has been confirmed and made use 
of in their separation in strongly alkaline solutions at low temperature. 

In general, it should be noted that the radioactive properties of an element are 
exhibited only at the moment of transition to another. Statistically, only that 
fraction of the atoms undergoing radioactive change within a given interval of 
time ts responsible for the radiation and for the other radioactive manifestations; 
the remaining atoms, either before or after change, have only the properties of 
ordinary chemical elements. 

Radon: This is the heaviest homologue of the noble gas series. Owing to 
its property of diffusing from solids and solutions containing radium and 
apparently of producing radioactive properties in the objects with which it 
comes in contact, it was given the name radium emanation. As already pointed 
out, this term as well as others proposed should be substituted by the name 
radon adopted by the International Committee of Chemical Elements. The 
critical temperature of radon is + 105°, its boiling point is — 62°, its freezing 
point — 71°. The solubility in water diminishes with the temperature; it also 
obeys Henry’s law. The partition coefficient between air and water is at 0°, 
0.510; at 10°, 0.350; at 16°, 0.3; at 20°, 0.255; at 100°, 0.107. Salts in solution 

1H. A. Doerner and W. M. Hoskins, J. Am. Chem. Soc., 47, 662 (1925); L. M. Henderson 
a ee ee ibid., 49, 738 (1927); V. Khlopin and A. Polessitskii, Z. anorg. Chem., 172, 


2 Lind, Underwood and Whittemore, J. Am. Chem. Soc., 40, 465 (1918). 
3R. K. Strong, J. Am. Chem. Soc., 43, 442 (1921). 


RADIOACTIVITY 1741 


lower the solubility; the coefficient in 1 molar salt solution at ordinary temper- 
ature is 0.16; between blood and air at body temperature is 0.42.1 Most 
organic liquids dissolve radon to a greater degree than does water. 

The percentage loss of radon from solids has been termed “emanating 
power” of the solid in question. Dry radium salts usually lose by diffusion 
only about 10-15 per cent of their equilibrium quantity of radon. Wetting or 
heating materially raises the proportion liberated. Compact ores like pitch- 
blende, even when finely ground, lose only a few (3-8) per cent; carnotite loses 
much more (16-50 per cent). Raising the temperature of dry salts, even to 
1000° C. or higher, has not proved an efficient method of de-emanating; treat- 
ment by solution or fusion is necessary. 

The quantity of radon in equilibrium with 1 gram of radium is termed 1 
curie; it has the volume 0.63 mm. and weighs 6.5 X 10° g. The curie? 
is subdivided into milli-, micro-, and milli-micro-curies. 

The absolute purification of radon in order to determine its true volume is 
of great scientific interest but very difficult to accomplish. Less rigid purifica- 
tion is sufficient for many scientific and for therapeutic purposes. The usual 
practice is to maintain a solution of radium (chloride or bromide) in acid solu- 
tion with high protective barium to prevent precipitation. From this solution 
the radon is collected under vacuum and separated from the decomposition 
products of the solution by suitable chemical treatment. The principal im- 
purities are hydrogen and oxygen from the decomposition of water by a-rays, 
of which hydrogen is in excess owing to the formation of oxyhalides and H,0, 
in solution, but principally due to hydrogen from the decomposition of the 
halide acid, the halogen having been retained by mercury in the collecting 
system. Other impurities are carbon dioxide by oxidation of stop-cock grease, 
organic gases from its decomposition by a-rays, and helium. The latter can 
be removed only by freezing the radon by liquid air and pumping off the 
residual gas. 

Besides its convenience as a source of y-radiation, radon may be employed 
as a source of a-rays by mixing it in the system to be radiated; it may also be 
confined in small glass capillaries or bulbs with walls a few microns thick which 
allow the passage of a-particles with an absorption equivalent to about 1 cm. 
of air per 6 microns of glass. 

The rate of decay of radon when separated from its parent, radium, or of 
its production in its presence may be obtained from the following table for one 
It will be noticed that radon accumulates from 0 to practically 100 per cent in 
about 1 month, and attains half value in 3 days and 20 hours. 

Short-lived Active Deposits: The first three members below radon, RaA, 
RaB and RaC, are all rather short-lived. Consequently, radon attains equi- 
librium in about 4 hours with all three. Since they are solids, they are deposited 

1 Mache and Suess., Wien. Ber., 121, 171 (1912). 

2A concentration unit based on the electrical discharging power of radon has also been 


employed. 1 Mache unit = 3.6 X 107” curie/liter. Essentially, the Mache unit is now a 
wholly secondary one, unscientific in definition, impractical to determine, which should be 


abandoned. 
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0. 0.99625 
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2 0.98511 
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3 0.97775 
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719 

6 0.95600 
715 
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709 

8 0.94176 
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9 0.93473 
699 

10 0.92774 
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12 0.91393 
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13 0.90710 
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14 0.90032 
672 
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16 0.88692 
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633 

23 0.84156 
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0.47592 
0.46533 
0.45498 
0.44486 
0.43496 
0.42528 
0.41582 
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0.39455 
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0.37158 
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0.34994 
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0.21014 
0.20393 
0.19790 
0.19205 
0.18637 
0.18087 
0.17291 
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TABLE VIII—(Continued) 
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10 0 0.16530 14 16 0.07136 21 12 0.02086 
1212 0519 01496 
10 6 0.15803 15 0 0.06721 22 0 0.01906 
1159 0489 01367 
10 12 0.15107 15 8 0.06329 22 12 0.01742 
1108 0461 01250 
10 18 0.14442 15 16 0.05961 23 0 0.01592 
1059 0434 01142 
16! 0 0.13807 16 0 0.05613 23 12 0.01455 
1013 0409 01044 
11 6 0.13199 16 8 0.05287 24 0 0.01330 
0968 0385 00954 
11 12 0.12619 one 16 16 0.04979 24 12 0.01216 
0362 00872 
11 18 0.12063 17 0 0.04689 25 0 0.01111 
0885 0341 00797 
12 0 0.11533 17 8 0.04416 25 12 0.01015 
0846 0321 00728 
12 6 0.11025 17 16 0.04159 26 0 0.00928 
0809 0303 00637 
12 12 0.10540 18 0 0.03916 27 0 0.00775 
0773 02809 00532 
12 18 0.10076 18 12 0.03579 28 0 0.00647 
0739 02567 00444 
13 0 0.09633 19 0 0.03271 29 0 0.00541 
0701 02346 00371 
13 8 0.09072 19 12 0.02990 30 0 0.00452 
0660 02144 —e 
13 16 0.08543 20 0 0.02732 40 0 0.000747 
0622 01960 — 
14 0 0.08046 20 12 0.02497 50 0 0.000123 
0586 01791 = 
14 8 0.07577 21 0 0.02282 oo) 0.00000 
0552 01637 


on the surface of any object with which they come into contact and thus produce 
the phenomenon originally called “‘induced radioactivity,’ now termed ‘‘active , 
deposit.” 

On account of its strong y-activity, RaC is the most important member. 
This y-radiation furnishes the most convenient means of measuring RaC and, 
through it, both radium and radon. The y-radiation of RaC is also that 
utilized for therapeutic purposes. 

Active deposits may be most conveniently collected from the gas, either 
with or without the aid of an electric field. The former is the more efficient 
method. A metallic wire, disk or plate on which it is desired to collect active 
deposit is charged negatively to about 300 volts. Owing to the residual positive 
charge of the active deposit, it is collected on the cathode, though never with 
100 per cent efficiency. By making the time of collection long or short, the 
long- or short-lived members are relatively favored. Subsequent separation is 
usually desirable and this is accomplished in a number of ways. (1) To remove 
RaA, advantage may be taken of its short life, so that after 15 or 20 minutes 
have elapsed only RaB and RaC remain; they may be separated either elec- 
trolytically or by their difference in volatility. At 800°, 75 per cent of RaB 
and only 20 per cent of RaC are volatilized. 
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In order to effect chemical or electrolytic separation, the active deposit is 
dissolved from the wire or foil in dilute acid and the usual method for the 
separation of bismuth (isotopic with RaC) and lead (isotopic with RaB) is 
applied. Ata cathode potential of not over — 0.5 volt and a current density 
of 0.4 milliampere per cm.?, pure RaC is deposited. More simply, the C- 
members may be deposited from weakly acid solution on nickel foil. Reten- 
tion of RaB in solution is promoted by the addition of a Pb salt, though this 
is not permissible if pure RaB is desired. 

RaA is isotopic with RaC’ and polonium which have no isotope among the 
common elements. 

RaB is a lead isotope. It emits B- and y-radiation which, though much 
less penetrating than that of RaC, is sufficiently intense to cause confusion in 
making y-ray comparisons of radium preparations not in equilibrium (hence 
containing different proportions of RaB) with a standard in equilibrium, unless 
sufficient lead screening is used (% inch) to stop y-rays from RaB. 

RaC is a bismuth isotope. It shows the property of branching, 99.97 per 
cent going by B- and y-radiation to RaC’ and 0.03 per cent by a-radiation 
to RaC”. 

RaC’, isotopic with polonium, is the parent of RaD. It emits the most 
penetrating set of a-rays in the U-Ra series. 

RaC” is a thallium isotope. It emits B-rays and probably produces RaD, 
or an isotopic isobar of it. 

RaD is a lead isotope, frequently referred to as radio-lead. Its half period 
is not very definitely known (16-25 years). Being the longest-lived member 
between radium and RaG, it controls the rate of formation of RaF (polonium). 
The result is that when a short but intense exposure to radon has produced 
(in an electroscope or in a room) an intense a-radiation, which dies out rapidly 
with the decay of the short-lived members, a longer-lived a-radiation from RaF 
will be developed slowly and reach its maximum intensity years later, as 
controlled by the long-lived RaD. 

English lead contains such quantities of RaD that it cannot be used for 
making electroscopes until RaD has had time to decay. Consequently old 
cathedral roofing 300 years or more old is preferred. American lead is free of 
RaD and can be used at once. 

Rak is a bismuth isotope which cannot be accumulated in visible or weigh- 
able quantities on account of its rather short half-period, 4.85 days. 

RaF has no isotopic member among common non-radioactive elements. Its 
other isotopes are still shorter-lived, and hence the properties of this family of 
isotopes must be studied by means of polonium, which has a half-period of 136 
days. It is quite similar in chemical properties to the analogues bismuth and 
tellurium. It has been shown by Paneth! to be capable of forming a volatile 
hydride. In neutral or weakly acid solution, polonium exists in the colloidal 
state. Polonium possesses scientific interest as a pure a-radiator, owing to the 
fact that when it is separated from preceding elements there are no succeeding 

1 Ber., 51, 1704-28 (1918). 
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ones to produce a contaminating 8- and y-radiation. This condition is not met 
so favorably elsewhere among the radioactive elements. 

RaG is the end member of the U-Ra series. It is isotopic with lead, and 
has been found to have the theoretical atomic weight 206. This, together with 
the fact that it has been found to accumulate in uranium minerals progressively 
with their geological ages, leads to the conclusion that it is a stable element. 
The estimation of geological age by the accumulation of lead or of helium will 
be discussed in a later section. 

Actinium Series: Progress in the elucidation of the origin of the actinium 
family has been somewhat slow. From its first discovery it was known to be 
genetically related to the uranium series, even before the existence of prot- 
actinium or of UY had been suspected. The present status of this problem 
is that UY seems to be the head of the branch, because its radiation (or “‘atomic 
flux” (see p. 1334)) corresponds in quantity to the known radiation of other 
members of the actinium series, and secondly because it fits the displacement 
law. But the parentage of UY is still quite problematical. Besides the 
hypothesis already proposed that U,, is its parent, there are two other possi- 
bilities, Ur and a possible third unknown uranium isotope Unr. Without a 
knowledge of this parentage there is no starting point for the estimation of © 
atomic weights in the actinium series and the perplexity is increased by the 
fact that no member of the family has been obtained in sufficient quantity for 
an atomic weight determination, the best opportunity for which seems to lie 
with protactinium; this would also settle the question of parentage. 

Protactinium was formerly thought to have the properties of a higher 
homologue of tantalum, and its complete separation from tantalum to be 
correspondingly difficult. A. V. Grosse! guided by the principles of Mendeléeff 
has shown the falsity of the analogy, has effected a complete separation of 
tantalum and protactinium, and shown that the oxide of protactinium is of 
feebly basic character. 

Actinium is a higher homologue of lanthanum. Its preparation in a pure 
state would be of interest in that it has no common isotopes and hence is the 
most abundant representative of a new type of element; but its rather short 
life seems to preclude such realization. 

Radio-actinium is isotopic with thorium, ionium and radio-thorium. Ac- 
tinium X is isotopic with radium, mesothorium I and thorium X. Both 
RdAc and AcX are a-radiators. In the observed ranges of their a-particles, 
4.43 and 4.14 ems. respectively, they violate the general rule that the shorter- 
lived element emits a-particles of the greater range. 

Actinon, like thoron and radon, is a heavy member of the rare gas series. 
Owing to its very short life (half-period of 3.92 secs.), it cannot be accumulated 
in quantity. The succeeding members of this series are also very short-lived, 
the longest being AcB, a lead isotope with a half-period of 36.1 minutes. AcA 
and AcC’ are isotopes of Po, ThA and ThC’ and like Po emit a-rays. AcCisa 
bismuth isotope and AcC” a thallium isotope. 


1 A.V. Grosse, J. Am, Chem. Soc., forthcoming. 
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Members of the Thorium Series: Thorium is the parent element of a third 
radioactive family that has no genetic relationship to the other two. This is 
apparent from the wide divergence of thorium and uranium content of different 
minerals which are found with a content all the way from uranium minerals 
with little or no thorium to thorium minerals almost without uranium. On the 
whole, the former is more common (i.e., uranium without thorium); most 
thorium minerals do contain more or less uranium. Although it has been 
suggested that the association may be a genetic one,! the work of Davis? on 
uraninite (from Keystone, So. Dak.) appears to settle the question with a 
decided negative, since he finds the greatest Pb: U ratio ever found in a 
primary uranium mineral (corresponding to an age of 1600 million years) 
associated with an unusually low content of thorium. 

For the ordinary properties of thorium and of its compounds one may 
consult the chemical reference books. The element is but little known, but 
has recently had a limited application as the target in X-ray tubes. The two 
commonest compounds are the oxide (ThO.) and the nitrate (Th(NOs),). 
The usual source of thorium is monazite sand which is found containing up to 
8 per cent ThO.2. The principal use of thoria is in the preparation of Welsbach 
gas mantles. Thorium minerals are relatively more abundant than those of 
uranium, but owing to absence of any member of long life, it has no products 
which accumulate in chemically measurable quantities; even from the radio- 
active standpoint its members are of less interest than those of the radium 
family. 

Meso-thorium is isotopic with radium, and may, as immediate parent of 
the radioactively important members of the thorium series, be regarded in a 
very general way as comparable with radium. However, its much shorter 
half-life (6.7 years) places serious limitations on its usefulness in many direc- 
tions. MsTh, itself emits no measurable rays: A weak 6-ray emission is in- 
ferred on genetic grounds but, as immediate parent of MsThy, it rapidly 
acquires a penetrating B- and y-radiation, which can be utilized therapeutically 
like that of RaC. A complication arises from the additional penetrating y- 
radiation from ThC’”. The following table shows how the y-radiation changes 
during the first ten years of the life of a MsTh preparation. 

It will be seen that the maximum y-radiation is not attained until between 
the fourth and fifth years. The ultimate rate of decay becomes that of MsThr 
itself (7’ = 6.7 yrs.). This is so much shorter than that of radium as to con- 
stitute a serious objection to acquiring MsTh, for therapeutic use instead of 
radium. This difficulty is in part compensated by the lower cost (on a basis 
of equal y-radiation) of meso-thorium on account of its production as a by- 
product in the gas mantle manufacture. But, at best, after the lapse of 25-30 
years one would have but little radiation left * from an initial investment in 


18. Hirsch, Wien. Ber., 131, 551 (1922). 
2C. W. Davis, Am. Journ. Sci. (V), 11, 201 (1926). 


3 Most preparations of MsTh from monazite contain about 18-20 per cent of Ra on the 
y-ray basis. 
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meso-thorium, whereas radium would have diminished but little more than 1 
per cent. Another disadvantage in the therapeutic use of meso-thorium lies 
in the short life of thoron which makes it impossible to collect it and use it 
like radon. 


TABLE IX 


CHANGE OF THE y-Ray Activity or Mrso-rHorium witH Timer! 


Years MsThy—MsThyy ThC” Total 
1 1.000 0.000 1.000 
2 0.881 0.489 1.370 
3 0.777 0.781 1.558 
4 0.685 0.935 1.620 
5 0.604 1.000 1.604 
6 0.531 1.007 1.538 
a 0.469 0.973 1.442 
8 0.413 0.921 1.334 
9 0.364 0.855 1.219 

10 0.321 0.786 1.107 


On the other hand, meso-thorium preparations may very suitably be used 
to replace radium in the so-called luminous (zine sulfide) paints. The phos- 
phorescent zine sulphide itself as well as some of the objects on which it is 
used has a very limited life; therefore, MsTh is much more suitable.” 

Since MsThyzis isotopic with radium, the same methods of chemical separa- 
tion may be employed. In fact, since meso-thorium is usually accompanied 
by radium, it is more convenient to control the process and recoveries by means 
of radium than of meso-thorium determinations.® 

Since high-grade radium preparations are measured by means of their y- 
radiation, it is important to know whether any of this radiation is contributed 
by meso-thorium. Such contamination would be disclosed in the course of 
time by a too rapid rate of y-ray decay, or in the earlier part of the life of the 
preparation by a rise (see Table IX). Meyer and Hess‘ have described a 
method of estimation based on the difference in penetrating power of the y-rays 
from radium and from meso-thorium, which can be carried out without open- 
ing the containers. More accurate is the determination of the radium by the 
emanation method, which involves, however, opening the container and putting 
at least part of the salt into solution. 

Meso-thorium,; is isotopic with actinium. As already stated, it contributes 
the penetrating B- and y-radiation to its parent MsTh, with which it gets into 
equilibrium in a few days. Neither of these emits a-rays. 


1Hevesy and Paneth, Lehr. d. Radioaktivitaét, Barth, Leipzig, p. 163, 1923. 
2R. B. Moore, Bull. Inst. Min. Met. Hng., Aug. (1918). 

3H. Schlundt, U. S. Bureau of Mines Tech. Paper, 265, p. 18 (1922). 

4 Sitzb. Akad. Wien, 123, 1443 (1914). 
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Radio-thorium is isotopic with thorium and ionium. Its a-radiation is its 
most characteristic property. It may be separated from MsTh, preparations 
by precipitation with ammonia. 

Thorium X also emits a-rays and is isotopic with radium. Its half period 
of 3.64 days is very close to that of radon, and makes it a very suitable object 
of radioactive examination. 

Thoron is isotopic with radon, emits a-rays, but differs greatly in having 
a half-period of less than a minute. When radium is determined by the radon 
method, thoron, if present, is allowed to decay, by delaying the introduction 
of the gases into the ionization chamber. In the usual procedure where three 
or four hours are permitted to elapse before measuring the activity of radon, 
thoron itself would have decayed, but would have left behind a much longer- 
lived active deposit, that would not be permissible in the ionization chamber. 

Thorium A, an isotope of polonium, has a half period of only 0.14 sec. 

Thorium B is one of the lead isotopes. It emits only B- and y-radiation 
but is immediately succeeded by a series of fairly short-lived a-radiators, and 
its presence or quantity may be determined by a-ray methods. By mixing 
with a lead salt, the isotopic relation may be employed to determine lead in- 
directly through ThB in very minute quantity. This method has been used 
in studying the assimilation of lead salts in plants, the distribution of lead in 
other organisms, the solubility of very slightly soluble lead salts, etc.t The 
method is limited by the fairly short life of ThB. When the time elapsing 
between making the isotopic mixture and the measurement is long, a corre- 
spondingly higher quantity of ThB must be added initially. A time correction 
is avoided by making the final comparison against a sample of the original 
mixture, which must have undergone the same change in activity. This 
application of the inseparability of isotopes for analytical purposes is fully 
discussed in a later section. 

Thorium C is isotopic with bismuth. Like RaC and AcC it is the paront of 
an a-radiator, thorium C’ isotopic with Po and of a B- and y-radiator, thorium 
C”’ isotopic with thallium. The a-particles from ThC’ have a range in air 
of 8.6 cms., the longest in either of the three radioactive families. 

Potassium and Rubidium: Among the ordinary elements, besides uranium 
and thorium, potassium and rubidium have long been known to emit a weak 
8-radiation. The small number of B-rays emitted in comparison with any of 
the B-radiators of the three radioactive series made it questionable whether 
potassium and rubidium themselves were responsible for the radiation. Two 
theories have been advanced: (1) that a higher homologue of the alkali series 
is radioactive and that it is associated to some extent through its “pseudo- 
isotopism”’ with the lower homologues potassium and rubidium. This theory 
receives some support through the fact that the missing element of atomic 
number 87 belongs to the alkali series and presumably would be radioactive. 
On the other hand, cesium does not possess radioactivity,? although, as the 


1Hevesy, Biochem. J., 17, 439 (1923). 
* This has been questioned by Zwaardemaker, Proc. Acad. Sci. Amsterdam, 26, 575-81 
(1923), who finds it also to have a very weak §-radiation. 
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highest known homologue, it would be expected to be most similar to the yet 
higher radioactive member and hence should show the association in enhanced 
degree. (2) The other theory is that the radioactivity of potassium and 
rubidium are due to one of their isotopes present in but limited quantity. 
Rubidium has isotopes of atomic weights 85 and 87 and potassium has those 
of 39 and 41. This hypothesis is supported by the fact that the absorption 
of the 6-radiation in the cases of potassium and rubidium does not indicate 
that they are identical, as should be the case if due to the same higher radio- 
active homologue. More direct evidence that the radioactivity of potassium 
is due to its rarer isotope K" has been obtained by ideal distillation. Hevesy ! 
finds that the activity enhances in the heavier fraction. Hénigschmid and 
Goubeau ? found an enrichment of K“ to an extent of 4.8 per cent in a fraction 
in which the enhancement of activity was 4.2 per cent. The product of a 
B-emission would have an atomic number one unit higher which, in the case 
of potassium, would be a calcium isotope Ca“ and in the case of rubidium a 
strontium isotope. Further light may be thrown on the subject by the 
examination of the atomic weights of calcium from various sources. 
Radioactive Isotopes: The general conception of isotopism arose, as is well 
known, from the study of the radioactive elements. Two principal considera- 
tions led inescapably to this conclusion. The number of new elements dis- 
closed by radioactivity was too great to be accommodated in the previously 
known periodic system. The ‘“‘atomic rooming-house” became so over- 


TABLE X 


Groups oF RADIOACTIVE ISOTOPES 


Elements 
Periodic System 
Period VI Period VII 

(Giron yay 2M Us ceatees ote 5-5 GIGiO| On ELe Oto Cea OR Oe Gain Reno eae ROI CR ICE .. Ra, MsThi, AcX, ThX (88) 
(Groupes cece DippNc@ arin © ta OCS) Ac, MsThe (89) 
Groupe Vier hee ot ee Pb, RaG, ThD, AcD, RaD, Th, Io, RdTh, UX:i, RdAc, UY 

ThB, Ac, RaB (82) (90) 
Groupey mits sckenheconr: Bi, RaE, ThC, Ra, AcC (83) Pa, UX2, UZ (91) 
Grou pula wees rcorroess Po, RaA, ThA, AcA, AcC’, Uz, Ur (92) 

RaC’, ThC’ (84) 


GTOUDMVLLD oe ee os Rn, Tn, An (86) 
* Atomic numbers in (). 


crowded that it was necessary either to alter the entire structure or else to 
accommodate more than one memberinthesameroom, This latter alternative, 
which would previously have been regarded as absolutely opposed to the con- 
ception of the elements, received the necessary support through the observation 


1G. Hevesy and M. Légstrup, Z. Anorg. Chem., 171, 1 (1928). 
20, Hénigschmid and J. Goubeau, ibid., 163, 93 (1927). 
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of the chemical and physical inseparability of certain elements, which from 
their radioactive properties were not only known to be entirely separate 
elements, but which could actually be separated and obtained in their pure 
states by radioactive methods, utilizing differences of origin or different rates 
of radioactive decay or of generation. ; 

As has already been shown (Chapter I), isotopism was soon proved to be 
characteristic of many of the non-radioactive elements. In fact, the results 
of Thomson, Aston, Dempster and others have proved that isotopy is the rule 
rather than the exception among all the elements. Through the skill of 
Harkins! and his co-workers, of Brénsted and Hevesy? and of others, the 
partial separation of ordinary isotopes has been accomplished. 

The Displacement Laws: Not only has the periodic system been proved to 
be capable of giving a logical place to all the elements and of explaining the 
remarkable similarities of those that occupy the same place, but the order of 
sequence of the radioactive elements with reference to the radiations emitted 
furnishes a wonderful genetic picture of the radioactive part of the periodic 
system. The two displacement laws are remarkably simple and compre- 
hensive. The first states that when an a-particle is emitted, the atom loses 
a mass of four units and the net positive charge of the nucleus (atomic number) 
loses two units. Hence, the number of electrons outside the nucleus is reduced 
by two, the element loses valency by two units, and the resulting atom will 
have a place in the periodic system two places to the left of the parent element. 
The second law states that when a 6-particle is emitted, the nucleus becomes 
more positive by one unit; hence, the valency is increased by one unit, and the 
element moves one place to the right in the periodicsystem. It is seen, there- 
fore, that the result of a 6-ray change is opposite in direction but of half value 
as compared with that of an a-ray change. Hence an a-ray emission followed 
by two successive B-ray emissious will result in an element of the same nuclear 
charge but of different atomic weight from the original, and therefore an 
isotope of lower atomic mass has resulted. The same would result from any 
other order involving two 6’s and one a, like B—6-a or B-a-8. The accompany- 
ing diagram (Fig. 2) shows the relations fully. By starting at uranium, 
thorium or actinium one may trace the entire relation between radiation, 
genetics and the periodic system of the radioactive elements. An extra- 
ordinary picture of the evolution of elements is presented, which suggests 
many future possibilities with reference to the evolution of the ordinary 
elements that are too visionary at present to be more than mentioned. 

Missing Elements 85 and 87: Inspection of Fig. 2 shows that only columns 
VII (halogen group) and I (caesium group) have no representative in any of 
the three radioactive families. In group VII belongs the missing element 85 


1 Harkins and Madorsky, Nature, 111, 148 (1923). J. Am. Chem. Soc., 45, 591 (1923); 
W. D. Harkins, Science, 51, 289 (1920); 54, 359 (1921); W. D. Harkins and A. Hayes, J. Am. 
Chem. Soc., 43, 1803 (1921); W. D. Harkins and F. A. Jenkins, ibid., 45, 58 (1926). 

* Nature, 106, 144 (1920); 107, 619 (1921); 109, 780 (1922); Z. Phys. Chem., 99, 189 
(1921). 


RADIOACTIVITY 1751 


and in group I, 87. Diligent search! for both of these elements has failed. 
Presumably both are radioactive, and if very short-lived they may exist only 
in quantity too small for chemical detection. In the employment of radio- 
active methods of search, however, short-life is not correspondingly dis- 
advantageous, because rapid rate of change necessarily means a high degree 
of activity. 
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Fica. 2. Radioactive Disintegration Series 


Since elements 85 and 87 do not appear to belong to any of the three 
families, we have no genetic aid in the search for them. The circumstance is 
singular that from Group IIA in all three series, two successive alpha ray 
emissions, following the displacement law, pass to Group O and then to Group 
VIB, entirely missing Groups I and VII; furthermore, no member of Group O 
nor VIB exhibits beta ray emission which would arrive at the missing members 
by the reverse process of gaining one unit of valency. Therefore, if 85 and 87 
belong to any series, it must be to the unknown hypothetical one of Russell 
(p. 1723) which lends no genetic aid and which may be entirely missing on 
the earth if it has a short-lived parent that has completely decayed. On the 


10. Hahn, Naturwiss., 14, 158 (1926); J. N. Friend, Nature, 117, 789 (1926); O. Hahn and 
O. Erbacher, Physik. Z., 27, 531 (1926); G. v. Hevesy, Danske Videnskab. Selskab., 7, 1 
(1926); Allison and Murphy (Phys. Rev. 35, 285 (1930)) have found some evidence of No. 
87 in pollucite and lepidolite. 
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other hand, we have the possibility that 85 and 87 represent “radioactive 
orphans” like potassium and rubidium, hence are without any family relations 
that might assist in the search for them. Coupled with this isolation is the 
possibility that if short-lived they have disappeared entirely, and lacking 
genetic restoration there is no possibility of finding them on the earth, 

The Geiger-Nuttall Relation: A purely empirical relation was discovered by 
Geiger and Nuttall} which has been of great practical service. They observed 
that the more rapid the rate of decay of an a-radiator the greater the range of 
the a-rays. If log \ (where A 
is the decay constant) be plot- 
ted against log R (the range), 
a straight line results. As will 
be seen from Fig. 3, the lines 
have the same slope for all 
three of the radioactive series. 
The equation is: log A = A + 
B log Ro, where A is a constant 
characteristic of each series, 
with the value — 37.7 for the 
uranium series; B has the same 
value for all of the series 
— 53.9; Ro is the air range at 
0° and 760 cms. As has been 
stated (p. 1745), AcX is an 
exception. 

This empirical rule has 

been of great use in calcula- 

0.5 0.6 0.7 [ok -} fe e 
Relation between Range(R)and Decay ting the immeasurably short 
Constant (A) of o6-Radiators period of the long range a-rad- 
Fia. 3 iators. It hasrecently become 
possible to attack the problem 
of the theoretical significance of the relation; evidently, it may be expected to 
have a profound relation to the structure of the nucleus and to the instability 

of the nucleus as illustrated by a-ray emission. 

Structure of the Nucleus: As the seat of all radioactive properties resides 
in the nucleus, its structure is of the greatest importance in radioactivity. 
Owing to its minuteness, of the order 10-* cm. for the heavy radioactive 
atoms, the nucleus is very difficult to investigate. Bombardment with alpha 
particles has hitherto been the only means of reaching or operating on it with 
external agents, although many attempts have been made with swift electrons 
and to a less extent with hard x-rays. The effect of bombardment by alpha 
particles will be discussed later. * 

The spontaneous disintegration of the heavy atoms utilizing their own 
internal energy, presents a wealth of experimental material already at hand 

1 Phil. Mag., 22, 613 (1911); 23, 439 (1912). 
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for making and testing hypotheses. For example, we know the average life, 
the type and energy of radiation, the order of sequence in the three series, 
and the branching ratios between alpha and beta emissions in several instances, 
for some forty radioactive elements. 

The Geiger-Nuttall relation that the most energetic alpha particles are 
emitted by the elements of shortest life, has usually been interpreted to mean 
that the particle is emitted with a velocity which it already possessed in the 
nucleus and that the swifter its motion the sooner it would be emitted. 
Recently Gurney and Condon! have applied the concepts of wave mechanics 
to the problem of the nucleus. The probability law follows directly. Utilizing 
the principle of passage through an energy barrier, Gurney and Condon develop 
an equation for the average life, or probability of passage, which takes a form 
that is capable of reproducing the tremendous differences of average life 
observed, for example of the three alpha radiators, U (6 X 10° years), RaA 
(4.4 minutes) and RaC’ (10-8 sec.) as dependent on relatively slight differences 
of velocity of their alpha particles, without any change in the general force 
field of the three nuclei. Branching is indicated as a quite general phenomenon, 
the observed cases being merely the special ones where the ratio is not so dis- 
proportionate that the smaller branch cannot be detected. The shape of the 
potential curve of the energy barrier also makes it evident that escape of alpha 
particles of low velocity becomes extremely improbable, consequently alpha 
particles of energy less than 6.5.10° ergs are not found. The anomaly dis- 
covered by Rutherford and Chadwick ? that alpha particles fired at the nucleus 
of uranium obey the Coulomb inverse square law into a region where the energy 
of the emitted alpha particles predicts that the law should not hold, is simply 
explained as a probability relation. 

In the work just discussed no assumption as to the nuclear fields are 
necessary and hence no information is gained as to nuclear structure. Ruther- 
ford ? has suggested three regions, a center of protons (or He nuclei) probably 
closely packed or in a lattice resembling those of crystals; an intermediate 
zone of electrons in random motion; an outer layer of helium particles (and 
protons) in quantized orbits from which the alpha particles are emitted. 4 

Grosse ® has recently employed Aston’s packing curve to show the energetic 
impossibility of spontaneous emission of protons by the nucleus and the possi- 
bility of alpha particle emission. 

Radioactive Elements as Indicators: The inseparability of isotopes first 
made itself evident as a disadvantage in the impossibility of separating elements 
like radium and meso-thorium or thorium and ionium. But, conversely, it 

1R. W. Gurney and E. U. Condon, Nature, 122, 439 (1928); Phys. Rev., 33, 127 (1929). 
See also G. Gamow, Z. Physik, 51, 204 (1928); 53, 601 (1929); J. Kudar, Z. Physik, 53, 61; 
95; 134 (1929); T. Sexl, Z. Physik, 56, 62 (1929). 

2 Phil. Mag., 50, 889 (1925). 

3 Phil. Mag., 4, 580 (1927). 

4 Rutherford had to assume that the alpha particles exist in this region as neutral He 
atoms, but the necessity for this assumption is removed by the considerations of wave 


mechanics. 
5A, V. Grosse, Z. Physik, 54, 764 (1929). 
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may be utilized to advantage in non-isotopic separations by adding a large 
quantity of one of the isotopic groups to be held back or separated. 

Paneth, Hevesy! and others have also shown that isotopy may be utilized 
for analytical purposes. If, for example, it is desired to determine lead in 
minute quantities not subject to ordinary analytical methods, one may add 
RaD or the still more sensitive and correspondingly less stable ThB in a known 
ratio (empirical in terms of radioactive units) to the lead. Since this ratio 
will not be changed by any chemical or ordinary physical processes, minute 
quantities of lead may be determined indirectly by using the extremely sensitive 
radioactive methods for the radioactive isotope, and multiplying the result 
by the chosen ratio. The method has been shown to be applicable to the 
determination of the solubility of slightly soluble salts, of the distribution of 
lead or other suitable elements in plants or animals, or of other physical dis- 
tribution. It has been found that free interchange takes place between lead 
ions in solution, but not between lead ions and lead in an organic radicle. 
Numerous applications will suggest themselves, such as the indirect determina- 
tion of the course of meso-thorium in an extraction process by means of radium 
determination by the emanation method.? 

Inseparability, even, of the limited degree exhibited by substances which 
are only ‘“‘pseudo-isotopic” like radium and barium, can be advantageously 
applied. Some radium production plants follow the course of radium through 
the process by means of barium determinations. 

In the case of gases, no isotopic relations are necessary, in using radioactive 
indicators. For example, radon at low concentration in air or other gases may 
be used in studies of air circulation, and of the diffusion of gases through 
fabrics, diaphragms or other systems. 

The Artificial Disruption of Atoms: The knowledge that the heavier atoms 
are spontaneously (radioactively) changed into others has led to an increased 
interest in the artificial disruption of atoms. This interest has been enhanced 
by the theory that the nuclei of all atoms are composed of the nuclei of helium 
and of protons and electrons. 

So far, attempts to effect the disruption of atoms artificially have not been 
successful except by employing high-speed a-particles. In other words, we 
have found no agent powerful enough to disrupt the nucleus except one arising 
from the natural disintegration of another (radioactive) nucleus. 

It is notable that the light elements (at. wt. < 32) and especially those 
belonging to the 4n + 3 and 4n + 2 series are the ones most easily disrupted.’ 
The process consists in a direct hit or close encounter of an alpha particle with 
the nucleus of the bombarded element. A proton is ejected and the Wilson 
cloud track method has given evidence that the alpha particle is captured, so 
that the resulting atom has three units of atomic mass more than the original 


1 Hevesy and Paneth, Lehrb. d. Radioaktivitat, Chap. 15, Barth, Leipzig, 1923. 

2Schlundt, Tech. Paper 265, U. S. Bureau of Mines. 

3 Kirsch and Pettersson, Nature, 113, 603 (1924), report cases of 4n elements also being 
disrupted. 
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one and would be isotopic with the element of atomic number one unit higher. 
For example the change in the nitrogen atom could be expressed as: 


N“ + He (alpha particle) = N!? + H (swift atom). 


The efficiency of the disruption is extremely low. Less than 1 a-particle 
in 100,000 strikes the atom in such a way as to eject a swift hydrogen atom. 
This is explained in part by the minute dimensions of the bombarded nucleus 
and of the a-particle (He nucleus) so that the probability of a head-on encounter 
is very small. Moreover, the positive charge of the nucleus repels the approach 
of the positive a-particle. This may explain why it is only the lighter atoms 
(of small nuclear charge) which are disrupted. 

The first evidence of the disruption consisted in the detection by means of 
scintillations produced on a zinc sulfide screen of H-particles at a distance 
beyond the range of initial a-particles. This precluded the detection of any 
H-particles that might have a shorter range. Later Pettersson! and his co- 
workers in Vienna invented the method of right-angle and of retrograde obser- 
vation, by means of which H particles of very short range could be detected. 
Thus it was found that disruption of many of the supposed stabler elements 
including some of the 4n class such as oxygen and carbon could be observed, 
though there exists doubt as to the latter, and of the yields in some other 
cases.2. An electrical method of detection can also be employed by using the 
Geiger counter. 

The fact that atoms of the 4n + 2 or 4n + 8 type are more easily disrupted 
is interpreted to mean that the nuclei composed solely of He nuclei are very 
stable; further, that the additional 2 or 3 H’s are probably satellites of the 
4n nucleus and hence more readily removed. Rutherford explains, on this 
basis, how some swift hydrogen atoms are ejected counter to the direction of 
bombardment, by assuming that the H satellite upon being struck describes 
a partial orbit about the nucleus before flying away. 

The relative instability of 4n + 2 or 4n + 3 nuclei is in accord with the 
remarkable deductions of Harkins made several years previously from the 
relative abundance of the elements. 

Rutherford’s earlier claim to have knocked swift He atoms from nitrogen 
has not been supported by his later researches.’ 

It appears highly significant that Rutherford‘ finds that the sum of the 
kinetic energy of all atoms involved in the disruption is greater after the colli- 
sion than before. Evidently, this contribution of additional energy comes 
from the intra-atomic energy of the atom disrupted. 

Chemical and Physical Effects of the Radiations: Among the purely 
physical effects of the rays may be considered the heat evolution, and the 
1 Pettersson and G. Kirsch, ‘‘ Atomzertriimmerung,’”’ Akad. Verlagsges. Leipzig, 1926. 

2 J, Chadwick, Phil. Mag. (7), 2, 1056 (1926); Geo. Stetter, Z. Physik, 42, 741 (1927); 
W. Bothe and H. Frinz, Z. Physik, 43, 456 (1927); 49, 1 (1928). 


3. Rutherford, J. Chem. Soc., 121, 400 (1922). 
4. Rutherford, Phil. Mag., 44, 432 (1922). 
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ionization. Many purely chemical effects are also produced by the action of 
the rays on the substances through which they pass. Another class of effects 
such as luminescence or phosphorescence, coloring, etc., cannot with certainty 
be called either physical or chemical, but are nevertheless important and will 
be considered here. 

The heat evolved from radioactive elements may be accounted for by the 
absorption of the radiations. If the ionization alone is sufficient to account 
for the total kinetic energy it is necessary to assume that the ionization potential 
of air molecules by @ particles is about 35 volts instead of 17 as under electron 
bombardment. Excitation is a possible but unknown factor. 

Coloring by Radiation: The rays from radium have the property of im- 
parting color to many transparent or semi-transparent substances like salts, 
glasses, minerals, etc. The colors vary in hue, even for the same mineral, 
probably due to a variation in something present as an impurity. The same 
kinds of variations are produced as are found in nature, and it has been sug- 
gested that the colors of colored minerals in nature are due to radiation received 
from the earth. While this may be true in some instances, it can by no means 
be maintained as a general truth. The stability of the colors also shows the 
greatest variation, from those which fade in the dark, in diffuse light, in direct 
sunlight, in ultra-violet light, to those permanent over long periods of time in 
strong sunlight. Heat is found to discharge the colors in all cases, though the 
temperature and time of heating vary widely for different substances. In 
general, those substances most readily colored are most easily decolorized and 
vice versa. 

Usually the color can be produced either by a- or by B- and y-radiation, but, 
in the case of diamond, it is found that only non-penetrating (presumably a-) 
radiation produces color, which in diamond is invariably green. Rock salt 
is colored an amber yellow; topaz, amber brown; kunzite, light green; quartz 
varies from no color to smoky brown or black; amethystine color was produced 
only after decoloring amethyst quartz by heat and then radiating; sapphire 
varies from golden yellow to green, blue green and gray; ruby and emerald 
are not colored; aquamarine appears absolutely resistant to coloring. 

The theory of the color is not well understood. Its discussion is deferred 
to the following section where it is considered in connection with the luminescent 
effects. 

Przibram ' has recently studied the influence of pressure (up to 20,000 kg. 
per cm.”) on the production and retention of color in rock salt, fluorspar and 
a large number of c.p. salts. In some cases pressure has the same influence as 
heating or melting on the subsequent colors produced by radiation, in other 
cases the colors are different. 

Luminescent Effects: High-grade radium salts are continuously luminescent 
in the dark to the rested eye. When the salt has recently been heated to a 
red glow for a short time, the luminescence is greatly enhanced and is much 
bluer. The enhanced blue luminescence is only temporary and disappears in 
a few days. 


1K. Przibram, Sitzb. Akad. Wiss. Wien, 136y1,, 435; 679; 409 (1928). 
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In the same way, radioactive radiation of sufficient intensity renders certain 
other substances luminous. In general, they are the same kind of substances 
that are colored by the radiation, but there are exceptions in both directions: 
namely, substances like rock salt that become decolorized without showing 
any luminous effects, and some, like calcites, which show both fluorescence, 
phosphorescence and marked thermo-phosphorescence but little or no col- 
oring. 

Among the substances that fluoresce or phosphoresce, the greatest variety 
of behavior is exhibited in the color of the light, the duration of phosphorescence, 
the response to different kinds of radiation, the effect of impurities, etc. Some 
substances like phosphorescent zinc sulfide (Sidot blende) are especially sensi- 
tive to a-rays; others, like willemite (a silicate of zinc) and barium platino- 
cyanide, respond more readily to B- and y-radiation. Most diamonds respond 
to a-radiations but not at all or only weakly to penetrating radiation. 

The influence of small quantities of certain impurities is very evident in 
many cases and may be inferred in others. This statement applies to the 
luminescent effects in many substances, apparently to the coloring of some, 
and even to tribo-luminescence. For example, it has been shown that very 
pure zinc sulfide does not respond to a-radiation and is not photo-phosphor- 
escent. Different calcites 1 show variations in all the luminescent effects which 
cannot be readily attributed to anything but difference in impurities present. 
Most zincblende (ZnS) is not triboluminescent, but certain varieties containing 
manganese and iron are highly so. The variations in color displayed by 
different glasses and by different specimens of some minerals point to the 
influence of variation of constituents or of very dilute impurities, in some 
cases too small to be detected. 

It has frequently been suggested that there is a close connection between 
the coloring of substances by radiation, the emission of light during decoloriza- 
tion, and certain electronic phenomena. 

Meyer and Przibram? have shown that the photoelectric effects are 
enhanced in kunzite and fluorspar by radiation. Roentgen * points out that 
the electrical conductivity of sodium chloride crystals is increased by X- 
radiation and especially by light rays after X-radiation. Lenard 4 and his co- 
workers have made numerous contributions which strengthen the idea that 
electrical phenomena are an essential part in if not the cause of the color and 
luminescence. 

Meyer and Przibram have proposed a theory according to which electrons 
liberated by the radiation serve to neutralize the metallic ions of the crystal 
lattice, leaving the neutral atoms free to coagulate into clusters of colloidal 
size which produce color. Heating produces the reverse reactions and the 
electrons in returning to their original positions or associations cause luminosity. 


1W. P. Headden, Am. J. Sci., 5, 314 (1922); 6, 247 (1923). 
2 Sitzb. Akad. Wien, 123, 653 (1914). 

3 Ann. Physik, 64, 1 (1921). 

4 Ann. Physik, (4) 38, 553 (1922). 
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This theory is supported by the observation that decolorization and thermo- 
phosphorescence usually appear to be coincident (though violet-colored glass 
is a marked exception) and the fact that synthetic borates of different metals 
take the same colors as the colloidal solutions of organic salts of the corre- 
sponding metals. 

A less complicated theory! assumes displacement of electrons into new 
positions which produce color, their return to the original positions producing 
light. By assuming that there may be more than one set of electronic positions, 
one could account for the independence of discharge of color and of thermo- 
phosphorescence as in the case of glass. 

It has been recently shown? that the total amount of light emitted from 
equal portions of glass exposed to the same penetrating radiation is constant 
and independent of the temperature or rate of heating. The temperature 
coefficient for 10° is not far below 2, which would also indicate the chemical 
nature of the reaction. A slow loss of thermo-phosphorescent power, even 
at ordinary temperature, is shown by glass retained for several years after 
radiation before being heated; the thermo-phosphorescence is then much 
lower. In other words, the reversion is taking place slowly even at room 
temperature, and may be accompanied by the same character of light emission 
as at higher temperatures, but with an intensity too low for it to be detected. 

Heat Evolution: Among the physical effects of radiation, one of the most 
important is the continuous heat evolution due to the absorption of the rays 
by the material through which they pass. Meyer and Hess * have determined 
that one gram of radium in equilibrium with Rn, RaA, RaB and RaC evolves 
132 small gram calories per hour. Rutherford‘ calculated the following 
distribution: a-particles (and recoil atoms) from Ra, 25.1 cal.; from Rn, 28.6; 
from RaA, 30.5; from RaC, 39.4; total, 123.6; B-rays from RaC, 4.3; y-rays 
from RaC, 6.5; grand total for radium in equilibrium, 134.4, in good agreement 
with the results of Meyer and Hess obtained under conditions where only 
about 15 per cent of the y-radiation was absorbed. (For heat evolution in 
the earth’s crust, see later section on Radioactivity in Geology.) 

The Chemical Effects of Radioactive Radiations: All three types of rays 
are capable of bringing about chemical reaction. Since the a-rays are by far 
the most energetic, carrying about 95 per cent of the total energy radiated by 
radium and its decay products, they are the most effective in producing chemical 
reaction. 

Reactions of very varied character are brought about, those that proceed 
with free energy decrease as in the combination of oxygen with hydrogen, 
with carbon monoxide or with methane, or of hydrogen with chlorine or with 
bromine. Reactions occurring with free energy increase are also brought 
about, as in the decomposition of water and of ice, of ammonia, hydrogen 


1 Lind and Bardwell, J. Franklin Inst., 196, 387 (1923). 

2R. E. Nyswander and S. C. Lind, Phys. Rev., 23, 296 (1924). 
3 Sitzb. Akad. Wien, 121, 603 (1912). 

‘ Rutherford, E., “Radioactive Substances,’’ p. 581 (1913). 
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chloride and bromide, hydrogen sulfide and nitrous oxide. Polymerization as 
in the formation of ozone from oxygen is also effected by a-radiation. 

The most convenient radioactive agent in the production of chemical reac- 
tion is the gas radon. It may be used directly by mixing it with the gas or 
liquid to be acted on or it may be confined in minute glass bulbs with walls 
thin enough to transmit a-rays. In flow systems the latter method is pre-. 
ferable. 

By comparing the ionization produced with the number of molecules 
caused to react, it has been found for a large number of reactions in gaseous 
and liquid systems that the M/N ratio lies in the range 1 to 20 (M being the 
number of molecules reacting and N being the number of pairs of ions). A 
probable interpretation of this fact is that the ions are chemically active and 
constitute intermediate products in the reaction. The next step in many 
reactions may be assumed to be the formation of an addition complex between 
the positive ion and one or more neutral molecules. This may be illustrated 
in the decomposition of carbon monoxide by a-rays in a simplified form ! as: 


CO + (a) = CO* + (-), 
COt + CO = (CO),*, 
(CO)2* + (—) = CO, +.C, 


showing that two carbon monoxide molecules react for lion. In this particular 
reaction the free electron acts merely to re-establish electrical neutrality. This 
appears natural since carbon monoxide has no affinity for free electrons? and 
hence could not form negative ions. In gases containing oxygen, however, 
which is a good electron trap, negative (O2-) ions are formed which are also 
chemically active and thus double the effectiveness of the reaction. In the 
synthesis of water from hydrogen and oxygen,’ for example, the M/N ratio 
is 4 instead of 2. 

The effectiveness of a single a-particle in producing chemical reaction 
evidently will depend on the quantity of ionization it produces in the system. 
In a liquid system, where its energy is entirely absorbed, it produces its maxi- 
mum of ionization and of chemical reaction. In a gaseous system of limited 
dimensions, the ionization will depend on the path traversed in the gas, and 
on the pressure and stopping power of the latter. For spheres from 1 to 6 cms. 
in diameter filled with hydrogen and oxygen in the molecular ratio 2: 1 and 
acted on by radon, it has been shown that the rate of the reaction is pro- 
portional to the diameter of the vessel or to the average path of the a-rays. 
For non-stoichiometric mixtures those richer in oxygen show a faster rate than 
in the normal mixture, while those richer in hydrogen show a slower rate. This 

1Tn reality suboxide of carbon is also formed and the ratio of disappearance of CO to 
the formation of COzis 3 CO:1COs. For a possible interpretation see A. C. S. Monograph 
No. 2, pp. 154-5. 

2L. B. Loeb, Phil. Mag., 43, 229 (1922); H. B. Wahlin, Phys. Rev., 20, 267 (1922). 

3 Lind, ‘‘Chemical Effects of a-Particles and Electrons,’’ A. C. S. Monograph No. 2, 
2nd Edit. p. 100 (1928). 
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is explained by the difference in stopping power or of relative ionization of 
hydrogen and oxygen. 

The energy utilization is, in most reactions, only a few per cent of the total 
kinetic energy of the a-particles. This will be more fully discussed later. 

The relative effect of 8-radiation appears to be in the same ratio to ionization 
as in the a-ray reactions. Kailan! has shown in a large number of reactions 
in liquid systems that the M/N ratios are not far from unity. Owing to the. 
weak absorption of y-rays it is not convenient to produce quantitatively 
measurable chemical reactions with y-rays alone. 

The recoil atoms from a-rays have also been shown to produce combina- 
tion of hydrogen and oxygen with the same M/N ratio as for a-particles. In 
small spheres (diameter less than 1 cm.) and at low pressures, their effect even 
exceeds that of the a-particles since the latter lose most of their energy in the 
glass walls. 

Chemical Effect of Foreign Gases: In the oxidations of CO and CH, 
by oxygen the work of Lind and Bardwell * showed that the reaction yield per 
ionization of the reactant gases in each case remained constant without con- 
sidering ions of the inert product COs», although it accumulated in the system 
until its ionization reached in some instances 90 per cent of the total. It was 
therefore believed that only the part of the ionization produced in the reactant 
gases was effective. 

Later work with mixtures of C.H,» and inert gases such as Ne, He, Ne and A, 
disclosed * that in those cases the total ionization is effective, since 20 molecules 
of acetylene per ion pair, were found to polymerize to the solid cuprene (?), 
whether the initial ions were those of C,H, or of the inert gas. 

It was suggested by K. T. Compton that exchange of charge takes place 
by collision of the second kind with the inert gas ion, the CoH» molecule 
being deprived of an electron to give C.H.", just as if it had been originally 
ionized by an alpha particle. This seems highly probable when the inert gases 
have ionization potentials higher than that of acetylene. Subsequent investi- 
gation using Kr and Xe with ionization potentials lower than that of acetylene, 
nevertheless, showed the reaction rate still to depend on the total ionization. 
Meanwhile Harnwell,® had shown the physical reality of Compton’s idea that 
exchange of an electron could take place on collision between an ion and a 
neutral molecule and in the direction required by the respective ionization 
potentials. The process has a high degree of efficiency, the higher the smaller 
the difference in potential to be disposed of at the time of exchange. 

The following reconciliation appears possible even when the inert gas has 
the lower ionization potential. In a mixture of two or more gases, the primary 
ionization by alpha particles takes place in proportion to the relative “stopping 
powers” of the gases. Then in the next few collisions owing to the high 

1Z. physik. Chem., 95, 215 (1920); 98, 474 (1921). 

* Lind and Bardwell, J. Am. Chem. Soc., 47, 2685 (1925) ; 48, 2347 (1926). 

3 Lind and Bardwell, J. Am. Chem. Soc., 48, 1575 (1926). 


4 Lind and Bardwell, Science, 63, 310 (1926). 
°G. P. Harnwell, Phys. Rev., 29, 683; 830 (1927). 
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efficiency of the exchange, all of the positive ionization flows over onto the gas 
of lowest ionization potential, whether it be the reactant or the inert gas, but 
not at once causing addition, for otherwise Harnwell would have found addition 
ions. In the next few hundred or few thousand collisions of the positive ions ! 
with molecules, clustering of the latter about the former takes place whether 
the ions are those of the inert or of the reactant gas. Finally, after one or two 
million collisions of neutral molecules with each positive cluster, the electron 
returns to restore electrical neutrality. The polymer is stabilized, one large 
molecule for each original ion. If the inert gas ion has been the clustering 
center, the neutral gas simply leaves the cluster as there is no longer any 
binding force to hold it.? 

The discrepancy in the case of COs generated by the alpha ray oxidation 
of CO or CH:, whose ions seem to lack the power of activating the reactants, 
has not been elucidated and appears to require further experimental study. 
The general case, however, is that represented by acetylene polymerized by 
the ions of the inert gases. When the ionization falling on the foreign gas 
exceeds 50 per cent of the total, then the efficiency begins to diminish as 
shown by a lower value of M/N than normal. 

Radiographic Effects: All three types of rays produce radiographic effects 
which are undoubtedly chemical in nature. The effect of the penetrating rays 
from uranium on the photographic plate was the means of the discovery of 
radioactivity. The effects are analogous to those produced by light. The 
photographic method of examining the radioactivity has the advantage that, 
by prolonged exposure, it has a cumulative effect which enables the detection 
and location of very weak sources, if they can be brought near the plate. 

It has been shown that each grain of the silver salt that is struck by a 
single a-particle is rendered subject to development. The tracks of a-particles 
may be studied by means of the photographic plate; those which just graze 
the surface of the plate trace a track which has been identified with the range 
of a-particles in material of the density of gelatine. 

Relation of the Radiochemical and Photochemical Effects: Strictly speak- 
ing, the term radiochemistry should include the chemistry of all kinds of 
radiation from light to corpuscular emissions which have some of the external 
characteristics of true radiation. For convenience, however, the radioactive 
chemical effects will here be referred to as radiochemical to distinguish them 
from the photochemical effects. 

The principal difference appears in the non-selective action of a- and, to 
a less degree, of B-rays. a-particles may be thought of as piercing their way 
through a large number of molecules, removing an electron from each one 
encountered, leaving behind a number of chemically activated electrically 
charged ions. Ionization is universally produced in gases traversed by a- 
particles, according to principles which have already been discussed. No 


1J. J. Thomson, Phil. Mag., 47, 337 (1924). 
2 In the case of Xe and C2H:2 about 6 per cent of the Xe was actually carried down, occluded 
in the solid polymer from which it was quantitatively recovered by heating to 350°. 
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reciprocal or resonance effect is in evidence. On the other hand, one finds 
selectivity or resonance the most marked characteristic of photo-chemical 
effects. In the radiochemical effects, it is probable that activation is the 
result of ionization, though it is possible that some additional activation 
results from resonance or the shift of electrons to new energy levels without 
ionization. In the photochemical effects, ionization is usually not a factor; 
excitation (the raising of an electron to a higher orbit) followed by a molecular 
splitting into free atoms and free radicles, accounts oftentimes for the activity. 

The Einstein photochemical equivalence law states that the primary activa- 
tion is due to the absorption of 1 hv per molecule of radiant energy of fre- 
quency v. One may, therefore, speak of an M/hv ratio in photochemistry, just 
as of the M/N ratio in the radiochemical effects. The two seem to have much 
in common. In both, the ideal case is represented by a ratio near unity. 
The departures of the M/hy and of the M/N ratios appear in many cases to 
be of the same character. 

The reaction between hydrogen and chlorine under the influences of light 
and of alpha or beta radiation illustrates well the principles under discussion. 
Using the experimental data of Jorissen and Ringer! for beta rays, Lind ? 
showed that the yield of HCl molecules (M) was greatly in excess (100-1000 
fold) of the number of ion pairs (N). In the following year Bodenstein * 
found that the photochemical yield exceeded the number of quanta by 10° to 
108 fold, and adopted an ionic theory for the first chain mechanism.* Taylor ® 
demonstrated the comparability of the yield in the radiochemical synthesis of 
HCl by alpha rays with the photochemical yield. By comparing the rates 
in gaseous mixtures of the same sensitivity (equal concentrations of inhibitor) 
Porter, Bardwell and Lind ° reduced the difference in yields to a value of M/N 
about four times that of M/hy. Using a strictly monochromatic source, Lind 
and Livingston’ have shown the M/N and M/hy ratios to be equal to each 
other within experimental limits. Alyea and Lind 8 have shown similarly for 
the photochemical and radiochemical syntheses of phosgene that the mech- 
anism and chain length are the same in the two cases. 

Also, in cases of non-chain mechanism M/hv appears to be nearly if not 
exactly equal to M/N in the few cases in which both have been determined 
for the same reaction.® This is true for the decompositions of NH; and HBr 
and the syntheses of HCl, H.O (or H.0.) and H-CHO (or polymers). 
The existence of such equality appears even more striking for the non-chain 


1 Jorissen and Ringer, Ber., 39, 2095 (1906). 

2 Lind, J. Phys. Chem., 16, 610 (1912). 

3M. Bodenstein, Z. Physik. Chem., 85, 389 (1913). 

4 Which mechanism he later abandoned in favor of less energetic types of activation. 

6H.S. Taylor, J. Am. Chem. Soc., 37, 24 (1915); 38, 280 (1916). 

6 J. Am. Chem. Soc., 48, 2613 (1926). 

7 J. Am. Chem. Soc., 62, 593-608 (1930). 

8H. N. Alyea, tbid., 52, 1853-68 (1930). 

®Lind, ‘Chemical Effects of Alpha Particles and Electrons,’ 2d Ed., p. 215, Chem. 
Cat. Coz, NaeX., L928: 
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types, as one lacks the chain mechanism which might be common to both 
though initiated by quite different agencies. 

The cause of this equality is not entirely clear. Taylor! has advanced the 
hypothesis that both excitation and ionization may be succeeded by a common 
secondary step, namely, dissociation into free radicles and free atoms which 
then obey ordinary thermal laws. Study of band spectra has already brought 
rather direct evidence of such photochemical behavior, while the indirect 
evidence of gas kinetics indicates that this mechanism is plausible in many 
cases, at least, though difficulties remain in certain details. Lind? has sug- 
gested the possibility of the formation of clusters about excited molecules as 
well as about ions. Possibly a common and more fundamental cause of 
agreement between the values of M/hy and M/N will be developed by the 
application of wave mechanics. 

A low degree of energy utilization is characteristic of the radiochemical 
reactions as well as of photochemical ones. In many cases the utilization 
does not exceed 2 per cent. In photochemical reaction this was explained by 
Warburg on the assumption of a primary splitting into atoms which would 
require much more energy than would be represented by the net result of the 
reaction after their recombination to form new molecules. In the radio- 
chemical reactions it has been pointed out by Lind* that assumption of the 
ionization theory of activation involves a low energy utilization since the 
quantity of energy necessary to ionize exceeds, by at least ten fold, that ob- 
tained from the chemical effect even in cases of the most vigorous reactions. 

The Radiochemical Behavior of Hydrocarbons: Various types of hydro- 
carbons show a high degree of reactivity when subjected to ionizing agents 
including alpha radiation.‘ The products of reaction in the case of the saturates 
are higher hydrocarbons and hydrogen plus methane which must be liberated 
to establish linkage. The general types for gaseous paraffins are: 


C.H, +a —C.H,t + (-). 
CoH,t + CoH.s = ( C2H6)2* 


(C2H.6)2* + (—) = CsHio + He (1) 
or (C4Hs) tig, + De H. (2) 
or (Calle + (lsh (3) 


All these reactions proceed simultaneously without change of pressure. No 
unsaturates are found as gases, hence the olefins of (2) must polymerize at 
once to form liquid, which is verified by analysis of the liquid. The theoretical 
ratio — My o/N = 2, has been verified for CH1, C2H.e, CsHs, CsHio. The 
ratio — AH.C./AH, = 4/3 indicates that reactions (1) and (2) occur with 
equal frequency. The production of CH, is about 1/5 that of H, Hydrogen 

1H.S. Taylor and W. H. Jones, J. Am. Chem. Soc., 52, 1111 (1930). 

2 Lind, J. Phys. Chem., 32, 575 (1928). 


3 Trans. Am. Electrochem. Soc., 24, 339 (1913). 
4A.C.S. Monograph, 2d Ed., Chaps. 12-15 (1928). 
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is the only product which does not react further. Cross reactions rapidly lead 
to complicated mixtures both of gases and liquids, no matter with what 
member one begins. 

Similar reactions proceed even in liquid and solid paraffins? with a yield 
per ion pair? not less than half that in the gaseous ones. 

Quite similar reactions and products have been obtained with electrical 
discharge? and with resonated mercury.4- The proposal of Taylor that a 
final thermal mechanism is common to all types has been already referred to. 

The unsaturates show some characteristic differences. The yield per ion 
pair is much greater, 5.5 for ethylene and 20 for acetylene. Ethylene gives a 
liquid with elimination of much less hydrogen, about 1 Hy from 5 C2H4. 
Acetylene yields a light yellow solid (similar to if not identical with cuprene) 
with practically no elimination of hydrogen except from solid exposed to 
further radiation, which deepens its color. Benzene® condenses to liquid 
with a yield of only 1 CeHe per ion pair and a very slight (5%) elimination of 
H. (or CHi?). 

The inability of hydrogen to unite with C.H, or C,H» under the influence 
of ionization is notable ; each condenses in its own way as if H2 were not present, 
a yield of only about 1 per cent of C.H¢, being obtained in either case. 

Under alpha radiation when mixed with oxygen, CH, and C.H, both 
oxidize completely to CO, and H.O with kinetic evidence that the oxidation 
takes place in a single step. Butane gives a liquid partial oxidation product, 
only 1 C.Hio reacting for 1 Oz Propane and O2 show an intermediate 
behavior. 

Radioactivity in Geology: The discovery of the presence of radioactive 
materials in the earth has given many new footholds for geological speculation 
and calculation. The extreme sensitiveness of the radioactive methods of 
measurement has enabled one to determine the quantity of members of both 
the radium and the thorium families present in the earth’s crust. Besides the 
concentrated occurrences in the form of uranium and thorium ores, all soil, rocks 
and natural waters have been found to contain measurable quantities of radio- 
active members of both series. It is quite remarkable that radium is found 
to be present both in acid and basic eruptive rocks and in sedimentaries in a 
proportion that varies only within the narrow limits 1-4 < 107 gram of Ra 
per 1 g. of rock. Exceptions are known, but in by far the greater number of 
all kinds of rock the radium content falls within those limits. In general, 
the eruptives have a higher content than the sedimentaries; the basic eruptives 
have a lower content than the acid ones. The average radium content of the 
earth’s crust, after allowance for the difference in character of the rocks com- 
posing it, has been estimated to be about 2 X 10-” g. per gram, which corre- 

1W. T. Richards, Proc. Camb. Phil. Soc., 23, 516 (1926). 

2 Lind, loc. cit., p. 150. 

8’ Lind and Glockler, Trans. Amer. Electrochem. Soc., 52, 37 (1927); J. Am. Chem. Soc., 50, 
1767 (1928) ; 51, 2811 (1929). 

4 Taylor and Hill, ibid., 51, 2922 (1929). 

5 Mund and Bogaart, Bull. Soc. Chim. Belg., 34, 410 (1925). 
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sponds to a uranium content 6 X 10-° g. per gram. The average thorium 
content is somewhat higher, but of the same order of magnitude, about 1-2 
xX 10° g. Th per gram. While these quantities do not appear large at first 
sight, they are sufficient, if distributed in the same concentration through the 
whole earth, to produce heat at a rate more than 100 fold that at which it is 
known to be radiated from the earth. Hence, the earth is gradually warming 
up instead of cooling. Looked at in another way, with an outer shell of only 
about 16 km. thick, with a uranium and thorium concentration equal to, those 
found at the earth’s surface, a heat balance will be maintained. Various 
theories have been proposed by geologists seeking to avoid these conclusions, 
but they cannot be said to have attained their object. J. Joly! has recently 
elaborated a theory of cycles of successive periods of heating to the melting 
of the crust, rapid cooling to solidification, thickening of the crust to a maximum 
and so forth. These cycles are based on the theory of isostasy and the known 
radioactivity. 

Age of the Earth: The data of radioactivity have also been used to calculate 
the age of minerals and, from such data, the age of the earth itself. In general, 
four different methods have been employed. 

(a) In a mineral too young for radioactive equilibrium to have been 
thoroughly established with all the members of the family, the deficient ratio 
found may be used to calculate the age of the formation. For example, when 
a Ra/U ratio is found smaller than the theoretical 3.4 X 107’, and there is no 
reason to believe leaching of radium has taken place, the ratio found could be 
employed to estimate the age. This method is limited in application to very 
recent formations. 

(6) A more general method is the determination of the accumulation of lead 
in a primary uranium mineral. This method has the advantage over (a) that, 
the older the mineral, the more accurate becomes the determination through 
the Pb/U, since the lead as a terminal member continues to increase. The 
method has the disadvantage that one is not always certain that some lead 
was not originally present with the uranium which would make the age appear 
too great. This can be settled only by an accurate atomic weight determina- 
tion. Itis also possible that the lead content may be too low, either by leaching 
or by leak of the gaseous emanation from the mineral. In dense minerals, 
like pitchblende, the loss of emanation is slight. The secondary disturbance, 
even of pitchblende, by leaching, may, however, become very large. Hénig- 
schmid and Birckenbach2 and Richards and Putzeys* have shown that the 
lead composing the secondary minerals of the Katanga deposit in the Belgium 
Congo is nevertheless primary uranium lead since it has the atomic weight 206, 
and must have been produced long before from some primary uranium mineral, 
probably pitchblende. 

Another difficulty of the lead accumulation method is the fact that the 
value arrived at for the age of the same formations by the Pb/U ratio is 3-4 

1 Phil. Mag., 45, 1167-88; 46, 170-6 (1923). 


2 Ber., 56, 1837 (1923). 
3 J. Am. Chem. Soc., 45, 2954 (1923). 
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times greater than that from the Pb/Th ratio. While the former value was 
preferred for some time on account of doubt as to the absolute stability of ThD, 
the latest evidence points toward greater reliability for the shorter periods 
calculated from the Pb/Th values, which also are in better accord with the 
calculations from denudation. The discrepancy remains unexplained,’ but 
Joly 2 has recently proposed a most interesting theory that a third U isotope, 
now no longer existent, contributed the other 3 of U-Pb by its more rapid decay. 

(c) Besides the terminal member lead, another stable element results from 
radioactive change, namely, helium. It has the advantage in the uranium 
series of furnishing 8 and in the Th series 6 atoms of helium per 1 atom of lead. 
On the other hand, it has the disadvantage in being a light gas which is quite 
likely to diffuse away from the parent mineral. Indeed, if we accept the radio- 
active origin of all helium, the large total quantities found in natural gases 
makes evident its diffusion ona greatscale. In general, the helium method has 
given values several fold lower than the lead methods. 

(d) The pleochroic haloes that are found in certain micas have been identified 
as the radiographic coloring developed through geological ages by the a- 
radiation from a minute particle of radioactive material. Joly has succeeded 
in finding haloes at various stages of development and has concluded that 
rough age estimates can be made by means of their study. While it hardly 
seems possible that they will ever present a means of age estimation of accuracy 
comparable with the other methods, they are nevertheless objects of the 
greatest interest in themselves. If we can accept the estimate that some of 
them contain such minute radioactive centers that only 80 a@-particles per 
year are emitted, they evidently afford the most sensitive means we have of 
detecting matter. It is also of great interest that these minute spheres main- 
tain their exact theoretical diameter through geological ages and hence show 
there is an absolute non-diffusibility of one solid in another. 

1A. F. Kovarik, Am. J. Sci., (5) 20, 81-100 (1930). 

2 Scientific Monthly, 16, 205 (Feb. 1923). 
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Diatomic Gases, Heat Capacity of, 138-145. 
Quantum Theory and Rotational Energy 
of, 1451. 
Diatomic Molecules, 
1544, 1546. 
Diabasic Acid Esters, Hydrolysis, 965. 
Dielectric Constant, and Conductance, 718. 
and Density, 723. 
and Ionization, 719, 723. 
Measurement of, 719. 
and Pressure, 721. 
and Refractive Index, 722. 
of Solutions, Formulae, 719-721. 
and Temperature, 721. 
Diffusion, Coefficient, 210. 
Coefficient for Salt Solutions, 1022-1024. 
in Colloidal Solutions, 1584. 
of Electrolytes, 690-691, 1022-1024. 
Fick’s Law of, 1022. 
Diffusion of Gases, 209-217, 1020-1023. 
of Gases through Capillaries, 209-215. 
Gas Mixtures, 1021. 
Laws of, 1020-1028. 
and Molecular Motion, 209-217. 
and Particle Size, 1598. 
Pump, Theory of, 215-217. 
and Stokes-Hinstein Law, 1026-1028. 
and Temperature, 1021, 1024-1026. 
Theory of Heterogeneous Reaction Ve- 
locity, 1029. 
Thermal, 215. 
Dilatometer Measurements, 517. 
Dilute Solutions, Experimental Study of, 
369-392. 
Laws of, 353-414. 
Thermodynamics of, 392-400. 
Dilution, Effect on Equilibrium of, 655-661. 
Heat of, 342-344. 
Law, Empirical, 657. 
Law, Ostwald’s, 655-657. 
Law, Modifications of Ostwald’s, 657. 
Dimorphism, 4. 


Moment of Inertia, 
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Disintegration Series, 1751. 
Disperse Phase, 1568. 
Dispersed Systems, 1568. 
Ostwald’s Classification, 1570. 
Dispersion Medium, 1568. 
Displacement Laws, 1750. 
Dissociation, of Carbon Dioxide, Equilibrium 
in, 450. 
Complete Ionic, 343, 661-663, 783-791. 
Effect on Distribution Law, 472, 479-483. 
Electrolytic, of Water, 695-696, 806-808, 
903. 
Equilibrium of, 146-151. 
Heat of, 318-321. 
of Nitrogen Dioxide, 452, 1497. 
of Nitrogen Tetroxide, 451. 
of Silver Oxide, Free Energy of, 587. 
Mechanism, 1068. 
of Solids, Mechanism of, 1067. 
of Sulphur Trioxide, Equilibria, 454. 
of Ternary Electrolytes, 674. 
Theory of Electrolytic, 633-637. 
Velocity of, 151-152. 
of Water, 695-696, 806-808, 903. 
of Water Vapor, Equilibria, 450. 
of Weak Electrolytes, 809-812. 
Distance between Atoms in Sodium Chloride, 
2635 
Distillation of Binary Mixtures, 521-523. 
Distribution and Adsorption, 484. 
and Compound Formation, 483. 
Influence of Association on, 471-472, 479- 
483 
of Directions of Velocities, Uniform, 78- 
80. 
of Dissociation on, 471-472, 479-483. 
Law, 360, 467-468. 
Correction for Dissociation, 472, 479- 
483. 
for Molecules of the Individual System, 
1421. 
in Gas-Liquid Systems, 468-476. 
in Liquid-Liquid Systems, 476-488. 
in Miscellaneous Systems, 490-491. 
of Particles in Colloidal Solutions, 1597. 
in Solid-Liquid Systems, 488-490. 
Ratio, and Solubility, 478. 
Temperature Coefficients, 487-488. 
Study of Hydrolysis by, 483. 
of Velocities, Maxwell’s, 98-118, 130-137. 
Velocity of, 1052. 
Dobereiner’s Triads, 5. 
Donnan’s Membrane Equilibrium, 406-414, 
1580. 
and Colloids, 1580. 
Double Layer, Electric, 834, 1679. 
Doublet Levels, Hydrogen, 1230. 
Sodium, 1185. 
X-ray Spectra, 1223. 
Drop Weight Method of Surface Tension 
Measurement, 1626. 
Drude’s Theory of Metallic Conduction, 611. 


Dry Liquids, 354. 

Dulong and Petit’s Law, 3, 276, 314. 
Theoretical Basis, 1399. 

Dynamic Equilibrium in Liquids, 510. 

Dynamical Concepts, Classical, 1264-1267. 

Dyne, Definition, 36. 

Dystectics, 550. 


E. 


Earth, Age of, 1765. 
Earth’s Crust, Temperature of, and Radio- 
activity, 1764. 
Echelette Grating, 1521. 
Efflorescence, Mechanism of, 1067. 
Effusion, Thermal, 195-200. 
Einstein’s Derivation of Planck’s Law, 1132. 
Einstein Heat Capacity Equation, 1396- 
1399. 
Einstein’s Photochemical Law, 1464. 
Hinstein, Statistics of Bose-, 1435. 
Electrical Conductivity, Experimental, 640. 
Electrical Energy, Measurement of, 591-605. 
Electrical Work, 735. 
Electric Double Layer, 834, 1677. 
Electricity, Frictional, 607. 
Voltaic, 607. 
Electro-affinity, 
Theory, 833. 
Electrode, Bimetallic, 933. 
Electrode, Calomel, 828. 
Equilibrium, Smit’s Theory, 835. 
Hydrogen, 922. 
Indicator, Polarized, 933. 
Potentials and Atomic Numbers, 832-833. 
Potentials, Conventions and Nomencla- 
ture, 826. 
Potentials and Equilibrium Constant, 829. 
Potentials, Standard, 825-834. 
Processes, Theory of, 832, 918-920. 
Processes, Velocity of, and Overvoltage, 
845-847. 
Systems, Use in Analysis of Bi-metallic, 
933. 
Electrodynamometer, 595. 
Electrokinetic Phenomena, 1678-1687. 
Potential, 1681. 
Electrolysis, Historical, 607. 
Faraday’s Laws of, 5, 592, 631. 
of Fused Salts, 624-629. 
Nomenclature, 630. 
and Polarization Phenomena, 836. 
Theories of, 629-631. 
Electrolytes, Amphoteric, 700-701. 
Diffusion of, 690-691. 
Ionization of Weak, 808-809. 
Electrolytic Dissociation, and Activity, 806— 
808. 
Measurement by Distribution, 471-472, 
479-483. 
Theory of, 633-637. 
Electrolytic Solution Pressure, 834. 


Abegg and SBodlander’s 
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Electrolytic Solutions, Debye’s Theory of, 
343, 661-663, 783-791. 
Electrometric, Control of Reactions, 944. 
Methods in Analytical Chemistry, 901— 
947. 
Recording of Reactions, 943. 
Electromotive Force, Data and Activity, 
Coefficients, 764-765, 798-805. 
and Free Energy Increase, 740. 
Ionic Product from, 830. 
Measurement of, 598-605. 
Nernst’s Osmotic Theory, 825. 
and Pressure, 830. 
Replacement Equilibrium from, 830. 
Solubility Product from, 830. 
Thermodynamics and, 737-754. 
of Various Cell Reactions, 741, 742. 
Electron, 12. 
Arrangement in Atoms, 1201-1205. 
Change of Mass with Velocity, 20. 
Charge on, 15-19, 632-633. 
Collisions with Molecules, 121. 
as Current Carrier, 611-615. 
Distribution, Stoner and Main Smith’s 
Scheme 1201-1205. 
Ejection by X-rays, 1107-1110. 
Mass of, 20. 
Motion of, in Conductors and Non-con- 
ductors, 608-609. 
Potential Energy, 1266. 
Properties of, 13. 
Ratio of Charge to Mass for, 13, 14. 
Classen’s Method, 28. 
Reflection, 33. 
Size of, 21. 
Spinning, 1188. 
Theory of Matter and Infra Red Absorp- 
tion, 1538. 
Tubes for Industrial Control, 943. 
Velocity and X-ray Frequency, 1107. 
Wave Theory of, 1305-1308. 
Electronic Levels and Spectral Terms, 1190, 
1544. 
Electrophoresis, 1683. 
Elements, 85 and 87, 1750. 
Elliptic Orbits, 1170. 
Endosmose, 1683. 
Endothermic Reactions, 42. 
End-Points, Potentiometric Study of, 931- 
936. 
Energetics, First Law, 36. 
of Photochemical Processes, 1463. 
Second Law of, 55-65. 
Energy, 36. 
Energy of Activation, 983-985, 988, 1081— 
1084. 
Energy, Atomic Concept of, 31. 
Conservation of, 38, 39. 
Conversion Data for, 284. 
Convertibility of, 35. 
Critical Increment of, 983-985, 988, 1081— 
1084. 


Definition of, 36. 
Density and Radiation Pressure, 1121. 
Diagram for Hydrogen, 1157. 
Diagram, Sodium, 1169. 
Emission of Radioactive Bodies, 1725. 
Equipartition of, 1124-1126, 1417. 
Internal, 39-41, 45. 
Intra-atomic, Utilization of, 1725. 
Levels of Alkali Atoms, 1176. 
Quanta, Magnitudes of, 1110-1111. 
Radiation, Classical Theory of, 1104. 
Unit, 36. 
Variation, Direction of, 45, 56, 57. 
Independence of Path, 39. 
Enhanced Spectra, 1221-1223. 
Ensemble of Systems, 1420. 
Entropy, 61-65, 69-70, 1381-1457. 
at Absolute Zero, 1387. 
Change, in Ideal Gas, 63. 
in Irreversible Processes, 64. 
as Definite Positive Quantity, 1388. 
of Diatomic Gases, 1454. 
Empirical Calculation by Third Law, 1406. 
Frequency, and Atomic Weight, 1408. 
of Fusion for Glycerol, 1392. 
and Gas Constant, 1433. 
of Metals, 1409. 
of Monatomic Gases, 1433, 1434. 
and Probability, 1426. 
of Solutions, 1391-1393. 
of Supercooled Liquids, 1391-1393. 
of Vaporization, 71. 
Enzyme Action, 1044. 
Enzymes, Hydrolysis at Surface of, 1044. 
Equation of State, Berthelot’s, 236. 
Beattie’s, 237. 
Clausius’, 236. 
Dieterici’s, 236. 
Keyes’, 237. 
Onnes’, 237. 
Reduced, 235. 
van Laar, 236. 
van der Waals, 219-236. 


Wohl’s, 236. 
Equilibrium, Alcohol-Acetic Acid, 416, 458- 
461. 


Caleulation of, 444, 445. 
and Catalyst, 442. 
Condition of, in Poly-Component Systems, 
493. 
Constant, 416-442, 755. 
and Activity, 424. 
and Electrode Potentials, 829. 
and Pressure, 435-439. 
Relations between, 424-426. 
and Temperature, 431-435. 
Data, Mathematical Treatment of, 463- 
466. 
Definition of Heterogeneous, 467. 
Dissociation, 146-151. 
and Distribution Law, 483, 484. 
Donnan’s Membrane, 406-414. 
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Dynamic, 416, 417. 
Effect of Catalyst on, 442. 
Effect of Dilution on, 439-440. 
Effect of Solvent on, 461-463. 
in Electrolytes, 655, 674, 692-708. 
in Hsterification, 416, 458-461. 
and Free Energy Change, 420, 421. 
in Gases, 135. 
Gas-Liquid, of Two Components, 520-527. 
Gas-Solid, Thermodynamics of, 583. 
Two Component, 564—567. 
in High Pressure Gas Reactions, 456-458. 
Homogeneous, 146, 415-466. 
Influence of Association on, 462. 
Influence of Pressure on, 435-439. 
Liquid-Liquid, 528-536. 
in Liquid Phase, Effect of Pressure on, 486— 
439. 
Measurement of, 443-445. 
Phase Rule, 493. 
Photochemical, 1505-1507. 
Radioactive, 1724. 
Solid-Liquid, 536-564. 
Solid-Solid, Two Component, 567-570. 
Study by Distribution Experiments, 483. 
of Sulphur, 508-513. 
and Thermodynamics, 68-69, 418-420. 
Heterogeneous, 582-589. 
and Third Law, 465-466. 
in Two Phases, 583. 
Variation with Pressure, 435-439. 
Variation with Temperature, 431-435. 
Equipartition of Energy, 1124-1126, 1417, 
1450. 
Erg, Definition of, 36. 
Ester Hydrolysis, 965, 1053, 1055. 
Esterification, Catalytic, 
Equilibria, 416, 458-461. 
Goldschmidt’s Theory, 997. 
Eutectic Halt, Duration of, and Nature of 
Solid Phase, 561-562. 
Eutectie Point, 539. 
Eutectics, 539-542. 
Eutectoid, 569. 
Excitation of Mercury Atoms by Light, 1466, 
1480. 
Excited Atoms, and Resonance Radiation, 
1465-1469. 
Excited Atoms, Deactivation, 1466-1469. 
Excited States of Atoms, 1250-1253. 
Exothermic Reactions, 42. 
Expansion, Coefficient of, 
of Gas, Free Energy Change on, 58, 89-93. 
Temperature Change on, 52. 
of Ideal Gas, Adiabatic, 52-53. 
Isothermal, 52, 58. 
of Solids, Thermal, 274-276. 
Explosion Method for Specific Heats of 
Gases, 307. 
Explosions, 1012-1016. 
Extraction, Theory of, 485-487. 


F. 


Faraday, Value of the, 19, 593, 632. 
Faraday’s, Laws of Electrolysis, 5, 592, 631. 
Theory of Electrolysis, 629. 
Fermi Molecular Statistics, 1444. 
Ferric Chloride-Water, Phase Relationships, 
552-554. 
Fick’s Law of Diffusion, 1022. 
Films, Composite, 1643. 
Fine Structure of Hydrogen Lines, 1182. 
First Order Reactions, 951. 
Flames, 1012-1016. 
Flow of Gases through Orifices, 164-168. 
Tubes, 168-179. 
Fluorescence from Radiation, 1534. 
Forces, Radiometer, 200-209. 
van der Waals, 239. 
Formic Acid, Catalytic Decomposition, 1051. 
Conductance in, 712. 
Four and Five Component Systems, 582. 
Fourier Series, 1291. 
Fractional Crystallization, 563. 
Free Energy, 65-68, 743. 
and Activity, 764-765, 798-803. 
Change, 66. 
in Cell Reactions, 740. 
in Dilution, 758. 
and Electrical Work, 740. 
and Equilibrium, 420, 421. 
in Gaseous Expansion, 58, 419. 
of Perfect Gas, 758. 
of Perfect Solute, 758. 
Data and Equilibrium, 463-466. 
of Dissociation, of Oxides, 464, 465, 587. 
of Formation of Water, 463-466. 
Increase, and Activity, 429-431. 
and Chemical Reaction, 427-429. 
and Electromotive Force, 740. 
Partial, and Relative Activity, 753. 
Partial Molal, 753. 
in Acid-Salt Mixtures, 801. 
and Concentration, 753-754. 
of Reactions in Condensed and Vapor 
Phases, Comparison of, 583. 
Variation, with Pressure, 761. 
with Temperature, 740. 
Free Path, Mean, 118-124. 
Freedom, Degrees of, in Statistical Mechan- 
ics, 1419. 

Freezing Point, of Binary Mixtures, 537. 
Lowering, 363-365, 369, 388-390, 400. 
and Activity Coefficients, 765-770. 

and Osmotic Pressure, 400. 

of Solid Solutions, 556. 
Fresnel’s Law of Reflexion, 1460. 
Frictional Electricity, Nature of, 607. 
Fused Salts, Electrolysis of, 624-629. 

Heat Capacity of, 313. 

Migration Ratio in, 626, 685. 

Viscosities of, 627. 
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Fusion, Entropy of, 71. 
Fusion, Heat of, 295. 


G. 


Gaede Kinetic Heat Effect, 179. 
Galvanic Cells, 731-733. 
Thermodynamics of, 731. 
Gamma-Rays, 1728. 
Analysis by, of Crystal Lattices, 1729. 
Ionization by, 1730. 
Gas Analysis, Automatic, 944-947. 
Gas Constant, R, 85. 
Value of, 36. 
Gas Degeneration, 1444. 
Gas Ions, Heat of Hydration, 334-337. 
Gas-Liquid Reactions, Thermodynamics of, 
587. 
Gas Molecules, Velocity of, 78-146. 
Gas Reactions, Photo-Equilibria, 1288-1291. 
Photosensitization of, 1480-1483, 1490, 
1492. 
on Solid Catalysts, 1069-1090. 
Gaseous Conduction of Heat, 187-195. 
Dissociation, 146-152. 
Equilibria, Homogeneous, 445-458. 
in High Pressure Systems, 456-458. 
in Reactions with Volume Change, 449-— 
458. 
in Reactions without Volume Change, 
445-449, 
Equilibrium, 135. 
Pressure, Analogy with Osmotic, 366-367, 
392-394. 
Reactions, Free Energy Increase in, 428— 
431. 
Solutions, 356. 
Gases, Diffusion of, 209-217. 
Flow of, 152--187. 
Heat Capacity of, 88, 138-145, 302-312. 
Ionization of, 12, 13. 
Rotational Heat Capacity of, 1451. 
Solubility in Liquids, 468-476. 
Solubility in Metals, 490. 
Specific Heat of, 88, 135-145, 302-312. 
Velocity of Solution of, 1093-1102. 
Geiger-Nuttall Relation, 1752. 
Gels, 1704-1721. 
Changes in State of, 1721. 
Desiceation of, 1713. 
Diffusion in, 1711. 
Effect of Concentration, 1708. 
Formation of, 1705. 
Imbibition by, 1713. 
Instability of, 1706. 
Mechanical Properties, 1717. 
Optical Properties, 1718. 
Solvation of, 1707. 
Structure of, 1710. 
Swelling of, 1713. 
Swelling Pressure, 1716. 


Xero-, 1710. 
X-ray Analysis, 1719. 
Generalized Space, Concept of, 1418. 
Geology, Radioactivity in, 1764. 
Gibbs’ Adsorption Law, 1632, 1649. 
Gibbs-Helmholtz Equation, 739. 
Gibbs’ Thermodynamic Methods, 731. 
Glass, Conductivity of, 620. 
Graham’s Law of Gaseous Diffusion, 209- 
215, 1020. 
Graphite, Crystal Structure of, 268-269. 
-Diamond Transition, 515, 1416. ~ 
Heat Capacity of, 1406. 
Gratings for Infra Red Measurements, 1521. 
Gravity, and Distribution of Particles, 1586, 
1591, 1597. 
Grignard Reagent, Chemiluminescent Reac- 
tions, 1517. 
Grotthuss-Draper Law of Photochemistry, 
1460. 
Grotthuss’ Theory of Electrolysis, 629. 
Group Velocity, 1308. 


H. 


H-Theorem, 138. 
Half-Life Period of Elements, 1724. 
Half Value Layer for 6-particles, 1728. 
Hamilton-Jacobi Equation, 1280-1283. 
Haloes, Pleochroic, 1766. 
Hamilton’s Principal Function, 1269, 1271. 
Hamilton’s Principle, 1268-1269. 
Harmonic Oscillators, 1283-1284, 1295. 
Heat, of Adsorption, 344-350. 
and Catalysis, 1084. 
Variation with Pressure, 347. 
of Atomic Linkage, 318-321, 323-329. 
of Combustion, 321-325. 
of Dilution, 342-344. 
of Dissociation, 318-321. 
of Formation, 286, 287. 
of Fusion, 295. 
of Hydration of Gas Ions, 334-337. 
Mechanical Equivalent of, 36. 
of Neutralization, 636. 
of Reaction, 42. 
Constancy of, 48. 
at Constant Pressure, 284. 
at Constant Volume, 284. 
and Temperature, 48, 44, 300-302. 
of Solution, 332-333, 337-344. 
of Transition, 300. 
of Vaporization, 296-300. 
of Wetting, 350-351. 
Heat Capacity, of Alkali Metals, Abnormal, 
1404. 
at Constant Pressure, 42. 
at Constant Volume, 42. 
and Crystal Structure, 1406. 
Curve, Characteristic, 1394. 
Curves of Irregular Types, 1404. 
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of Diatomic Gases, Quantum Theory, 143. 
Einstein Equation, 1396-1399. 
Equation, Debye’s, 1401-1403. 
of Fused Salts, 313. 
of Gases, 88, 138-145, 302-312. 
of Liquids, 312-314. 
at Low Temperatures, 315-317, 1393-1396. 
Debye’s Equation, 1401-1403. 
of Monatomic Solids, 315, 1394-1396. 
Nernst-Lindemann Equation, 1400. 
Relation of Cp to Cy, 50, 51. 
Rotational, 1451. 
of Solids, 276-279, 314-318, 1394-1396. 
of Solute, Partial, 339. 
Variation with Temperature, 278, 300-302. 
Heat Conductivity of Gases, 187-195. 
Heat, Content, 41. 
Change in Cell Reactions, 740. 
Partial Molal, 339-342, 742. 
from Calorimetric Data, 337-342, 748- 
750. 
Relative Partial Molal, 751-753. 
Calculation, 751. 
Heat Theorem, Nernst, 1383-1391. 
Heisenberg’s Principle of Uncertainty, 1352- 
1356. 
Helium, Atom, 1358-1365. 
Helium, Spectral Series of Ionized, 1158. 
Henderson-Planck Formulae for Liquid 
Junction Potentials, 817. 
Henry’s Law, 359-360, 468-476. 
Hertzian Waves, 1519. 
Hess’s Law, 285. 
Heterogeneous, Equilibrium, 467-589. 
Definition, 467. 
Thermodynamics of, 582-589. 
Variation with Temperature, 584. 
Heterogeneous Reaction Velocity, Nernst’s 
Theory, 1030. 
Heterogeneous Systems, Reaction Velocity 
in, 1019-1102. 
Hexagonal System of Crystal Structure, 265. 
Hittorf’s Theory of Electrolysis, 627. 
Transport Number Determination, 680- 
683. 
Homo-ionic Solutions, 793. 
Homogeneous Displacement of Colloid Par- 
ticles, 1584. 
Homogeneous Equilibrium, 415-466. 
Definition, 416. 
in Gases, 4438-458. 
in Liquids, 458-463. 
H-Theorem, 138. 
Hydrated Salts, 
548. 
Hydration, of Anhydrides, Velocity of, 956. 
of Gas Ions, Heat of, 334-337. 
of Ions, 686. 
Transport Number and, 686-689. 
Values from Activity Data, 824. 
from Transference Data, 686-689. 
Hydride Theory of Overvoltage, 846. 


Method of Preparation, 


Hydrochloric Acid, Activity Coefficients, 773, 
776, 799. 
in Chloride Solutions, 804-805. 
Oxidation, Equilibria, 455. 
Partial Molal Free Energy, 753. 
Partial Molal Heat Content, 750. 
Relative Partial Molal Heat Content, 750. 
Hydrogen, Atom, Bohr’s Theory of, 1154— 
1158. 
Hydrogen Atom, Doublet Levels, 1230. 
Hydrogen Atom, Energy Diagram, 1157. 
Electron Orbit Equation, 1276-1279. 
Wave Mechanics of, 1336-1342. 
Electron Orbits in, 1156. 
Bromide, Photo-Decomposition, 1483. 
Bromine-Combination Photochemical, 
1487, 1495. 
Chloride, Activity in Hydrochloric Acid, 
773, 776, 799. 
Chlorine Combination, 1485-1487. 
Electrode, 922. 
in Indicator Choice, 924. 
Heat Capacity of, at Low Temperatures, 
304. 
Heat of Dissociation, Calculation, 318-321. 
Iodide, Decompositjon and Formation, 
446. 
Equilibrium in, 446. 
Photo-Decomposition, 1483. 
Ion, Concentration, Indicator Method of 
Measurement, 916. 
Measurement, 901-918. 
Exponent Scale, 904. 
Non-Hydrated, as Catalyst, 998. 
Ratio of e/m for, 14. 
Lines, Fine Structure of, 1182-1184. 
Molecule, Mass of, 20. 
Hydrogen Molecule, Quantum Mechanics of, 
1366-1369. 
Monatomic and Overvoltage, 847. 
Hydrogen, Ortho, 33, 1372. 
Overvoltage, 842. 
Oxidation, Catalytic, 1079. 
Hydrogen, Para, 33, 1372. 
Peroxide, Catalytic Decomposition, 1047— 
1050. 
Enzyme Decomposition, 1049. 
Rotational Energy, 1451. 
Spectrum, 1147. 
Hydrogenation, of Ethylene, Catalytic, 1078, 
1079. 
in Liquid Systems, 
1047. 
Hydrolysis, 695-700. 
Determination by Distribution, 483. 
of Dibasic Acid Esters, 965. 
at Enzyme Surfaces, 1044. 
of Esters, 696, 1053, 1055. 
of Fats, 1055. 
of Salts, 697-699, 904-908. 
Velocity in Liquid-Liquid Systems, 1052- 
1056, 


Catalytic, 1045-— 
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Hydrolytic Decomposition by Membranes, 
413. 
1 


Ice Calorimeter, 292, 293. 
Ice, Density of, 292. 
Heat of Fusion of, 295. 
Polymorphic Modifications of, 504. 
Ideal Gas, Adiabatic Expansion of, 52-53. 
Internal Energy of, 39-41. 
Isothermal Expansion, 51, 52. 
Laws, 
_ Deviations from, 219-236. ~ 
Thermodynamic Criterion of, 47. 
Ideal Melting Point, 512. 
Ideal Solutions, 353. 
Ignorable Co-ordinates, 1274-1275. 
Immobile Interfaces, 1652-1676. 
Incongruent Melting Point, 547. 
Indices, Law of Rationality of, 252. 
Miller, 252. 
Indicators, 911-918. 
Chart, 914. 
Clark and Lubs’ Series, 918. 
Oxidation-Reduction, 930. 
Radio-Elements as, 1753. 
Induction, Photochemical, 1485. 
Infra Red, Absorption, by Crystals, 1538, 
1539. 
Infra Red Absorption by Inorganic Sub- 
stances, 1537. 
and Electronic Theory of Matter, 1538. 
Temperature Effect, 1540. 
and Theories of Solution, 1536. 
Absorption Spectra, 1529-1540. 
and Reaction Velocity, 1464-1498, 1534. 
of Nitrobenzene, 1532-1533. 
Limits of, 1519. 
Measurement, Effect of Temperature on, 
1531. 
Radiation, as Accelerator of Reaction 
Velocity, 984-986, 1561-1566. 
in Chemical Processes, 1519-1566. 
Measurement of, 1521. 
Measuring Instruments, 1522. 
Methods of Analysis, 1521. 
and Reaction Velocity, 984-986, 1561-— 
1566. 
Reflectivity, 1522. 
Relation to Ultra Violet, 1534. 
Sources, 1520. 
Spectra and Chemical Constitution, 1534. 
Spectrometer, Calibration, 1528. 
Inhibited Reactions, 1009-1012. 
Inhibition, of Oxidation, 1009, 1502. 
of Photo-Decomposition of Hydrogen 
Peroxide, 1503. 
of Photo-Oxidations, 1502. 
of Photo-Reactions, 1485. 
Inner Quantum Number, 1184. 
Integration Constant, and Nature of Con- 
densed Phase, 1386. 


in Systems Containing Vapors and Con- 

densed Phase, 1384. 
of Thermodynamic Equation, 1381. 

Intensity of Multiplets, 1235. 

Interatomic Distances in Crystals, 267. 
Intercepts, Law of Rationality of, 252. 
Interface Reactions, 1028-1052, 1056-1090. 
Interfaces, Immobile, 1652. 

Interfaces, Mobile, 1622-1652. 

Interfaces, Physical Chemistry of, 1622-1687. 
Interfaces, Reactions at Solid-Solid, 1067— 

1069. 
Interfacial Angles, Law of Constant, 252. 
Interfacial Tension, 1622. 

and Temperature, 1628. 
Internal Energy, 39-41. 

Changes, 39. 

of Ideal Gas, 45-47. 

Internal Pressure, 225, 1637. 
Intra-atomic Energy, Utilization of, 1725. 
Inversion Temperature, 50. 

Iodine, Coulometer, 594. 

Rate of Reaction with Metals, 

1032. 

Tonic Association, 795-796. 

Conductance, 672-674.” 

Viscosity Correction for, 665-667. 
Diameters, Apparent, 795-796. 
Equilibrium in Electrolytes, 655-657. 
Hydration, 686. 

from Activity Coefficients, 824. 

and Transport Numbers, 686-689. 
Mobilities, 672-674, 677. 

and Concentration, 782. 

Temperature Effect, 689-690. 

Product of Water from E.M.F. Data, 806- 

808, 830, 903. 

Ionization, by a-particles, 1727. 

by B-particles, 21, 1728. 

Complete, 343, 661, 783. 

Constant, of Water, 806-808. 

and Dielectric Constant, 719-723. 

of Gases, 20, 1469, 1727. 

Mechanism of, 20, 21. 

by Positive Rays, 21. 
and Reaction Velocity, 637. 

Thermal, 1261-1263. 

by X-rays, 15, 18, 21. 

Ionizing Potential, 1239-1250. 

Power of Solvents, 709. 
TIonium, 1738. 

Ions, Complex, 707-708. 

Paramagnetism, 1237. 

Size in Non-Aqueous Solutions, 725. 
Iron-Carbon Phase Relationships, 568-570. 
Irreversible Processes in Thermodynamics, 

55-58. 

Isochore, van’t Hoff Reaction, 150. 
Isodimorphism, 4. 

Isohydric Principle of Arrhenius, 692. 
Isohydric Solution, 692-695. 

Isolated Reactions, 950. 
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Isomeric Compounds, Infra Red Absorption 
by, 1533. 

Isomorphism, 4, 270-272. 

Isopleth, 530. 

Isosterism, 271. 

Isothermal, Expansion of Ideal Gas, 51, 52. 
P-V Curves, 230. 

Isotopes, 25-31. 
Non-radioactive, 26. 
Properties of, 27-31. 
Radioactive, 26. 


J. 


Joule-Thomson, Coefficient, 47-50. 


KS 


Katharometer, 946. 
Kinetic, Energy of Gases, 73-219. 
Kinetic Heat Effect, Gaede, 179. 
Kinetic Theory, of Chemical Equilibrium, 
135, 146-151, 417-418. 
and Gaseous Diffusion, 209-217. 
of Osmotic Pressure, 400-404. 
Kinectic Theory and Temperature, 83-88. 
Kinetics of Gas Reactions at Surfaces, 1069— 
1090. 
Kirchhoff’s Law, 43, 44, 300-302. 
Kohlrausch’s Law, 672-674. 
Kolowrat Table of Radon Decay, 1742. 


L. 


Lagrange’s Equations, 1271-1272. 
Langmuir’s Theory of Catalyzed Gas Re- 
action, 1071-1074. 
Lambert’s Absorption Law, 1461. 
‘Latent Heat, 295-300. 
Methods of Determining, 295-300. 
of Evaporation, 296. 
Lattice, Calcite, 266. 
Constant, 263. 
Energy of Crystals, 329-332. 
Lattices, Cubic, 259-263, 264. 
Hexagonal, 265. 
Laue X-ray Photographs of Crystals, 255. 
Law of, Cailletet and Mathias, 531. 
Constant Heat Summation, 285. 
Cooling, Newton’s, 289. 
Dulong and Petit, 3, 276, 314. 
Mass Action, 415-427. 
and Activity Concept, 423-427. 
Thermodynamic Proof, 420-422. 
Mobile Equilibrium, van’t Hoff’s, 150. 
Partial Pressures, Dalton’s, 87, 356. 
Photochemical Absorption, 1461. 
Reflection, 1460. 
Wiedemann-Franz, 612. 
Laws of Dilute Solutions, 353-414. 
Lead Accumulator, 837. 


Lead, Desilverization, 574. 
Le Chatelier-Braun Principle, 149, 431. 
Levels, Multiplet, 1184. 
Life of Excited Atoms, 1250-1253. 
Light, Absorption and Chemical Change, 
1464. 
Light Absorption by Atoms, 1465. 
by Molecules, 1470. 
Primary Process, 1464-1479. 
Light Effect on Conductance, 608-621. 
Sensitivity of Silver Halides, 1503. 
Limiting Conductances, 652, 654, 658-661. 
Lindé-Hampson Process of Liquefaction, 50. 
Lindemann’s Theory of Metallic Conduction, 
614. 
Line Spectra, Emission of, 1111-1112. 
Linkage in Carbon Compounds, Energy of, 
323-329. 
Liquefaction of Gases, 231. 
Lindé-Hampson, 50. 
Liquid, Crystals, 279-281. 
and Molecular Orientation, 280. 
Films and Molecular Orientation, 1643- 
1653. 
Ideal, 244. 
Junctions in Cells, 813. 
Junction Potentials, 816-822. 
-Liquid Systems, Reaction Velocity, 1052-— 
1056. 
Mixtures, Distillation, 521-523. 
Molecules, Size of, 221, 233, 247-250. 
State of Aggregation, 219-250. 
Sulphur, Dynamic Equilibrium in, 510. 
Systems, Distribution between, 476-488. 
Liquids, Conductivity of Pure, 708. 
Specific Heats of, 312-314. 
Vapor Pressure of, 70-71, 245-246. 
Viscosity of, 246-247. 
Lowering of Freezing Point, 363-365, 369, 
388-390. 
Luminescence from Radiation, 1756. 
Luminescent Effects of Radio-Salts, 1756. 
Lyophile Colloids, 1692. 
Lyophobe Colloidal Solutions, 1693. 


M. 


Magnetic Properties of Atoms, 1236-1239. 
Manometer, Absolute, 203. 
Mass Action Law, 415-427. 
and Activity, 423-427, 755. 
Failure for Strong Electrolytes, 656. 
Thermodynamic Deduction of, 420-422. 
Mass Spectrograph, 28. 
Matrix Calculus, 1348-1352. 
Matter, Wave Theory of, 32-34. 
Maximum Boiling Point, 523. 
Maximum Work, 58-61. 
in Adiabatic Expansion of Gas, 59. 
in Isothermal Expansion of Gas, 58. 
Maxwell-Boltzmann Law, 116-118, 130-138. 
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Maxwell’s Distribution Law, 93-116, 130- 
138. 
Mean Free Path, 118-124. 
Mean Free Path and Temperature, 126-129. 
Mechanical Equivalent of Heat, 36-38. 
Mechanism of Reaction, 966-969. 
Melting, of Impure Substances, 541. 
Point, Congruent, 545, 550. 
Ideal, 512. 
Incongruent, 547. 
of Solids, 272. 
Melts, Velocity of Crystallization from, 1035- 
1038. 
Membranes, Semi-permeable, 365, 373. 
Equilibrium, and Colloids, 1580. 
Donnan’s, Theory of, 406-414. 
and Osmotic Pressure, 410-414. 
Mercury Atom, Energy Levels, 1192, 1240. 
Light Absorption, 1466-1469, 1480- 
1483. 
Mercury Sensitized Reactions, 1480-1483. 
Mesomorphic State, 279-281. 
Meso-Thorium, 1746. 
Metallic Conduction, Drude’s Theory, 611. 
Lindemann’s Theory, 614. 
Stark’s Theory, 613. 
Theory of, 610-615. 
Wien’s Theory, 613. 
Deposits, Nature of, 841. 
Metallographic Phase Studies, 561, 568. 
Metals, Abnormal Heat Capacity of, 1404. 
Rate of Reaction with Iodine, 1031-1032. 
Theory of Conductance, 610-615. 
Thermal Conductivity, 611. 
Metastable Atoms, 1255-1261. 
Metastable State, 493, 502, 506. 
Methanol Synthesis, Equilibrium in, 457- 
458. 
Microradiometer, 1523. 
Migration of Ions, 678. 
Ratio from E.M.F. Measurements, 812. 
Ratio, Hittorf, 680-683. 
Millikan’s Measurements of e/m, 16-19. 
Minimum Boiling Point, 523. 
Mobility of Ions, 672-674, 677. 
and Concentration, 782. 
Temperature Effect, 689-690. 
Molecular Attraction, 240-244. 
in Gases, 240-244. 
Law of Force of, 240. 
Molecular, Diameters, 247-250. 
Forces, Magnitude of, 126-129. 
Range of, 127. 
Heat of Gases, 88, 138-145, 302-312. 
Motion and Diffusion, 209-217. 
Orientation, 1636, 1643. 
and Catalysis, 1043. 
Pump, 178. 
Statistics, 1429-1433, 1444. 
Weight and Particle Size of Colloids, 1598. 
Weights in Solution, 367-369. 
Molecules, Size of, 247-250. 


Molecules, Volume of Gas, 219-225. 
Mol-Fraction, Concept of, 357. 
Moll Galvanometer, 1524. 

Thermopile, 1524. 

Moment of Inertia of Diatomic Molecules, 

1544, 1546. 

Monatomic Gases, Entropy of, 1433, 1434. 

Heat Capacity of, 88. 

Monatomic Solids, Empirical Calculation Of 
Entropy, 1406. 

Heat Capacity of, 315, 1394-1396. 
Monotropic Substances, 272, 514. 
Monotropism, 272, 514. ~ 
Moseley’s Law, 1143. 

Moving Boundary Method of Transport 

Number Determination, 683-685. 
Multiple Proportions, Law of, 1. 

Multiplet Levels, 1184, 1231-1235. 
Multiplets, Intensity of, 1235. 
Intervals of, 1235. 


N. 


Negative Catalysis, 1009-1018. 
Catalysts, 1009. 
Nernst, Approximation Formula for Equilib- 
rium, 586, 1412-1414. 
Filament, Conductivity of, 620. 
Lamp for Infra Red, 1520. 
Heat Theorem, 1383-1391. 
-Lindemann, Heat Capacity Equation, 
1400. 
Osmotic Theory of E.M.F., 825. 
Statement of Distribution Law, 470. 
Neutral Salt Action, 996, 1001. 1003. 
Neutralization, Electrometric Measurement 
of, 922. 
End Points by Conductance, 938. 
Newton’s Law of Cooling, 289. 
Newton’s Laws of Motion, 1264. 
Nicotine-Water, 532. 
Nitrobenzene, Infra Red Absorption Spec- 
trum, 1532-1533. 
Nitric Oxide, Equilibrium in Formation of, 
448. 
Nitrogen Dioxide Dissociation, Equilibrium, 
452. 
Photochemical, 1497. 
Pentoxide, Radiation Theory and Decom- 
position of, 985. 
Tetroxide Dissociation, 451. 
Nitrosyl Chloride, Photodecomposition, 1494. 
Nomenclature of Radio Elements, 1737. 
Non-aqueous Solutions, Conductance, 708. 
fon Diameters, 725. 
Nature of, 723. 
Pressure Coefficient of Conductance, 716. 
Solvation, 726. 
Temperature Coefficient of Conductance, 
714-716. 
Transport Numbers, 727. 
Viscosity and Conductance, 716-718. 
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Non-conductors and Conductors, 608. 

Non-electrolytes, Influence on Conductance, 
667-668, 

Non-metallic Ions as Catalysts, 1007. 

Noyes-Whitney Theory of Solution, 1029. 

Nuclear Theory of Atomic Structure, 22. 

Nuclei, Structure of Atomic, 1752. 

Nucleus, Instability of, 1723. 


O. 


Obach’s Relation for Dielectric Constant 
720. 
Octaves, Newland’s Law of, 6. 
Ohm, Definition, 591. 
Ohm’s Law, 591. 
Oil Films, Properties of, 1643-1649. 
One Component Systems, 499-518. 
Onsager’s Theory of Conductivity, 663-664, 
783. 
Opposing Reactions, 962, 964. 
Optical Properties and Conducting Power, 
608, 621. 
Rotation as Measure of Reaction Velocity, 
976. 
Orbit, Equation for Hydrogen, 1276. 
for Non-Coulomb Field, 1298. 
Orbital Arrangement in Atoms, 1201-1205. 
Orbits, Non-Penetrating, 1173. 
Penetrating, 1173. 
Order of a Reaction, 966-969. 
Organic Compounds, Crystal Structure of, 
269-270. 
Orientation, Effect on Physical Properties, 
1637-1653. 
in Liquid Films, 1643-1653. 
of Molecules, 1636. 
and Catalysis, 1043. 
at Liquid Surfaces, 1643-1653. 
Orifices, Flow of Gases Through, 164-168. 
Orthogonal Functions, 1323-1327. 
Orthohydrogen, 33. 
Oscillator, Anharmonic, 1296. 
Oscillator, Harmonic, 1283-1284, 1295. 
Oscillator, Linear, Schrédinger’s Theory, 
1327-2 
Osmotic, Flow, Velocity of, 379. 
Pressure, 365-367, 369-383. 
and Activity Coefficients, 780-781. 
Analogy of Gaseous and, 366-367, 392- 
394. 
and Boiling Point Rise, 399-400. 
and Brownian Motion, 1580. 
and Freezing Point Lowering, 400. 
and Membrane Equilibrium, 410-414. 
and Vapor Pressure, 395-397. 
Berkeley and Hartley’s Method, 378- 


379. 

Cell Technique, 372. 

Equation in Concentrated Solutions, 
398. 


* Kinetic Theories of, 400-404. 


Measurement of, 369-383. 
Mechanism of, 404-405. 
Morse and Frazer’s Method, 371-377. 
Nature of, 405-406. 
of Colloidal Solutions, 1580. 
of Phenol Solutions, 377. 
of Sucrose Solutions, 376, 377, 380, 401, 
402. 
Pfeffer’s Measurements, 369-371. 
Relative, 381-383. 
de Vries’ Method, 381. 
Hamburger’s Method, 382. 
Tammann’s Method, 382. 
Osmotic Theory of Electrode Processes, 834. 
of E.M.F., Nernst’s, 825. 
Ostwald’s Dilution Law, 655-657. 
Modifications of| 657. 
Ostwald’s Rule of Valency, 653. 
Overvoltage, 836-849. 
Measurement, 842. 
of Hydrogen, 842-847. 
Theories of, 845-847. 
Oxidation, Chemiluminescent, 1514-1517. 
Inhibition of, 1009, 1502. 
in Liquid Systems, Catalytic, 1050. 
Mechanism of Catalytic, 1069, 1070, 1079. 
Reactions, Potentiometric, Study of, 
927-930. 
Oxidation-Reduction Indicators, 930. 
Oxides, Mechanism of Reduction, 1069. 
Ozone Decomposition, Photosensitization of, 
1492. 
Photochemical Production of, 1493. 


ies 


Packing of Molecules, Close, 222. 
Palladium and Hydrogen, 567. 
Parahydrogen, 33, 1372. 
Paramagnetism of Ions, 1237. 
Parkes’ Process, 574. 
Partial, Heat Capacity of Solute, 339. 
Molal Free Energy, 753. 
in Acid-Salt Mixtures, 801. 
and Concentration, 753~754. 
Molal Heat Content, 339, 748. 
from Calorimetric Data, 337-342, 748- 
750. 
Relative, 751-753. 
from E.M.F. Data, 750-751. 
Molal Quantities, General Discussion, 745- 
748. 
Molal Specific Heats, 761. 
Pressures, Law of, 87, 356. 
Particle Size, in Colloidal Gold, 1592, 1597. 
and Diffusion, 1598. ’ 
Particle Size and Molecular Weight of Col- 
loids, 1598. 
Particle Size and Solubility, 1038. 
Particle Size in Silver Bromide Suspension, 
1572. 
Paschen-Back Effect, 1199. 
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Passivity, 849. 
Peltier Effect and Conductivity of Alloys, 

617. 

Period of Radioactive Element, 1732. 
Periodic Motion, 1291. 
Periodic System and Electrochemistry, 11. 

of Classification, 6-9. 

Applications of, 9. 
Defects of, 9-11. 
Periodic Table, 7. 
Periodicity in Normal Spectral Terms, 1220. 
Permeability to Ions, Selective, 410. 
Perpetual Motion, Impossibility of, 38. 
Perturbations, Theory of, 1300-1302. 
Pfeffer’s Osmotic Pressure Data, 369-371. 
Pu Measurement, 920-922. 
Pu Values, 904. 
Phase, Definition of, 494. 
Phase Integral, 1163-1165. 
Point, 1397. 
Rule, 491-582. 

and Compound Formation, 545, 550. 

and Critical Phenomena, 497. 

Derivation of, 498-499. 

Historical, 491-492. 

Independent Variables, 496. 

and Racemic Compounds, 553. 

Restrictions to, 497. 

Scope of, 492. 

and Solid Solutions, 554-560. 

Statement of, 493. 

Space, 1397, 1428. 

Velocity, 1308. 

Phenol-Water, Phase Rule Study, 528. 
Phosgene, Photochemical Formation, 1489. 
Phosphorescence from Radiation, 1534. 
Phosphorus, Monotropism in, 514. 
Photo-action and Spectral Range, 1465. 
Photochemical, Absorption Law, 1460, 1464. 

Ozonization, 1493. 

Phosgene Formation, 1489. 

Processes, Energetics of, 1463. 

and Radiochemical Effects, Relation of, 

1761. 
Reactions in Liquid Systems, 1498-1503. 
Solid Systems, 1503-1505. 
Reactions, Temperature Coefficient, 1507— 
1511. 

Stationary States, 1505. 

Yield, Temperature Coefficient, 1495. 
Photochemistry, 1459-1518. 
Photo-Chlorination, 1485. 
Photodecomposition of Aldehydes, 1496. 

of Ammonia, 1495. 

Temperature Influence on, 1495. 

of Hydrogen Bromide, 1483. 

of Hydrogen Iodide, 1483. 

of Hydrogen Peroxide, 1503. 

of Nitrogen Dioxide, 1497. 
of Nitrosyl Chloride, 1494. 
of Oxalic Acid, 1500. 

of Potassium Nitrate, 1499. 


Oxalate, 1500. 
Photo-Electric Cells, Use of, 944, 1526. 
Effect, 1105-1106. 
Photo-Electric Effect, Inverse, 1106. 
Photo-Equilibria in Gas Reactions, 1506. 
Photo-Ionization, 1469. 
Photo-Oxidations, Inhibition of, 1502. 
Photo-Polymerization of Anthracene, 1506. 
Photo-Reactions, Inhibition of, 1485, 1502. 
Photo-Sensitization, 1480-1483, 1490, 1492. 
of Carbon Dioxide Formation, 1490. 
by Chlorine, 1490, 1492. 
of Ozone Decomposition, 1492. 
by Mercury, 1480-1483. 
Photo-Synthesis, 1463. 
Photographic Plates, Sensitization for Infra 
Red, 1526. 
Photography of Infra Red Radiation, 1526. 
Photolysis of Potassium Nitrate, 1499. 
Piezochemical Studies, 832. 
Plaitpoints, 573. 
Planck-Henderson Formula for Liquid Junc- 
tion Potentials, 817. 
Planck’s Radiation Law, 1127-1132. 
Hinstein’s Derivation, 1132-1138. 
Pleochroic Haloes, 1766. 
Plethostatic Study of Binary Systems, 536, 
560. 
Poiseulle Flow, 174-176. 
Poisons, Catalyst, 1086-1088. 
Polarization, 836-852. 
Concentration, 837. 
Phenomena, 836. 
Smits’ Theory, 847. 
Polymorphism, 272, 504-507, 513-515. 
Positive, Ions, Charge on, 20, 21. 
Nucleus, Size of, 22. 
Ray Analysis, Aston’s Method, 28. 
Dempster’s Method, 27. 
Parabola Method, 27. 
Ray Spectrograph, Aston’s, 28. 
Rays, 27-30. 
Potassium Chloride, Structure of, 259, 261. 
Nitrate, Photolysis of, 1499. 
Radioactive, 1748. 
Potential, Contact, 732-733. 
Potential Energy of Electron, 1266. 
Liquid Junction, 816-822. 
Normal Electrode, 825-834. 
Cathode, 840-841. 
Decomposition, 838-840. 
Electrode, 825-834. 
Conventions and Nomenclature, 826. 
and Equilibrium Constant, 829. 
Table of, 827-828. 
Potentials, Critical, 1247-1250. 
Potentials, Ionizing, 1239-1247. 
Precipitation, Determination of End Points 
by Conductance, 940. 
Electrometric Study of, 926-927. 
Potentiometric Study of, 926-927. 
Predissociation, 1476, 
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Pressure Cohesion, 225-227. 
Pressure, Effect on E.M.F., 830. 
Pressure, Gaseous, 75-78, 81-83. 
Intrinsic, 225-227. 
Variation, Influence on Equilibrium, 435- 
439. 
-Volume, Pressure Relationships of Gases, 
234. 
Primary Salt Effect, 1001-1003. 
Principle, of Correspondence, 
1293-1300. 
of Least Action, 1269-1271. 
of Le Chatelier-Braun, 149, 431. 
of Selection, 1177-1182. 
Uncertainty, 1352-1356. 
Varying Action, 1279-1280. 
Prisms, for Infra Red, Analysis, 1522. 
Probability, 1426. 
Thermodynamic, 1427. 
and the Third Law, 1426. 
Promoter Action in Catalysis, 1068, 1088— 
1089. 
Proton, 30. 
Protyle Theory of Matter, 5. 
Prout’s Hypothesis, 4. 
Pseudo-Binary Systems, 514. 
-Components, 835. 
-Isotopes, 1738. 
-Monotropic Substances, 515. 
-Unimolecular Reactions, 959-960. 
Pump, Diffusion, 215-217. 
Pump, Molecular, 178. 


Q. 


1159-1163, 


Quadruple Points, Two Component Systems, 
542, 543. 
Quantum Absorption, Einstein’s Concept, 
1464. 
‘Quantum, Condition for Angular Momentum 
of Electron, 1163-1165. 
Defect, 1167. 
Distribution Law, 1127-1132. 
Mechanical Equivalence, 1358. 
Quantum Mechanics, 1305-1379. 
Chemical Reactivity, 1375-1377. 
Helium Atom, 1358-1365. 
Hydrogen Molecule, 1366-1369, 1372- 
1374. 
Radioactive Disintregration, 1374-1375. 
Statistical Theory, 1356-1358. 
Quantum Number, Azimuthal, 1170. 
Inner, 1184. 
in Wave Mechanics, 1335-1336. 
Quantum, Size of, in Different Spectral Reg- 
ions, 1465. 
Theory of Atomic Structure, 1146. 
and Chemical Reaction, 1375-1377. 
and Heat Capacity of Diatomic Gases, 
1451. 
and Photo-Electric Effect, 1105-1106. 
of Einstein, 1132-1138. 


of Planck, 1127-1132. 

of Radiation, 1119-1140. 

Origin of, 1104. 
Quintuple Points, 571. 


R. 


Radiation, and Classical Theory, 1104. 
Black-Body, 1119-1120. 
Constants, 1138-1139. 
Hypothesis and Reaction Velocity, 984- 
986. 
Infra Red, in Chemical Processes, 1561— 
1566. 
Intensity, 1120-1121. 
Planck’s Law, 1127-1132. 
Pressure and Energy Density, 1121. 
Quantum Theory of, 1119-1140. 
Radioactive, Chemical Effects, 1758-1761. 
Rayleigh-Jeans Law, 1126. 
Theory of Chemical Reaction, 984-986, 
1566. 
Criticism of, 985. 
Radiations, Radioactive, Chemical Effects, 
T755% 
Physical Effects, 1755. 
Wien’s Law of, 1122. 
Radioactive, Bodies, Energy Emission, 1725. 
Disintegration and Atomic Structure, 24. 
Quantum Mechanics of, 1374-1375. 
Element, Period or Half Life of, 1732. 
Equilibrium, 1724. 
Isotopes, 1749. 
Radiations, Chemical Effects, 1758-1761. 
Series, 1723, 1734. 
Radioactivity, 1723-1766. 
and Age of Earth, 1765. 
and Temperature of the Earth, 1764. 
in Geology, 1764. 
Radiochemical Behavior of Hydrocarbons, 
1763. 
Radiochemical Effects, Catalysis in, 1760. 
Radiochemical and Photochemical Effects, 
1761. 
Radio-Elements, Nomenclature, 1737. 
as Indicators, 1753. 
Radiographic Effects, 1761. 
Radiometer, 200-209, 1525. 
Radiomicrometer, 1525. 
Radium, 1738. 
Chemical Properties, 1738, 1740. . 
Emanation, 1740. 
Measurement of, 1739. 
Occurrence of, 1739. 
Recovery of, 1739. 
Short Lived Members of Series, 1741. 
Standard, International, 1739. 
Radon (Radium Emanation, Niton), 1740. 
Decay of, Kolowrat Table, 1742. 
Raman Effect, 1116-1118, 1526-1528. 
Range of a-particles, 1726. 
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Raoult’s, Equation for Vapor Pressure 
Lowering, 359, 397-398. 
Law, 359, 476. 
Rapid Reactions, Measurements of, 980. 
Rationality of Intercepts, Law of, 252. 
Rayleigh-Jeans Radiation Law, 1126. 
Reaction Isochore, van’t Hoff, 150. 
Reaction Ratio, Influence on Equilibrium 
Yield, 441. 
Reaction Velocity, Acceleration by Infra Red 
Radiation, 984-986, 1561. 
Arrhenius’ Theory of, 983-984. 
Bronsted’s Hypothesis, 999-1006. 
Collision Hypotheses, 986-987. 
Experimental Methods, 971-982. 
at Gas-Liquid Interface, 1090-1102. 
between Gases and Solids, 1056-1090. 
in Gaseous Mixtures, 973-974. 
in Homogeneous Systems, 949-1018. 
in Heterogeneous Systems, 1019-1102. 
Nernst’s Theory, 1030. 
in Liquid-Liquid Systems, 1052-1056. 
Measurement of, 971-982. 
of Very Rapid Reactions, 980—981. 
and Pressure, 970-971. 
and Quantum Theory, 1375-1377. 
and Radiation Hypothesis, 984-986, 1561— 
1566. 
in Solid-Gas Systems, 1056-1090. 
at Solid-Liquid Interfaces, 1028-1052. 
at Solid-Solid Interfaces, 1067-1069. 
in Solution, 996-1009. 
and Temperature, 969-970, 981, 
1007, 1040, 1081-1084. 
Theoretical, 992-1018. 
Reactions, at Constant Pressure, Heat of, 
284. 
at Constant Volume, Heat of, 284. 
Reactivity, Quantum Mechanics of, 1375. 
Reciprocal Proportions, Law of, 2. 
Recoil Atoms, 1731. 
Recording Devices, Electrometric, 943. 
Rectifier, Aluminium Current, 610. 
Reduction of Oxides, Mechanism of, 1069. 
Reflection, of X-rays, Intensity of, 260. 
of Light, Law of, 1460. 
Reflectivity, of Infra Red Radiation, 1522. 
of Metal Surfaces for Vapors, 1058. 
Refraction, Double, Induced, 1608. 
Refractive Index and Dielectric Constant, 
(PP 
Relative Partial, 
Electrolytes, 754. 
Reproducibility of Metal Electrodes, 841 
Residual Ray Frequencies, 1403. 
Resistance, Bridge in Conductivity Work, 
646. 
Unit of, 591, 637. 
Siemen’s, 639. 
Resonance Potential, 1169, 1239. 
Radiation and Excited Atoms, 1465-1469. 
Restrahlen, 1403. 


1006— 


Molal Free Energy of 


Reversible Cells, 733. 
and Chemical Reactions, 734. 
Processes in Thermodynamics, 55-58. 
Rise of Boiling Point, 362-363. 
Rotational Energy, of Diatomic Molecules, 
113-114, 1451. 
of Gases, 1451. 
Rotational Frequencies, 1541. 
Rotator, 1275-1276, 1332-1335. 
Rubidium, Radioactive, 1748. 
Rydberg Constant, 1151. 
Bohr’s Calculation of, 1151-1153. 
Rydberg Formula, Derivation, 1300. 


8. 


Salt, Solutions, Diffusion Coefficients, 1024. 
Salt Effect, Primary, 1001-1003. 
Secondary, 1003-1006. 
Salts, in Salt Solutions, Activity Coefficinets, 
793-795. 
Salts, Hydrolysis of, 695-700. 
Salting-out Process, 701-707. 
Scattering of a- and B-Particles, 1726. 
Schrédinger’s Equation, 1315-1323. 
Function, Significance of, 1342-1346. 
Theory of Linear Oscillator, 1327-1332. 
Scintillations from a-Particles, 1726. 
Second Kind, Collisions of, 1250-1253. 
Second Law of Thermodynamics, 55-65. 
Second Order Reactions, 951, 953-956, 987-— 
991. 
Secondary Rays, 1730. 
Salt Effect, 1003-1006. 
X-Radiation, 1730. 
Sedimentation, Equilibrium, 1581. 
Velocity of, 1586, 1597. 
Selection Principle, 1177-1182. 
Semi-Permeable Membranes, 365, 373. 
Semi-Permeability, Nature of, 404. 
Sensitized Reactions, Mercury, 1480-1483. 
Side Reactions, 965-966. 
Siemen’s Resistance Unit, 639. 
Silver, Coulometer, 592-594. 
Electrodes, Potential of, 
Factors, 599. 
Halides, Light Sensitivity, 1503. 
Inclusions in Electrolytic, 593. 
-Lead-Zine, Phase Relationships, 574. 
Oxide, Free Energy of Formation of, 587. 
Simultaneous Reactions, 951. 
Size of Colloid Particles, 1572, 1597. 
and Diffusion, 1584. 
and Viscosity, 1613. 
Size Distribution in Gold Sol, 1597. 
of Molecules, 247-250. 
Slippage, 159-164. 
Soap Solutions, Properties of, 1707. 
Sodium, Atom, 1169, 1186. 
Sodium Atom, Doublet Levels, 1186. 
Energy Diagram, 1169. 
Chloride, Crystal Structure of, 259. 


and Physical 
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Eee Partial Molal Heat Content, 
635 
Solutions, Freezing Point Data, 768. 
Electrode Potential, 829. 
Sulphate-Water; Phase Relationships of, 
545. 
Sodium Sulphite, Oxidation, 1009, 1502. 
Solid-Gas Systems, Reaction Velocity in, 
1056-1090. : 
-Liquid Interfaces, Catalytic Reactions at, 
1038-1052. 
Reaction Velocity at, 1028-1052. 
Salts, Conductivity of, 620. 
Solutions, 356, 556. 
and Freezing Point, 554. 
and Phase Rule, 554-560. 
State of Aggregation, 251-283. 
Solids, Amorphous, 251. 
Compressibility of, 274-276. 
Definition of, 251. 
Specific Heat of, 276-279, 314-318, 1393- 
1396. 
Thermal Expansion of, 274-276. 
Solubility, of Ammonia in Water, 472-473. 
Curves, Closed, 532-534. 
Data, and Activity Coefficients, 793-795. 
Distribution Ratio and, 478. 
of Gases in Liquids, 468-476. 
in Metals, 491. 
Temperature Coefficient, 475. 
and Heat of Solution, 538. 
and Particle Size, 1038. 
Product, 701-707. 
- and Activity Coefficients, 793. 
from E.M.F. Data, 830. 
Solution, Colloidal, 355. 
Definition of, 353, 354. 
Determination of Molecular Weights in, 
367-369. 
Heat of, 332-333, 337-344. 
Infra Red Absorption and Theories of, 
1536. 
Pressure, Electrolytic, 834. 
Velocity of, 1028-1033, 1093-1102. 
Solutions, Application of Thermodynamics 
to, 737-754, 764-765, 798-805. 
Azeotropic, 523. 
Colligative Properties of, 358-369. 
Composition of, 357. 
Definition, 354. 
Dielectric Constants of, 720. 
Entropy of, 1391-1393. 
Experimental Study of Dilute, 369-392. 
Gaseous, 356. 
Hetero-ionic, 793. 
Homo-ionic, 793. 
Ideal (or Perfect), 353. 
Isohydric, 692-695. 
Isotonic, 382. 
Liquid, 356. 
Reaction Velocity in, 996-1009. 
Solid, 356, 556. 


Specific Heats of, 1392. 
Surface Tension of, 1628-1630. 
and Concentration, 1631. 

Thermodynamics of Dilute, 392-400. 

van’t Hoff Theory of, 358-367. 

Vapor Pressure Lowering, 359-360. 
Solvation in Non-Aqueous Solutions, 726. 
Solvent, Effect on Equilibrium, 461-463. 
Solvents, Ionizing Power, 709. 
Space-Groups of Crystals, 254. 

Lattices of Crystals, 254-272. 

Specific Heat, Law of Dulong and Petit, 3, 
276. 
at Low Temperatures, 278, 315-317, 1393- 
1396. 

of Air, 307. 

of Fused Salts, 313. 

of Gases, 88, 138-145, 302-312. 

Clement and Desormes Method, 309. 
Explosion Method, 307. 
Kundt and Warburg’s Method, 310. 

of Liquids, 312-314. 

Partial Molal, 339, 748. 

of Solids, 276-279, 1139-1140. 

Theoretical Equations, 1396. 
of Solutions, 1392. 
of Water, 283. 
Specific Inductive Capacity, 718. 
Spectra, Analogous Atomic and Molecular, 
1557-1559. 
Spectra, Band, 1541-1561. 
and Heats of Dissociation, 1559-1561. 
and Isotope Effect, 1556-1557. 
Spectra, Complex, 1216-1220. 

Enhanced, 1221. 

Line, 1111-1112. 

Predissociation, 1476-1479. 

Spectral Series, 1143, 1146-1150, 1155, 1158, 
1165-1170, 1190. 
Series, Balmer, 1147, 1155. 

Brackett, 1148, 1155. 

Diffuse, 1166, 1174. 

Fundamental, 1166, 1174. 

Helium, 1158. 

K, L, M, 1143. 

Lyman, 1148, 1155. ° 

Paschen, 1148, 1155. 

Principal, 1166, 1174. 

Relations, 1146. 

Rydberg, 1148. 

Sharp, 1166, 1174. 
Spectral Terms and Electron Level, 1190. 
Spectrometer, Calibration of Infra Red, 1528. 
Spectrum Analysis, Band, 1551-1556. 
Spinning Electron, 1188. 
Spreading of Liquids, 1641. 
Stability at High Temperature, 1415. 
Standard Cells, 599-605. 

Weston Cadmium, 600-605. 

Stark Effect, 1199. 
Stark’s Theory of Metallic Conduction, 613. 


States, Metastable, 1255-1261. 
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Stationary States, 1288-1291. 
Stationary States, Electron Distribution for, 
1346-1348. 
Photochemical, 1505-1507. 
Statistical Basis of Thermodynamics, 1429— 
1440. 
Statistical Mechanics, 1429. 
Statistics, Bose-Einstein, 1435. 
Fermi, 1444. 
Stefan-Boltzmann Law, 1122. 
Stokes’ Law, 183-187. 
-Einstein Law, 1026-1028. 
Stopping Power, 1727. 
Stripped Atoms, 1222-1230, 
1244-1246. 
Strong Electrolytes, Abnormality of, 656. 
Activity Coefficients, 793-795, 798-805. 
Structural History of Earth’s Crust, 1765. 
Sublimation, Velocity of, 1060. 
Sulphides, Conductance of, 609. 
Sulphur, Abnormality of Melting Point, 512. 
Dynamic Equilibrium in, 510. 
as One Component System, 508-513. 
Reaction Velocity of Hydrogen and Li- 
quid, 1091-1093. 
Dioxide, Equilibrium in Oxidation, 454. 
Mechanism of Catalytic Oxidation, 
1070, 1079. 
Supercooled Liquids, Entropy of, 1391-1393. 
Super-conductivity, 616. 
Surface Area and Reaction Velocity, 1029, 
1030. 
Surface of Constant Action, 1284. 
Surface Energy, Free, 1624. 
of Liquid Films, 1643-1653. 
Total, 1624, 1639-1641. 
Variation of Molecular, with Temperature, 
1636. 
Surface Energy and Vaporization Energy, 
1641. 
Surface Pressure Balance, 1645. 
Surface Tension, 1622-1632. 
and Colloid Chemistry, 1622. 
of Liquids, 1622, 1627. 
Measurement of, 1625. 
of Solutions, 1628, 1630. 
and Concentration, 1631. 
and Temperature, 1628, 1636. 
and Vapor Pressure, 1641. 
Suspended Transformation, 516-517. 
Symbols, Weiss, 253. 
Symmetric Molecules, 1372. 


1231-1235, 


Ate 


Tautomeric Equilibrium in Indicators, 912. 
Temperature and Chemical Equilibrium, 
431-435. 
Temperature and Kinetic Theory, 83-88. 
Temperature Coefficient, of Catalytic Hydro- 
genation, 1047. 


of Catalytic Reactions at Solid-Liquid 
Interfaces, 1041, 1047. 

of Diffusion, 1021, 1024-1026. 
and Reaction Mechanism, 1026. 

of Distribution Ratio, 487. 

of Evaporation Rate, 1056-1062. 

of Gaseous Solubility, 475. 

of Photochemical Reactions, 1507-1511. 

of Photochemical Yield, 1495-1496. 

of Reaction Velocity, 969, 981, 1006, 1040, 

1081. 

Arrhenius Theory, 983-984. 
Measurement of, 981. 

of Solution Velocity, 1028. 

Temperature Influence on Free Energy In- 

crease, 740. 

Temperature Influence on Mean Free Path 
126-129. : 
Termolecular Reactions, 956-958, 991-992. 

Ternary Alloys, 579. 
Ternary Electrolytes, Dissociation of, 674. 
Ternary Eutectic, 578. _ 
Ternary Systems, Graphic Representation, 
Dale 
with Binodal Curve, 572. 
Liquid, 572. 
with Several Solid and Liquid Phases, 579. 
with Single Liquid Phase, 576. 
with Two Binodal Curves, 574-575. 
Tertiary Alcohols, Decomposition of, 460. 
Thallium Amalgam Cell, 745. 
Theory of Electrolytic Solutions, Debye’s, 
343, 661, 783. 
Theory of Perturbations, 1300-1302. 
Thermal Conductance Methods of Analysis, 
946. 
Thermal Conductivity, of Gases, 187-195, 
945. 
of Metals, 612. 
and Reflectivity, 1058. 
Thermal Diffusion of Gases, 215. 
Thermal Expansion of Solids, 274-276. 
Thermal Ionization, 1261. 
Thermal Leakage, Calculation of, 289. 
in Calorimetry, 288-290. 
Thermionic Valve, Use in Infra Red Work, 
1523. 
Thermochemical Equations, 285. 
Thermochemistry, 283-351. 
of Inorganic Compounds, 329-332. 
Thermocouples, 732. 
Thermodynamic, Criteria of Ideal Gas, 47. 
Equilibrium, 68-69. 
Function, 737. 
Potential, 69. 
Probability, 1426. 

Proof of Law of Mass Action, 420-422. 
Thermodynamics, of Chemical Equilibrium, 
68, 69, 418-420, 582-589, 737-754. 

of Dilute Solutions, 392-400. 
and E.M.F. Measurements, 737-754. 
First Law of, 38, 39, 283. 
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of Galvanic Cell, 731, 737-754. 

of Gas-Liquid Reactions, 587. 

of Heterogeneous Equilibrium, 582-589. 

Second Law of, 55-65. 

of Solubility, 587. 

Statistical Basis, 1429. 

Third Law of, 1381-1457. 
Thermometric Fixed Points, 548. 
Thermophores, 548. 

Thermopile, 1523. 


Third Law of Thermodynamics, 1381-1457. 


and Equilibrium, 465-466. 
Experimental Test, 1388-1391. 
and Probability, 1426. 
Third Order Reactions, 956-958, 991-992. 
Thomsen-Berthelot Principle, 44, 45. 
Thomson Rule, 741. 
Thorium, 1746. 
Series, 1734, 1735, 1746. 
Three Component Systems, 570-582. 
Tie-Lines, 529. 
Tin, Allotropic Forms of, 514. 
Entropy of, 1390. 
Titration, Conductance, 936-943. 
Differential, 935. 
Electrometric, 922. 
Errors, Theory of, 915. 
Potentiometric, 922. 
General Theory of, 919. 
Tracks of a- and 6-Particles through Gases, 
22. 
Trajectories, Perpendicular, 1284-1286. 
Transition, Heat of, 300. 
Point, Solid-Liquid, 251, 272. 
Solid-Solid, 508, 514, 538. 
Transport Number, 678-686. 
from E.M.F. Data, 812. 
and Ionic Hydration, 686. 
in Non-Aqueous Solutions, 727. 
Triangular Coordinates, 571. 
Tri-ethylamine-Water, 532. 
Trimolecular Reactions, 956-958, 991-992. 
Triple Collisions, 126. 
Triple Point, Phase Rule, 503. 
' for Liquid Crystals, 516 
in One Component System Water, 503. 
Trouton’s Rule, 298-300. 
Hildebrand’s Modification, 299. 
Tungsten Filament, Velocity of Reaction of 
Gases with, 1066. 
Twitchell’s Process of Fat Splitting, 1055. 
Two Component Systems, 518-570. 
Diagrammatic Representation, 518. 
Tyndall Effect, 1600. 


U. 


Ultracentrifuge, 1593. 

Ultramicroscope, 1605. 

Ultra Violet, Relation to Infra Red, 1534. 

Undissociated Acids, Catalytic Activity, 996— 
998. 


Unhydrated Hydrogen Ion as Catalyst, 998. 

Unimolecular Reactions, 951, 992-996. 
Collision Theories, 993-996. 
and Quantum Theory, 985. 
and Radiation Hypothesis, 985. 

Unipolar Conduction, 609. 

Uranium, 1737. 

Uranium-Radium Series, International Table, 
1732. 

Uranium Series, 1733. 


Vv. 


Valency and Conductance, Ostwald’s Rule, 
653. 
Valency, Quantum Mechanics and,. 1369- 
ilsi7(PA; 
van der Waal’s Equation, 219-236. 
van’t Hoff, Coefficient, 779-783. 
and Activity Coefficients, 778-780. 
Equation of Reaction Isochore, 150. 
Factor, 7, 779-783. 
Law of Mobile Equilibrium, 150. 
Vapor Pressure, 70-71, 245-246, 359-360. 
and Activity Coefficients, 775-778. 
of Binary System Forming Solid Solution, 
567. 
Caleulation from Activity Data, 778. 
of Carbon, 326. 
Curve of Water, 500-502. 
Experimental Determination, 383-388. 
Lowering, of Mannite Solutions, 386. 
and Osmotic Pressure, 395-397. 
Raoult’s Equation for, 359. 
of Solutions, 359-860, 368. 
and Osmotic Pressure, 395-397. 
and Temperature, 70-71, 245-246, 297. 
Nernst’s Empirical Relation, 1387. 
in Two Component Systems, 520-527. 
Vapor Pressures, of Liquids, 245-246. 
Vaporisation Energy and Surface Energy, 
1641. 
Vaporization, Entropy of, 71. 
Vaporization, Heat of, 296-300. 
Velocity of, 1056-1062. 
Varying Action, Principle of, 1279. 
Velocities, Generalized, 1267. 
Velocity, of Atomic Change, 1723. 
of Bimolecular Reactions, 953-956. 
of Condensation, 1062-1065. 
of Crystallization, 1033-1038. 
of Dissociation, 151-152. 
of Electrode Processes and Overvoltage, 
846~847. 
of Electron and Frequency of X-rays, 1107. 
of Gas Molecules, 78-146. 
of Hydration of Anhydrides, 956. 
of Hydrolysis in Liquid-Liquid Systems, 
1052-1056. 
of Osmotic Flow, 379. 
of Reaction, Acceleration by Infra Red 
Radiation, 984-986, 1561. 
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Broénsted’s Hypothesis, 999, 1006. 
Errors of Measurement, 971. 
Experimental Measurement, 971-982. 
Experimental Methods, 971-982. 
between Gases and Liquids, 1090-1102. 
between Gases and Solids, 1065-1067. 
in Gaseous Mixtures, 973-974. 
in Heterogeneous Systems, 1018-1102. 
in Homogeneous Systems, 949-1018. 
in Liquid-Liquid Systems, 1052-1056. 
and Pressure, 970-971. 
in Solid-Gas Systems, 1056-1090. 
at Solid-Liquid Interfaces, 1028-1052. 
in solutions, 996-1009. 
and Temperature, 969-970, 981, 1006— 
1007, 1040, 1081-1084. 
Theoretical, 992-1018. 
of Sedimentation, 1586. 
of Solution, 1028-1033, 1093-1102. 
of Gases in Liquids, 1093-1102. 
and Surface Area, 1029-1030. 
Temperature Coefficient, 1028. 
of Sublimation, 1060. 
of Unimolecular Reactions, 951, 992-996. 
of Vaporization, 1056-1062. 
Vibrational Bands, 1544-1550. 
Vibrational Energy of Gases, 1456. 
Viscosity, Coefficient, Definition of, 153. 
of Colloidal Solutions, 1613. 
of Compressed Gases, 153-157. 
and Conductance, 665-667. 
in Non-Aqueous Solutions, 716-718. 
of Gases, 152-164. 
of Liquids, 246-247. 
Viscosity of Colloids, Anomalous, 1618. 
Volt, 591. 
Volta’s Zine-Copper Cell, 733. 
Voltage, Poggendorf Method of Determina- 
tion, 604. 
Voltaic Cell, 599. 
Electricity, Nature of, 607, 
Pile, 607. 
Voltameter, 592. 
Volumes, of Gas Molecules, 219-225. 


W. 


Walden’s Rule, Viscosity-Conductance Prod- 
uct, 716. 
Water, as Catalyst, 950, 1010. 
for Hydrogen-Chlorine Combination, 
1486. 
Conductivity, 647. . 
Correction in Conductivity Work, 648. 


Decomposition by Electrolysis, 631. 
Effect on Properties of Liquids, 354. 
Electrolytic Dissociation, 806-808. 
Entropy of, 466. 
Equilibrium Pressure for, 501. 
Free Energy of Formation, 465-466. 
Heat Capacity of, 283. 
Ionic Product from E.M.F. Data, 806-808, 
830. 
Ionization Constant of, 695-696, 806-808, 
903. 
as One Component System, 500-508. 
Relative Partial Molal Heat Content Cal-. 
culation, 748-750. 
Vapor, Equilibrium in Dissociation of, 450. 
Vapor Pressure Curve, 500. 
Water-Gas Equilibrium, 447-448. 
Wave Mechanics, 1305-1379. 
Wave Propagation, 1312-1315. 
Wave Theory of Electron, 1305. 
Wave Theory of Matter, 32-34. 
Weak Electrolytes, Ionization of, 808-809. 
Weiss Symbols, 253. 
Weston Cell, 599-605. 
Wetting, Heat of, 350-351. 
Wiedemann-Franz Law, 612. 
Wien’s Radiation Law, 1122, 1123. 
Wien’s Theory of Metallic Conduction, 614. 


XS 

Xerogels, 1708. 

X-radiations, Characteristic, 23, 1146. 

X-ray Analysis of Colloids, 1610, 1717. 
Analysis, and Crystal Structure, 255-259, 

264. 
of Crystals, Bragg Method, 255-259. 
of Gels, 1717. 
of Liquid Crystals, 281, 516. 
and Molecular Diameters, 250, 267. 
Powder Method, 264. 

X-ray Ejection of Electrons, 1107. 
Frequency, and Electron Velocity, 1107. 
Intensity of Reflection of, 260. 
Ionization by. 15, 18, 21. 

Photographs of Crystals, 255. 
Spectra, 1205-1213. 

X-ray Spectra, Doublet Levels, 1223-1230. 

Wave Length of, 263. 


Z. 


Zeeman Effect, 1193-1199. 
Zinc Sulphide Lattice, 262, 265. 
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